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Abstract. The dyadic Green's function in multi-layer structures for Maxwell equations
is a key component for the integral equation method, but time consuming to calculate.
A novel algorithm, the Fast Interpolation and Filtering Algorithm (FI FA), for the cal-
culation of the dyadic Green's function in multi-layer structures is proposed in this
paper. We discuss in speci ¢ details, ready for use in practical calculations of scr-
ing in layer media, how to apply FIFA to calculate various components of the dyadt
Green's function. The algorithm is based on two techniques: interpolation of Geen's
function both in the spectral domain and spatial domain, and low pass Tter window
based acceleration. Compared to the popular Complex Image Method (CIM), FIFA
provides the same speed and overcomes several dixculties associated with CIM wil
being more general and robust. Speci cally, there are no limitations on the frequency
range, the number of layers in the structure and the type of Green's functions to be
calculated, and moreover, no need to extract surface wave poles from the spectralrfo
of the Green's function. Numerical results are given to demonstrate the exciency and
robustness of the proposed method.

Key words : Fast interpolation and Ttering algorithm (FIFA); complex image metho d (CIM);
low pass Tter window (LPFW); interpolation table (IT); electromagnetic (EM).

1 Introduction

A typical numerical method for electromagnetic (EM) scattering [4,5, 14] and parameter
extraction of VLSI, IC and their packaging [2,6, 7, 16] is theintegral equation (IE) based
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method of moments (MoM) [15]. Discretization using Rao-Wilton-Glission basis functions
(RWG) [3] is usually used for the surface IE. The main advantaye of the integral formu-
lation is its reduced number of unknowns and °exibility in handling complex geometry of
the scatter surface and automatic enforcement of Sommerfdlexterior outgoing conditions
via appropriate Green's function [11, 12]. Generally speaikg, there are three steps in
the computation of such a problem: matrix Tling, matrix inv ersion, and calculation of
scattering “eld and parameter extraction. For a large size goblem, the calculation in the
second step is dominant and extensive researches have beesnd in that regard [7,19{23].
For a moderate size problem, the CPU time used in the rst and he third steps, which
include the calculation of dyadic Green's function, is muchmore than that needed for
matrix inversions. Therefore, it is necessary to investigée fast evaluation methods for the
Green's function. In many cases, such as detection of buriethrgets, parameter extraction
of VLSI and its packaging, numerical modeling of the printed structure used in the mono-
lithic millimeter and microwave circuits (MMIC), the e®ect of the object's complicated
environments can be simply represented by a multi-layered sticture model which requires
a multi-layered Green's function. The spatial or time domain Green's function for a multi-
layered medium can be expressed in the form of a Hankel transfm of the spectral Green's
function. Though the spectral Green's function can be derivd explicitly [8,11,12], it is
extremely time-consuming to get the time domain Green's funtion. This is because the
kernel of the Hankel transform contains a Bessel function that oscillates fast (especially
when the transverse distance between the source point and gbrvation points is large) and
decays slowly. There is extensive research literature in tb “eld of fast calculation of the
Green's function [9, 10], most of them are based on complex iage method (CIM) using
the Prony method and the well-known Sommerfeld identity (SlI) [17]. CIM is an impor-
tant useful technique for the Green's function calculationwhen the source and eld points
remain in the same layer and the frequency belongs to some lited range. However, in
some cases, CIM seems not to work when there is ditculty in extacting the poles from
the spectral form of Green's function and when the source andeld points are located
in di®erent layers. In [4,5], an excient evaluation method d the Green's function was
proposed, based on the integration along a steepest-descgmath (SDP) and leading-order
approximations of such integrals. However, it is only validfor a simple structure, e.g. the
half space case, in which the SDP can be found. In this paper, avpropose and study a
robust and general method of fast Green's function calculabn for multi-layered structures
- the Fast Interpolation and Filtering Algorithm (FIFA). As its name suggests, the method
is based on interpolation of the Green's function in the spetral domain (SD) and the time
domain (TD), and acceleration by a low- passing Iter window function.

The rest of the paper will be organized as follows. In Sectior2 we present the speci-
“cations of Green's functions for layered structure, an appendix is introduced containing
a complete listing of the spectral forms and time domain forns of the components in the
dyadic Green's function. A less complete discussion of thepectral Green's function can be
found in [11]. To our knowledge, this is the "rst complete presentation of the potential and
electromagnetic eld Green's function in both time and spedral domain. Researchers in
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Figure 1. Mutli-layer structure with 3-D perfect electrical condcting (PEC) objects embedded in it.

scattering of multilayer structure should nd it handy for i mplementation. We will discuss
the Complex Image Method (CIM) and its dixculties in Section 3. Section 4 introduces
the new method FIFA. Section 5 will contain some implementaion issues of the FIFA
while Section 6 presents numerical results of the FIFA for seeral practical microwave
structures. Finally, a conclusion is given in Section 7.

2 Green's function in layered structure

2.1 Problem setup

Fig. 1 is a multi-layer structure of interest for this paper. T here are two optional perfect
electric conducting (PEC) ground planes at the bottom and top of the structure. Each
layer is de ned by its permittivity, permeability and thick ness:";i "o, i, hj,i =0;1;:::;N.
Throughout the paper, the time dependence o't is assumed and suppressed. Only the
Green's function of the electric current source is considexd here, while the Green's function
for magnetic current source can be derived by a dual procedar.

