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Abstract. In recent years, Fourier spectral methods have emerged as canpetitive nu-
merical methods for large-scale phase eld simulations of m icrostructures in computa-
tional materials sciences. To further improve their effect iveness, we recently developed
a new adaptive Fourier-spectral semi-implicit method (AFS IM) for solving the phase
eld equation by combining an adaptive moving mesh method an d the semi-implicit
Fourier spectral algorithm. In this paper, we present the ap plication of AFSIM to the
Cahn-Hilliard equation with inhomogeneous, anisotropic e lasticity. Numerical imple-
mentations and test examples in both two and three dimension s are considered with a
particular illustration using the well-studied example of mis- tting particles in a solid
as they approach to their equilibrium shapes. It is shown tha t signi cant savings in
memory and computational time is achieved while accurate so lutions are preserved.

AMS subiject classi cations : 65M70, 65M50, 74B20
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1 Introduction

Phase eld method has been extensively applied to modeling mi crostructure evolution
for various materials processes including solidi cation, s olid state phase transformations,
grain or phase coarsening, etc. It is an attractive and popul ar approach since the evolu-
tion of different microstructural features can be predicte d by means of a single set of
equations, and there are no explicit boundary conditions de ned at interfaces [2, 10].
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However, full three-dimensional computer simulations usi ng the phase eld method are
still computationally challenging in both memory and compu tational time.

Much of the earlier phase eld simulations employed numerical algorithms such as
the explicit Euler nite difference method, which suffered s evere limitations on the sim-
ulation time step and system size. More advanced numerical al gorithms have been pro-
posed recently. Generally, these algorithms are designed to increase the numerical stabil-
ity and the accuracy. Implicit or semi-implicit methods are typically required to increase
the time step and improve the stability [10, 14]. To achieve high accuracy in space, two
types of approaches have been utilized. One is to employ a spectral representation of a
continuous spatial pro le of a eld variable whenever applica ble, e.g. using a Fourier
series for a periodic system, and the other is the adaptive mesh approach in which dense
grid points are used in the interfacial regions where the eld variables have large gradi-
ents. The Fourier spectral method and its semi-implicit imp lementation have shown to
be particularly ef cient for systems in which the morphologi es and microstructures are
dominated by long-range elastic interactions [10, 11, 42].

Fourier-spectral methods are best de ned for a xed uniformly  distributed spatial
mesh. On the other hand, recent studies on adaptive meshing techniques have led to sig-
ni cant improvement of the computational ef ciency of tradit  ional xed grid methods in
many applications, including phase eld modeling [6, 16,26, 32,39]. Particular examples
of adaptivity include the mesh re nement and coarsening as we Il as mesh movement,
and it is clear that adaptive mesh methods are useful for micr ostructures with a very
small interfacial width compared to the domain size. An inte resting question to be an-
swered is how the ef ciency of spectral methods can also be imp roved through adaptiv-
ity. Naturally, many approaches may be offered for differen t applications [3,4, 18,27, 28].

Recently, a new adaptive Fourier-spectral semi-implicit m ethod (AFSIM) is devel-
oped which takes advantages of both the moving mesh method an d the Fourier Spectral
Semi-implicit scheme [17, 40]. With periodic boundary cond itions, the key ingredients
making the new adaptive method highly ef cient and different  from some traditional
ones include the utilization of a varying physical domain ce Il for the Fourier spectral
implementation and the coupling of iterative schemes with s emi-implicit time discretiza-
tion. A comparison of different ways to incorporate the movi ng mesh strategy was given
in [40] along with some preliminary discussion on the applic ation of AFSIM to various
phase eld models. Detailed implementation of AFSIM for the n  umerical solution of the
Allen-Cahn equation has been presented in [17] which has demonstrated that it is possi-
ble to keep the high accuracy using AFSIM with larger time ste ps and fewer grid points
than previous algorithms. Many solid state phase transforma tions and microstructure
involve the solution of the Cahn-Hilliard diffusion equati on and the elasticity equation.
Furthermore, the elastic modulus is not only generally anis otropic, but also inhomoge-
neous, i.e. its magnitude and anisotropy depend on composit ion, and thus are spatially
dependent. In these cases, the implementation of AFSIM is signi cantly more challeng-
ing.

