
COMMUNICATIONS IN COMPUTATIONAL PHYSICS
Vol. 4, No. 3, pp. 519-536

Commun. Comput. Phys.
September 2008

Gyrokinetic Particle Simulation of Compressional
Electromagnetic Modes

H. Qu and Z. Lin �

Department of Physics and Astronomy, University of California, Divine, CA 92697,
USA.

Received 7 November 2007; Accepted (in revised version) 20 December 2007

Available online 14 April 2008

Abstract. A gyrokinetic particle simulation model is developed for si mulations of the
compressional electromagnetic turbulence driven by the mi rror instability. Results of
the linear simulations of mirror modes agree well with the an alytic dispersion rela-
tion. Nonlinear simulations of a single mode �nd that the mir ror instability saturates
via a phase-space trapping due to the nonlinear wave-partic le interaction when the
instability drive is weak.
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1 Introduction

The gyrokinetic particle simulation [1] is very popular for studying the electrostatic modes
[2] or incompressible shear Alfven waves [3, 4]. The extension of the gyrokinetic parti-
cle simulation to compressible modes, such as mirror instab ility, could be useful. The
mirror instability is a low frequency electromagnetic mode destabilized by the pressure
anisotropy in plasmas with high- b (b= 8p P/ B2, the ratio between kinetic and magnetic
pressure). It has long been studied in space plasmas, such asplanetary and cometary
magnetosheaths, in which the velocity distribution of char ged particles can deviate sub-
stantially from the canonical Maxwellian distribution beca use collisions occur very rarely.
In such environments, the pressure anisotropy can give rise to the excitation of collective
modes. Particularly, when the perpendicular temperature e xceeds the parallel tempera-
ture i.e., T? > Tk, a magnetic mirror instability at very low frequencies w � kkvi can occur
(vi is the ion thermal velocity and kk is the wave vector parallel to the magnetic �eld.
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Here and in the rest of the article, subscripts k and ? correspond to B-parallel and per-
pendicular components respectively). This instability ha s attracted considerable interest
because of its probable importance in the contribution to th e low-frequency compressible
magnetic turbulence in magnetized plasmas.

Much attention has been paid to the theoretical analysis of th e mirror mode under
various conditions [5–10]. A discussion of the physical mec hanism of the linear mir-
ror instability in the cold electron temperature limit (i.e ., Te,k � Te,? � Ti,k) was offered
by Southwoodand Kivelson[11]. The authors showed that the mirror instability result s
from a resonant interaction between ions with small paralle l velocities and low frequency
electromagnetic �uctuations. The nonlinear evolution of t he mirror instability has also
been studied by Kivelson, Southwoodand Pantellini [12, 13]. The linear theories in the
long wavelength limit �nd that the linear growth rate of the mi rror instability increases
with k? . Therefore, it is obvious that the �nite Larmor radius (FLR) e ffects can play an
important role when the perpendicular wavelength becomes c omparable to the ion gy-
roradius. In fact, some observations in the Earth magnetosphere [14–20] and the Jovian
magnetosheath [21, 22] revealed evidence for the presence of such short perpendicular
wavelengths. Thus, in some papers [8, 10, 23–25], the FLR effects on the mirror mode
were considered. Nonetheless, it is desirable to develop a kinetic theory with a transpar-
ent physics picture that also provides an ef�cient tool for no nlinear studies of the mirror
instability, both analytically and computationally. Here we adopt the gyrokinetic the-
ory [26, 27] instead of the Vlasov theory. The gyrokinetic th eory is a powerful approach
for the nonlinear analysis and simulation of the low-freque ncy instabilities. It employs
the gyrokinetic ordering that the characteristic frequenc y of wave and the gyroradius are
small compared with the gyro-frequency and unperturbed sca le length, respectively, and
that the perturbed parallel scale lengths are of the order of the unperturbed scale lengths.
Such an ordering enables us to get rid of the explicit depende nce of the Vlasov equation
on the gyrophase angle while retaining the FLR effects and th e nonlinear dynamics.