The electric eld Green's function is de ned by

p

rErf  Gh | kaﬁjEi =i ki Y =01 (2.1)
and the electric "eld can be expresse% as
El(ry=  Gh(r=r9 ¢ (r9dr° 2.2)

where GjEi is the electric "eld dyadic Green's function that represents the electric eld in
the | layer due to the unit-strength, arbitrary oriented current d ipole in the it" layer.
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From the Maxwell equations, the magnetic eld dyadic Green finction can be written as

Gh(rr9 = jll—rE Ge(rr9; (2.3)
and the magnetic eld can be expressed as
z
Hi(r)=  Gi(r=r%¢J(r9ar’ (2.4)

Usually, a mixed-potential integral equation (MPIE) is pref erred, and the “elds are then
represented by potentials:

El(r)
HI(r)

PjA T A (2.5)

1i_r£ Al (r): (2.6)
J

Therefore, potential Green's functions are needed to reprgent the potentials as follows:
z

G (r=r9 ¢ (r9drS, 2.7)
Z

Gy (r=r9q(r9ar® (2.8)

Al (r)

A(r)

where Al is the magnetic vector potential in the j layer due to the current density J
in the i layer, A is the corresponding scalar potential related toAl through the Lorenz
gauge condition. 5’,& is the dyadic Green's function which represents the magnet vector
potential in the j™ layer due to the unit-strength, arbitrary oriented current d ipole in the
i layer. G‘\', is Green's function which represents the scalar potentialn the j " layer due
to the charge associated with unit-strength, arbitrary oriented current dipole in the jth
layer. Choosing the formulation C proposed in [11],5’,'\ is modi ed and can be expressed
in the form of

Gh = (xR + Y G + 22G + x2G + 4G + G+ YT (2.9)
or in the matrix form 2 . .
XXiji XZ;ji
=ii 9 Ca xE<)'ji G@z-ji g
Gh = 0 GX gl g (2.10)

zZX;ji zyiji zz3ji
Ga Ga Ga
In this case,Gj\i, represents the scalar potential in thej " layer due to the charge associated
with unit-strength, horizontal oriented current dipole in t he it" layer.
In general, @é;@,ﬂ' have higher singularity compared to G’,L;G{',; as a result, the
electrical “eld IE (EFIE) whose integral kernel includes CJE' is less attractive than the
MPIE formulation whose integral kernel includes G, and Gl .
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Table 1: Green's Function in Spectral Domain.

G @eyx G1 @hxz @azx G5 Gexxm Geyxw @exz @3 Gkxy G1z Gh Gale/z @eyxz
I-Ssb| 0 |1| 2 | 3 |6] 5 9 | 8 |7| 4 |10|11| 12 | 13

2.2 Green's function in spectral domain

Using equivalent network techniques [8, 11], the multi-layeed dyadic Green's functions
in the spectral domain (SD) can be expressed in terms of the flawing k,-dependent
functions summarized in Table 1 (see the Appendix for detas).

In Table 1, I-SD, the identi er of the Green's function in spectral domain, is assigned
to each spectrum form for the convenience of bookkeeping. Abf those spectral functions
in the Table 1 are arranged according to the characteristicsof radical symmetry. Field
and source layer indiceg, i are suppressed for simpler notation. The relations between

these spectra and€g, Gy, G, Gy are given in the Appendix.

2.3 Green's function in spatial domain (or time domain)

In this paper, we will use the term \spatial domain" or \time d omain" Green's function
without distinction to indicate G(%:;22z%9 = G(x;y;z;z9. Using 2D Fourier Transform,
which can be changed into a Sommerfeld integration (see Appelix), the Green's function
in the time domain (TD) or spatial domain can be obtained and is summarized in Table
2.

In Table 2, I-TD, the time domain (TD) identi er of the Green's function is as signed
to the each time domain Green's function. All the time domain Green's functions in Table
2 are also arranged according to the characteristics of radal symmetries, and to the type
of spectral form Green's functionsGg, Gi;, Ga, Gy can be expressed with.

3 Complex image method

Sommerfeld integration de ned in Table 2 is needed to obtainGreen's functions in the

time domain. The Complex image method (CIM) is a popular tecmique in the electrical

engineering community for this purpose. In the following, the closed-form of the Green's
function using the complex image method (CIM) and its drawbacks are discussed. CIM
is based on the well-known Sommerfeld identity [17]:

. Z z
= 2— d kl/J(l/J_l 0 ( kl/zl/; =i d kl/J(l/zl 0 ( kl/zl/)

r ] sip ks sip kz

ai ik2izi oi ik2izi

(3.1)

whereH 3 is the Hankel function of the second kind andSIP is the Sommerfeld integration
path (i1 ;1 ). Jois the rst-order Besselfunction and sip is the Sommerfeld integration
path (0;1 ). To use (3.1) and eliminate the need for numerical integratons in Table 2,
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Table 2: Relationship between Green's function in time and spect@dmain.

I-TD | I-SD G Relationship
0 0 Ov Ov = SO[Geyx]

Gaxx Gaxx = So[G1]
Oazz Oazz = SolGhx:]
Oazvs Oaze= S1[Gazx]
Oavsz Oavez = S1[kay]
Gexx2 = So[Gexxm ]
Oezz Oezz = So[Gs]
Oezvs Oezs= S1[G3]
Oevsz Oevoz= S1[Gex:]
Oexx1 | Oexx1 = SZ[Geyxw]
Ohs= SolGazxid
Oh1z = So[61.]
Ohzys = S1[64]
Ohysz = S1[Gh)
O = S2[Cazx]
= S1[Geyx]
Ovz = SO[@eyxz]
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the spectral-domain Green's function is approximated by a sges of complex exponentials,
which are obtained by the Prony method or the generalized peail of function method
(GPOF) [18] using a one step [10], two-step [9] or three-step gpoach [18] along the
integration path shown in Fig. 2 and denoted by P2. As a result, the spectral-domain
Green's functions are represented in the form

A !
1 A~ i ibink . i jbank
| 1n Kzi | 2n Kzj .
A n . .
K aine + ay, e +¢¢¢ (3.2)
] z n=1 n=1

(R

Thus, using (3.1), the Green's function in the time domain can be approximated as