The work here continues our earlier discussions and represents the rst attempt, as
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we are aware of, to demonstrate the effectiveness of solving the Cahn-Hilliard diffusion
model with inhomogeneous, anisotropic elasticity using a ¢ ombination of adaptive mov-
ing mesh and semi-implicit Fourier spectral method. We cons ider the speci ¢ example of
coherent precipitates in a solid matrix as they approach to t heir equilibrium morphology
which play an important role in determining the physical pro perties of a material. Ther-
modynamically, the shape of a precipitate is determined by b oth the interfacial energy
and elastic energy while kinetically the evolution of a prec ipitate is achieved through
diffusion. The interfacial energy is dominant in determini ng the particle shape at small
sizes, while the elastic energy becomes more important at larger sizes [23]. Therefore, the
application of an adaptive moving mesh method is very appeal ing for the simulation of
these excellent examples of microstructure evolutions in m any alloy systems that require
the solution of diffusion equations coupled with elasticit .

The paper is organized as follows: in Section 2, a brief description of variational for-
mulation based moving mesh techniques is given along with th eir implementations in
Fourier spectral methods. Applications to Cahn-Hilliard e quations and the associated
elasticity equations are considered in Section 3. Numerical examples are presented in
Section 4 with a nal conclusion given in Section 5.

2 Variational formulations of moving mesh PDEs

A number of different approaches have been developed in the | iterature regarding the
mesh adaptivity such as adding and removing grid points, rec onnecting grid points
and also redistributing grid points. For time dependent pro blems, the redistribution of
mesh points may be dynamically performed, leading to the mov ing mesh methods. Our
present study focuses on the latter category. One advantage of such an approach lies in
the preservation of the mesh topology, which are important f or numerical approxima-
tions based on Fourier pseudo-spectral methods.

2.1 Moving mesh PDEs

Moving-mesh PDEs (MMPDESs) can be formulated either on a computa tional domain
[9] or on a physical domain [20]. Numerical illustrations an d comparisons of both ap-
proaches have been given in [40] which revealed some interesting behavior in the way
grids are redistributed. In this paper, as in [17], we consid er mainly the physical domain
based variational formulation (PDVF), which is derived ona more rigorous basis, though
with a slightly more complicated MMPDE. The criteria for redis tributing the mesh are
usually expressed as certain variational principles. Thei r solution via the gradient ow
approach leads to the so-called moving mesh partial differe ntial equations [20-22]. There
are also other strategies such as those based on a posteriorerror analysis. We note that
in the gradient ow, time can also be viewed as an arti cial rel axation variable.

To be more speci ¢, one can get the high grid density in the high gradient region in
the physical domain W, (parameterized by x) by smoothing the gradient in the compu-
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tational domain W, (parameterized by x) [17, 40]. For this purpose, a mapping x(x) is
constructed from the computational domain to the physical d omain such that the repre-
sentation v(x) = u(x(x)) of the physical solution u= u(x) in the computational domain is
better behavef®, 9, 20, 25, 37, 38]. The criteria for constructing the mapgng are usually ex-
pressed as certain variational principles. For instance, the mesh PDE for x= x(x) can take
on the form like r , (wr yx)= 0 with suitable boundary conditions, yielding solutions
that minimize the functional Z
Wir o Xj2dWe
so that the mesh tends to concentrate near wherew is large [37]. Here w is the so called
monitor function that connects the mesh with the physical so lution u. A particular form
of w which is adopted in this paper is given by
w= kK 1+ b?jr yuj?,

where b is a scaling constant for the control of mesh concentration. For additional dis-
cussion on the choice of monitor functions and the parameter s, we refer to [9, 20, 38, 40].

For the physical domain based PDVF approach [20], the aim is to nd the inverse
mapping x = x(x,t) of x= x(x,t). Given an appropriate matrix monitor function G, the
mapping x= X(x,t) can be constructed by solving the following variational pro blem

VA
min y x,1(X)= " é(r DTG I xidx. (2.1)
P

The matrix form of G allows the introduction of anisotropically distributed me sh points.
The variational problem (2.1) can be solved via a gradient o w, leading to the moving
mesh PDE (MMPDE):

%xi(x,t)z prx (G r ), i=1,23, (2.2)

where the mobility pis a positive function and can vary in space.

