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Abstract. This paper presents a highly parallelizable numerical meth od to solve time
dependent acoustic obstacle scattering problems. The mettod proposed is a general-
ization of the “operator expansion method” developed by Rec chioni and Zirilli [SIAM
J. Sci. Comput., 25 (2003), 1158-1186]. The numerical metlibproposed reduces, via
a perturbative approach, the solution of the scattering pro blem to the solution of a
sequence of systems of rst kind integral equations. The num erical solution of these
systems of integral equations is challenging when scattering problems involving real-
istic obstacles and small wavelengths are solved. A computational method has been
developed to solve these challenging problems with afforda ble computing resources.
To this aim a new way of using the wavelet transform and new bas es of wavelets are
introduced, and a version of the operator expansion method i s developed that con-
structs directly element by element in a fully parallelizab le way. Several numerical
experiments involving realistic obstacles and “small” wav elengths are proposed and
high dimensional vector spaces are used in the numerical experiments. To evaluate
the performance of the proposed algorithm on parallel compu ting facilities, appropri-
ate speed up factors are introduced and evaluated.
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1 Introduction

In this paper, we present a new version of the operator expans ion method that improves
the method developed in [1]. Roughly speaking, the operator expansion method is used
to solve an exterior boundary value problem for the Helmholt z equation by reducing it
to a sequence of systems of rst kind integral equations de ned on a suitable reference
surface. Three innovations are introduced:

1) the use of the wavelet transform in a way different from that s uggested in [1] that
allows us to compute the coef cient matrices of the systems of linear equations
mentioned above element by element in a fully parallelizabl e way;

2) new bases of wavelets with an (arbitrary) assigned number of vanishing moments
that generalize the Haar's basis;

3) the representation on these wavelet bases of the integral operators, the unknowns
and the data of the systems of integral equations obtained wi th the operator expan-
sion method in order to approximate the integral equations w ith sparse systems of
linear equations.

These innovations make the development of a highly parallel izable numerical method
possible to deal with scattering problems involving obstac les having complex shapes and
wavelengths small when compared to the characteristic dime nsions of the obstacles. That
is, problems that require the use of a large number of unknown s and equations can be
discretized satisfactorily. In fact, thank to the represen tation of the integral operators
on the wavelet bases and to a simple truncation procedure, matrices that approximate
the integral operators with a very high sparsity factor are 0 btained. Consequently, high
dimensional problems in the discretized variables can be solved at an affordable compu-
tational cost.

Let us begin by introducing some notation. Let R be the set of real numbers, R" be
the h-dimensional real Euclidean space, and x=( x1,X2, ,xp)' 2 R" a generic vector. Let
(', ) and k k denote the Euclidean scalar product and the corresponding E uclidean vector
norm respectively.

Let C be the complex numbers. For z2 C we denote with Rgz) and Im(z) the real
and imaginary parts of z respectively. We denote with C" the h dimensional complex
Euclidean space.

Let W R2 be abounded simply connected open set with locally Lipschit z boundary
f'wand let W be its closure. Furthermore we denote with n(x)=( ny(x),n»(x),n3(x))T2R3
the outward unit normal vector to YW in x2 fW. We note that when W is a locally
Lipschitz surface the unit normal vector n(x) exists almost everywhere in x when x2 W
(see[2, Theorem 1.8 p. 17 and p. 52)).

We assume that fW can be decomposed as follows: W= W;[ TW,, where Wy, TW,
are two locally Lipschitz surfaces such that TW;\ W, = &£ Finally we assume that TW;
is characterized by a boundary acoustic impedance given by a bounded continuous non-
negative real function ¢ = c(x), x2 W, and that W is characterized by an in nite



L. Fatone et al. / Commun. Comput. Phys., 2(2007), pp. 1139-1173 1141

boundary acoustic impedance, that is, c = c(x)=+ ¥, x2 W, that is, {W; is an acous-
tically hard boundary. Moreover, for later convenience, we a ssume that W contains the
origin of the coordinate system.

We are interested in the solution of the following boundary v alue problem for the
Helmholtz equation:

DuR(x)+ Kug(x)= 0, x2R3nW, (1.1)
with the boundary conditions:
S
i+ “2 0= g0, x2 1w, 12)
SH N
W(AF Ook(X), X2 TW5, (1.3)

and the Sommerfeld radiation condition:
uS
ﬂ—r"(x) kus(x)=o(r ), r! +¥, (1.4)

where k2 R is the wave number, k6 0, is the imaginary unit, gy k(X), X2 TW1, gok(X),
x2 YW, are given functions, r = kxk, x 2 R3. Moreover, we denote with o ) and later on
with O( ) the Landau symbols. When k= 0, problem (1.1)-(1.4), after being rewritten,
can be approached with a simple adaptation of the method pres ented in this paper. The
development of a highly performing solver for problem (1.1) -(1.4) is a relevant task in
many applications and has been considered by several authors (see, e.g., [3-5]). The fast
multipole algorithms [3-5] are very successful methods for problem (1.1)-(1.4). In Section
3, we make a comparison between the algorithm proposed in thi s paper and the fast
multipole algorithms in terms of computational cost.

The rst step in the development of the solver of (1.1)-(1.4) p roposed here is the re-
duction of the boundary value problem (1.1)-(1.4) to a syste m of integral equations. This
step, when YW is a suf ciently regular surface, is usually done by introduc ing a boundary
integral method. For reasons explained in [1, 6] we prefer no t to use boundary integral
methods and instead we develop an operator expansion method for problem (1.1)-(1.4).
In this way problem (1.1)-(1.4) is transformed to a sequence of systems of integral equa-
tions under the following assumptions (see [1]):

(a) there exists a bounded simply connected open setW, such that W is a suf ciently
regular surface, W, W and such that the solution u$(x) of (1.1)-(1.4) de ned for
x 2 R3nW can be extended to x 2 R3nW, remaining a solution of the Helmholtz
equation in R3nW,. We assume that the origin belongs to W.. To keep the notation
simple we omit the (possible) dependence on k of W, when k2 R, k& 0O;

(b) for k2R, k& 0, R(x), the extension of uf(x) whose existence is assumed in (a), can
be represented as a single layer potential with density supp orted on W, that is:
z

A= Fleyvdy)asy), x2 R3nW, (1.5)
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where dsis the surface measure onW; (see [2, Theorem 1.2 p.15])vk(y), y 2 W,
is a density function to be determined, and F is the fundamental solution of the
Helmholtz equation in R with the Sommerfeld radiation condition at in nity:

e kkx Xk

Fxy)= i vk X8y xy2 R, (1.6)

The single layer potential (1.5) satis es equations (1.1), (1.4) for every choice of vy that
makes possible the differentiation of (1.5) under the integ ral sign. So that, we can refor-
mulate problem (1.1)-(1.4) as a system of integral equations in the unknown v, imposing
that F satis es the boundary conditions (1.2) and (1.3):

z Z

F(x,y)vi(y) ds(y) + Lkl) T FL V)AL= gue(x), X2 W, (L7)
We in(x) sw,
ﬁ ﬂWCFk(LX)Vk(X)dS(z)= Gok(X), X2 TWo. (1.8)

In this way, we have reformulated the boundary value problem (1.1)-(1.4) in the unknown
uy as a system of integral equations in the unknown vy. Since we have chosenW; Wthe
distance between W, and {Wis greater than zero so that the integral equations (1.7)-(18)
have continuous kernels de ning compact operators even when W and W, are only
Lipschitz continuous surfaces. That is, they are Fredholm i ntegral equations of the rst
kind which are known to be ill posed.

The “operator expansion method” tries to take care of the ill -posedness of the integral
equations (1.7)-(1.8) via a perturbative approach. That is, the unknown vy and the kernels
of (1.7)-(1.8) are represented through a perturbative expansion having as base point a
suf ciently regular surface W, boundary of a bounded simply connected open set W;.
The setW; is chosen such that: )W, W, ii) the “distances” between W and W, and
between W, and YW, are small. Note that the natural unit to measure these distan ces
is the wavelength | = 2p/ k. We assume that W, W, W; can be represented by using
single valued functions in a given (curvilinear) coordinat e system. By requiring that (1.7)-
(1.8) are satis ed order by order in the perturbation expansi on when W “goes to” W,
the solution of (1.7)-(1.8) is reduced to the solution of a sequence of systems of integral
equations. Finally representing the integral operators, t he unknowns and the data of the
resulting sequence of systems of integral equations on a wavelet basis and using a simple
truncation procedure, the problem of solving the systems of integral equations obtained
by expanding (1.7)-(1.8) is approximated with the problem o f solving sparse systems of
linear equations. The choice of the surfacesW; and W; plays an important role, that
will be discussed in Section 4, in the treatment of the ill-co nditioning of (1.7)-(1.8) and in
making sparse the coef cient matrices of the linear systems t hat approximate the integral
equations.

Note that the assumptions made above, to develop the operator expansion, are made
for convenience in order to keep the exposition simple. The a ssumptions (a), (b), i) and
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(b)

Figure 1: Submarine (a) and its simpli ed version (b).

ii) in practice are not really restrictive. In fact our purpose i s to approximate the solution
uy of problem (1.1)-(1.4) and it is possible to show (see [7, Theorem 2.1 p. 588] for the case
W= W, c(x)= 0, x2 W, TW, = A that under some hypotheses on the surface W, the
set of the data generated by the single layer potentials K, when the density v, is a square
integrable function over YW is a dense subset of the square integrable functions over{w.

On the contrary, the assumption that W, TW, and fW; can be represented with single
valued functions in an (unique) “easy to use” curvilinear co ordinate system is restrictive.
In fact, for example, this last assumption forces us to “simp lify” some of the obstacles
considered in the numerical experiments shown in Section 4 (see Figs. 1 and 2). Indeed
we can avoid this assumption and the consequent “simpli cati ons” using an operator
expansion method that uses more than one curvilinear coordi nate system to represent
the relevant boundaries (see [8]). In this paper, in order to keep the exposition and the
computer programs used simple, we restrict our attention on the scattering problems in-
volving the simpli ed versions of the realistic obstacles pr oposed in Fig. 1(a) and Fig. 2(a)
that can be solved using only one curvilinear coordinate sys tem.