A gyrokinetic particle-in-cell (PIC) simulation for the co mpressible mirror mode [28]
has been developed and applied for the study of the mirror ins tability in this work. This
is the �rst time that gyrokinetic particle model is extended t o treat the compressional elec-
tromagnetic modes. Among the various methods used in the pla sma simulation, particle
simulation is promising. Numerical PIC simulation has prov en to be a powerful tool in
understanding the kinetic physics of various fundamental p lasma processes, especially
where the plasma dynamics is of nonlinear nature under reali stic conditions. However,
the PIC simulation also has its share of limitations. For exa mple, in the conventional PIC
models, many high frequency modes can be produced. It is generally agreed that conven-
tional PIC models are not ef�cient for studying the low-frequ ency phenomena, because
of the disparate time and spatial scales involved. Motivated by the inadequacy in the
existing simulation models, we extend the gyrokinetic PIC s imulation model [1] for the
mirror mode, in which the rapid gyromotion is removed throug h gyroaveraging while
the vital FLR effects and nonlinear dynamics are retained. By eliminating the gyromotion
of particles, we can remove the high frequency modes and use much larger time steps to



H. Qu and Z. Lin / Commun. Comput. Phys., 4 (2008), pp. 519-536 521

save the computation power. The gyrokinetic simulation PIC model is particularly suit-
able for the mirror instability with wave frequency w � Wi .

The paper is organized as follows. Section 2 describes the basic gyrokinetic Vlasov-
Maxwell equations for the particle simulation and some basic numerical schemes. Section
3 shows the linear benchmark. Section 4 discusses some nonlinear simulation results and
the saturation mechanism of the mirror instability. Sectio n 5 is the summary of our work.

2 Gyrokinetic particle simulation of compressional modes

As discussed in Section 1, we are interested in the low frequency (i.e., w/ Wi � 1) and
short wavelength (i.e., k? r i � 1) mirror instability, it satis�es the following gyrokineti c
orderings [26,27]

w
Wi

�
r i

L
� kkr i �

dB
B

� #

k? r i � 1.
(2.1)

Here, Wi = qB0/ mic and r i = vi,? / Wi are, respectively, the ion cyclotron frequency and
Larmor radius, L is the macroscopic background plasma scale length, kk and k? are the
parallel and perpendicular wave vectors, dB and B are the perturbed and total magnetic
�eld, and #is the smallness parameter.

2.1 Gyrokinetic Vlasov-Maxwell equations

The common and distinctive property of the mirror instabili ty is its low frequency. The
gyrokinetic equations are the equations that exploit this p roperty. It reduces the Vlasov-
Maxwell equations by averaging the fast gyration while the FL R effects and the nonlinear
dynamics are retained to analyze the low frequency plasma dy namics [27].

The reduced system has been obtained through the use of gyrokinetic ordering
Eq. (2.1). Here, for the nonlinear simulation, we use the so-called gyrocenter coordi-
nates instead of the guiding-center coordinates [27]. In th e absence of the perturbed elec-
tromagnetic �elds, the gyrocenter coordinates are reduced t o the guiding-center coordi-
nates. The introduction of the electromagnetic perturbati on results in the reintroduction
of the gyroangle dependence to the guiding-center Hamilton ian, and consequently the
magnetic moment m= v2

? /2 B0 is no longer an invariant. Thus, a new set of gyrocenter
Hamiltonian equations are needed through the elimination o f the gyroangle dependence
from the perturbed guiding-center equations. This provide s a transformation from the
guiding-center coordinates to the gyrocenter coordinates (X,r k,m,V), where X is the gyro-

center position, r k= U/ W, U is the gyrocenter parallel velocity, m= v2
? /2 B is the adiabatic

invariant, B= B0+ dB, Vis the gyrophase angle [27].
When Te/ Ti � 1, the kinetic effects of electrons on mirror instability ca n be neglected.

Therefore, the gyrokinetic simulation model is developed i n this limit by only treating
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ions with the gyrokinetic model. The following gyrokinetic equation can be obtained by
averaging the Vlasov equation over the gyrophase angle [27]

¶Fi

¶t
+

�
Ub+ �X?

�
�r Fi + �r k

¶Fi

¶r k
= 0,

where Fi (X,r k,m) is the gyrocenter distribution function of ions in the reduc ed �ve-
dimensional gyrocenter phase space. To reduce the level of the particle noise, we use
the df method [32,33]. Let

Fi = F0i + dFi ,

where F0i and dFi are the equilibrium and the perturbed distribution functio ns of ions,
respectively. Then, in the uniform plasma and equilibrium m agnetic �eld, the gyrokinetic
Vlasov equation for the perturbed distribution function ca n be written as

¶dFi

¶t
+

�
Ub+ �X?