By interchanging the roles of dependent and independent var iables in (2.2), the equa-
tion (2.2) may be more conveniently given in the computation al domain. Using the co-
variant and contravariant basis vectors as in [20], a;= x/ X, a'=r xx! for i= 1,2,3, and
the JacobianJ= a; (a, as), the equation (2.2) can be transformed into

" #
X=p & G )
ﬂt i,j

Px o 161, X
ﬂXiﬂXj ?J a ﬂxj a W

In case of Winslow type of monitor function G= wl [37], where w is a scalar and | the
identity matrix, the above equation can be further simplied into
X X

X_ P oign T I
Tt W2ia’](a a)ﬂxi Wﬂxj . (2.3)
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Figure 1: A regular grid on the computational domain (unit squa) is mapped to an adaptive grid on the
physical domain (non-square).

Discussions on the mobility function p have been made in [17,40], along with a compar-
ison of the equation (2.3) with its counterpart in the comput ational domain approach.
A simpler choice of the mobility function (than that given in  [20]) has been proposed as
p=nmw?/ | where | is the largest eigenvalue of the positive-de nite matrix A =( Aij)=
(a' al). The generic constantmused in p controls the arti cial time scale of the MMPDE
as compared with the physical time t.

2.2 Fourier-spectral implementation

To match with the periodic boundary condition used in the Fou rier-spectral methods
for phase eld simulations, an important contribution has be en made in [17, 40] where
periodic boundary conditions are adopted for the MMPDE thus al lowing a changing
physical domain cell. Given a computational domain on a unit square [0,1] [0,1], the
displacement of the adaptive grid point from its inverse ima ge on the regular grid, i.e.
X(x,t)= x(x,t) X, satis es the periodic boundary conditions on the unit squar e, thatis,

x(x+( k1), t)= x(x,t)+( k1), 8 integer pair (k). (2.4)

Interestingly, this condition does not require that x(x,t) maps a unit square onto a unit
square. This observation has also been made in [12] for moving mesh nite element
methods for the Navier-Stokes equations. The Fourier spectral implementation consid-
ered here allows the mesh moving equations be solved in the similar fashion as the phase
eld equations. With periodic boundary conditions, the phys ical domain does not main-
tain a square shape, while the computational domain does. An illustration is given in
Fig. 1 to show how the mesh is adapted to a particular microstr ucture pattern in the
physical domain. Although the physical domain boundaries a re curvy, the condition
(2.4) guarantees that the periodic copies of Wy, (a non-square shape) cover the whole 2-
dimensional space as effectively as periodic copies of the unit square. In particular, it can
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be seen that (2.4) implies that the area of the physical domain W, is the same as that of
W.
For the physical domain PDVF approach studied here, in terms of X, (2.3) becomes

X o a a i
—= —+¢d) , 2.5
‘ﬂtn?‘jl‘ﬂx' (‘“XJ ) (2.5)
where € is the canonical unit vector (ith column of the identity matrix). The semi-implicit
Fourier spectral (or Fourier collocation, Fourier pseudo- spectral) scheme can be used to
solve it numerically. A particular form as used in [17], in th e Fourier variables, is given

by

a a -
1+ MVdtkd)(X X)= mdt 3 w(X 4 d ,
( )X %) & g Wit 9
where X is the value of X at the next time step, W is the maximum of w on W, k denotes
the wave vector, and ~ represents the Fourier transform.

(2.6)

3 Cahn-Hilliard equation

The Cahn-Hilliard equation with constant mobility and elas ticity is

dF
dc

where c is the composition, F the total free energy, f the local free energy, e the elastic
energy, and e the gradient energy coef cient. Microstructure evolution ta kes place to
reduce the total free energy in the system that may include th e bulk chemical free energy,
interfacial energy, and the long-range interaction energi es such as the elastic energy.