Moreover, we use the solver of the exterior boundary value pro blem for the Helmholtz
equation (1.1)-(1.4) developed here as a computational tod in the solution of the follow-
ing time dependent scattering problem. Let t be the time variable and u'(x,t), (x,t) 2
R3 R, be an incoming acoustic eld propagating with velocity c¢> 0 in a homogeneous
isotropic medium lling RS3, solution of the wave equation (1.9) in R® R. When u' hits
the obstacle W, a scattered wave us(x,t), (x,t) 2 (R3nW) R, is generated and us is the
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(b)

Figure 2: NASA space shuttle (a) and its simpli ed version (b)

solution of the following problem (see [6]):

1 T2us (x
2 2

with the boundary conditions (see [10, p. 66]):

DuS(x,t) =0, (xt)2(R*W) R, (1.9)

flu® flus B
flu® _
e (xt)= g2(x.1), (x)2TW, R, (1.11)

where g1, gp are given by:

G(x,1)= ﬂ—ul(x,t) cc(x)

n ( )(x A, (xt)2TW; R, (1.12)
Q2(x,1) = ﬂﬂz()(x ), (xt)2W, R, (1.13)

with the boundary condition at in nity:

uS(x,t)=0(r 1), r! ¥, t2R, (1.14)
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and the radiation condition:

S S
M+ T
qr c It

Note that conditions (1.10)-(1.11) and similar conditions (1.2)-(1.3) contain the limit
cases of the acoustically hard obstacle and of the acousticlly soft obstacle. The bound-
ary condition at in nity (1.14) and the radiation condition (  1.15) imply respectively that
us(x,t) goes to zero asr! +¥ and that uS(x,t) is made to leading order of outgoing
waves. In fact we can think the scattered eld uS(x,t) as a superposition of outgoing
waves having their sources on W. Let B= f x 2 R3jkxk < 1g, and B be the boundary
of B. Sinceu‘(g,t) satis es the wave equation in R3 R,itcanbe represented as a linear
superposition of time harmonic waves of the form e Wtui%’a(x) where ui%’a(x) = ec(xa)
w2 R, a2 1B, so that we can assume thatuS(x,t) has a similar form, that is, uS(x,t) is a
linear superposition of time harmonic waves (see Section 3 and [6] for further details),
which can be approximated as follows:

(x)=0( b, r! ¥, t2R. (1.15)

N; No
u(x,t) @ aaje "ud (x), (x)2(R°nW) R, (1.16)
i=1j=1 ¢

where N1, N> are two positive integers, wi2 R, g ;2 R, a2 1B, and uj, N (x) are functions

to be determined. Thank to formula (1.16), we can approximat e the CsoJIution of problem
(1.9)-(1.15) with the solution of N; N2 problems of type (1.1)-(1.4). That is, in order to
obtain an approximation of the solution of problem (1.9)-(1 .15), we must solve N; N
boundary value problems for the Helmholtz equation (1.1)-( 1.4). These last problems can
be approached with the operator expansion method introduce d in this paper.

Note that, when realistic obstacles W and wavelengths small compared to the charac-
teristic dimensions of the obstacles are considered, in order to have a satisfactory accu-
racy in the solution, the integral equations resulting from the operator expansion must
be discretized using nite dimensional vector spaces of high dimension. The operator
expansion method developed here can handle this situation by improving the operator
expansion method proposed in [1] in several respects. Moreov er the operator expansion
method proposed here is highly parallelizable so that the co mputation of the entries of
the matrices that represent the integral operators in the wa velet basis can be done el-
ement by element with independent computations. In the oper ator expansion method
proposed in [1] this was not the case due to the way in which the wavelet transform
was used. The way of using the wavelet transform was also resp onsible for the severe
memory requirements of the method proposed in [1] when high d imensional discretized
problems were considered.

The operator expansion method has been widely used to solve problems in acoustic
and electromagnetic scattering, see, e.g., [6,11-17]. It\as originally introduced by Milder
to solve acoustic and electromagnetic scattering problems from open surfaces [11, 12]
and later has been adapted to solve acoustic and electromagretic scattering problems
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from bounded obstacles [13-17]. Recently it has been used inthe solution of control
problems for partial differential equations in acoustics a nd electromagnetics motivated
by the attempt of nding active strategies to avoid the recogn ition of an obstacle from
the observation of its scattered eld [18-22]. The operator e xpansion method developed
in this paper makes possible to solve control problems invol ving “realistic” obstacles and
“small” wavelengths.

In Section 2, we construct the generalized Haar's wavelets, and in Section 3, we
present the new version of the operator expansion method to s olve (1.1)-(1.4) that uses
the wavelet bases introduced in Section 2 and the corresponding computational method.
For simplicity, in Sections 2 and 3, we restrict our expositi on to the case of obstacles with
a bounded boundary acoustic impedance, that is W, = W, W, = A& when k& 0 but the
general case can be treated analogously. Furthermore in Setion 3, we show how the new
version of the operator expansion method can be used to compute the solution of the
time dependent acoustic obstacle scattering problem (1.9)}(1.15). In Section 4, we present
some numerical results obtained with the method presentedi n Section 3. In particular we
solve time dependent acoustic scattering problems involvi ng realistic objects including a
simpli ed version of a submarine (see Fig. 1(b)) and a simplie d version of the NASA
space shulttle (see Fig. 2(b)). The parallel performance of he numerical algorithm used is
studied.

2 The wavelet bases

Let L%((0,1)) be the space of the square integrable real functions de ned on the interval
(0,1). The wavelet bases we propose are bases ol.?((0,1)) that generalize the Haar's
basis ([9] p. 10) that, to our knowledge, have not been used before. These wavelet bases
are made of piecewise polynomial functions. The polynomial s used in the numerical
experience shown in Section 4 are of low degree making the computation particularly
ef cient.

The procedure that constructs these bases is implementable using a symbolic pro-
gramming language such as Mathematica or Symbolic Matlab and t akes as input param-
eters the number M of vanishing moments of the wavelet basis considered, the nu mber
N of subintervals of the interval (0,1) employed and the points h;2(0,1),i=1,2, ,N 1,
where the subdivision of (0,1) in subintervals takes place, we assume that h; < hj; 1,
i=1,2, ,N 2. Thatis we assumeM and N to be two integers such that M 1 and
N 2 and we denote with PM((0,1)) the space of the polynomials of degree less than M
de ned on (0,1). We consider the following decomposition of L2((0,1)):

L%((0,D)= PM((0,1) VvM((0,1)), (2.1)

where  denotes the direct sum of subspaces. In other words, VM ((0,1)) and PM((0,1))
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are orthogonal closed subspaces ofL2((0,1)), such that:

the vector space generated by the union of

PM((0,2) and VM((0,2)) is L?((0,2)), (2.2)
so that we have:
Zoldxf(x)g(x)= 0, 8f2PM((0,1), g2VvM((0,1), (2.3)
and
PM((0,2)\ VM((0,1))= fog. (2.4)

We choose as basis oM ((0,1)) the rst M Legendre orthonormal polynomials de ned
on (0,1) and we refer to them as L;j(x), x2(0,1),j=0,1, M 1.
We construct a basis of VM((0,1)) using the multiresolution analysis introduced by
Mallat [23] and Meyer [24]. Let N 2 be an integerandhN =(hy,h,, ,hy 1)T2RN L,
For M, N positive integers suchthat M 1, N 2 we de ne the following piecewise
polynomial functionson (0,D):forl1 i N 2andO0 j (N 1)M 1,

8
3 pl,j,N,hN(X), x2 (0,hy),
Vi (0= Py (00 X2 [hihiea), 2.5)
) pl\N/l,j,N,hN (x),  x2[hy 1,1),

where
M 1

pi'\,/jl,N,hN(X): a QI,i,j,M,N,hNXIZPM((O’]-))
h % h

are polynomials of degree less than M.

We determine the coef cients ¢ ;; m N nv Of pi'\’j' N pn PY imposing the following condi-
tions: B -
Z,
, dej“”'Nth(x)xl =0, I1=0,1, ,M 1, j=0,1, (N 1M 1, (2.6)
21 0, 61"

, dej'\”'N’hN(x)Yj'\é!N’hN(x)z =g iji%=0,1, (N DM 1. (27
We note that in general conditions (2.6) and (2.7) dene (N 1)(M2+(( N 1)M?2+ M)/2
distinct equations in the N(N 1) M? unknowns GijmNn- Note that when M =1 and
N = 2 the number of equations is equal to the number of unknowns an d the unknown co-
ef cients are uniquely determined up to a sign permutation. H owever, when M > 1 (and
N  2) the number of equations is smaller than the number of unkno wns. In this case,
we must choose the undetermined unknowns according to some c riterion. For example a
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possible criterion consists in imposing some regularity to the piecewise polynomial func-

tions YjMN - The functions YJ.'V'N nn €an be interpreted as “wavelet mother functions” and

we generate the elements of the wavelet basis associated to hem via the multiresolution
approach (see [23, 24]).
To keep the exposition simple, from now on we choose N=2,hj=i/ N,i=1, ,N 1.
Results analogous to the ones obtained here can be derived fa the general choice of h;.
Let us de ne the function?:

N%YJM (N™x n), x2(nN ™ (n+ )N ™),

yi“vﬂm'”'“vﬁ“(x): 0, x;khg,l)n(nN m(n+ )N ™), (2.82)

(nmj)2L:=fn=0,1, ,N™ 1,m=0,1, ,j=0,1, ,M 1g, (2.8b)
and the set of functions W', ((0,2)):

WN’EN ((0,1)= " Li(x), ijm’n’Nth(x), x2(0,1),(n,m,j)2L ° : (2.9)
where L;(x) are the Legendre polynomials and Yj'\”'N’hN(x) are de ned by (2.5) when we
choosehN=(1/N,2/N, (N 1)/ N)T. Note that the function yj'\y"m’n’Nth(x) has support

given by the interval (nN ™, (n+ )N ™) (0,1).