X1 aijkiran X2 gijkiren
G Y ain + azn
n=1 n=1

+¢C¢ (3.3)

ln I'2n

q q
whereriy = %8 B, (i =1;2:::) and Y%= P X2+ y2 ki = kg+ kZ. The physical
meaning of the closed form (3.3) is that the e®ect of the layed structure can be replaced

by a homogeneous background medium with a set of image sourcavith an amplitude
of a, located at a complex positionrj,. Though CIM has been extensively studied and
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Figure 3: The comparison of Green's function in spectral domain. Hef&., means the spectral without
extracting the direct term, while Gresique  iS the spectral after subtraction of the direct term. The multi-lger

media has 6 layers with the top open and bottom closed by a PEC ground plaze= j 0:0325 z°=  0:03, the

layer parameters are: the rst layer is the air layer, the othesse de ned by: ", ¢ ¢ s = 4 :0; 3:4; 12:56; 7:6; 9:6.

h2;hz; ¢ ¢lds = 0:01; 0:01; 0:015; 0:015; 0:025.

widely used for the printed and other simple layered structues, it has several serious
drawbacks or limitations as follows. There is a strong needdr a new robust way to
overcome those dixculties and calculate the Green's functins accurately and exciently.

3.1 Dizxculty with high frequencies

The Green's functions in the spectral domain of multi-layered structures & include many
functions containing terms like coth (k2 k2h) which come from the transmitted impedances.
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As the frequency is increased® will oscillate fast on the L, section of the sip shown in
Fig. 2. Therefore, it would be ditcult to account for the fast changes in the spectral
domain without using tens if not hundreds, of complex exponatials, in certain cases.
Fig. 3 shows the highly oscillatory nature of & for high frequencies. One can see that as
the frequency increases fronlGHz (GigaHertz) to 5GHz, Green's function in the spectral
domain becomes highly oscillatory. At higher frequency, wihout hundreds or even thou-
sands of terms of exponentials, it is impossible to cast a fuction shown in Fig. 3 into the
form of (3.2).

3.2 Dizculty with pole extractions

For the multi-layered structures, as the layer number increases, it is ditcult to locate and
extract the pole locations as usually required before usinghe Prony method or GPOF to
cast the Green's function in spectral domain into a series oexponentials. One can use a
two-level technique as described in [9] without pole extradon, but for a \bad-behavior"
spectral-domain Green's functions of the multi-layered striwcture, hundreds (sometimes
thousands) samples are needed in order to approximate the sgtral Green's functions by
exponential series, which results in inexciency of the CIM.

3.3 Dizculty with multiple layers

Previous research based on CIM using the one-step [10], twoegh [9] or three-step approach
[18], focuses only on the case in which the source and obsetiga points are in the same
layer. In the case when the source and eld points are locatedn di®erent layers, the
spectral domain Green's function includes a mixed factor wich contains both the source
and eld layers wave numbersk;;, kz;. Using the half space case as an example,

eor - 2kt Ko
eyx — |

k20"r1 + kzl

has a mixed factor of the form @k z12% Xz02)=(k,o" .1 + k;1), while &2, has a simple factor
(ek21i282%)=(k,1) only. Physically, it will be dicult (if not impossible) to cast a term
including a mixed-factor into a series of simple factors witlout using other layer wave
number information. Thus, using Prony's method or GPOE to cast € into the form of
(3.2) will lead to hundreds of terms in (3.3).

3.4 Dizculty with some types of G

CIM is based on the Sommerfeld identity (3.1), so only the catulation of those Green's
functions expressed in terms ofG = Sg[€] can possibly be accelerated by CIM. Checking
Table 2, only those Green's functions withl-TD 2 f 0;1;2;5; 6;10;11;16g belong to this
scenario. Other Green's functions are expressed in terms & = Sj[G], i = 1;2. Therefore,
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even after casting@ into the form of (3.2), the Sommerfeld identity (3.1) cannot be applied
directly. Green's functions with I-TD 21 3;4;7;8;9; 12 13; 14; 159 belong to this case.

There is an alternative way to calculate those Green's fundbns G with |-TD 2
£3;4,7,8, 912,13, 14; 159 by CIM, but it will increase the computing complexity. The
method is done in two steps: First force& into the form of (3.2), use the Sommerfeld
identity (3.1) to obtain G in the form of (3.3). Second, take the operation of@G=@x
@G=@ip the spatial domain if G = S;[€], or take the operation of @G=@% BG=@¥%,
@G=@x@iy the spatial domain if G = Sy[@].

3.5 Dizxculty with complex medium

For a lossy medium, the layer can be modeled with a complex rative dielectric constant
" ="y + %=j!" o, resulting in a complex-valued wave numberk? = | 2"j1 = kZ+ kZ%. The
least square based Prony and the GPOF methods require unifon samplings along a real
variable of a complex-valued function. If still sampled alorg the integral path by a 2-level
CIM [9], 1

kyi = i jKi[Toz + t] 0- t- Top on path 2;

kili jt +(1§ t=Tgz)] O- t- T on path 1; (34)

as ki is a complex value, the integral variableks, is traced on a path di®erent fromP2
but on a path shown asP3 in Fig. 2. In some cases, for example, wheh! 0,"; !'1
the sampling path of ki, de ned by (3.4) may be deformed dramatically which will lead to
dixculty of casting the spectral domain Green's function into an exponential series.

4 A general and robust method | FIFA

A new method | FIFA (Interpolation and Filtering Algorithm) - will use two ideas:
Interpolation in the spectral and time domains and accelerdion by a low pass Tter window,
which will be discussed separately below.

