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Abstract. The turbulence in plane Couette �ow subjected to system rota tion is inves-
tigated. The anti-cyclonic rotation rate is well above the r ange in which roll-cells occur
and close to the upper bound, beyond which no stationary turb ulent states of motion
exist. The mean velocity pro�le exhibits a linear region ove r 80% of the cross-section, in
which the mean absolute vorticity is driven to zero. Viscous effects still prevail in nar-
row regions next to the walls, whereas the quasi-homogeneou s central core exhibits
abnormal anisotropies of the Reynolds stress tensor, the vorticity tensor and the en-
ergy dissipation rate tensor. In spite of the distinctly hig her turbulence level observed,
a 13% drag reduction is found. This paradoxical �nding is asc ribed to con�gurational
changes in the turbulence �eld brought about by the system ro tation.

AMS subject classi�cations : 76M12, 76F10, 76F65, 76U05

Key words : Turbulence, plane Couette �ow, system rotation, anti-cyc lonic rotation, anisotropy
tensor, zero absolute mean vorticity.

1 Introduction

Rotation might give rise to remarkable and profound alterat ions of shear �ow turbulence.
Ever since the illuminating experimental investigation of a rotating plane channel �ow
by Johnstonet al.[20], it has been known that the action of the Coriolis force d ue to system
rotation changes not only the mean velocity distribution bu t also the turbulent velocity
�uctuations. The location of maximum mean velocity is shift ed from the channel center
towards the so-called `suction' side, and the mean velocity pro�le exhibits a linear region
with slope close to twice the imposed rotation rate. The turb ulence intensity is reduced
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or sometimes even suppressed near this s̀uction' side, whereas the turbulent agitation is
enhanced at the opposite side of the channel, i.e., along p̀ressure' side. These essential
observations have later been con�rmed and supplemented by mo re recent experimental
studies by Nakabayashi and Kitoh [30, 31] and direct numerica l simulations by Kristof-
fersen and Andersson [22], Lamballais et al. [23, 24], Liu and Lu [26] and Grundestam
et al.[13].

The in�uence of the Coriolis force due to imposed system rota tion depends both on
the orientation and the magnitude of the background vortici ty 2WF relative to the mean
�ow vorticity W � r� u in a rotating frame-of-reference. In simple shear �ows, lik e the
two-dimensional channel �ow, the mean vorticity vector W is perpendicular to both the
mean �ow direction, say x, and to the wall-normal direction, say y. If the angular velocity
vector WF of the rotating frame-of-reference is aligned with W, the local vorticity ratio
S� 2WF/ Weffectively distinguishes between different �ow regimes. In the plane channel
�ow, for instance, Schanges sign where the mean velocity peaks and the rotating channel
�ow is therefore simultaneously affected by cyclonic ( S> 0) and anti-cyclonic (S< 0)
rotation.

In contrast with the pressure-driven plane channel �ow, the shear-driven plane Cou-
ette �ow exhibits a monotonically increasing mean velocity from one wall to the other
with the obvious implication that the entire �ow �eld is eithe r exposed to cyclonic or
anti-cyclonic rotation. This fact alone makes the rotating plane Couette �ow an attractive
prototype for explorations of rotational effects on rotati ng shear �ows. In this context, the
notion of `pressure' and `suction' sides should be discarded. Hart [15] found that the lami-
nar plane Couette �ow is unstable with respect to inception of co unter-rotating roll cells
in the parameter range � 1< S< 0 and otherwise stable. In the turbulent �ow regime, the
mean �ow vorticity Wis no longer constant across the �ow and Svaries with the distance
from the wall. Bech and Andersson [6] therefore introduced a rotation number de�ned in
terms of the average mean �ow vorticity Wav, i.e.,Ro� � 2WF/ Wav. Here, Wav also equals
the constant vorticity of the corresponding laminar Couett e �ow. Care should be taken
not to mix up the rotation number de�ned above with the Rossby n umber routinely used
in geophysical �uid dynamics.