�
r dFi + �r k

¶dFi

¶r k
= � �r k

¶F0i

¶r k
(2.2)

and the equations of motion for ions in Eq. (2.2) are

dXk

dt
= U = r kWi , (2.3)

dX?

dt
=

c
B0

b �r < dj �
1
c

v �dA > , (2.4)

�r k =
�U

Wi
= �

q
Wim

b �r < dj �
1
c

v �dA > , (2.5)

where

< ��� > =
1

2p

Z 2p

0
(��� )dV

represents gyro-averaging. Here, dj and dA are the perturbed scalar and vector poten-
tials, respectively. In the gyrokinetic simulation, the gy ro-averaging can be carried out
numerically on a discretized gyro-orbit in real space (see Section 2.2).

In order to advance dFi , we need to calculate dj , dAk = b �dA and dBk = i(b � k ? ) �dA
from Poisson equation and Ampere's law. It is straightforwa rd to include the contribu-
tion from dAk and dj . Here, because the mirror instability is dominated by the co ntribu-
tion of dBk, to focus on the nonlinear physics of the mirror instability , we keep only the
perpendicular Ampere's law for simpli�cation. In the case of the Bi-Maxwellian velocity
distribution, the perpendicular Ampere's law can be expres sed as [28–30]

�
idjy0

ck?
+

dBk

4p
= �

k2
k

k2
?

�
1+ ab� (b? � bk)

� dBk

4p
, (2.6)

djy0 = qi

Z
vydFidv+ idBk

2nTi,? ck?

B2
0

e� k2
? r 2

i /2 �
I0(k2

? r 2
i /2 ) � I1(k2

? r 2
i /2 )

�
, (2.7)
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where

ab=
Z + ¥

� ¥
dvk

Z + ¥

0
v? dv? �4p

q2

m
¶F

B¶m

v2
kv2

?

W2c2 (J
0

1)2,

I0 and I1 are the modi�ed Bessel functions. Here, the second term on the right side of
Eq. (2.7) comes from the perpendicular gyrocenter drift.

Gyrokinetic equation of perturbed distribution function E q. (2.2), equations of motion
Eqs. (2.3)-(2.5) and �eld equation Eq. (2.6) form a complete set of the gyrokinetic Vlasov-
Maxwell equations for the simulation.

2.2 Numerical methods

Over the years, the computational community has developed m any methods used in
the numerical simulation. Here are some basic schemes used in our gyrokinetic PIC
simulation of the compressional modes.

2.2.1 Finite size particle

In real plasmas, charged particles move according to the electromagnetic �eld acting on
them, as do the particles in the computational plasma. To ill ustrate this idea, we can
start from the gyrokinetic equation Eq. (2.2) and the equati ons of motion Eqs. (2.3)-(2.5).
Obviously, to get the characteristics of particles, the gyr okinetic equation needs to be
closed by the Maxwell equations, i.e., Eq. (2.6) for dBk, the Poisson equation for dj and
the parallel Ampere's law for dAk.

In the PIC simulation, the space is divided into small “cells ” where only on the center
of the cells (grids), the electromagnetic �elds are known. Th erefore, dBk, dj and dAk are
calculated via charge and current densities on the spatial g rids, the charge and current
densities are calculated straightforwardly from the parti cles nearby the grids while the
meaning ”nearby” needs a precise de�nition. Simply, the char ge and current densities
are obtained from the appropriate moments of distribution f unction, i.e. [1],

r (xm)= q
Z

f (xm)dv = q< å
n

d< Xm � Xn) > ,

j (xm)= q
Z

v f (xm)dv = q< vå
n

d< Xm� Xn) > ,

where m and n are grid and particle indices, x= X� r = X� v � ek / W,< ��� > = 1
2p

R2p
0 (���)dV

represents the gyroaveraging. Then, applying the calculat ed charge and current density,
we can �nd the electromagnetic �elds on the corresponding grid points. When it comes
to determining the motion of particles, we need the microsco pic �elds acting on the indi-
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Particle Mover

Field Solver

d dB ,||,p A ,||,p pdj

d dB ,||,g A ,||,g gdj

d dB ,||,g A ,||,g g
dj

x , vp p

g g, jr

d dB ,||,p A ,||,p pdj

Particle Grid
ParticleGrid

x , vp p g g, jr

Figure 1: Steps in the cycle of PIC simulation. Subscriptsp and g indicate particle and grid, respectively.

vidual particle at the gyrocenter of that particle. They can be determined as

< dj (xn) > = <
Z

dj (x)d(x� xn)dx> = < å
m

dj (Xm)d(Xm � Xn) > ,

< dA (xn) > = <
Z

dA (x)d(x� xn)dx> = < å
m

dA (Xm)d(Xm � Xn) > .