In the Appendix we show that the set W,}', , is an orthonormal basis of L#((0,1)) and

that some classes of integral kernels can be ef ciently appro ximated using these bases.

We note that when M = 1 and, as chosen previously, N = 2 the set of functions de ned
in (2.9) is the well known Haar's basis (see [9] p. 10) and that when M > 1, N = 2 the set
of functions de ned in (2.9) is the generalization of the Haar 's basis.

Furthermore itis easy to see that the functions YjMN o are determined up to a sign per-
mutation when we impose conditions (2.6)-(2.7) and use the f act that YjMN w2C 1((0,1)).
That is: -

(o LI _dh oy + . . .
wpi,j,N@N(hi )= prl,j,N,hN(hi ), 1L i N 1,0 n j 1,1 j M 1. (210

The conditions given in (2.10) are one possible choice of thecriterion to determine the co-
ef cients left undetermined by (2.6)-(2.7). We denote with VjMN v @ choice of the functions

YJ.'V'N . satisfying condition (2.10), with ij Sn o the functions de ned in (2.8) when we
replace YjMN o with *PJ.MN o and with \}S)/,'\\l"hN ((6,1)) the corresponding basis whose ele-

_ M
ments are L; and @j,m,n,N,hN'

Let us rename the functions belonging to the basis WI\I\IAhN ((0,1) of L?((0,1)) de ned
in (2.9) as follows: -

ijmynlehN(x)z yj'\”'mynyN’hN(X), x2 (0,1, (nm,j)2L, (2.11a)
Yimanmn (=L 1(x), x2(0,), M j 1, m=n=0, (2.11b)
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Using two copies of a basis of L?((0,1)) chosen between those de ned in (2.9), and taking
the tensor product of the basis functions we can construct a w avelet basis of L?((0,1)
(0,1), denoted with W} ((0,1) (0,2)), that is:

W (0,0 (0,)
Wi

= DJMm’n’quQnQN ’DN (Xiy) = y’qjl\yllm’n’N ’DN (X) y"j'\é!moynoyN ’EN (y)’
(xy)2(0,) (09, M j° M 1, and m=0 when j<O0;
m=0,1, whenj 0; m°=0whenj%0; m’=0,1, when j° ©;
0

n=0,1, (N™ 1)., n°=0,1, ,(N™ 1), , (2.12)

where ( )+ denotes the maximum between 0 and

Let (a,b), (&% R be two bounded intervals. We will describe the wavelet bases of
L2((ab) (&%b%) that will be used in the numerical experiments of Section 4.

We de ne the required wavelet bases of L%((ab) (a%b%) as follows:

W,'\\l"’hN (ab) (a°b9

X a
b a
(x,y)2(0,1) (0,9, M jj° M 1, and m=0when j<O0;
m=0,1, whenj 0; m°=0whenj%0; m°=0,1, whenj® O

1 -y y &
P20 i0menon v

1 .
_ M _ M
= Yimngomenonmn 0¥ = P==Yjimnn b0 0

n=0,1, (N™ 1)., n°=0,1, ,(N™ 1), . (2.13)

Similarly we de ne WM ((ab) (&°b9) as the basis ofL?((a,b) (a°b9) obtained start-
ing from thN ((0,1) uising the construction shown in (2.12)-(2.13) and we denote with
oM the basis functions of \}3?/,'\\{"EN ((ab) (°09).

j;m,n,j%mOnON,hN

3 The use of the wavelet bases in the operator expansion metho d

To keep the exposition simple we consider obstacles such that W, = W, W, = /AEwhen
k& 0 so that we consider the problem of solving the boundary valu e problem (1.1), (1.2),
(1.4). Formulae similar to those derived here hold for the re maining cases considered in
Section 1.

Let us recall some of the work presented in [1]. Let y=(y1,Y2,y3)T=(y,u")T, where
u=(y2Yy3)", be a coordinate system in R3 (in general a curvilinear coordinate system)
and let x= x(y)= x((y.,u")")2R3,y21; 1, I3 be the change of variables from the y-
coordinates to the canonical cartesian coordinates x, where x(y) = ( x1(y),x2(y),x3(y)) T,
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xi(y),i=1,2,3 are given functionsand I; R,i=1,2,3 are given intervals (not necessarily
bounded or open). The spherical, cylindrical and parabolic coordinate systems are exam-
ples of changes of variables that satisfy the previous assumptions. We assume that the
map x= x(y),y2 1 I Izis suf ciently regular to make sense out of the formulae that

follow. Let X be a set contained in an Euclidean space we denote with X the interior of
X.
Let us assume that the obstacleW and its boundary W can be represented as follows:

W= fx= x(y)= x((y,u") ) 2R%jy12 I,y1 < x(u),u2 iz T3g, (3.1)
W= fx= x(y)= x((y1,u") ) 2R%jy1= x(u),u2 1> T30, (3.2)

where I, i3 R are bounded intervals such that I, I3 1, I3, and x(u),u2 i, I3, isa
single valued bounded function regular enough to make sense out of the formulae that

follow and such that when u2 (I, i3) we have x(u) 2 1;. Let

X, (U P
X (U)= x((x(u),uNT), X, (u)= ﬂ_'[?;__), i=23, u2ly la. (3.3)
|
Due to the assumptions made on Win Section 1, the surface measure onf\W is given by:
4 — A
dsw(u)= g(u)du, u2ly Is, (3.4)

where du= dy,dys is the Lebesgue measure oni, I3 (see [1] Section 2 for further details)
and

g(g) :( Xy21éy2)(£y3!éy3) (Kyyém)(&yylyz)v QZ |2 |31 (35)
where we remind that in (3.5) the symbol (, ) denotes the Euclidean scalar product in
R3. Note that the derivatives appearing in (3.3) and as a consequence the function g(u)
de ned in (3.5) may be de ned only almost everywhere.

Let us introduce now the surface YW, boundary of the set W, RS2, used in the def-
inition of the single layer potential (1.5) and the auxiliar y surface W;, boundary of the
setW, R23. We remind that the sets W; and W, and their boundaries W, and W, must
satisfy the following conditions:

i) there exists a surface measure onfW\,
i) We W,
i) We W,
iv) the “distance” between W, and W, is “small”,
v) the “distance” between W, and W is “small”,

vi) the surfaces IW; and YW, are suf ciently regular to make sense out of the
formulae that follow.
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Note that fW;\ W may be non empty so that v) must be interpreted as saying that TW,
and W are “close by” surfaces. A similar interpretation must be gi ven to (iv) even ifin
this case T\W;\ W, = £ The way in which the series expansion derived below are buil t
will make clear the meaning of the expression “close by”.

In [1] it has been shown that we can choose two intervals I R, i3 R such that
I, I3 I, Izandthatwe candene W, and W; to be the following two sets:

We=fx=x(y)= x((y1,u") ") 2R%y12 I1,y1 < xe(u),u2 Iz 139, (3.6)
We = fx= x(y)= x((y1,u") ) 2R%jy12 13,y1 < % (u),u2 > g, (3.7)

so that we have:

TWe=f x= x(y)= x((yn.u")") 2 R%jy1= xc(u) 2 I,u2 o T3, (3.8)
W = fx= x(y)= x((y2.u") ") 2 R%y1= % (u) 2 13,u2 2 T30, (3.9)

where Xc, X, are single valued, bounded, regular functions taking value s in |; satisfying
the following inequalities:

X(u)> xe(u), u2fiz s (3.10)
X (W) > Xe(u), u2iy Ta. (3.11)

The inequality (3.10) implies that W is a kind of a “regular” version of Wmade “slimmer”
along the coordinate direction y;.

The regularity of the functions X, X, will be exploited later when we represent the
integral operators resulting from the operator expansion o n the wavelet bases built pre-
viously. Note that the set de ned in (3.8) is a surface and that sincex. is a regular function
we have that W, has a surface measureds given by a formula similar to formula (3.4),
that is:

g
d(u)= ge(u)du, u2i, I3, (3.12)

where g is given by formula (3.5) when we replace x with xc in formula (3.3).

Now we can formulate the operator expansion method.

Let us assume that the assumptions (@) and (b) of Section 1 hold and that formulae
(3.2), (3.8), (3.9), (3.12) hold foiV, W;, and W, and let x,(u) be the function de nedin (3.3),
moreover let f (u)= (1/ k)c(x(W)n(x,(u)), u2 Iy s, and x, (u) = x((x(ud.u?)"),
wW=(y9,y9T21, I3, we can rewrite equation (1.7) as follows:

z q
3dg° 9e(UIVi(Xy, () F i(Xx(u) Xy, (u9)

0]
+ f U <P (W) % (W) = gux (W), u2iz s, (3.13)

N

where r y denotes the gradient operator with respect to the variable x. Remember that
since we are assuming W, = f AQ equation (1.8) should not be considered.
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The operator expansion method is based on the idea of taking an expansion of the
density vy in powers of (x X;), regarding vy as a function of x. We usex as an indepen-
dent variable so that, for example, we attribute a meaning to the notation O((x x;)"),
when x! x,,n=0,1,

That is we assume that for the density v, and as a consequence for the single layer
potential (1.5) computed in x= x,(u) the following expansions hold:

+¥
V(X (W)= & s(W), u2iz s, (3.14)
s=0

+o¥ oS (X(H) Xr(g))s "

R(x«(W)=a a

s=0n=0 (S n)!
z q ﬂs = R R
_ o du® ge(ud) 7 X (e (W X (U Oin(WY U2 T3, (3.15)
2 I3 1
and
Gs(U)= O((x(u) x (u)®), u2i, i3 x! %, s=01, . (3.16)

Note that in equation (3.15) we use a series expansion in powers of (x x;) of the funda-
mental solution Fy(x,y), X= X, (u) 2 W, u2 I, I3, y2 IW,. Thank to these expansions
we solve the integral equation (3.13) using a perturbative s eries, that is in (3.13) we use
an expansion in powers of (x x;) of the unknown density (i.e., (3.14), (3.16)) and of the
integral kernel.