In a computational study of turbulent plane Couette �ow, Bec h and Andersson [6]
observed that the roll cell instability was present also in t he turbulent case provided that
the rotation is anti-cyclonic ( Ro=+ 0.01). If the Couette �ow, on the other hand, was sub-
jected to weak cyclonic rotation with Ro= � 0.01, no roll cells appeared and the turbulence
was damped as compared with the turbulence level in non-rota ting Couette �ow. At the
same time laboratory investigations by Tillmark and Alfred sson [37] and computer simu-
lations by Komminaho et al.[21] showed that cyclonic rotation may completely suppress
the turbulence.

While Bech and Andersson [6] were concerned about weak rotat ion with a rotation
number Ro= � 0.01, the intermediate rotation numbers Ro= 0.10,0.20 and 0.50 were con-
sidered in a subsequent study by Bech and Andersson [7]. The weak but yet distinct roll
cells observed already at Ro=+ 0.01 became more regular and energetic atRo=+ 0.10 and
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+ 0.20. At the highest rotation rate Ro= + 0.50, however, a disordering of the counter-
rotating vortices appeared. The overall turbulence level w as substantially higher than
in the non-rotating �ow and the resulting skin-friction was roughly 20% above that for
Ro= 0.

Bech and Andersson [7] also attempted to simulate the anti-cyclonically rotating Cou-
ette �ow with Ro= + 1.0 and reported that the turbulent �uctuations were comple tely
suppressed and the �ow laminarized. This �nding is consisten t with the more recent
observations by Alfredsson and Tillmark [1]. Their �ow visu alization studies revealed
that the distinct roll cells observed at Ro=+ 0.50 were also distinguishable at Ro=+ 0.75.
For rotation numbers above + 0.75, however, they claim that the predominant cell struc-
tures have vanished and the elongation of the turbulent stru ctures was signi�cant. For
Ro> + 1.0 the turbulence was quenched, no roll cells were seen, andthe �ow was fully
laminarized.

The central core region of a rotating Couette �ow bears some r esemblances with ho-
mogeneous shear �ow subjected to system rotation. Rotating homogeneous shear �ows
have been considered both theoretically and numerically, i ncluding the computer sim-
ulations by Bartello et al. [5], Salhi and Cambon [35], Yanaseet al. [40], Brethouwer [9]
and Iida et al. [16]. Rotating homogeneous shear �ows are known to be neutra lly sta-
ble if the vorticity ratio S= � 1.0 [11, 35]. This special case of anti-cyclonic rotation with
S= � 1.0, i.e., zero absolute mean vorticity, is particularly interesting. According to the
Bradshaw-Richardson number B = S(S+ 1), the caseS= � 1 should be neutrally stable
(i.e., B= 0) just as the non-rotating caseS= 0. Cambon et al. [11] convincingly demon-
strated that although the zero absolute mean vorticity case should be equivalent to the
S= 0 case according to the Bradshaw-Richardson stability criterion, the �ow dynamics
are indeed strikingly different. Comprehensive support of this view has subsequently
been provided by Salhi and Cambon [35] and Brethouwer [9]. Ya nase et al. [40] and
Brethouwer [9] found that the �ow �eld was dominated by very el ongated and intense
streamwise vortex tubes. Iida et al.[16] focused on S= � 0.5 with the view to investigate
the tilting mechanism of the longitudinal vortex structure s. Here, anti-cyclonic rotation
S= � 1/2 corresponds to zero-tilting vorticity and maximum destabilization ( B = � 1/4)
according to Cambon et al. [11]. Iida et al. [16] examined the in�uence of spanwise sys-
tem rotation on the vertical �ow structures and observed tha t the spanwise tilting of the
structures was reduced whereas their inclination with resp ect to the mean �ow direction
was increased.