4.1 Interpolation in spectral and time domains

As described above, CIM is a useful technigue in many situatins, but with many limita-
tions. FIFA will include an interpolation idea based on the observation of the integrand
for the n-th order Hankel transform
Z,
G(= Sal6(k]=  dkusS(ki)In(kedAK,™; (4.1)
0

where G and € are the Green's functions in the time domain (TD) and the spedral
domain(SD) listed in the Tables 1 and 2. G 2 Gtp, € 2 Gsp, n =0;1;2 and G1p =
f Ohvs Oh1z; Ohzts Ohvszr Ohxx »Jexx 1,0exx2s OezvaOetszezzs Jaxx »0azz:0azvs JatszOv,OvisHvz0, Gsp =
f&1, Gz, G5, G, Gy, @eyx; Chxz, Gazx, kay,@exz,@eyXWa @ale/z,@eyXLGexxm g. We note
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that Green's function in the spectral domain & in (4.1) is independent of %2 For a given
pair of (z;z9, we only need to calculate&(k:; z=2) once and store it in an interpolation
table labeled G-SDIT. Then for the hundreds or thousands of di®erent/s needed in the
simulation, the interpolation table G-SDIT can be used repeatedly, resulting in a CPU time
saving of 100's to 1000's times for the calculations of the sgctral domain G(ky; z=29. In
practice, the interpolation table of &(ky; z=29 is used for theP1 in Fig. 2. The complex &
depends on the distance that the sampling point travels alog the integral path P1 from the
original point. The sampling density and interpolation tab le length will be determined by
Yamax and Yin , to be discussed in the following subsection. Compared to th complicated
6(ky; z=29, Y dependence inJn(ks#) is much simpler and can be calculated by simple
approximation.

An interpolation strategy can also be designed for the time @main Green's function
Gtp. As all elements inGsp are arranged with the important characteristics of ki, depen-
dence, the corresponding time domain Green's functiorGrp are radical symmetric in %2
variable. Therefore, the 4-D (xj x%yi y®z;z% Green's function interpolation database for
G(r=r9 can be reduced into a 3-D Green's function databas&(Y4; z=9. Further simpli -
cation can be achieved with respect to the discretization irthe z direction. If the structure
is discretized into N layers in z direction, the 3-D Green's function databaseG(¥z;z=9
can be reduced toNtp; = N? 1-D interpolation tabulations in spatial or time domain,
G-TDIT . For a xed pair of z=2° rst calculate &(ky;z=72) and generate the spectral
domain interpolation table G-SDIT, then used the G-SDIT repeatedly and calculate all
G(¥2; z=9 for the di®erent ¥%in Yain 10 Ymax and generate the time domain interpolation
table G-TDIT . Then, repeat the same procedure for another pair og=2° to establish all
the time domain interpolation table G-TDIT . For some of the spectral domain Green's
function Gsp's (with 1-SD=0; 1, 2), they have reciprocity characteristics respect toz and
z0 the number of interpolation table for the time domain Green's functions can be further
reduced toNtp; = (N +1)N=2.

4.2 Acceleration by low pass Tter window (LPFW)

The second feature of the FIFA is the use of an integration aceleration technique based
on a low pass lter window (LPFW) in the spectral domain. As th e integration length
L4 of sip in Fig. 2 is determined by Y%in , L4 may be still large whenz ! 2% To reduce
the length of integrating path L4, a low-pass- Iter- window (LPFW) function introduced
in [27,28] is used to accelerate the calculation. The idea dhe algorithm is to create an

arti cial steepest decent path by using a LPFW function A, with a support size of a,
- & 1i (=" if % a
1 = !

Aa( 0 otherwise: (4.2)

Using the following identity for any cylindrical symmetric al function f (13,

f(x;y) 2 Aa(x;y) = Solf(k:)A(ki]; (4.3)
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where¥s = x2 + y2, ©(ky) = So[f (X], R(ky) = So[A(}]], = denotes convolution.
To recover the value off (x;y) from the left-side of equation (4.3), using Taylor expan-
sion for the function f (x;y) at the point ( x;y) we obtain

fOGy) BAa(xy) YaMof (X y) + Ma(fxx (»;0) + fyy(»;0)); (4.4)
R
where 0- »- % Mg = %&=(m+1), and Mz = ,, , As(x;y)x2dxdy.

As a result of (4.3) and (4.4),f (x;y) can be approximated as

h i
F(xy) = Mloso Bk)Ra(ky) (+ O() asal O (4.5)

Applying (4.5) to G(¥2;z=9 leads to the following algorithm.
Algorithm 1:  Fast Algorithm for G(¥%2;z=9 when% > a

G(¥;z=9 = Mlowo(l/;+ O(a®) asal! O (4.6)

where

Wo(¥3 = SolG(ky; z=2) Ra(k:)]: 4.7)

Remark 4.1. Algorithm 1 requires the condition %2 > aas the Green's function will not
be smooth and the estimate in (4.4) will not hold.

Therefore, in order to apply the approximation (4.5) to the function G for %2 > a, we
will rewrite G as
G(¥;2=9 = Gy(¥; z=9)=r?; (4.8)

wherer = P X2+ y2+(zj z92= P Y8+ (zi z92. From the singularity property of the

vector and scalar potential Green's function [33],Ga(%2;z=9 = r2G(¥%;z=9 is a smooth
function, and the approximation (4.5) can thus be used forG,. Meanwhile, we have the
following identity [27]:

Ga(V2;2=9) nAa(X;y) = r*Wo(%3 i 2%6W (¥ + Wa(¥; (4.9)

where Wy is de ned in (4.7) and

Wi =  Si[6(ky; z=D) K5 (ky)=k] (4.10)

Wo () = 50[@(k1/52=2(5'§2§(k1/9] (4.11)

Biky) = SolBa(Rl(ky) = . Ra(AJo(keAyedYe (4.12)
Z a

By = Si[Aa(l(ky) = . Ra(¥I1 (kA VEdYs (4.13)
Z

Bk = SolAa(B¥](ks) = . Ra(Ado(kitAyBdYe: (4.14)
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Combining (4.4) and (4.9), a second approximation is obtaired as follows.