Let Ky x, be the following integral kernel: for u2 i, I3, u%1i, I3,

q i
Kie(U) = 9e(U) Frlxy (W) U+ (W), (F xFi)(Xy (W) %, (U)) . (3.17)
We can formulate the operator expansion method as follows:

Lemma 3.1. Let TW; = W, TW, = /& and let kW, We, Ky x,(u,u9, u2 ip i3, u®2 i, i3be
as above. We assume that the solutiofidf), (1.2), (1.4)is given by the single layer potentia} F
de nedin(1.5)and the validity of the series expansi@i4) (3.16)for the corresponding density
function v(y), y2 TW.. Then the coef cients,g(u), u2 I, I3, of the expansio(B.14)are the
solutions of t thze following integral equations:

: INolgock,s(g‘ber,xc(g,u‘)=dk,s(g), u2i 13 s=012, , (3.18)
where
Ak o(u) = g1 k(X (U)), u2i, is, (3.19)
Sixu) x@)s e 8
des(u)= & 8 s i : I~?’du ge(u9 e n(W9

f (W), ss nn(r xFr) (% (U), %, (UY)  + %Fk (X (1), X, (U9)
Y1

u2i, i3 s=1,2, . (3.20)



L. Fatone et al. / Commun. Comput. Phys., 2(2007), pp. 1139-1173 1153

Proof. See [1] Lemma 2.1. O

Finally as shown in [1] Lemma 2.3 we can write the solution of t he exterior boundary
value problem (1.1), (1.2), (1.4) as follows:

UR(X) = Ugs(X)+ Ris(X), x2R3nW, (3.21)
where
Z q OS B
ugg(X)= : I~duo 9e(UYF k(x.%, (UY) & cn(W), x2R3nW, (3.22)
2 13 n=0

and Rys(x)= o((x x)S) when x! x;.

Let us solve the integral equations (3.18) in the appropriat e L? space using the new
wavelet bases introduced in Section 2. Without loss of generality, to keep the exposition
simple, in the following we assume that i, 3= I, I3. Infact with a change of variables
the integral equation (3.18) over I, I3 can be transformed into an integral equation over
the seti, Is.

Let N= 2 and W, (I2 [3) be the wavelet basis of L%(I; 13) de ned in (2.13), for

m= 0,1, let Iy n.m be the following set of indices:

gn’ 00 n (NT 1), . (3.23)

— Poo T : A — )
IM,N,m— r_n:(Jvm!n) M J M l,m— ’ J<0 y
We represent the unknowns of the integral equations (3.18) ¢, s= 0,1, , on the basis
W (2 13):

+¥ +¥
Ck,s(g)z é é é é Ck,s,erPUanN’hN(Q)a u2ly ls. (3.24)

m= OLTQ IM,N,mmO: 0392 IM,N,mO

Similarly we represent the data dys, s= 0,1, , of the integral equations (3.18):

+¥ +¥
ds=8 a8 A& & GsmUppnp(W), u2lz I (3.25)

m= OLTQ IM,N'mmO: Ol'lm IM,N,mO

Note that when r_n2 Im n,mand EPZ Im N, mo the function UMM)N n IS uniquely determined

by its iqdicgs. In fact when m6& m® Iy n.m\ Imnmo= A Furthermore we note that
W,'\\l"hN (12 1) is a basis made of real functions that we use to expand complex functions.
This corresponds to expand the real and the imaginary part of the complex functions
considered simultaneously on the wavelet basis. Hence in general the coef cients ¢y smnp
and dy s mnp Of the wavelet expansions (3.24) and (3.25) are complex numters. o
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Finally using the tensor product basis we have the following representation for the
integral kernel Ky, x.:

+¥

o o o
xr xc(u U% a a a a Umm)N hN(u)
n=0nm2 Iy nnn=0nf21y, o ~

+Y¥ +Y¥
é. é é a aksmn#’mn?u PN, hN(U% 91902 2 s (3.26)
m=0f2 Im,n m%=0 erZIM ,N,m0

Note that Ky, x, is a complex valued kernel whose real and imaginary parts are expanded
on a basis of real functions.

Letm be a positive integer and let Jy nm = M2(N™ *1+ N 2)2/ (N 1)?, truncating
the series (3.24) and (3.25) wherm= m%= m and the series (3.26) whenm= m°= n= n®=
m we approximate the sequence of integral equations (3.18)-@3.20) with the following
sequence of (complex) systems of linear equations:

Ak,Mgk,S,M - gk,S,M , s= 0’1, , (327)

where cesM d¢sM 2 cdinm | are the nite dimensional vectors whose components are
respectively an approximation of the rst Jy nm coef cients of the wavelet expansion
of the unknowns ¢, and the rst Ju nm coefcients of the wavelet expansion of the
data dy s, given in (3.24) and (3.25) respectively ordered by columns. More precisely, for
s=0,1, ,we have:

0 1
ClISM Cs( M,0,0T( M,00T

CESM Cs( M,00T( M+1,00T

Cm Cks( M,00T,( 1,007

k,s,M

Cv+1  Cks( M,00T,000T

k,s,M

Cv+2  Cks( M,00T,(01,0T (3.28)
k,s,M !

Cv+3  Cks( M,00T,(0,1,)7

k,s,M
M N L1 Cs( M,00T,(0m ,Nm 1T
N 1

ksM

Canm  Gs(M 1m Nm DT (M 1m N [T
and a similar formula holds for d“*™ when we replace ¢**™ with d“*™,i=1,2, ,Junm ,
Cismnf with dksmnp, m n92 IMnm M=0,1, ;m and with =. The entries A"'VI of
the matrix AKM 2 Chnm dinm are the coef cients & smmemie Of formula (3.26) when

r_nz IM,N,nvn_Oill !m 1Ep2 IM,N,novn _0!11 1m !r_nz IM,N,mvm_ 011! 1m !Epz IM,N,mO;
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m°= 0,1, ,m . The ordering of the entries of the matrix A*M is induced by (3.27) and by
the ordering of the elements of the vectors M and d“M de ned in (3.28). Let t > 0 be
a threshold. We de ne the “sparse” version of A*M corresponding to the threshold t as
the matrix AKM:t2 ChMnm  Jnm whose entries are given by:

akmis A A>T
b 0, ifjASM) t,

i;j: 1121 1‘1\/|,N,m ' (329)

We want to approximate the linear system (3.27) by replacing the matrix A*M with its
truncated version AKM:t,

Note that the matrix AKM is a generic matrix, possibly a dense matrix, however when
m increases we expect the matrix AKM:t to be a sparse matrix even for small values of
the threshold t > 0. This expectation is based on Lemma A.2. The use of the approi-
mating (sparse) matrix AM:t rather than AM makes possible to work in high dimen-
sional spaces at an affordable computational cost. Fory=(y1,y2, Y unm )T2 Chnm
we denote with kyky = max; i g, Jyij the in nity norm of the vector y and for A 2

Chnm  dnm we denote with kAky the induced matrix norm. We have:

Theorem 3.1. Let k& 0, W, = W, W, = A& andW,, W; be as above. Let M1 be a given
integer. We assume thqW; and W, are (M + 2)-times continuously differentiable surfaces,
that problem(1.1), (1.2), (1.4) has a unique solution that can be extendeR tmW;, and that this
solution can be represented by the single layer potefitia) with a density function y de ned on
fW.. Moreover, we assume thatk? is not an eigenvalue of the Laplace operatonnequipped
with the homogeneous boundary condit{@®)on TW.. Finally, let m be a non-negative integer,
t > Obe athreshold, let'® 2 CMxm  dnm and ACME2 Chnm  dnm be the matrices given
in (3.27)and (3.29) respectively. Then for marge enough AM is a non-singular matrix, and

whent is chosen such that
dk(AkvM) lk¥ 1

o<t < , 3.30
JM,N,m ( )
for some)< d< 1, then the matrix AM:t is also non singular. Moreover, we have:
KAKM — akMUg, dk(ARM) Ik, 2, (3.31)
k(AKM) Tky
K(AKM) By = o 32
(AN e =g (3.32)

Let &SM pe the solution of the linear systerf827)and &Mt be the solution of the “sparse”
linear systems:
ARMEISME= gisM = 0,1, (3.33)

Then we have

d

kcksM  gksMtye _dkgk,s,Mk¥, s=0,1, . (3.34)
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Finally let a s mmman be the entries of the matrix A" de ned in (3.26) wherem= (j,i,n)T,

mP=(%mOndT, i=(J,m, /)T, /iP=(J°m0A)T, and let K, 2 CM(iz 13 12 13). Then for
jki> kmin > 0, there exists a positive constanfDindependent of k and N such that the entries of
the matrix A“M whose indices satisfy the inequality:
o 20 M+1
N max(hSm. ) iK"Y/t (3.35)
are smaller than in absolute value. That is we have:
1

N max(rf MO, mo) M+1°

jasmmomad iki" DY (3.36)
Proof. It follows from Theorem A.1 that the proof that the matrix ~ A%M is non singular
and the proofs for (3.31), (3.32), (3.34) are analogous to tk proofs in Lemma 3.1 of [1].
The proof of (3.35) follows from Lemma A.2 since W, and W, are surfaces suf ciently

regular to guarantee that Ky 4,2 CM(i, I3 1, I3) and jkjM*1DY, is a positive constant
that is an upper bound of the sum of the absolute values of the M-th order derivatives

of the kernel Ky, x.(u,ud with respect to the components of u2 I, Izand u°2 1, I3. This
concludes the proof. O

Egs. (3.35)-(3.36) show that when the constanjkj"* 1D, remains bounded as a func-
tionof M (when M goesto in nity) we have that when the number of vanishing mome nts
M increases the number of the entries of the matrix AKM guaranteed to be less than the
threshold t and the percentage of the entries of the matrix AKM guaranteed to be less than
the threshold t increase. The same happens when we x M and increase N (see (3.36)).
This last choice is very ef cient when the constant jkj'\"’lef\),I is not bounded when M
goes to in nity.