It is well known that the rotating plane Couette �ow can be con sidered as the narrow-
gap limit of the Taylor-Couette (TC) �ow, i.e., the �uid moti on in the annular gap between
two independently rotating circular cylinders; see, e.g., Dubrulle et al. [12]. A wealth
of stable �ow regimes was observed in the TC apparatus of Ande reck et al. [2], several
of which exhibited toroidal Taylor vortices analogous to th e roll cells observed by Bech
and Andersson [7] and Alfredsson and Tillmark [1] in the rota ting plane Couette �ow.
Townsend [38] assumed two different kinds of TC turbulence, one generated by the mean
shear and the other due to the Taylor-vortices. In featureless turbulence, i.e., turbulence
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devoid of any sustained large-scale features, only the shear mechanism is retained. Such
featureless turbulence was also observed in the Taylor-Couette �ow by Andereck et al.[2]
in a certain parameter range.

The purpose of the present study is to identify, if possible, a plane Couette �ow sub-
jected to suf�ciently strong anti-cyclonic rotation such th at the roll-cell instability is com-
pletely suppressed but the turbulence still persists. If so , this particular �ow con�gu-
ration offers a unique environment in which the in�uence of t he Coriolis force due to
system rotation on shear �ow turbulence can be studied in iso lation, i.e., without being
hampered by the simultaneous occurrence of roll cells. Unli ke the featureless turbulence
occurring in the Taylor-Couette �ow, the plane Couette �ow t urbulence is unaffected by
streamline curvature which inevitably affects the TC-�ow, see, e.g., Patel and Sotiropou-
los [33].

First, the fully developed turbulent plane Couette �ow in or thogonal-mode rotation
is de�ned in Section 2 and some fundamental conservation laws in rotating frames-of-
reference are provided. The basics of the direct numerical simulations performed are
provided in Section 3. The primary �ow statistics and Reynol ds stress budgets are pre-
sented in Sections 4 and 5, respectively, while vortex dynamics and �ow anisotropies are
considered in Sections 6-7.

2 Orthogonally rotating plane Couette �ow

2.1 Flow con�guration and governing equations

Let us consider the turbulent Couette �ow driven in the x-direction by the relative motion
of two in�nite parallel planes separated a distance 2 h in the y-direction. The �uid motion
is induced solely by the prescribed velocity difference 2 Uw between the two planes (see
Fig. 1). The �ow is characterized by the Reynolds number Re� r Uwh/ m, where r and m
are the density and the dynamic viscosity of the incompressi ble �uid, respectively. The
shear-driven Couette �ow is rotated about the spanwise z-axis with constant angular
velocity WF = ( 0,0,WF). Since the average mean vorticity Wav is � Uw/ h, the rotation
number becomes:

Ro� � 2WF/ Wav= 2WFh/ Uw. (2.1)

The incompressible �ow of a Newtonian �uid in a constantly ro tating frame-of-reference
is governed by the conservation equations for mass and momentum:

r � u= 0, (2.2a)

¶u
¶t

+ u � r u= �
1
r

r p+ nr 2u � 2WF � u, (2.2b)

where n is the kinematic viscosity m/ r . The last term on the right-hand side of Eq. (2.2b)
is the Coriolis force due to system rotation, whereas centri fugal effects are absorbed in the
effective pressure p. Since bothUw and WF are prescribed constants, the time-dependent
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Figure 1: Schematic of spanwise rotating plane Couette 
ow. The system is rotating with constant angular
velocity WF about the spanwisez-axis.

�ow �eld will eventually evolve into a statistically steady s tate which is the subject of the
present investigation.

2.2 Reynolds' decomposition

The instantaneous velocity components ui and pressure p can be decomposed into mean
(U i ,P) and �uctuating (ui ,p) parts to facilitate both the presentation and interpretati on
of the outcome of the simulation. In the absence of rotationa l-induced roll cells, the mean
�ow becomes unidirectional (U,0,0) and the mean pressureP serves primarily to balance
the wall-normal component of the Coriolis force:

1
r

dP
dy

= � 2WFU �
d
dy

v2. (2.3)

This balance results from the Reynolds-average of Eq. (2.2b) in the y-direction, provided
that the �ow is statistically homogenous in (x,z)-planes. If the corresponding mean mo-
mentum equation in the x-direction is integrated once in y, the constancy of the total
mean shear stress:

m
dU
dy

� r uv= t w � r u2
t (2.4)

is obtained. Here, ut denotes the wall-friction velocity. It is noteworthy that t he sum
of the viscous and turbulent shear stresses remains constant throughout the �ow �eld,
irrespective of whether the �ow is rotating or not. This is so because the mean �ow U
is only affected indirectly by the Coriolis force through th e turbulent or Reynolds shear
stress� r uv. The latter is governed by the transport equation for the ind ividual second-
moments:

Duiu j

Dt
= Pij + Gij + D ij + P ij � #ij . (2.5)

The right-hand-side terms, which are responsible for produ ction due to mean shear (Pij ),
production due to rotation (Gij ), viscous and turbulent diffusion (D ij ), pressure-strain
redistribution (P ij ), and viscous energy dissipation (#ij ), are de�ned in the Appendix.
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The mean turbulent kinetic energy k � 1
2uiui is a convenient scalar measure of the

turbulent activity. The one-to-one relationship (2.4) bet ween the viscous and turbulent
shear stress components makes it possible to express the production of mean turbulent
kinetic energy PK in terms of only the mean shear rate:

PK �
1
2

Pii =
1
2

Pxx = � uv
dU
dy

=
u4

t

n

�
1�

dU+

dy+

�
dU+

dy+ . (2.6)

Here, U+ and y+ are the inner or wall variables U/ ut and yut / n, respectively. Maximum
production is obtained where dU+ / dy+ = 1/2, which according to Eq. (2.4) is the location
at which the viscous and turbulent shear stress components are equal. Eq. (2.6) for the
production PK of mean turbulent kinetic energy also shows that the product ion PK = 0
as long asdU+ / dy+ = 1, i.e., in the innermost viscous sublayer where the mean velocity
varies linearly with the distance from the wall. This turns o ut to be an exact result for the
plane Couette �ow, whereas the same is only approximately co rrect in channel �ows.

2.3 Mean vorticity and second-moments of vorticity �uctuat ions

The components of the instantaneous vorticity vector are de composed in mean Wi and
�uctuating wi parts in accordance with the Reynolds decomposition. In the present case
where the steady mean �ow is unidirectional and the turbulen ce statistics are homoge-
neous in (x,z)-planes and in time, the equation for the only non-vanishing mean vorticity
component Wz = � dU/ dy reduces to the ordinary differential equation:

0=
d
dy

(wwy � vwz)+ n
d2Wz

dy2 , (2.7)

which can be integrated once to give:

0= wwy � vwz+ n
dWz

dy
. (2.8)

Here, the constant of integration is zero since all the terms vanish identically at both
walls. It is noteworthy that the vorticity 2 WF due to the imposed system rotation does not
appear explicitly in Eq. (2.7). This is so because we are concerned only with orthogonal
mode rotation, i.e., the axis of rotation is aligned with the mean strain rate vector. This
particular orientation of the imposed rotation does not con tribute to stretching and/or
tilting of the mean vorticity by mean strain.

Transport for the individual second-moments of the vortici ty �uctuations can written
symbolically as:

Dwiw j

Dt
= T1ij + T2ij + S3ij + S4ij + S5ij + V6ij + V7ij , (2.9)
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where the terms on the right-hand side are given in the Append ix. The terms are num-
bered according to their order of appearance in Tennekes and Lumley [36] and Antonia
and Kim [3]. Their enstrophy budgets are readily recovered as half the trace of Eq. (2.9).
The capital letters are used to distinguish between transpo rt (T), stretching (S) and vis-
cous (V ) terms. In the equation above, the system rotation appears explicitly only in the
third stretching term S5ij .

A striking difference between the second-moment equation f or the velocity �uctu-
ations (2.5) and that for the vorticity �uctuations (2.9) sh ould be pointed out. While
Eq. (2.5) simpli�es considerably upon contraction of the ind ices since bothP ii = 0 and
Gii = 0, none of the terms vanish when Eq. (2.9) is contracted to theenstrophy budget. In
the present context, it is particularly noteworthy that the effect of system rotation remains
in the stretching terms S5ii also after contraction. The enstrophy is therefore explici tly in-
�uenced by rotation, in contrast with the turbulent kinetic energy.