In recent years, phase eld models have been developed to incorporate the elastic
effect by expressing the elastic strain energy as a function of eld variables (see for exam-
ple, [19,42] and the references cited therein). To be speci ¢, the elastic energy density in
the Cahn-Hilliard equation Eq. (3.1) can be calculated by e= %Cim#ﬁ'ﬁﬁl with a summation

convention. Here the elastic strain #' is the difference between total strain #and stress-
free strain # since stress-free strain does not contribute to the total elastic energy, i.e.
= #%’ while #, = #,+ d#, with #being the homogeneous strain which determines
the macroscopic shape and volume change produced by internal stress and externally ap-
plied stress, d#the inhomogeneous local strain which is related to the local displacement
eld u by the usual elasticity relation,

—c(x )=4x—=4 x(—f(c)+ —e e’4 x0), (3.1)

1 ue, Tu
d h

I
We now discuss the application of adaptive Fourier spectral semi-implicit scheme for the
Cahn-Hilliard equation coupled with the elasticity equati on.
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3.1 Moving mesh formulation of the Cahn-Hilliard equation

Treating c as a function of x and t, we have

1 _ l l 2
ﬁc(x,t)— Xr xct4 X('ﬂ_cf(c)+ 'ﬂ_ce e“4 xc), (3.2)

where x= fx(x,t)/ 1t is the mesh velocity determined from the MMPDESs. The convectio n
term x r xc represents the change of the inverse image of the eld variabl e ¢ on the
computational domain due to the mesh motion. Using the notat ion de ned earlier, one
may easily verify
i fc 1
r xc= a_aﬂl 4xc-jr x (JAr y0),

where A=(Aj;)=( a al). In order to apply the semi-implicit Fourier spectral sche me,
we denote by | the maximum among the eigenvalues of A over W, and introduce the
splitting in the Fourier space:

(1+(1 K)2)(E &= dt xr xct 4 x(ﬂlcf(c)+ ﬂ—ﬂce @459 . (33

We may also split the nonlinear term to get a modi ed scheme

(1+(1 KD)2dt+s K2di) (& §=dt xr Xc+4x(ﬂicf(c)+ ﬂ—ﬂce 244d) . (34)

where s > 0 is chosen such thatf(c)+ s cremains monotone for physically meaningful

values of c. The addition of terms involving | and s effectively introduces damping
terms like dt(I 4 x)?and dts 4 x to the left hand side of the equation (3.2). The split-
ting reduces the stiffness of the equation, helps maintaini ng the stability, and allows the
ef cient implementation using FFT.

3.2 Inhomogeneous elasticity equations and an iterative sc heme

We rst recall the treatment of the homogeneous elasticity sy stem corresponding to the
following mechanical equilibrium equation:

ﬂZ
[ -
ijkl ﬂXj ﬂX
where dc=c(x) ¢, | jju the homogeneous elasticity modulus tensor, u® the local displace-
ment in the homogeneous (zeroth order) approximation, # the local stress-free strain, and

Co the average composition as the zero stress reference.

Under the variable transform x! X, the elasticity system can be rewritten as
!

T T
2O%xa T, Txp Xy

: |Jk| ﬂXJ #%1 (35)

Ijk| ﬂXJ #'% (3-6)
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We rst introduce a splitting to majorize the 4-rank tensor

ik =1 iakb g L
Xa TXp
In particular, we want to control ri,-k. by a scalar n? multiple of | ijiki In the sense that for
any matrix (p),
nzpijl ijkl Pl Pij I~ijkl Pxi -
The constantn is chosen to be the Frobenius norm of x/ 1x;, i.e.,

e T
_§? X

After the splitting, we have the equivalent representation of the elasticity system,

2.0 20 2.0
2 fFuy eug euy

il W+ | iji W: iikl e ‘HX, #% (M ™ (3.7)

and arrive at the iterative-perturbation scheme as in [42],

2, P W) P

n ijkl W - Ijk| ﬂX #ﬁl ijkl W )

where 08 is the new value of ug after the iteration. We can also view the scaling factor n
as an effective time scale introduced for the iterative scheme.
The above iterative scheme in the Fourier spectral setting is given by
LA
Wi Tu