Algorithm 2:  Fast Algorithm for G(¥%;z=9 when¥%- a;a! O:

£ o)
G(%;z=9 = PWo( i 2%W (A + Wo(% + O(a): (4.15)

1
I'2|\/|0

In [28], the closed-forms of&,, &S, A2® were derived and the functionsk,, &2, &3 were
shown to have the following decaying properties whenk.j !'1 |

Ba(k)~ = Ofjakyji ™) (4.16)
Rk~ = O(jakyji ™) (4.17)
B (kT = O(jaky' ™); (4.18)

where m is the order of the window function de ned in (4.2). The fast decay condition of
(4.16)-(4.18) insures that a short integration contour L 4 can be selected without sacri cing
the accuracy of approximation of Algorithm 1 and 2. This meanswe have e®ectively
created an arti cial steep decent path for the Sommerfeld itiegration. Therefore, the size
of the spectral Green's function interpolation table used n FIFA can be greatly reduced,
and, the last segmentL 4 will be determined by the decay properties of (4.16)-(4.18).

In practice, the functions &,, &2 and &S° can be pre-calculated and stored in a separate
interpolation table [28]. Fig. 4 shows both window functions A, of order m = 3;5; 7 with
support sizea = 1 (Lower left insert), and their frequency decays X&,, respectively. Figs. 5
and 6 show the frequency decay o&S and &AS® with order m = 1, 3;5; 7, support sizea = 1,
respectively.

5 Implementation issues of FIFA

Integration Path: For each type of spectral Green's function& identi ed by G-SDIT, the
integral path is simply chosen asP1, shown in Fig. 2. P1 is composed of four segments of
length Li;i =1;2;3;4, taken to have values

L, = |53 =k 0 (51)
L, = "rmax + ®Ko (5.2)
La = zko; (5.3)

whereKkg is the free space wave number, an® is a small positive number, such as (. L,
must cover all the poles and branch cut points.  is a small positive number, such as @05.
By raising the integral path L, by the height of L1, we avoid all the poles and branch
cut points. For larger L1, G is smoother onL,. However, if L, is too large, the accuracy
of the approximation of Jn (ki3 will be comprised. Also,  is a positive number which is
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decided adaptively by the value Y. For a xed pair of z=2°, when %2 (Yin; Yaax) is
changing, the convergence of, (ky#in) is the slowest for adl 2 so when the G-SDIT is
created, we just determine theL 4 adaptively according to 1= ki&4,n until a convergence
criterion is satis ed. Once L4 is set by ¥in, for all other %2 > %4, the error of G(*4 will

be better than the criterion error.

Sampling Density All the four segments are divided adaptively into a number of subin-
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tervals on which € are sampled to generate the interpolation table identi ed by G-SDIT.
Di®erent sampling strategies are used on the di®erent segmts. On the short segments
L1, L3, uniform space sampling is used; OrL,, G varies fast, the density of sampling will
be de ned accordingly. As shown in Fig. 3, a muIti-Iadered spetral Green's function &

oscillates faster at the end ofL, due to factors like coth( k2 kgh)in G, so we propose to

divide the segmentL s into: Lo = [1+ 1o+ ¢ ¢€l,, andl; = (nj i+1)1,1 =2L»=(n%+n). On
each sub-intervall; we used the same sampling points adaptively. On the segment,, the
Green's function € is smooth, a sparse sampling can be used based mainly on the agi-
period of Bessel functionJ, (ki3 function with an approximate periodicity T %2 2¥%a=%

Also, we need to address the issue of singularities when theeld point is approaching
the source point in the calculation of the Green's function. In the FIFA, when the source
point and "eld point are located in di®erent layers, there isno singularity problem. When
the source and eld points are located in the same layer, the @&en's function in the
Spectral domain can be decomposed into \direct" and \indirect" terms as de ned in the
appendix. The \direct" terms include the singularity featu re and can be calculated by the
Sommerfeld identity directly while the residual \indirect " terms can be obtained by FIFA.

Other implementation issues like high spectral approximaton are also considered in
FIFA. When the integral variable ki is very large (compared tokp), the integral kernel of

Sommerfeld integration can be simpli ed by using the apQ{OXmation of G, for example,
in the high spectral domain, we can use the fact that coth( k2,i k?h;) % 1.
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example FIFA is2000times fast than the direct Sommerfeld integration.

6 Numerical experiments and applications

A comprehensive code WDS (Wave Design Simulator) using FIFAhas been developed
to carry out 3-D full wave analysis of RF components and scatteing of general objects
in the arbitrary multi-layered media. Here, we rst check the algorithm by calculating
Green's function and compare it with the exact results, thenwe choose several application
examples to demonstrate the exciency and robustness of FIFA

6.1 Ga(¥;2=9;G,(¥;2z=9 of a ve layered media

In this test case, the Green's functionsGa (¥2; z=9); G, (¥4; z=9 for a 5-layer media will be
calculated by FIFA and compared to the direct Sommerfeld integration denoted as \exact"
results. Four dielectric layers are used between the open miand a PEC ground plane.
The relative dielectric constants for the four dielectric layers are, from top to bottom, 9.6,
12.5, 2.4, 3.6, respectively. The corresponding thicknees are 1mm, 3mm, 2mm, 1.5mm,
respectively.

A window A, of orderm = 5 with support size a = 1mm is used in FIFA, and L4 = 20=a
is used in the contourP1 in Fig. 2. Fig. 8 contains the magnitude, imaginary and real part
of the scalar Green's functionGy (¥%2; z=9 with z = j 3:5mm, z°= j 6:2mm. Fig. 7 contains
the Green's function @ZX (¥; z=9) for the vector potential; again the magnitude, imaginary
and real parts of this component are shown. The comparison leeen the results of FIFA
and exact integration shows the high accuracy of FIFA.
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6.2 Application in microstrip circuits

The rst set of applications is from microstrip circuits. We use the MPIE based MoM
with hybrid RWG basis functions to obtain the S parameters [26] of the circuits. Our
results are denoted by \FIFA", the results by a commercial sdtware Ansoft are denoted
by \Ansoft". In these cases, the Green's function is relatively simple and we used only
two G-TDIT for each example, they areG-TDIT for G5 *°(¥20=0) and GP°(%0=0). For
the Ansoft software, CIM is used to calculate Green's functon. In these simple cases, our
code is as fast as CIM. Fig. 9 shows a two-fan stub example. FidlO is for the example
of a band-pass lter, and Fig. 11 is for a low-pass lter. The gemetry of the structures,
the meshes, and the compared S parameters are included in thgures.