3 Computer simulations

A direct numerical simulation of a fully developed Couette � ow at Re= 1300 andRo= 0.7
has been performed. This Reynolds number is the same as that considered by Bech et al.
[8] and Bech and Andersson [6,7], which is well above 500 as required for fully developed
turbulence to persist [1]. The second-order accurate �nite- volume code MGLET [28], was
used for the numerical integration of the incompressible Na vier-Stokes equations (2.2).
The pressure is de�ned at the center of each grid cell and the ve locity components at the
interfaces. The velocity components and their derivatives are obtained by linear interpo-
lation and central differences, respectively. An explicit second-order Adams-Bashforth
scheme was employed for the time integration. Periodic boun dary conditions were used
in the two homogeneous directions and no-slip and impermeab ility conditions were im-
posed at both walls. The simulations were run on a parallel MPI computer.

The length and width of the computational domain were Lx = 28p h and Lz= 4p h, and
the number of grid points was 896 � 240� 240 in the x-, y- and z-directions, respectively.
This domain is nearly three times longer than that used by Bec h et al. [8] and Bech and
Andersson [6, 7]. The resolution in wall-units achieved by t his grid for Ro= 0.7 corre-
sponded to Dx+ = 7.5 and Dz+ = 4.0 in the two homogeneous directions whereas Dy+

varied from 0.15 to 1.14 in the wall-normal direction. Stati stical averaging was made in
the two homogeneous directions and over a time interval 30 h/ ut . Preliminary results
obtained with a smaller domain and coarser mesh were present ed by Barri and Anders-
son [4].

For comparative purposes, a new simulation of the non-rotat ing Couette �ow at Re=
1300 was performed using exactly the same computational domain and the same grid
as for the Ro= 0.7 case. In order to eliminate the potential role of domain s ize and grid
resolution on the results, data from the new Ro= 0 simulation will be used as the reference
case throughout this paper to demonstrate the effects of system rotation. Comparisons
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Figure 2: Kolmogorov length scaleh/ h for the rotating caseRo= 0.7(solid line) compared with the corresponding
non-rotating Couette 
ow (broken line).

with the DNS data of Bech et al. [8] will be provided only for the mean velocity and the
Reynolds stress pro�les in Section 4.

The Kolmogorov length scale h = ( n3/ e)1/4 is a measure of the order of magnitude
of the size of the smallest turbulent eddies. In anticipatio n of small-scale isotropy, h is a
scalar quantity. Fig. 2 shows the Kolmogorov scale evaluated on the basis of the scalar
dissipation rate e of the mean turbulent kinetic energy. Since e= 1

2#ii varies across the
�ow, also h varies with y/ h. While h increases with the wall distance from 0.018h to
0.026h in the non-rotating case, h exhibits a surprisingly constant level of about 0.022 h
except in the innermost 10% of the rotating Couette channel. It is worthwhile to point
out that if the Kolmogorov length scale h is expressed in wall units, i.e., h+ = Ret h/ h, we
�nd that h+ � 2 which suggests that the grid resolution used in the present simulations
is fully adequate.

In order to see whether or not counter-rotating roll cells, a s observed both by Bech and
Andersson [7] and Tillmark and Alfredsson [37] at relativel y high anti-cylonic rotation
rates, are embedded in the three-dimensional �ow �eld, the tw o-point correlations Rij (rk)
are shown in Fig. 3, in which also results for the non-rotatin g case are included. The non-
oscillatory behaviour of R22(rz) and R33(rz) and the rapid decay to zero of R22(rx) and
R33(rx) assure that the present �ow �eld with Ro= 0.7 does not possess any counter-
rotating roll cells.