Therefore, there are two steps involved in the PIC simulatio n. These two steps form
a complete computational circle to self-consistently calculate the wave and particle dy-
namics. Fig. 1 shows the computational circle.

To be more speci�c, we need to de�ne the way of gathering the part icles to the grids
and scattering �elds on the grids to the particles, i.e., to de �ne precisely what is ”nearby”.
The simplest way is to add together the particles in the same cell de�ned by the grids,
and disregard all other particles. Because this scheme counts the contribution of particles
in the nearest cell, it is called “nearest-grid-point” (NGP ). Then, the densities on the grids
can be written as

r (xm)= q< å
n

S(Xm � Xn) > , j (xm)= q< vå
n

S(Xm� Xn) > ,

where the d-function is replaced by the shape function for NGP as

S(x)=
�

0 jxj > Dx/2,
1 jxj < Dx/2.
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Here, Dx is the grid size. Accordingly,

< dj (xn) > = < å
m

dj (Xm)S(Xm � Xn) > , < dA (xn) > = < å
m

dA (Xm)S(Xm � Xn) > .

Due to the noisy behavior of NGP, many other options for the sh ape function were pro-
posed [31]. In our simulation, we use the linear interpolati on function,

S(xm� xn)= max
�
0,1�

jxm � xnj
Dx

�
.

2.2.2 Gyroaveraging

In the gyrokinetic PIC simulation, the important dynamics i s the motion of the gyrocenter
instead of the charged particle. Thus, we need to introduce t he scheme of the gyroaver-
aging to simplify the study analytically and numerically. T here are two possible ways to
do the gyroaveraging. One is to utilize the Fourier transfor mation which is directly con-
nected to the analytical formulation, the other is the multi -points averaging on a charged
ring [1].

The operation of gyroaveraging involves the transformatio n x= X � r = X � v � ek/ W.
Firstly, to see the gyroaveraging operation via Fourier tra nsformation, we know

P(x)= å
k

Pke
ik �x = å

k

Pgke
ik �X,

where P is a physical quantity, Pk and Pgk are its Fourier component in x and X space.
It means we are writing P(x) in two different Fourier sums, with Pk and Pgk being the
corresponding coef�cients. Using this relation and the rela tion of x and X, we know Pk=
Pkgeik �r or Pkg = Pke� ik �r . Now considering the particle motion is a periodic gyromoti on,
we can expressPgk as

Pgk=
+ ¥

å
n= � ¥

< Pgk> n e� ina,

where
< Pgk> n=( 2p ) � 1

Z
Pgke

inadV.

Since

eik �r = e� ik? r sina =
+ ¥

å
n= � ¥

Jn(k? r )e� ina,

we get
< Pgk> = J0( l )Pk,

where < ��� > = 1/2 p
R2p

0 (...)dV. This shows that, to perform gyroaveraging on a physical
quantity, is equivalent to multiply a factor of Bessel funct ion to its Fourier transform.

However, since the calculation of Bessel function for each individual particle to ac-
count for its interaction with all waves in the system is comp utational prohibitive, the
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alternative multi-points averaging scheme is developed [1 ]. The basic idea is to treat the
charged particle as a uniformly charged ring with its center located at the guiding-center
and with a gyroradius r . For the particle whose guiding-center at X, the charge is equally
distributed at M locations of x's on the ring. We know

P(X)= < P(x) > = < å
k

Pke
ik �(x+ r ) > = å

k

PkJ0( l )eik �X.

To get the accurate representation of gyroaveraging, it is i mportant to determine the op-
timal number of points (locations) on a ring, because it dire ctly affects the computational
time and viability of the scheme. One way to solve this proble m is to study the numerical
integration of

< exp( ik � r ) > = ( 2p ) � 1
Z p

� p
exp( ik � r )einada

=
+ ¥

å
n= � ¥

Jn( l )
M

å
l= 1

exp( i2p nl / M )/ M ,

where M is the number of integration steps. Obviously, integration is more accurate
when M is larger, but it is undesirable. Since J0 � J4 for l = k? r < 2, M = 4 or 8 is adequate
in many applications.