6.3 Application in parameter's extraction of VLSI and its pa ckage

To demonstrate the exciency of FIFA, an example shown in Fig. 12 is given and also
compared with Ansoft software. It is a two-layer structure with two ports, two strip
lines connected with a cylindrical via. The Green's functin used in this example is more
complicated than that in the case of microstrip circuits. If four Gaussian quadrature points
are used for the triangles on the via, the whole structure is @cretized into six layers inz
direction, the number of G-TDIT needed in the example isN = 50, where 21 tables for
G-TDIT with I-TD = 0; 3 tables for G-TDIT with I-TD = 1; 8 for G-TDIT with I-TD = 3;
8 for G-TDIT with I-TD = 4; 10 for G-TDIT with I-TD = 2. Fig. 12 also shows that the
discretization of the structure. MPIE based MoM with RWG basis function is used to
obtain the S parameters of the circuits, which is compared wth the results calculated by
the Ansoft software. Fig. 12 shows the compared results ageewith each other very well.
For this example, our code is about 10 times faster than Ansdfdue to the speed of FIFA.

6.4 Application in multi-layer antenna

Fig. 13 shows a multi-layer wide-band antenna geometry struatre and the compared S
parameters (compared with Ansoft software). This is a threelayers structure, the top
layer is the air layer with top open; the middle layer with h = 1mm and ";; = 1:14;
the bottom layer with h = 4mm and ", = 1:12; the bottom is closed by a PEC ground
plane. A radiating patch is located at the air-dielectric int erface and the feeding strip-line
is located on the interface between the middle and bottom lagrs. The number of G-TDIT
needed in the example iN =6, where 3 for G-TDIT with I-TD = 0, 3 for G-TDIT with
I-TD = 1.

7 Concluding remarks

A new method FIFA is proposed for the fast calculation of Green's function of multi-
layered structures. The speed of the proposed algorithm rests from two techniques:
interpolation in the spectral and time domain for the calculated Green's functions, and
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integration acceleration by a low pass Tter window. Compared to CIM, FIFA has the
following properties and advantages:

1. It is a black-box approach good for any number of layers, andny types of Green's
function;

2. It has no limitation on the frequency, the source types, the eld and source point
positions, the number of layers and the number of ground plaes (0, 1 or 2 ground
planes);

3. There is no need to extract surface wave poles;

4. ltis as fast as CIM, and the memory requirement is also low;

5. It is easy to do error and accuracy control with LPFW.

Numerical results presented in this paper show the e®ectiveess and accuracy of the pro-
posed method.
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Appendix
I. Green's function in spectral domain (SD)

I.1 Green's function EA, Sy

Let i be the source eld layer index,j be the “eld layer index; however, they will be
suppressed here. Let

2 3
€ 0 6f

€=3 0 G &Y £, e=41 eyX g1 (A1)

e 6V €z S

where

. . 1
SR =P i€ O = ke Sy 2

. _ 1
GX = ijky!iGamzy;  OX =i jkitiGuy g, (A-3)

1

@XZ =i jkylekxy 4%/4; iz =it j@hxz 4—1/4: (A.4)
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In (A.1)-(A.4), when i =j,

@eyx = k22| @Ve @V h)+ @Vh = @eny + @eny,

0 |

1

5

rGv =r Gyoi (COSW“‘S'n IJS’) X 31 Geyxs] + J X So[@eyxzs ;

3
1
G1=— »+ @i\/h = @1Q+@1s;

I(zi
1 5
Chxz = P » + @ile @Ih i @Ie = Ghsz + @hxzs;
V4 l/z
3 3
_. 1 ve. wvh . h
Cazx = i k2, q i 9 ; @kxy k1/2 ql
where
» »
Geny = i CT 1Q = @hsz = Gis = _QVh
k, i, Kzi Kzi
1 kK2 ’
@eny: k_ k @Ve @Vh i ©|Vh y
zi A
S .
Ceys = 1] 15 &' qV“ i 8" ;
]
1 K2 ° -
IS = — @y 2z @h. @e -
hxzS = k2| i k12/2 i i
In (A.1)-(A.4), when j>i ,
L .
@eyx = k_ »-I-Snjl Z/I anl [ @Vthjl
zi 12
IS — ijJ > - ZI eh i @VhTt
eyxz Ky >19nj| k2 Enji nji
3
6= ki » + @Vh Trljl
Zi
h i
1
Chxz = o Ch» + AnéiIe + Bn@iIh
zi .
h i
1
Cazx = 2 dn» + an@i\/ei kh@yh
273
1k
Cixy = i _i—[»lNl"' N2+ N3j;

|
I(1/2 Kzi rj
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and whenj <i ,
— V . @Vh
@eyx - _I »; 1Su1| ZI IQU]I 1 @ Tu“

ik |
Sopz = i i 19“” k22| B i QVhTtujl
3

1
6, = o » 1+ @Vh TuJI

zZi .
h i
1
Ghxz = P Cu» 1+ AuB® + B @'Ih
vA|
h
1
Cazx = i 2 dy» 1+ au@\/e bu@\/h
1
1k
Cuxy = 2 kzJ [» 1Up + Uz + Ug]:
15 NZI1