We note that the results contained in formulae (3.31)-(3.34) hold under the weaker
assumptions that W, is a twice continuously differentiable surface and W is a Lipschitz
surface.

We conclude this section by reconsidering formula (1.16) fo r the approximation of the
solution uS(x,t) of the time dependent scattering problem (1.9)-(1.15). Formula (1.16) is
based on the assumption that the incoming wave u'(x,t) satis es the wave equation with
wave propagation velocity ¢> 0in R® R. In fact this assumption implies the following
representation formula for u':

z z
) Rdww(w)e wt ﬂBolsﬂB(g)W(w,@)e%@), (x,)2R® R, (3.37)

where dsyg(@) is the surface measure on{B, w(w), w 2 R is a given positive function that
plays the role of a weight function and W(w,a), (w,a) 2 R 1B is a suitable distribution.
Formula (3.37) suggests the following representation form ula for us:

z z

(2;)_4 Jdww(w)e M dsp(@Ww.a)uk (), (X2 (R°W) R, (3.38)

ui(l’t):

us(x,t)=
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where u3, ,(x), x2 R3®nW, (w,a) 2R B are functions to be determined. Note that for-

mulae (3.37), (3.38) depend only on the product w(w)W(w,a) and not on the individual
factors w(w) and W(w,a).

It is easy to see that formula (1.16) is obtained approximati ng (3.38) with a numerical
quadrature rule.

Finally we make a rough comparison between the computationa | cost of the algorithm
proposed in this section and the computational cost of the fa st multipole algorithms [3-5].
Let Ng be the number of elements used to decompose the obstacle surbce (spatial sam-
ples) and N; be the number of time steps in the time domain (see [3]). Thesetwo numbers
considered in the fast multipole algorithms can be associated with the numbers Jy nm
and N3N respectively of the algorithm proposed in this section, whe re Jy nm is the
number of the elements of the wavelet series expansion used to represent the unknown
density and due to formula (1.16) N;N, corresponds to N;. This last correspondence is

very rough, in fact in the method proposed here once computed the NiN, terms ug /.,
it g

i=1, ,Ng,j=1, ,Nzon aspatial grid, the cost of evaluating us(x,t) for several val-
ues of t consists only in re-summing the terms e Wituﬁvi,cyaj. Furthermore, thank to the
wavelet basis used (see Lemma A.1) the computational cost ofthe solution of the linear

systems (3.29) isO(&, y m ) @Sdnm | +¥ . Hence we can conclude that using the anal-
ogy suggested above the computational cost of the algorithm proposed in this section is
linear in the number of the time steps and quadratic in the num ber of the spatial samples
compared to the fast multipole methods that require  O(NZ2*%Y4) asNg! +¥ to com-
pute the matrix elements and then O(Ng”z), asNg! + ¥, to complete the computation,

where Ng is the number of the spatial samples (see, e.g., [4]). Note that, in the algorithm

considered in this section due to the parallel implementati on of the algorithm proposed,

the computational cost to solve the linear system (3.29) isO(, 1 / Np) aSnm ! +¥

where ny is the number of processors used. -

4 Numerical results

We present four numerical experiments. The rsttwo experime nts show the convergence
of the series expansion (3.14) computed with the numerical m ethod presented in Section 3
involving the truncation procedure associated with the thr eshold parametert > 0 and the
validity of formula (1.5). Moreover, in the rst experimentwe  study the parallel perfor-
mance of the numerical method proposed. The last two experim ents are qualitative and
they show in colour gures (see Figs. 3 and 4) the scattering fr om two realistic obstacles,
that is the simpli ed versions of a submarine and of the NASA sp ace shuttle shown in
Fig. 1(b) and Fig. 2(b) respectively, when hit by an incoming wave packet.

The curvilinear coordinate systems used in the experiments are the spherical coordi-
nate system and the cylindrical coordinate system. The algorithm described in Section 3
has been coded in Fortran 77 and tested on the computing grid of Enea (Roma, Italy).
The ENEA grid is made of computers located in 12 research centers around lItaly.
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We use this computing infrastructure both as a grid and as a pa rallel machine (i.e.
MIMD machine). In fact the computation of the solution of the ti me harmonic problems
(1.1)-(1.4) needed to solve the time dependent scattering problem (1.9)-(1.15) has been
carried out in two steps. The rst step, the computation of the matrix A*M has been
carried out using the infrastructure as a grid, that is N, asynchronous programs are ex-
ecuted. When the number of (real) unknowns involved in the pr oblem is approximately
510 (i.e. anm 2.5 10°) we use N, = 512 asynchronous programs, that is we run 512
executable programs and each one of these programs computesjy,n,m / Np rows of the
matrix AXM.t. Note that in our experiments Ju,n,m / Np is an integer. The second step,
the computation of the solution of the linear systems (3.33) for xed k (one system for
each order of the perturbation series considered) and the remaining parts of the compu-
tation is done with a parallel code implemented using multip le instructions multiple data
programming mode (MIMD) and using MPI as message passing librar y and is executed
on one of the MIMD machines contained in the grid.

The wavelet basis used in the numerical experiments has been obtained using the
symbolic Matlab package to implement the procedure describe d in Section 2. The func-

tions *PJ.'V'N N j=0,1, ,M 1, i.e., the solution of (2.6), (2.7), (2.10), whenM = 2, N = 2

and h; = 1/2 are:
pp_i_%(l 4x), 0< x< 3,
3( 3+4x), 1 x<1.

) 1+6x, 0<x< 1, 5

0,2,1/2 — 5+ 6X, % X< 1’ 1,2,1/2 —

(4.1)

In the numerical experiments that follow we always use the ba ses generated through
the multiresolution procedure and the tensor product start ing from the functions *szyl,z,
j=0,1givenin (4.1). In this section, we denote with UE,S,m t the solution of problem (1.1)-
(1.4) obtained with the expansion (3.14) truncated at order s= S when the coef cients of
the series expansion are approximated with the solution of t he linear systems (3.33). We
have bom = 24M *1 so that in these circumstances the coef cients matrices of the linear
systems (3.33) are matrices of (complex) dimension Z™ *2) 22(M +2) Remind that the
functions bj2,2,1/2’ j= 0,1 given in (4.1) are not uniquely determined by (2.6)-(2.7). We
have made some experiments using “wavelet mother functions ” solutions of (2.6)-(2.7)
with M=1,N=2,h;=1/2 (i.e., the Haar's basis) and with M =2, N= 2, h;= 1/2 different
from the functions (4.1). The choice of (4.1) as “wavelet mother functions” is justi ed by
the facts that this choice gives satisfactory “compression factors” and that the coef cients
of the polynomials appearing in (4.1) are expressed by simpl e formulae.

Example 4.1. The rst experiment consists in the time harmonic scattering phenomenon
generated by a plane wave impinging on an acoustically soft s phere (i.e.: c(x)= 0, x2
W) of radius one and center the origin. The incoming wave has be en chosen equal to
ui(x,t)= e WteW /(@ wherea =(sinqcosf,singsinf,cosq)T,q=p,f =0andw =1
and we have chosenc= 1. In this experiment we have Rr=1/p.

The solution of this problem is given by a series of spherical harmonics (see, e.g., [29,
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p. 24)):

. 2 li(w )R (w kxk)
= 4
u3(x) plajo O ) a

a Y"®)Y™a), x=kxkx, X249B, 4.2)

where kxk> 1, and hl(l)(z), ji(2) are the spherical Hankel and Bessel functions of index |
respectively, and Y"(X) are the spherical harmonics.

Note that in this experiment, we have used the spherical coor dinate system to build
expansion (3.14) and that we have choseni, [3=1, [3=[0,p] (0,20], % (u)=1,u2i> I3
and xc(u)= 0.9,u2 o s

We compare uy, g, ; obtained with the numerical method of Section 3 with uf ob-
tained by truncating the expansion (4.2)at |=L andwe chooseL = 10. Let

X ;= 1.5sin % cos % ,1.5sin % sin % ,1.5cos % T, (4.3)
ford i 19,0 j 20,(i,j)=(0,1),and(i,j)=(20,]). Let
1E 20 , 1920
AN =T 2-0 Uy smt(Xig) U (xiq) “+ Ialjao Uy smt(Xij) Ui (X”) (4.4)
r
where | = &%) uf (x;,) “y 82187, uf (Xy09)

Let B; 5= f x2 R3jkxk< 1.5g. We note that X j 2 1B s and that the approximate solution
ui when L =10 on B s has 4-6 signi cant digits correct. Table 1 shows that when S=0
the behavior of #7 ' as a function of the (complex) dimension b, = 24M *2 of the
linear system solved to approximate the integral equations and of the threshold t used
in the truncation procedure. In the last two columns of Table 1 we show the compression
factor Ceomp that is the fraction of the entries of the matrix AKM (see (3.27)) that have been
set to zero by the truncation procedure (see (3.33)) (i.e.Ccomptimes the number of entries
of AKM is equal to the number of entries set to zero), and the parameter E! that is de ned

as follows:
22(m +2)(1 Ccoma

Et=t , 4.5
kAKMk (4.5)
where k K g is the Frobenius norm of the matrix . For example,
i
ﬁ 22(m +2) 92(m +2)
kAMke=t § & A2
i=1  j=1
Note that we have: M Mt
KATZ ASTTKE g (4.6)

KAKM K,
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Table 1: Example 4.1: The behavior offg t Ccomp E' whenS=0.

m | 24m+2) t #1| Ceomp Et
2 256 0 7.40e-02| 0 0
3 | 1024 0 1.67e-02] 0 0
4 | 4096 0 5.77e-03| 0 0
5 | 16384 | 1.0e-08] 3.85e-04| 0.82 | 9.20e-06
6 | 65536 | 2.1e-07| 3.83e-04| 0.95 | 5.77e-05
7 | 262144 | 4.2e-06| 3.79e-04| 0.99 | 6.99e-05