2.2.3 df scheme

The basic idea of the df scheme is to separate the particle distribution function in to the
equilibrium and the perturbed parts, and to use the particle s to represent the perturbed
part only. By doing so, we can reduce the particle noise associated with the equilibrium
distribution and thus the number of particles required to a s uccessful simulation can be
greatly reduced [32,33].

We begin by writing distribution function as f = F0+ df , where F0 is the equilibrium
background distribution and df is the perturbed time-dependent part of the distribution
function. Substitute f to the gyrokinetic equation, in the uniform plasma and magne tic
�eld, we get the gyrokinetic equation for the perturbed distr ibution function as Eq. (2.2).
In the PIC simulation, to solve this equation, we may conside r loading a large number of
particles to sample the phase space. We can de�ne “particle weight” as

wn �
df
f

,

where n shows particle indices. Accordingly, df can be represented as

df (x,v,t)=
N

å
n= 1

wnS(x� xn)d(v � vn),
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where S is the particle shape function. By taking the total time deri vative of gyrokinetic
equation, we obtain

�wn = � �r k
¶F0

F0¶r k
. (2.8)

Here, we have already assumed a given equilibrium distribut ion of particles. Therefore,
we need to initially load the correct particle equilibrium d istribution function to ensure
the correct df calculation in the simulation.

2.2.4 Initial loading

We begin with the simplest uniform distribution. To load the particle uniformly, we only
need a random number generator which can generate the positi on of particles in phase
space. After getting the uniform distribution

p(x)dx=
�

dx 0< x< 1,
0 otherwise

according to the fundamental transformation law of probabi lities,

jp(y)dyj = jp(x)dxj,

we can get other distribution p(y) from the uniform distribution p(x), with the help of
the so-called ”cumulative distribution function” y(x) , which is simply solved by [34].

p(y)dy=
�
�
�
�
dx
dy

�
�
�
� dy.

For a number xi generated by uniform random generator, the number y(xi ) is the corre-
sponding one for distribution p(y). As an example, taking y(x)= � ln (x),

p(y)dy=
�
�
�
�
dx
dy

�
�
�
� dy= e� ydy

is distributed exponentially.
This method can also be generalized to a multi-dimensional d istribution function [34],

p(y1,y2,��� )dy1dy2 ��� =
�
�
�
�
¶(x1,x2,��� )
¶(y1,y2,��� )

�
�
�
� dy1dy2 ��� ,

where j¶(��� )/ ¶(��� ) j is the Jacobian determinant. An important example of the use of this
equation is the Box-Muller method for generating random deviates with a Maxwellian
distribution

p(y)dy=
1

p
2p

e� y2/2 dy.
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Considering the transformation between two uniform deviat es on (0,1), x1, x2 and two
quantities y1, y2 we have

8
<

:
y1 =

q
� 2ln(x1)cos(2p x2),

y2 =
q

� 2ln(x1)sin(2p x1).

2.2.5 Integration of particle orbit and numerical stabilit y

We now consider the scheme for time integration. Here, we ado pt a very general and
simple method, the 2nd order Runge-Kutta method. To present it more clearly, let us
consider the following set of differential equations of an o scillator:

8
><

>:

dx
dt

= v,

dv
dt

= � w2
0x.

In a �nite difference form, the �rst step equation is

8
><

>:

xt+ Dt/2 � xt

Dt/2
= vt ,

xt+ Dt/2 � vt

Dt/2
= � w2

0xt .

And the second step equation is

8
<

:

xt+ Dt � xt

Dt
= vt+ Dt/2 ,

xt+ Dt � vt

Dt
= � w2

0xt+ Dt/2 .

Assuming xt = Ae� iwt, we have the discrete-time dispersion relation for the 2nd- order
Runge-Kutta method

(wDt)2 � 4sin2
�

wDt
2

�
= �

1
4

(wDt)4eiwt .

Letting w = w0+ dw+ ig, we get

g
w

=
�

wDt
2

� 3

.

This shows that, if we solve a pure oscillatory solution usin g the 2nd-order Runge-Kutta
scheme, the mode has a numerical instability. Therefore, wDt/2 � 1 is needed for accu-
racy and stability.