While Alfredsson and Tillmark [1] observed elongated turbu lent structures and
weaker roll-cells of varying spanwise extent when the rotat ion number was increased
from 0.50 to 0.75, the present DNS atRo= 0.70 showed no roll cells at all. The fact that
the quenching of the roll-cells at high anti-cyclonic rotat ion rates occurred at a somewhat
lower rotation number than in the laboratory channel might b e due to the lower Reynolds
number (Re= 790) in their study or more likely due to their �nite-length channe l width
and the relatively low aspect ratio (about 5) which implies t hat side-wall effects may play
a role.
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Figure 3: Two-point correlations near the center(y/ h= 0.98) with (a), (c) streamwise and(b), (d) spanwise
separations. Results without rotation(Ro= 0) are at the top and with rotation (Ro= 0.7) are at the bottom.
(||) Ruu; ( � � � ) Rvv; ({ { {) Rww.

The presence of extraordinarily long �ow structures in plan e Couette �ow [21, 39]
makes the required length Lx of the computational domain substantially larger than that
needed in a channel �ow simulation. The two-point correlati ons presented in Fig. 3 show
that both the length Lx and the width Lz used herein are suf�cient to accommodate the
largest �ow structures, both in the rotating and the non-rot ating Couette �ow. It is also
noteworthy from Fig. 3 (c) that the length scale of the wall-normal �uctuations is sub-
stantially larger than the length scale of the streamwise ve locity �uctuations. This is just
the opposite of the situation in channel and Couette �ow with out rotation (see Fig. 3(a))
and is a �rst indication of the anomalies of rapidly rotating C ouette �ow.

4 Mean �ow and velocity statistics

The shape of the mean velocity pro�le U (y) in Fig. 4 is rather different from the typical S-
shaped velocity distribution observed by Bech et al.[8] and others in non-rotating Couette



692 M. Barri and H. I. Andersson / Commun. Comput. Phys., 7 (2010), pp. 683-717

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

y/ h

U
/2

U
w

Figure 4: Mean velocity distributionU (y) for Ro= 0.7 (bold line) compared with the corresponding pro�le for
non-rotating Couette 
ow (thin line) and DNS data from [8] for Ro= 0 (symbols).

�ow. The DNS data from Bech et al. [8] are included here and in the two subsequent
�gures simply to demonstrate the close resemblance between t he present simulation for
Ro= 0 and that of Bech et al.[8].

For the anti-cyclonically rotating Couette �ow, the mean ve locity pro�le exhibits a
substantial linear range which extends over 80% of the cross-section. The slopedU/ dy of
the velocity pro�le in the linear region is close to 2 WF, which makes the local vorticity
ratio S � � 1. This shows that the mean velocity pro�le has adjusted itsel f such that
the mean �ow vorticity W just counterbalances the imposed anti-cyclonic background
vorticity 2 WF, i.e., the absolute vorticity in an inertial frame-of-refe rence is driven to zero.
This phenomenon has been observed before, both in rotating channel �ows by Johnston
et al. [20], Kristoffersen and Andersson [22], Lamballais et al. [23, 24] and Nakabayashi
and Kitoh [30,31] and in rotating Couette �ows by Bech and Ande rsson [7].

The wall-friction velocity ut de�ned in Eq. (2.4) is obtained as a part of the numerical
solution. Since the turbulent shear stress � r uv vanishes identically at the walls, ut is
determined by the wall-slope of the mean velocity pro�le. The Reynolds number Ret �
r ut h/ mbased on the wall-friction velocity ut is an essential dimensionless parameter,
which in the present case becomes� 76.5. This is signi�cantly lower than Ret = 82.02
found for Ro= 0 and Ret = 82.2 reported by Bechet al. [8] for non-rotating Couette �ow
at the same Reynolds number. This implies that a drag reducti on of about 13% has been
achieved by the imposed rotation. On the contrary, at the hig hest rotation number Ro= 0.5
considered by Bech and Andersson [7] the wall-friction Reyn olds number was Ret = 91.0,
i.e., a 21% increase in wall-friction.

The extent of the Coriolis-dominated region in Fig. 4 is cons istent with the criterion
proposed by Nakabayashi and Kitoh [30] that system rotation m atters when y> dc, where
dc is the Coriolis length scale dc = ut / WF. In the present case, this criterion can be ex-
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pressed as
y
h

>
2

Ro
Ret

Re
� 0.2. (4.1)

The inequality (4.1) suggests that the region in which syste m rotation is a leading-order
effect expands with increasing rotation Ro.