W Ijkl ﬂX #% ijkl W (3-8)

o
IS

[ =
IS

where W 1= iji kN1, K being the magnitude of the wave vector, and n the normalized
wave vector. For an inhomogeneous elasticity system

T fue _ fach

i
x; Cijkl‘ﬂ—xI K (2 Jade+ L) #y 1 D (3.9)

where Cijq =1 jig + | I(j)kl dcis the elasticity modulus with a homogeneous part | j, and an
inhomogeneous part | 9 ik dc[19], similar to the homogeneous case, we introduce the vari-

able transform x! x and the splitting scheme. After the splitting, we have the eq uivalent
representation of the elasticity system:

2 20y 1 fue _ ‘ﬂdCh
iKleoeo T oo Cikeor = ao
ﬂxj % ﬂXJ X ﬂXJ

TPuy
Ijkl —ﬂX x

(2 fadet i)y | #kl
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and arrive at analog of the iterative-perturbation scheme a s in [42],

~ h [
T u)_ 1 fdc” o R | Tlug
| ijklw— o (2 jjqde+ | i)y | ki T Cijklﬂ—xl ,  (3.10)
where Uy is the new value of uy after the iteration. Simplifying and formulating in the
Fourier space, we obtain the nal form of the iterative-pertu rbation scheme
W e L | u
k=0 5> (2l jjde+ | L ijki P ™ Cijkl.ﬂ—xI

k2n2  fix
We refer to [40] for more discussions on the computational co st.

v

(3.11)

3.3 Switching on the mesh adaptation

The adaptive Fourier spectral methods bring potentially si gni cant savings, but they are
also associated with extra overhead costs. The savings becme more dramatic when the
interfacial regions are more concentrated spatially. In pr actice, the mesh adaption can be
used as an independent module to complement the existing pha se eld simulation on a
uniform mesh, and mesh adaptation can be switched on only whe n the potential pay-
off is evident. There are two important factors that affect t his decision: ef ciency and
accuracy.

More speci cally, we are concerned with whether the computati onal savings resulting
from the mesh adaptation would out-weigh the overheads caus ed by the extra Fourier
transforms required to solve the phase eld equations in the ¢ omputational domain.
Meanwhile, as much as we would like to save on a smaller (adapti ve) grid, we cannot
sacri ce the computational accuracy. Following the discuss ions given in [40], in practice,
we may take the guideline that the mesh adaption will be switc hed on when the volume
fraction of the interfacial region falls below certain thre shold chosen for the particular
simulation, and lock in the savings by successively reducin g the grid size provided that
it still allows accurate determination of the driving force s. Since the solution behavior
away from the interfacial region also affects the interface motion, we anticipate that a
better alternative than this heuristic rule may be develope d based on a more completea
posteriorierror analysis.

4 Numerical simulations and discussion

We now present numerical examples to illustrate the effecti veness of the adaptive Fourier-
spectral Semi-implicit method (AFSIM) for the Cahn-Hilliar d equation with elasticity.
4.1 One-dimensional implementation

The rst example presented in this paper is to test the accuracy of the proposed adap-
tive Fourier-spectral Semi-implicit method (AFSIM). We cho ose the evolution of a cosine
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Figure 2: Concentration and mesh distribution of AFSIM (leftand the composition evolution with time (right).

prole c= co(t)cos(2px) with free energy f(c)= c¢%/2. We consider the Cahn-Hilliard
Eqg. (3.1) in one dimension without elasticity, so that we hav e

%c(x,t)= 4 y(c €4 xo)= (4p?+ 16pte?)co(t)cos(2px), (4.1)

with an exact solution
c=e (P*+10%)tcag2px) .

In the implementation of AFSIM, the system or domain size is ta ken to be of unit length.
We take 32 grid points and b%= 0.01 in the monitor function. This particular value of b is
selected without any special consideration but it is found t o be a good choice of making
the simulation stable. At t= 0, an initial composition distribution is prescribed. A cer tain
number of steps (e.g. 100 steps) are performed to prepare forthe initial adaptive mesh
distribution.