H. Qu and Z. Lin / Commun. Comput. Phys., 4 (2008), pp. 519-536 529

2.2.6 Parallel computing

Parallel computing plays an important role in the gyrokinet ic nonlinear simulation. In
our work a simple MPI parallel computing scheme, the so-calle d domain cloning, has
been adapted [35]. The simulation domain is cloned and each processing element (PE)
has the same simulation domain. In this way, a copy of grid qua ntities can be broadcast
to each of the clones. The particles are divided among the clones and each clone has its
own set of particles. In the push phase of the simulation, each clone pushes its own set
of particles. These particles reside only in their particul ar domain clone and never com-
municate with other domain clones. After charge deposition onto grids in a single clone,
a global sum and broadcast are performed to get the total charge and current density
array on each clone. Then, the grid calculation is replicated on each clone. The nonlinear
simulation in our study has been carried out using 20 process ors.

3 Linear benchmarking

3.1 Physical picture of linear growth of the mirror instabil ity

Thompsongives a description of the growth of the mirror instability w hich corresponds to
the traditional view of the MHD instability [6]. In his work, i t shows that the perturbed
perpendicular kinetic pressure induced by the compressibl e change of the magnetic �eld
can be expressed as

dp? = 2p?

 

1�
T?

Tk

!
dB
B

. (3.1)

It shows that whenever T? > Tk, the particle kinetic pressure decreases when the mag-
netic �eld pressure increases. The perturbed pressure in Eq. (3.1) is proportional to the
unperturbed pressure. Therefore, when the unperturbed pre ssure is large enough, the
total perturbed pressure caused by the �eld change could be op posite to the change of
the magnetic pressure. This negative compression causes the mirror instability. For the
Bi-Maxwellian distribution, the condition for the instabil ity is

dp? +
BdB
4p

< 0.

From Eq. (3.1), we can �nd the threshold condition for the mirr or instability

b? (T? / Tk � 1) > 1. (3.2)

This MHD explanation of the mirror instability is incomplete . The pressure response in
Eq. (3.1) is crucial to the instability, and the response of the particle pressure to the �eld
is connected with magnetic “mirror force”. However, the “mi rror force” is not the force
in the normal sense as it does not change the total particle energy. The energy of particle
only exchanges between perpendicular and parallel degrees of freedom by the mirror
force. We shall see that the instability occurs through wave -particle resonance.
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Southwoodand Kivelsonprovide a kinetic model to explain the linear growth of mirro r
instability by using the so-called quasi-hydrodynamic the ory [11]. Firstly, they write the
perturbed distribution function of the particles as

dF= � dWk
¶F

¶Wk
� dW?

¶F
¶W?

=

"
dW
Tk

+
mdB
T?

 

1�
T?

Tk

!#

F.

Here, W, Wk, W? are the total, parallel and perpendicular energy,

dWk = dW � mdB, dW? = mdB.

In the low-frequency limit, dW/ dt= m¶B/ ¶t, for a perturbation varying as exp ( ik �r+ gt),
we �nd

dF=

"
mdB
T?

 

1�
T?

Tk

!#

F+

 
gmdB

g+ ikkvk

!
F
Tk

.

The last term comes from the wave-particle resonance. When g is small, this term is
negligible except for the resonant particles with vk � 0. It shows that the behavior of the
resonant particles, which resonate with the wave, is much di fferent from the rest of pop-
ulation in the distribution function. Their presence cause s a difference in the dispersion
relation of the mirror mode between the MHD and kinetic approa ches. Taking the second
moment of dF and substituting it to the perpendicular force balance equa tion yields

BdB
4p

+ 2p?

 

1�
T?

Tk

!
dB
B

+ 2
g
kk

� Z
dvkpd(vk)Fk

�
T2

?
Tk

dB
B

= 0, (3.3)

where Fk is the distribution function after the integral over the per pendicular velocity has
been carried out. The Eq. (3.3) represents the total perpendicular pressure balance. The
�rst term on the left hand side is the perturbed magnetic press ure, the second term is the
adiabatic response of the bulk plasma to the magnetic pertur bation and the third term
represents the response of the resonant particles with very slow parallel velocity. Unlike
what occurs for the bulk of the plasma where energy is simply e xchanged between per-
pendicular and parallel degrees of freedom, the energy of re sonant particles does change
when the instability develops. Since vk � 0, the resonant particles do not move a signif-
icant distance along the �eld in the instability growth time (1/ g). Thus the change of
�eld acting on a resonant particle is simply due to the local te mporal increase or decrease
of �eld. In contrast, for the bulk of the plasma, the predomina nt change of �eld acting on
the particle is from the spatial variation of the �eld perturb ation and due to the particle
motion in the �eld.