Where))(): @l jK zi jzj ZJ; » = el iKzijzii Zq1 » 1= gl ik zijzij 1i ZJ,

3
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3 .
K. i q: k,: 1. /h h
|
k2_ woq . ’ M k2 ﬂ
Av=TE 1i 2-— Bu= T ;
N VA [
A ! q
le . kgj "rili Ih k2
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k2 H 1 1
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zj ol zj rivi
Us= i @°TH, ; Na= i @°Tty ;
Ih(e) _ —lh(e) Ih (e). Ih(e) _ —Ih(e) Ih(e).
Tty = Ty + L s Tty 7 = T+ i s
Vh(e) _ +Vh(e) Vh(e). vh(e) _ +vh(e) Vh(e).
Ttuji - Tu1| + tup ' Ttnji - Tnjl + tnjl :
In above formulas, T;t; @; g are de ned as: whenj = i 1:
ei Kz 1lzi zij 1] . . [
TBCl - — 18 RC 1€ i 2Kz 1(zij 21 2)
uri L 18 R&ileljzAnl hUH
ei ini 1ei iKzi; 1lzi zi; 2] . _ o |
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for term T/Ejic (A=u;n;B=V;lI;C=e¢;h),if B =V, take "+" before R;if B = I, take
"i " before R. Moreover,

©BC€ (z; 29 = C(§R e 8§ RS e, +2RS RS e3);

qBC(z;zc)— (§R eri (BRS)exi 2RSRS es);
also for term @B€ , @€, (B = V;I; C = e;h), if B = V, take \+" before R;if B = I, take

\i " before R, and

fori=j: BC = @BC(2;29; €€ = ¢ (z;29;
fori>j : BC = 0Bz, 1;29; &€ = (7, 1;29;
fori<j : BC = QB¢ (z;2%; &€ = € (z;25;
for the ith layer, its top and bottom de ned by z; 1 and z respectively, where
g, = e Kallz+29%i 2z]. o = @i ikzil2zi; 10 (z+ 29
e3 = & 1A coskai(z i 29);
&= €12 sinlkzi(zi 29);
DS =1 RGRGe 12,

RC- — Zm i Zic.
ni ZC + ZiC’
RC = Zgi Z¢.

UI_ZEE-"ZC’

26 . +jzC.t
2§ = 28, S T LR s i aices
VA il VAN (5]

C i7 C
Zuki 1H1Z Ki 1lki 1

z8 = 2& , ;o k=0 Lee
! ! lZI%:;ll-l- 1Z L(J:ki 1tki 1
zp=2zJE = Isz; k=0;L¢¢¢
k
zg=2z{M = X, k=0;L¢¢¢
Mk

ty =tan A.; A= kxhe; k=0:1¢¢¢
The relevant boundary conditions are given by:
2 728 =2§, RS, =0 if the top space is open;
2 7% =0, RS, = i 1if the top space is closed PEC;
2 Z,?N = Z$.1, RS+ =0 if the bottom space is open;
2 7S, =0, RS ., = i 1if the bottom space is closed PEC.
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[.2 Green's function EE
From Gg = | j! Cai j!irr %Gy we have

2 y 3
XX X Xz
e =9 @Ex Ggy GEZ £

6z €Y &7

where
h i 1
@)éx = (i jkx)ZGexxli (i jky)ZGexxz 4—1/41 (A.6)
h i
. . 1
6 = (i ky)’Genti (i [kx)*Cexcz g (A7)
4
€z = @541/4 (A.8)
1

@)éy = @yx = (i jkx)(i Jky)Geyxw 7 41/ (A.9)

GE =i jkx @341/ (A.10)

@zEy =ijk @341/ (A.11)

1
. 1

G = JkyGexz4—1/4; (A.13)

and we rede ne
Cexxm = k12/£GEXX2i Gexx1) (A.14)
@eyxw = (Gexx2 + Gexx1) = @eyx:(!'I i) (A.15)
In the above formulas, wheni = j:
1 1 . 1 @
G)éx = @COS 2.182[@eyxw8]+ @480[@exxms]i J'G AQ i JI @X@)X VQ,
1 1 1 @
ny i 8_1/COS 1S[Geyxws] + 81/80[@exxm8]l j'G ; AQ i j! W@g’;VQ;

GE = So[@ss]
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If it is the di®erent layers problem, then there is no extracion operation for the \direct"

terms. Whenj >i :
1

Ceyxw = l..—_@eyx;
M L TRTEN q
Cexxm = i W ” I(i2 Zﬁi 1 Tr\11|h+ k2 Tr\lfle
kl% ’ | |
Gs = j K » + QF Tnjel;
ij2|. s
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k 75
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and whenj <i :

@eyxw = ﬁ@eyx;
L
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. THNTR | 1 ,
Gexxm = i kg » 1 ki2 Zﬁi 1 TL}j/ih-I- kgiTJJ(ie + A:J/ji ;
kg, ° ’
Gs=j T jl;i » i1t @ile Tdﬁ
5 .
"
Cex: = !.J. jzzi » 1t @ile Tt{l(jei
@ _ JkZ| + Ve T Ve
3= E ikzj 1 @i tuji
I.3 Green's function EH
From Gy = 1r£ Ga one arrives at
2 ” 3
XX XZ
s.-fe o ok
H — H ZHy H ,
ey 67 0
where
€% = (i k(i 1Ky)Garx
H y 4y
. . 1
CHE ih(i Jkx)(i Jky)@azxi4—1/4;
@)I;y = (ihjky)zgazx + J Gi 1|1_1/41
@ﬁx =i G jkx??Z@azx + 61 /?V4;
. . 1
G =i (i Jl;y) @ﬁxy t) @,hXZ 4
. . 1
G{{Z = JkX @ﬁxy + J@hXZ 4_1/41
1
X — ; .
GH =i jkyj @141/4,
1
zy _ . .
67 =i (i jkx)i G14—1/4-

We rede ne the following terms:

1= Bl =6, 46
@Zl h kXy J hxz »
@gkx

ﬁxy = Y Gazx, =

2 .
kl/@azx .