More speci cally, during the initial preparation, only MMPDE (2 .6) is solved. The
change of composition due to the mesh motion x r xc can then be calculated. The com-
position distribution for the system is updated. After a num ber of time steps, we get
an adaptive mesh distribution (Fig. 2, left). We see that mesh density is higher when
composition gradient is higher. After that, the evolution o f compaosition is turned on.

The time step size of mesh motion, denoted by dt can be different from the time step
size dt for the Cahn-Hilliard equation (3.3). In the present simula tion, dt = 1IE 03 and
dt= 1E 05. The number of mesh motion steps can be performed differently from that
for the solution of the PDE. In this simulation, we evolve the mesh and solve the PDE
with the same steps once beyond the initial preparation. Onc e beyond the initial stage,
in every time step, the MMPDE is solved rst, and the change of com position due to the
mesh motion X r xc can then be calculated, followed by the update of the composi tion
distribution for the system using Eq. (3.3). Since an analytical solution for the temporal
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evolution kinetics is known, we can compare the simulation r esults with the analytical

solution. Fig. 2 (right) shows the evolution of the composit ion. Dashed lines are from
the analytical solution, dotted lines from simulation. The largest relative L? error of the
AFSIM solution at any time is about 0.08%. We can thus see that the simulation results

agree quite well with the analytical solution. We note that t his example is only used
to verify the accuracy of the AFSIM. Since the analytic soluti on does not have spatially
highly concentrated derivative, methods based on the unifo rm mesh can also be very
accurate in this case.

4.2 Two-dimensional implementation

We present two examples here. The rst example is chosen for testing the accuracy and
ef ciency of the proposed AFSIM. In light of the numerical stud ies already carried out
in [11] which demonstrated the high ef ciency and accuracy of uniform Fourier-spectral
semi-implicit method (UFSIM) in comparison with low order me thods developed earlier
in the literature, we elect to compare the performance of AFS IM and UFSIM. The second
example illustrates the effectiveness of the AFSIM in simul ating the evolution of random
microstructure.

To compare the accuracy and ef ciency of various schemes, we r st consider the
Cahn-Hilliard Eqg. (3.1) with inhomogeneous elasticity in t wo dimensions (again with
unit system or domain size) with various grid sizes dx and time step sizesdt and dt (note
a grid size of dx= 1/64 implies the number of grid points used is 64  64). The double-
well free energy f(c)= %/2 + c*/4is used in this case. The other parameters are chosen
without any special consideration. For example, the gradie nt coef cient is chosen to be
e= 0.002,# is assumed purely dilatational # = 0.04d; with | being the identity matrix,
and | 1= 600, o= 400, 44=200,1 ;= 1001 $,= 75,1%,= 25.

At t= 0, a circular domain with a radius of 0.25 is prescribed. The composition values
are assigned+ 1 inside the circle and 1 outside using

q
c= tanh(( (x 0.52+(y 052 0.29/¢€).

The interface is automatically generated by the tanh functi on. We rst take 500 steps
of the MMPDE to generate the initial mesh, same as in the above example. After that,
in each step, EqQ. (2.6) is rst solved to evolve the mesh. The elasticity equation (3.8) is
then solved for an elastically homogeneous modulus system, and the iterative procedure
(Eq. (3.11)) is used to obtain the elasticity solution for th e more general, inhomogeneous
modulus case. With the equilibrium elastic displacements, the composition distribution
for the system is updated using Eg. (3.3).

The evolution of the circular domain from phase eld simulati ons is shown in Figs. 3
and 4 for an elastically inhomogeneous cubic system with ani sotropy parameter

y=2 44/ (I 11 112)>1.
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Figure 3: Concentration distribution for the 2d circular dmain simulation.

Figure 4: Mesh distribution for the 2d circular domain simul&n.

As previously predicted by others, the precipitate shape gr adually changes from a sphere
to a cube with the sides along the f 100g planes. So the moving mesh correctly predicts the
diffuse-controlled evolution of a coherent precipitate. | n the implementation of AFSIM,
we take b?= 0.02 in the monitor function and pick m= 1 to get the mobility in the Eq. (2.6).
These are the only extra parameters required in the computer simulation other than those
already used in the standard UFSIM.