The linear mirror instability thus progresses in the follow ing way. The �eld in-
crease/decrease leads to a pressure decrease/increase in the bulk plasma that causes a
net local pressure de�cit/surplus. The pressure is balanced by the resonant particle pres-
sure. The resonant particles are accelerated/deceleratedby the increasing/decreasing
�eld thus resulting in an anti-phase compared to the bulk of pl asma.
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However, because of the limitation of the quasi-hydrodynam ic theory, Southwoodand
Kivelsondo not consider the effects of �nite Larmor radius to the linea r growth rate. By
using the gyrokinetic theory, we have discussed the FLR effe cts to the growth rate of the
mirror instability [28].

3.2 Linear simulation and benchmark

To verify the simulation code, we carry out a linear simulati on and compare the simu-
lation results to our analytical results [28]. By using the g yrokinetic equations and the
perpendicular Ampere's law introduced in Section 2, a 1D gyr okinetic simulation code is
developed. Here, we assumek = ( k? ,0,kk) in XOZ plane, k? along x-direction, kk along
z-direction, and the ambient magnetic �eld points to z-direction. In the linear simula-
tion, by using the df scheme and keeping only the �rst order terms of small quantity #
used in the gyrokinetic approximation Eq. (2.1), we can solv e the linear gyrokinetic equa-
tion from Eq. (2.2) by integrating along the unperturbed orb its. The positions of ions
in z-direction are needed to be advanced through equation of mot ion (2.3). Right hand
sides of Eqs. (2.4)-(2.5) are zero for the 1D linear simulation. The perpendicular Am-
pere's law, Eq. (2.6), can be solved by using the fast Fourier transform (FFT) and taking
dAy = � idBk/ k? in k-space.

In the linear run of this simulation code, only a single mode m= n = 1 is calculated
using a Fourier �lter in k-space, wherem and n is the mode number in perpendicular and
parallel direction. Accordingly, the size of simulation bo x is chosen asLx = 2p / k? in the
x-direction, and

Lz = Lx/ (kk/ k? )

in the z-direction. The simulation domain is discretized by a set of grids in both x and z di-
rections and the positions of ions are loaded uniformly in th e cells with the Bi-Maxwellian
distribution in the velocity space.

In the Vlasov-Maxwell equations, all the physical quantitie s have their own physical
units. This is not convenient for simulation. Therefore, al l the time quantities are nor-
malized by ion Larmor frequency Wi and the length quantities by ion Larmor radius r i .
As a result, the velocity quantities are normalized by ion pe rpendicular thermal velocity
vi,? = Wi r i . Thus, the normalized simulation box length are

L̂x = 2p / (k? r i ), L̂z = L̂x/ (kk/ k? ).

To make sure that the numerical resolution does not affect th e physics, we have car-
ried out convergence studies with regard to the number of par ticles Np, the number of
grids Ng and the size of time step Dt �Wi [28]. In our simulation, we choose Np= 1.6� 105,
Ng = 64 per mode and the normalized time step Dt �Wi = 1 to insure that uncertainty is
less than 3% [28].

The code is benchmarked by comparison between the linear growth rates obtained
from simulation and corresponding analytical solutions [2 8]. In Fig. 2, for bi,? and A i = 1,
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Figure 2: Maximum growth rate of the mirror instability obtained from 2D linear gyrokinetic simulation in
uniform plasma. For comparison, the solid line is the corresponding analytic result from gyrokinetic theory.

the crosses indicate the results from linear simulation and the solid line indicates the re-
sults from the theoretical analysis based on the linear gyro kinetic theory. It shows that
the numerical results agree very well with the theoretical p rediction. Therefore, this lin-
ear simulation recovers the analytic theory of the mirror in stability, and the benchmark
provides a linear veri�cation of the simulation code for the n onlinear simulation.

4 Nonlinear simulation results

Kivelsonand Southwood[12] present a simple nonlinear saturation model of the mirr or
instability by using the theory of the relaxation to a margin al stability. In their work, the
particles can be divided to the trapped particles with large pitch angle and untrapped
particles with small pitch angle. In the part of the perturba tion where the �eld increases,
the trapped particles will be excluded from the rising �eld re gion by the mirror force.
This produces a decrease in the particle pressure and thus allows the marginally stable
state to be achieved. In the center of magnetic �eld well, alth ough no particle can be
excluded, some trapped particles can be cooled by losing perpendicular energy through
betatron deceleration as

DW = mDB= W? (DB/ B).

In this way, the perpendicular particle pressure decreases, the growing mirror perturba-
tion in the �eld well can be stabilized by the relaxation to a ma rginal stability. We now
use our gyrokinetic PIC code to study the nonlinear saturati on of the mirror instability.