Table 2: Example 4.1: Execution time versus number of processor

processors | executiontime || processors| execution time
2 309.16s 16 47.75s
4 155.83s 32 31.58s
8 83.85s

Table 1 shows that when the number 2%™ *2) of the (complex) unknowns increases
the accuracy in the numerical approximation increases unti | the number of (complex)
unknowns reaches 16384, since then it remains substantially unchanged. This is due to
the fact that the error #g ' observed comes from the quadrature rule used to compute
the coef cients of the wavelet expansion of the integral kern el and from the fact that the
truncation procedure, used when 2 4™ *2)> 4096, guarantees ve digits of accuracy when
the solution of (3.27) is approximated with the solution of ( 3.33). Moreover, in Table 1 we
can see that also when the compression factors are large, thequantity E' is small. This
implies that the sparse version AKMt of AkM is a satisfactory approximation of the matrix
AKM,

Table 2 shows the performance of the second step of the algorithm proposed in Sec-
tion 3 when parallel computing on a MIMD machine (i.e.: SP4 mach ine) is employed.
We consider the previous numerical experiment when the numb er of the (complex) un-
knowns is 4096, that is when m = 4. The execution time is measured using the (Fortran)
MPI routine MP1 WTIME() that gives a oating point number representing in seconds
the elapsed wall clock time. Note that the speed up factor goi ng from 2 to 8 processors is
0.92. In fact passing from 2 to 8 processors, the execution time is divided by 3.68 so that
the speed up factor is the ratio 3.68/4 0.92. Passing from 2 to 16 processors the speed
up factor is 0.81 and nally passing from 2 to 32 is 0.61. Note th at the computational cost
of the algorithm proposed when the number of unknowns used is large is essentially due
to the cost of the rst step, that is the cost of computing the en tries of the matrix AKM.
The computational cost of the second step becomes negligible when the number of the
unknowns used increases.
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Example 4.2. The second experiment consists in the time harmonic scattering phenomenon
generated by an acoustically soft double cone (i.e.: c(x)= 0, x2 W) when hit by a time
harmonic plane wave u'(x,t)=e Y 'ul, (x)=e W 'ek*s where k =(w / ¢) is the wave
number. The double cone is an obstacle that can be easily repesented in the cylindrical
coordinate system (rq,f ,x3) by the following formulae:

W= f x=(ryco(f),risin(f),x3) 7,0 ri<x(xs), (f,x3)2[0,20) [ z.z]g (4.7)
W= f x=(x(xa)cos(f ), x(xa)sin(f ),xs) ", (f ,x3) 2[0,2p) [ z ,z]g, (4.8)

where z is a positive constant and
i, . .
X(xa)= 5z J X&),  z x z. (4.9)

Remind that (ry,f) are canonical polar coordinates in the (x1,x2) plane. Note that the
double cone given in (4.7) has center of mass in the origin and has the xz-axis as cylin-
drical symmetry axis. In the following experiment we choose z = 2 and we denote with
X4 (f ,x3) a point of the surface W.

Let z, z, Vr, V¢ be positive constants such thatze.< z  z ,ve Vi, Vc< Zg, Vr < Z the
surfaces W and TW; are chosen as done in (4.8) where we replacex respectively with x
and x; given by the following formulae:

8

1 . . .
2 5(2c | xa)) Ve< jXaf  z,
xC(x3)=> 1 Ve X3 o (4.10)
"3 Zc > 2_Vc JX3] Vg,
8 4
2 AGERE) Vi <ijxs z,
X(xa)=_ 1 vi 2. (4.11)
© 5 Z; > 2_Vr IX3]  Vr.

We note that in this experiment we have chosen ul, (x,(f ,x3))= exp( Kk x3), (f ,x3)2
[0,20) [ z,z]sothatwe have explicit formulae for the coef cients of the el d ul, (x,)
inthe basis\h/zzyl,z((o,a)) ( z,z)). Thankto these explicit formulae we can study how
we should increase the multi-resolution scale m , when the wave number k increases,
that is when the ratio Ry = 2z / (2p)/ k increases, to get a solution of the scattering
problem of quality approximately independent of k . Let us denote with gj mnjomone J =

2, 1,m=0,n=0,j=0,1,m=0,1, .,m,n=0,1, ,2" 1,i% 2, 1,m*=0,n%=0,j%0,1,
m°=0,1, .m,n%=0,1, ,2™ 1 the coef cients in the basis szyl,z((oﬂo) ( z,z)) of
ul (x,), we have:

Z

_ 1 2p 2 f
9j,m,n,jomon0= p—% o ] df )bj,m,n,z,l/z 5
1 z X3+ Z
p=—  dxsexp( Kk Xx3)¥om00001/ (etz) : (4.12)
2z z 2z
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and let us denote with gﬁm’n’quqno the approximation of the coef cient  gj mnjomone Ob-
tained computing numerically the integral (4.12) using in e ach variable the composite Q
points Gauss-Legendre quadrature rule (two subintervals i n the support of the wavelet
functions are considered). Let I,y be the set de ned in (3.23) and let ul, (f ,x3), and
u‘Q’m (f ,x3) be the approximations of u'(x,(f ,x3)) obtained summing the wavelet expan-

sion using the coef cients (4.12) and the coef cients ngm n,jOmono- Furthermore, let

Xi j = ( X(xaj) cos(f j),x(xz;) cos(f j),x3;) T2 R3, i,j=1,2, ,15,

be a grid of points belonging to W, with x3;= z +0.001+(2i 1)z /15, and f;=(2j
1)p/15. We de ne the following two quantities:

V
u
10 515 , 2
&m = I—P & & u(x(fjxg) ub, (Fhxs) (4.13)
i=1j=1
Vv
u
R S i 2
ng = I_P aa u(x(fjxs)) ugnm (Fixs) " (4.14)
i=1j=1

q ,
where | = &{2,8 2 jui(x(f }.x3))j2.

We note that g ,, measures how accurate is the wavelet expansion in the approxima-

tion of the incoming wave and Wka measures the accuracy of the wavelet expansion as

a function of the quadrature rule used to compute the coef cie nts (4.12). The difference
jacm ka’m j measures the error due to the use of the quadrature rule.

Table 3 shows from left to right the wave number k , the ratio Ry, the number of
unknowns used %2m and the quantities &g , Wy, , Wi, » W&, . Note that the choices
of b om proposed in Table 3 guarantee that we have always g, 5 10 2,

Table 3 makes possible to choose as a function of the ratioRy the quadrature formula
and the number of unknowns that must be used to compute a solut ion of the scattering
problem of quality approximately independent of Ry. We consider adequate a quadra-
ture rule for the discretization of the boundary integral eq uation when g, is of the same
order of magnitude of w2 .

We note that when Rt increases we must increase the number of the quadrature nodes
to get satisfactory approximations. In the experiments wit h large values of R+, in order to
avoid the use of quadrature rules with a large number of nodes , we could use asymptotic
expansions as Rt goes to in nity of the integrals involved. The expansions whe n Rt
goes to in nity correspond to the expansions when k goes to in nity since the obstacle
considered is xed.

To understand the behavior of the condition number of the mat rix AM, M= 2, of the
linear system (3.27) whenk increases we compute the Green's function F (r)= e/ (4pr)
as a function of r, 0< r < rmax, Where rmax is a suf ciently large positive constant (see (1.6))
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Table 3: Example 4.2: Analysis of the wavelet series expamsiaf the incoming eld.

k [Rr| 2om &m Wi m WE Wi
p/2 |05 256 2.31e-02| 2.31e-02| 2.31e-02 | 2.32e-02
p/2 | 05| 1024 | 5.81e-03| 5.82e-02| 5.82e-02 | 5.82e-03

p 1 1024 | 2.31e-02| 2.40e-02| 2.31e-02 | 2.31e-02

p 1 4096 | 5.78e-03| 8.45e-03| 5.78e-03 | 5.78e-03

2p 2 4096 | 2.29e-02| 2.28e-01| 2.29e-02 | 2.29e-02

2p 2 16384 | 5.72e-03| 2.36e-02| 5.72e-03 | 5.72e-03
4p 4 16384 | 2.27e-02| 8.18e-01| 7.401e-02| 2.27e-02
4p 4 65536 | 5.67e-03| 8.15e-01| 7.38e-02 | 5.67e-03
8p 8 65536 | 2.25e-02| 1.13e+00| 4.47e-01 | 5.38e-01
8p 8 | 262144 | 5.83e-03| 1.13e+00| 4.50e-01 | 5.36e-01
3Z2p | 32 | 262144 | 9.02e-02| 1.23e+00| 4.05e-01 | 3.14e-01
3Z2p | 32 | 1048576| 2.31e-02| 1.21e+00| 4.01e-01 | 3.01e-01

via its expansion in the Haar's wavelet basis. Note that the c oef cients of this expansion
can be computed explicitly.

Table 4 shows the Li-condition numbers cg, ¢y computed with the IMSL DLFCCG
routine of the matrix A2 obtained computing the matrix elements evaluating the appr o-
priate integrals using the Green's functions F (x, ,x_) (see (4.10), (4.11) and recall that
F(Xy, Xx) = F (kxy, X4.K)) or evaluating the same integrals using the expansion of the
Green's function in the Haar basis respectively for two valu es ofk, k= 4p, 16p and three
value of bom , hom = 256,1024,4096. Note that in this experiment we choosez; = 2 e,
e=0.01,z2.=2 e e.=0.2,v,=v:=0.25. Indeed to keep the condition number small when
J2m increases we should decrease the parameterse. and vy, v.. Table 4 shows that the
condition numbers cy, that is the condition numbers relative to the matrix obtain ed inte-
grating the Haar expansion of the Green's function, are smal ler than the corresponding
condition numbers cy of the matrix obtained integrating directly the Green's fun ction.

Note thatwhen %, increases the corresponding condition number increases rapidly
since we take the value of v, v, €, €. xed. As said above in order to keep small the
condition number we should decrease these parameters. We do not do this to put in ev-
idence the fact that the evaluation of the matrix elements ob tained integrating the Haar
expansion of the Green's function generates matrices less €nsible to the choices of the
remaining parameters.