2
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(A.16)

(A.17)
(A.18)
(A.19)
(A.20)
(A.21)
(A.22)
(A.23)

(A.24)

(A.25)

(A.26)
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Wheni=j :
1
Gy =Gl = g, Sin 1S[6ax]; Gi =0;
1@ 1
G = I @SR i g;,005hSlCanl+ svso[@hxysl
1@ 1
Gﬁx = ﬁ_GAQ i COS US[Gazx] i SO[@hXYS]
1 @ 1
1 @ 1
G ﬁ@GiQ' 4—1/cosu81[@hs]
1 @ :
GH = ?@yGXXQ i J—/4smu81[@1s]:
_ 1 @ '
G = g, G, + 4—1/cosu81[@18]
GhxyS = g%+ q ;
J_ le
GhS - kZi !
1
Gis= —@'"
Z1

If it is the di®erent layers problem, then there is no extracion operation for the \direct"
terms. Whenj >i :
. h 3 ’ i
o= Lo e e e

@hxy = ZjGJﬁi Cazxvs q U q

k k
=i 2Tyl dh i @Y 2T b i a Q)
Z1
and whenj <i :
h 3 ’ [
G = oma T T eTREl ey TREN
@hxy = ZjGﬁzi Gazi;@/z q u ’ q
=1 2Tl edy + @0 2T b+ aQ)
74| 74|

I.4 The Spectral of r Gy
As in [13], we needr Gy = %2Gyyy + 2Gy, SO, here we also de ne the following term:

@as eyx

Geyxz = €Zyy =
eyxz eyx @Z
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where Geyx has been de ned in the previous subsections.

[I. Green's function in spatial domain
1.1 Green's Function Gy (r=r9

The components of the Green's FunctionGy (r=r9 are given by

1 .
G)I;X =i GyHy = o5 SIN2U Ghxx

8%
H=0

GY =i 8%/4(008211 Oux + O + iT/Aghlz

Gl =i 8%/4(60821 Ox | O i 41._1/49hlz

Gy = 4i1/48inu Chysz

Gl = i 4i1/4cosu Ghiviz

GH=1i] 4—1/4sinu hzvs

Gy =i 4i1/4cosu Chavs

where p = arcsin(x j x%=%

1.2 Green's Function  Gg (r=r9

The components of the Green's FunctionGg (r=r 9 are given by

1 1
GEX = ——COSZ Gexx1 + 8—1/4gexx2

8V
GY = ; iCOSZJ Gexx1 + igexxz
E 8Y4 8Y4
1
GZEZ = E4gezz
1
Xy _ ~YX _ ;
GE - GE - 8_1/4S|n2U Gexx 1
1
G¥ = | — CcOSU Gy
S AR
1
yz _ . H
Gg =i 4—1/45ml1 Gvez
1
X — .~ )
Gg i 41/4COSP' Gz,
1 .
GY = | — SinW Gz

4Y4

1 (2006), pp. 229-260

(A.27)
(A.28)

(A.29)
(A.30)
(A.31)
(A.32)
(A.33)

(A.34)

(A.35)
(A.36)
(A.37)
(A.38)
(A.39)
(A.40)
(A.41)

(A.42)
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1.3 Green's Function ~ Ga(r=r9

The components of the Green's FunctionGa (r=r9 are given by

1.
Gﬁx = ny = 4—i/4 Jaxx » (A.43)
— . .
Giz =1 41]__1/4ga221 (A-44)
zx — . | .
Gx =i W, COSU Ghzys (A.45)
zy — . .
Gy =i 411_1/45'”“ Chzvs (A.46)
Xz — . 1 L
Gy =i . COSH Gavez (A.47)
yz _ . T .
Gy =i 4—1/4S|nu Chisz (A.48)
Il.4 Green's Function Gy (r=r% and r Gy (r=r9
The components of the Green's FunctionGy (r=r9 and r Gy (r=r9 are given by
j 1 .
Gy = ,J,—4—1/g\,; r Gy = Gyy{&cosu+ ysinp) + 2Gy z; (A.49)
i 4
S R N
Gvu= i 2y Gvz= e (A.50)
[1l. Sommerfeld Transform
We de ne the Fourier Transform (FT) pair by
1 YA 1 z 1
FEf(xy)g= ke ky) = = f (x;y)e kXY gxdy: (A.51)
2/4 ilZ ilz
. 1 -1 =1 .
Filf ke ky)g= f(xy) = > E(ky; ky) €' | XY dk, dky: (A.52)
4 0 il

Changex;y coordinates into polar coordinates in both the transform ard space domain
by:x i x0= Ycosu;yi yO0 = ¥sinpke = kiy,cos®;k, = kysSin®;kZ, = kZ+ kg, 5 =
(xi x92+(yi y92, u=arctan((yi y9=(x i x9), ® = arctan(ky=ks) and also use the
nt" order of Besselfunction Jp:
Z 5,
Jn(2)= — cosipj jz sinpdu: (A.53)
A7

The inverse Fourier integral can be conveniently expresseih terms of the Sommerfeld-type
integrals of the form:

h i 21
Sn ®ky) = . (ks In (KedAk, ™ dks (A.54)
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Taking the operations of @=@x@=@@=@%, @=@%, on both sides of (A.52), we have
the following relations:

L 0] h
Fil fky) = So 1e(kl/z) _ (A.55)
n (0]
Fil jjkx®ky) = | cosuS ﬁ(k%) (A.56)
n (0]
Fit jjky®ky = | Slnu81 1e(kl/) _ _ (A.57)
n 0 h io
Fil kzie(kl/,,) = .05 cosZpSg ﬁ(k%) i So kZff(ky) (A.58)
h io
F' ! kzﬁ(ky) = 05 cos,zpls2 fe(kl/; +So kZff(ky) (A.59)
h i
Fi ' kxkyte(kl/g = j 05sinuS, fky : (A.60)
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