Since there is no analytical solution for this case, we take the simulation result of
UFSIM (with dx= 1/1024) as the accurate solution. We may characterize the acuracy of
different schemes by comparing the nal area of the domain wit h the accurate solution.
The resulting relative errors (in terms of the percentage of the area) are shown in Table 1.
It is noticeable that with different grid sizes dx and time step sizes dt and dt, the newly
developed AFSIM is much more accurate and stable.

The overall computational capacity and computing time are ¢ rucial issues in large-
scale simulations, especially three-dimensional simulations. AFSIM can signi cantly in-
crease the spatial scale of the simulation and improve the ef ciency, and ensure the com-
putation accuracy as well. Table 2 shows the computing time o f both schemes with differ-
ent grid sizes and time step sizes. One may notice that, by providing a similar accuracy,
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Table 1: The error percentages of the area for 2D circular dorma
dt 5E-06| 1E-05 5E-05 1E-04
UFSIM dx= 1/256 || 0.76 | unstable | unstable | unstable
UFSIM dx= 1/128 || 1.35 | unstable | unstable | unstable
AFSIM dx= 1/64 0.78 0.79 0.81 0.98

Table 2: The computing time for the 2D circular domain (unit: s).

dt 5E-06 | 1E-05| 5E-05| 1E-04
UFSIM dx= 1/256 || 5092 - - -
UFSIM dx= 1/128 | 1124 - - -
AFSIM dx= 1/64 1543 | 788 157 80

the AFSIM is more than 20 times faster than the UFSIM, in additi on to potential memory
savings by using fewer grid points.

The AFSIM scheme presented here can be used to simulate more ealistic microstruc-
tures, although it is expected to perform much better for mic rostructures with a small
fraction of interfaces. We next consider the evolution of a r andom domain structure. The
same free energy and parameters used above are employed unless otherwise speci ed.
| 9,=300,1 %,= 200, ,= 100 ande= 0.004. Att= 0, the initial distribution of phase eld
parameter is around O with a spatial small random noise value d within ( 0.25,0.25.

The random structures shown in the left column of Fig. 5 are ob tained during the time
evolution using UFSIM with dx= 1/256, dt=5 10 ©. To compare, we take the distribu-
tion at t= 1.2 using UFSIM as the input for AFSIM. The second column of Fig . 5 shows
the mesh distribution during evolution using AFSIM with  dx= 1/128, dt=5 10 °, and
b2= 0.05. The associated composition distribution is plotted i n the third column of Fig. 5.
It can be seen that the results in the different columns of Fig . 5 agree quite well. In the
right column of Fig .5 shows the composition distribution fr om t= 1.20 tot= 1.30 us-
ing UFSIM with dx= 1/128 and dt=5 10 °. Notice that the microstructure evolution
displayed in the right column of Fig .5 is nearly stopped, as s een most evidently in the
smallest particle (highlighted in circles), due to insufci ent grid points in the interfaces.
Thus, the UFSIM with the same degree of freedom as the AFSIM produces qualitatively
different results and is unable to accurately reproduce the same morphology as shown in
the AFSIM and the ner UFSIM calculation. This again illustra tes the enhanced resolu-
tion provided by AFSIM over the UFSIM when the same number of g rid points is used.
Although the accuracy of these two methods cannot be compared quantitatively for the
present case because there is no analytical solution, the etiency of the two methods are
studied by using the AFSIM solution with  dx= 1/128 and dt=5 10 ° as the benchmark
to compare the computational cost involved. Itis found that the AFSIM with less Fourier
modes and larger time step is ve times more ef cient than UFSIM  with more Fourier
modes and smaller time step.
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Figure 5: Temporal evolution of a random domain structure: twd&JFSIM simulations (left and right columns)
and an AFSIM simulation along with the moving mesh (two center damns).