After this rst analysis we continue the study of the double co ne example studying
how the method proposed approximates the solution of the tim e harmonic scattering
problem. We consider k =w / c= 2p, c= 1 and we approximate the density vy appearing
in (1.5) relative to the solution of the scattering problem c onsidered with the function
obtained truncating the series expansion (3.14) ats= S (S= 0 or S= 1) and solving the
linear systems (3.27), that is the linear systems (3.33) wih the threshold t = 0. Remember
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Table 4: Example 4.2: Condition numbers.
| k=4p,Rr=8 Il k=16p,Rr= 32 |
| Z2m Cs CH Il &.2m Ce CH |
256  1.955e+04 1.597e+04f 256 1.571e+05 2.158e+04

1024 3.211e+09 2.715e+0f| 1024 4.670e+10 4.013e+0p
4096 1.21e+21 1.991e+0f| 4096 1.236e+21 6.639e+0p

O

that with these choices Rt = 4.

In this experiment algd in the following ones we use as unknown the density ¥, mul-
tiplied by the function gc(u),u2 1, I3(see (3.12)). Thatis in (3.18) the function gc(u)
has been removed from the kernel (3.17) and has been consideed included in the un-
known so that the linear systems (3.27) and (3.33) should be rinterpreted coherently
with this choice. This trick improves the accuracy of the app roximate solution since it
acts as a kind of regularization of the integral equation.

We remind that the numerical approximation ug, . of ug obtained with the numer-
ical method of Section 3 satis es by construction the Helmhol tz equation (1.1) and the
boundary condition at in nity (1.4). So that we must study onl y how u;s’m . satis esthe
boundary condition (1.2). Remind that in this experiment si nce W, = Athe boundary
condition (1.3) should not be considered. We de ne the follow ing quantities:

Z ) 1/2

V= ﬂWldS(x) O1k(X) Upgm ¢ (X) : (4.15)
Z 1/2 \Vi

Vo= dgoud® . &smo= (4.16)
Wy 2

Note that in the problem considered we have: g;x(f ,x3)= exp( k x3). The quantity
& sm t de nedin (4.16) is a measure of how well the numerical approxi mation u;s’m 1 of
uy, satis es the boundary condition (1.2) on W. In Table 5 from left to right we show the
value of m , the number of unknowns used %o, = 24™ *2), the quantities &m » &Sm .0
and the constants z, z, V¢, Vr. Table 5 shows the behavior of g sm o as a function of the
number of unknowns used and of the order of the expansion S.

Table 5 shows that the correction due to the rstorderterm oft he perturbation expan-
sion makes the error g s, 0 on the boundary condition of the same order of magnitude
of the error g, , that is the error due to the representation formula of the da tum via the
truncated wavelet expansion and this is very satisfactory s ince this is the best result that
can be obtained.

Example 4.3. The third experiment involves a simpli ed version of the “sub  marine” (see
Fig. 1(b)). The data of this obstacle are derived from the data shown in Fig. 1(a). The data
of Fig. 1(a) represent a United States Navy submarine of the Los Angeles class and are
available at the website: http://avalon.viewpoint.com/
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Table 5: Example 4.2: Accuracy in satisfying the boundary cdition on the double cone: perturbative approach.

m | 22m+*2 ‘ & m ‘ &.sm 0 ‘ Zc ‘ Z ‘ Ve ‘ Vr
S=0
0 16 9.662e-01| 9.993e-01| 15 | 2 | 05|05
1 64 8.406e-01| 9.987e-01| 1.7 | 2 | 05|05
2 256 3.241e-01| 7.544e-01) 19 | 2 | 05| 05
3 1024 | 9.000e-02| 7.102e-01| 1.95 | 2 | 0.2| 0.2
4 4096 | 2.593e-02| 7.085e-01| 1.975| 2 | 0.1 ] 0.1
sS=1
0 16 9.662e-01| 9.660e-01| 15 | 2 [ 05|05
1 64 8.406e-01| 8.401e-01| 1.7 | 2 | 05| 05
2 256 3.241e-01| 3.641e-01| 19 | 2 | 05|05
3 1024 | 9.000e-02| 1.201e-01| 195 | 2 | 0.2| 0.2
4 4096 | 2.593e-02| 4.098e-02| 1.975| 2 | 0.1 ] 0.1

The most natural coordinate system to represent this obstacle (see Fig. 1(a)) and to
build the associate operator expansion seems to be a cylindrical coordinate system with
cylindrical axis given by the symmetry axis of the main body o fthe submarine. However,
an analysis of the boundary of the submarine (see Fig. 1(a)) shows that the boundary of
the submarine is not representable with a single valued func tion in these cylindrical co-
ordinates. So that we have modi ed the original data shown in F ig. 1(a) to obtain the
data shown in Fig. 1(b), this last data set represents the so @lled simpli ed version of the
“submarine”. In the numerical experiments we have used as ob stacle a scaled model of
the “submarine” of Fig. 1(b), that is the physical dimension s of the submarine are divided
by a factor 11.03 so that the maximum length of the real submarine that is 110.3metersin
the scaled model corresponds to 10units (1 unit=11.03meter3. Coherently we have cho-
senc=(1532.8/11.03 units/ secondswhich corresponds to re-scaling the sound speed in
the sea water (i.e., sound speed in the sea water equal to 1538 meterg secondsand we
have chosen theuz = x3 axis of the cylindrical coordinate system as the symmetry ax is
of the main body of the submarine oriented with the positive d irection going out of the
prow of the submarine. Due to the scale (1:11.03) and to the choice of the origin on the X3
axis, we have that the minimum and the maximum values reached by the boundary of
the simpli ed submarine on the uz= X3 axis are Xgmin = 5Sunits, X3max= Sunits respec-
tively. The remaining axes are chosen taking a dextrorse coordinate system in the plane
orthogonal to the uz= x3 axis. Moreover we have chosen W, = W, W, = A& and

0, Xx2TW and jxz 1l.4<1orjx; 25<0.5,

c(x)= 2, otherwise.

(4.17)

This choice of ¢ makes the obstacle “soft” in the “prow”, the “turret” and the  “beams”,
that is we try to model the fact that the submarine is coated in the locations mainly re-
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sponsible for the scattering phenomenon. Let x be a function such that the boundary of
the simpli ed version of the submarine, that is the W of this experiment, is given by

up=x(u), u=(uzuz)’, ux=f, uz=xs,

and
x=( x(u) cos(uz),x(u)sin(u),uz) ", u2[0,2p) [ 5,5

Furthermore we choose i, 13=(0,20] [ 5+e,5 e], I» 13=(0,2p] [ 5,5 with
0< e; 1 and we chooseXc, X in such a way that TW., TW; are “slimmer” versions in
the u; = r; coordinate of W. In other words, xc(u), u2 I, I3 and x(u), u2 i, Iisare
suitable piecewise linear interpolations of x(u) e, u2 I, I3and Xx(u) e, u2 I s,
with 0 < e;< e; 1 respectively.

We consider the time dependent scattering problem (1.9)-(1.15), where the incident
wave u' is given by:

ct]2: z
P R
with z=0.25,9=(0,0, 1)T and c=(1532.8/11.03 units/ seconds

Sinceu' is given by formula (4.18) similarly the scattered eld uS can be represented
by the following one-dimensional integral:
A

u(xt)= p= e*
p R

. 1 w
ui(xt)=e @l0% e “We#lO0 Dy, (x1)2R® R, (4.18)

2

wie Wtu\?\,’g(x)dw, (x,t) 2 (R°nW) R. (4.19)

Note that the integrals (3.37) and (3.38) reduce to the integrals (4.18) and (4.19) when we
choosew(w)=(( 2p)%z/ " p)e ", w2 R, W(w,a)= d(a g) where d( ) is the Dirac's
delta on B concentrated in a= g. We approximate the integrals (4.18) and (4.19) with
the Gauss-Hermite quadrature rule. Note that even if the int egral appearing in (4.18) can
be done explicitly it will be approximated using the Gauss-H ermite quadrature rule in
order to choose some parameters appearing in the rest of the computation. More pre-
cisely, in (1.16) we chooseN,= 1,a,= g and for i= 1, ,N; we choose p; 1, zw;, to be
the weights and the nodes of the Gauss-Hermite quadrature fo rmula respectively. In the
experiment involving the incoming wave (4.18) we choose Ni= 400 in (1.16). This choice
is based on a criterion similar to the one used in ([6], p. 1835). The choice of z and of
the quadrature rule made implies that the ratios Rt between the physical dimensions
of the obstacles (1Qunits) and the wavelengths of the time harmonic waves used to ap-
proximate the wave packet (4.19) (contained in the interval 0.72%units-6.346units) range
between 1.5 and 13. We start using 256 (complex) unknowns to olve the corresponding
time harmonic problem when Ry = 10/6.34 1.57 is at its minimum value and we use
4096 (complex) unknowns when Rt reaches its maximum value Rt = 10/0.725 13.79.
Finally we choose S=1,t = 0.

Fig. 3 shows in the rst column the incident wave and in the seco nd column the wave
scattered by the simpli ed version of the submarine for three values of the time, that is:
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Legenda
1.00
0.5

t=-0.456 u 0.0

-0.5
-1.0

t=0.012

t=0.497

i _s
u=u u=u

Figure 3: Time dependent scattering from the simpli ed versioof the submarine.

t1= 0.456,t,= 0.012,t3= 0.497. Fig. 3 shows that when the incident wave goes through
the obstacle the energy is irradiated essentially by the “tu rret” and by the “prow” and
then by the “beams” of the “stern”. Note that the energy irrad iated by the “prow” when
hit by the incident wave corresponds initially to negative v alues of u® (blue colour) (see
Fig. 3,t=t;). In fact the “prow” is coated and behaves as an acoustically soft obstacle.
The same happens with the “turret” (see Fig. 3, t=t5). On the contrary the part of the
simpli ed submarine placed between the “turret” and the “bea ms” has an impedance
¢ equal to 2, that is almost acoustically hard, so that the energy irradiated when it is
hit by the incident wave corresponds initially to positive v alues of us (see Fig. 3,t = t,
red colour). Note that the energy irradiated by the “beams” o fthe “stern” is comparable
with the energy scattered by the “turret” or the “prow” of the  submarine (see Fig. 3,t=1t3).
This is due to the fact that the incident wave packet contains waves whose wavelengths
are comparable with the characteristic dimensions of the “b eams”. In [1], Section IV is
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shown the scattering on the (simpli ed) submarine of an incid entwave packet containing
harmonic waves whose wavelength is large compared with the ¢ haracteristic dimension
of the “beams”. In this case the “beams” irradiate very littl e energy .