Building on the linear benchmark of the gyrokinetic simulat ion of the mirror instabil-
ity in Section 3, we can perform the nonlinear simulation. In the nonlinear simulation, by
using the df method and keeping the second order terms of small quantity #, we can solve
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the nonlinear gyrokinetic Vlasov equation from Eq. (2.2). T he velocity and acceleration of
ions in the z-direction can be advanced through the equations of motion E qs. (2.3)-(2.5).
Here, the nonlinear effect from the parallel acceleration, which is a second order small
quantity, is considered in the gyrokinetic equation. Combi ned with the perpendicular
Ampere's law (2.6), they are the Vlasov-Maxwell equations fo r the nonlinear gyrokinetic
simulation.

(a) (b)
Figure 3: Time history of the perturbed parallel magnetic �eldand temperature anisotropy forbi,? = 2 and
A i = 0.99.

Before initiating the complicated nonlinear study of the mi rror turbulence, the simple
nonlinear simulation of a single mode needs to be carried out . Here, we use bi,? = 2
and A i = 0.99, k? r i = 0.2, kk/ k? = 0.2. Fig. 3a shows the time history of the amplitude
of the perturbed parallel magnetic �eld. The linear growth an d nonlinear saturation of
the mirror mode are indicated in the early part of this graph. Then it shows that the
amplitude of the saturated mode oscillates in time and the os cillation period is t̂nl =
tnl �Wi � 1170, i.e.,

ŵnl = wnl / Wi � 0.0054.

From Fig. 3a, we �nd that dBk/ B0 � 0.023 after saturation. From the motion equation of
the deeply trapped particles driven by parallel mirror forc e,

mẍ = � mr kdB,

we can calculate the bounce frequency of the trapped particl es under such amplitude of
the perturbed magnetic �eld

ŵb= ŵb/ Wi =
�

k2
k

mB0

W2
i

dBk

B0

� 1/2

=
kk

k?
k? r i

s
dBk

2B0
= 0.0043. (4.1)

According to the parameters adopted and the linear simulati on result, we also know that
the linear growth rate of this mode is ĝ = g/ Wi � 0.0043 which matches well with our
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(a) (b)
Figure 4: Time history of the perturbed parallel magnetic �eldand temperature anisotropy forbi,? = 12 and
A i = 5.

analytical result from the linear gyrokinetic theory [28],

ĝ =
kk

k?
k? r i

� L + b� A ip
pb � (1+ A i)3/2

, (4.2)

where

L = 1+
k2

k

k2
?

[1+ ab(b? � bk)], b�
? = b? e� k2

? r 2
i /2 [I0(k? r i ) � I1(k? r i )].

We �nd that the nonlinear oscillation frequency of the mirror mode is close to the bounce
frequency of the trapped particles and the linear growth rat e of the mode,

ŵnl � ŵb � ĝ. (4.3)

At the same time, in Fig. 3b, it shows that the temperature ani sotropy almost does not
change when saturation happens. This means that the mechanism of the relaxation to the
marginal stability does not work in the nonlinear saturatio n of mirror mode in this case.
Rather, it is the phase space trapping that determines the nonlinear saturation process of
the mirror mode. This saturation mechanism for mirror mode h as not been mentioned
before.

However, for the strong drive case, in which bi,? and A i are much larger than 1, the
situation is different. From Figs. 4a and 4b, for bi,? = 12 and A i = 5, it shows that the
temperature anisotropy drops dramatically to zero after sa turation. It is consistent with
the previous study using the marginal stability theory as di scussed in Section 4.1 [12,13].
Therefore, we �nd that there may be two different types of satu ration mechanisms for
the mirror instability. The phase space trapping plays a dom inant role for the weak drive
and the mechanism of the relaxation to the marginal stabilit y is dominant for the strong
drive.
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5 Summary

In this paper, we have presented a gyrokinetic PIC model for t he linear and nonlinear
simulation of the compressional mirror instability. Our li near gyrokinetic particle sim-
ulation results agree with the analytical results very well and it provides a good bench-
mark for the nonlinear simulation. From the difference of no nlinear simulation results of
mirror mode under different conditions, we �nd that there are different dominant satu-
ration mechanisms. For the weak drive case, the mechanism of the phase space trapping
is dominant. However, the mechanism of the relaxation to the marginal stability is dom-
inant for the strong drive case.
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