4.3 Three dimensional implementation

Recently we have produced the rst three dimensional simulat ion that combined the
moving mesh strategy with the Fourier spectral discretizat ion in the context of Allen-
Cahn dynamics [17]. Here we use the three-dimensional imple mentation of AFSIM scheme
to examine the equilibrium shapes of the second-phase precipitates. In the following, we
consider the Cahn-Hillard Eqg. (3.1) with elasticity in thre e dimensions with a unit system
size, and dx= 1/64. The other parameters are the same as the second exampleunless
stated otherwise. We rst examine the equilibrium shape of a p recipitate for a previously
studied elastically homogeneous cubic system with negativ e anisotropy y > 1 (I ;1= 300,
| 10= 175, 44= 125). The equilibrium shapes of the precipitate from phase e Id simula-
tions are shown in Fig. 6. Same as in the 2D case, the precipitde shape gradually changes
from a sphere to a cube with the sides along the f 100g planes. The equilibrium shapes of
the precipitate for the cubic system with positive anisotro py y < 1 (I 1= 250,1 1,= 100,
| 44= 25) are also shown in Fig. 7. The shape changes to an octahedrn with sides along
f 111g planes. These results agree very well with the previous stud ies [29, 33].

We note that the simulation using UFSIM with the same paramet ers is unstable, which
gives another demonstration of the advantage of AFSIM.

4.4 Discussions

Because the monitor function automatically gathers mesh po ints around the interface re-
gion and scales mesh appropriately in the computational dom ain, the stiffness of the so-
lution is reduced. The new method results in signi cant ef cie  ncy savings over uniform
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Figure 6: The equilibrium shape, its center section, and thguadrant section of mesh distribution fory > 1.

Figure 7: The equilibrium shape, its center section, and thguadrant section of mesh distribution fory < 1.

mesh methods in particular cases. In addition to the savings of Fourier-spectral semi-
implicit method, larger time steps and larger grid size can b e used without sacri cing the
accuracy by taking advantages of the moving mesh method. It s hould be noticed that the
new AFSIM requires more CPU time in constructing a time-depe ndent mapping from
the computational domain to the physical domain, which cons titutes the overhead of the
moving mesh strategy. Counting the cost of solving MMPDE and Ca hn-Hilliard equation
with inhomogeneous elasticity together, we need 214 Fourier transforms in 3D. In con-
trast, solving the Cahn-Hilliard equation with inhomogene ous on a regular uniform grid
requires 35 Fourier transforms. Therefore, an adaptive gri d with a compression ratio of
three in each dimension would already noticeably reduce the overall computational cost.
As the number of Fourier modes is reduced, we also see potential savings in the memory.
Although the new moving mesh strategy can be used for all prob lems, the computational
ef ciency does not improve signi cantly if the microstructur e has high interface volume
fraction. In such a case, the mesh distribution tends to be homogeneous, the moving
mesh method would lose much of its advantage.
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5 Conclusions

A new numerical scheme has been developed to solve the phase eld equations. It com-
bines the adaptive moving mesh method with the semi-implici t Fourier spectral algo-
rithm. The scheme has been implemented in both two and three d imensions for solving
Cahn-Hilliard equation with elasticity. It is demonstrate d that for a prescribed accuracy,
the new moving mesh method can potentially lead to an order of magnitude improve-
ment in ef ciency over the conventional uniform mesh spectra | method. In particular,
many alloy systems, e.g. Al alloys, contain a low volume frac tion of precipitates with
separation distances signi cantly larger than their dimens ions. In such systems, the ap-
plication of an adaptive moving mesh can be very appealing as the amount of interfaces
per unit volume is relatively small. Applications to phase e Id simulations of microstruc-
ture evolution and other processes [10, 15, 35,43] will be sudied in the future. In addition,
the examples shown here and those in [17] indicate that with t he reduction of the num-
ber of Fourier modes, larger time steps can also be taken in the phase eld simulation.
Intuitively, the adaptive mesh tends to provide better reso lution to the large gradients
in the solution in both one and higher space dimensions, and i n the latter case, the grid
distribution is effectively adjusted in an anisotropical f ashion. These may all be factors
contributing to better time accuracy and stability. It will  be interesting to examine such
an effect more closely and to investigate the coupling of spatial adaptivity of Fourier
spectral methods with the time adaptivity of variable step s ize.
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