Example 4.4. The fourth experiment concerns the simpli ed version of the N ASA space
shuttle (see Fig. 2(b)). The data of the NASA space shuttle ae available in the website
http://avalon.viewpoint. com/

As in the case of the submarine (see Fig. 1) the most natural cardinate system to
represent this obstacle and to build the operator expansion seems to be a cylindrical co-
ordinate system with cylindrical axis given by the symmetry axis of the main body of
the shuttle. However, the surface of the NASA space shuttle ( see Fig. 2(a)) is not repre-
sentable with a single valued function in this coordinate sy stem so that we have modi ed
the original data shown in Fig. 2(a) in order to ful Il the assu mptions (3.1) and (3.2) and
we have obtained the data shown in Fig. 2(b), which is a simpli ed version of the NASA
space shuttle.

The reference surfacefW; and the internal surface W, have been obtained manipulat-
ing the original 3D model shown in Fig. 2(a) with a CAD program named Rhinoceros [30]
and exporting the data of the surfaces obtained as a le of type RAW, that is a le con-
taining the cartesian coordinates of the vertices of the tri angles of a surface triangulation.
The points of the surfaces generated in this way have been interpolated using splines of
second or fourth order according with the number of vanishin g moments M chosen in
the wavelet basis used.

In the numerical experiment we have considered a “scaled” mo del of the “shut-
tle”, that is the physical dimensions of the shuttle are expr essed in units where 1unit =
(56.14/14) meters The maximum length of the shuttle corresponds to 14 units. The sound
speed in the air 331.45meter$ secondexpressedinunits/ secondss c= 82.65units/ seconds
Finally, as done for the submarine we have chosen uz; = xs, the axis of the cylindrical co-
ordinate system, to be the symmetry axis of the main body of th e simpli ed shuttle. The
Uz = Xg axis is oriented with the positive direction going out of the prow of the NASA
space shuttle. Due to the scale (1:(56.14/14)) and to the po#tion of the origin on the x3
axis the minimum and the maximum values reached by the bounda ry of the simpli ed
shuttle on the X3 axis are Xz min = 7UNits, Xamax= 7Units respectively.

We choose W, = & TWo= W and c(x) =+ ¥, x2 TW,. We omit the expression of
the surfaces x; and x. since they are involved. These surfaces are “slimmer” versions
of the boundary of the obstacle in Fig. 2(b) obtained reducin g the size of the obstacle
through a rescaling procedure but maintaining its proporti ons. In this experiment we
consider a time harmonic wave u'(x,t)= e W 'eW /9@ X where a =(0,0, 1)T and
w / c= 8p (unit) 1, thatis the ratio Ry is equal to 56. We have chosenm = 7, that is the
real dimension of the linear systems involved in the computa tion is 21° 219(= 524288
524289, and truncation parameter t = 10 5,

Fig. 4 shows the results of the time harmonic scattering of th e modi ed version of the
space shuttle when hit by the incoming wave. As in Fig. 3 the rs t column shows the
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Legenda
1.00
0.5
u 0.0
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t=0.02
t=0.03
u=Re(ui ) u=Re(u?®)

Figure 4: Time harmonic scattering from the simpli ed version fothe NASA space shuttle.

real part of the incident wave and the second column shows the real part of the scattered
wave. Note that since the simpli ed shuttle is an acousticall y hard obstacle the eld scat-
tered by the obstacle is of the same sign of the incoming eld. D ue to the large value of
Rt the real part of the incoming wave presents narrow packets wh ere the wave changes
from being positive to being negative compared to the dimens ion of the obstacle, so that
in each portion of space of the size of one packet around the simpli ed version of the
shuttle we can see a scattered eld of positive and negative sign. In particular this phe-
nomenon is more evident in the “prow” and in the “tails” (see F ig. 4). Furthermore for
reason similar to those explained in the third experiment th e choice of Rt made in this
experiment is responsible for the fact that the “engine” and the “tail” scatter as much as
the prow of the shuttle.

In the website http://www.econ.univpm.it/recchioni/wl2ve show some animations
and virtual reality applications relative to the numerical experience presented. More
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general references to the work of the authors in scattering can be found in
http://www.econ.univpm.it/recchioni/scattering
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A Appendix

LemmaA.1. Let N=2and T,, m= 0,1, be the following closed subspaces(®,1)):

Tm= f2L%(0,1)jf(X)= pn,x2(nN M (n+ )N ™),

pn2R,n=0,1, ,N™ 1g, m=0,1, . (A.1)
Then we have:
To T1 T T3 , (A.2)
\ H=0Tm= PY((0,2)), (A3)
[F-oTm=L2((0,)). (A4)

Proof. Properties (A.2), (A.3) can be easily derived from (A.1). Th e proof of (A.4) follows
from the density of the piecewise constant functions in L2((0,1)) (see [25] Theorem 3.13
p. 84). This concludes the proof. O

Note that for m= 0,1, the fact that f(x) 2 T, implies that for n=0,1, ,N™ lasa
function of x for x2 (0,2) f,m(x)= f(N™x n)2T.

Theorem A.1. Let N= 2, ijmn N hN(x), x2 (0,1), be the functions de ned i2.8). Then we
have z, B
. dxy o (0XP=0, p=0,1, M 1, (nmj)2L, (A.5)

whereL is de ned in(2.8b), and
Z,

0, mé mCor nénor j6 j°
0 dxyj'\v/lmv”"\'vh“(X)yj“‘menQN,hN(XF 1]

1! m= mO and n= nO and j: jO, (A6a)

n=0,1, ,N™ 1, n’=0,1, ,N™ 1, mm’=0,1, , j,j°01, ,M 1.(A6b)

Proof. Property (A.5) follows from de nition (2.8) and equation (2. 6). The proof of (A.6)
follows from equation (2.7) when m= m% n= n%and j 6 j°and from the fact that the sup-

ports of the functions ijm oy and yj'\{,'monoN o are either disjoint sets or sets contained
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one into the other. In particular, when m= m®and n6 n®the supports are disjoint and
when m6 mP, let us suppose for example m> m% the supports are either disjoint sets or
sets contained one into the other depending on the values of the indices n and n® When
the supports are disjoint condition (A.6) is obvious, when t he supports are contained
one into the other condition (A.6) follows from (A.5). Final ly when m=m® n=n0 j=j°
condition (A.6) follows from Eq. (2.7). This concludes the p roof. O

Theorem A.2. For N = 2, the set thN((O,l)) de ned in (2.9) is an orthonormal basis of
L2((0,1)). i

Proof. The SetW,Z"hN ((0,1) is an orthonormal set of functions such that for m= 0,1,
the subspaceTy, de nedin (A.1) is contained in the subspace generated by WI\I\IAhN ((0,1).

Then from Lemma A.1 it follows that WM ((0,1)) is a basis of L?((0,1)). This concludes
the proof. - O

Let us denote with CI((0,1)), j= 0,1, the space of the real continuous functions
de ned on (0,1) with the rst j-derivatives continuous. Let [0,1] be the closure of (0,1)
and let M, be a non-negative integer we denote with CM1([0,1] [0,1]) the space of the
real continuous functions de nedon [0,1] [0,1] M,-times continuously differentiable on
[0,1] [0,1]. We have:
LemmaA.2. Let M 1be aninteger, N 2 and V\/',\‘I"hN ((0,1)) be the set given i2.9), and let
K(x,y), (x,y) 2[0,1] [0,1] be a real function such that:

K2 cMy([0, [0,4]), M; M. (A.7)

Moreover, lelam nj monojo be the following quantities:
Z, Z,
Am,n,j,mOn0j0= 0 deJ"\YAm’n’NYhN(X) 0 dyyj'\é{mqnquhN (Y)K(x,y), (A.8)

where(m,m®n,n%j,j% satisfy(A.6b). Then there exists a positive constanyBuch that:

Dwm
N max(m,m9 M+1°

(A.9)

jam,njmonojd

where(m,m®n,n%j,j9 satisfy(A.6b).

Proof. The proof is analogous to the proof of Proposition 4.1 in [26] , in fact condition (A.7)
implies that there exists a positive constant Cy, such that:
™ ™

ﬂX—MK(x,y)+ ﬂy—MK(x,y) Cvw, (x,¥)2]0,7 [0,1]. (A.10)
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That is let N,j, j% n, n% m, m®be as above and(x ,y ) be the center of mass of the set
(NN ™ (n+ )N ™ ("N ™ (n% 1)N ™). We use the Taylor polynomial of f(y)=
K(x,y), y2[0,1] of degree M 1 and base pointy=y when m< m%or the Taylor poly-
nomial of g(x) = K(x,y), x2 [0,1] with base point x= x , Eq. (A.5), assumption (A.10)

and take into account the fact that the functions ijmnN mn and yj'\é'monON nn have sup-

port in the sets (NN ™,(n+ 1)N ™) and (n°N m°,(n°+ N mo), respectively. Using the
remainder formula of the Taylor polynomial it is easy to see t hat the estimate (A.9) for
am,n,j,monojo holds. Note that the constant Dy dependson M, N, hN, Cu. This concludes
the proof. B O

Note that, as seen in Section 3, the estimate (A.9) is the basi property that together
with a simple truncation procedure makes the wavelet bases i ntroduced useful to approx-
imate with sparse matrices the integral operators coming fr om the operator expansion
method.
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