Nakabayashi and Kitoh [30] argued that the Coriolis force may penetrate deep into
the near-wall layer. The role played by the Reynolds number i s taken over by a new
dimensionless parameter, namely the ratio between the viscous length scale n/ ut and
the Coriolis length scale ut / WF, i.e., nWF/ u2

t . This new dimensionless group can readily
be expressed as a combination of the rotation number and the Reynolds number as:

nWF

u2
t

=
1
2

RoReRe� 2
t . (4.2)

In the present case of a rapidly rotating Couette �ow, this gr oup is about 0.07. In the lab-
oratory experiments of rotating channel �ow reported by Nak abayashi and Kitoh [30,31]
this parameter did not exceed 0.01, whereas Kristoffersen and Andersson [22] reached
about 0.02 at their highest rotation rate. The case considered herein is therefore un-
doubtedly one of strong rotation. The present results suppo rt the relevance of the di-
mensional group in Eq. (4.2) as a distinguishing parameter i n rotating shear �ow. While
Nakabayashi and Kitoh [30] introduced this parameter as the r atio between the viscous
length scale and the Coriolis length scale, the parameter can equally well be identi�ed as
the ratio between the viscous time scale n/ u2

t and the Coriolis time scale 1/ WF.
It is obvious that dU/ dy cannot exceedUw/ h in the Couette �ow and this intuitive

constraint inevitably implies that Ro= 1 is an upper bound for which neutral stability
S= � 1 can be sustained. This is consistent with the upper bound on momentum transport
in turbulent Couette �ow derived by Busse [10]. He found that no state of turbulent
motion can exist for

4Re�
1708

4ReRo
+ 4ReRo. (4.3)

This criterion for turbulence to exist can be recast into an explicit constraint on the rota-
tion number:

Ro<
1
2

�
1+

r

1� 4
1708
16

1
Re2

�
. (4.4)

For Re= 1300, this formulae suggests that turbulence can be maintained only if Ro<
0.9999, i.e., fully consistent with our intuition-based co njecture that Ro cannot exceed
unity. The recent �ow visualizations of Alfredsson and Till mark [1] indeed showed that
the turbulence was suppressed and the �ow relaminarized for rotation numbers beyond
1.0.

The partition between viscous and turbulent shear stresses is shown in Fig. 5. Due
to the substantial linear portion of the mean velocity pro�le in Fig. 4, the viscous shear
stress is constant over the entire center region and the stress magnitude is 3-4 times larger
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Figure 5: Variation of viscous and turbulent shear stress across the 
ow for Ro= 0.7 (bold lines) compared with
the corresponding data for non-rotating Couette 
ow (thin lines) and DNS data from [8] forRo= 0 (symbols).
Viscous shear stressm(dU/ dy)/ t w ({ { {; � ) and turbulent shear stress� r uv/ t w (||; � ).

than in the non-rotating case. Let us recall that the viscous shear stressmdU/ dy, when
normalized by t w, is equal to dU+ / dy+ , i.e., the inner-variable mean shear rate. The
slope of the mean velocity in outer variables, as in Fig. 4, is related to dU+ / dy+ in Fig. 5
in accordance with:

deU
dey

�
d(U/2 Uw)

d(y/ h)
)=

1
2

Re� 1Re2
t

dU+

dy+ . (4.5)

The local vorticity ratio S can be deduced from either of the two, i.e.,

S= �
2WF

dU/ dy
= �

1
2

Ro
�

deU
dey

� � 1

= � RoReRe� 2
t

�
dU+

dy+

� � 1

. (4.6)

With dU+ / dy+ approximately equal to 0.16 over nearly 80% of the cross-section in Fig. 5,
the core region value of S� � 1.004. In the substantial part of the cross-section whereS
is practically equal to � 1.0, the absolute mean vorticity vanishes and the shear-Coriolis
instability is neutral. A further elaboration on the conseq uences of this observation is
postponed until Section 5.

The constancy of the total mean shear stress, as expressed inEq. (2.4), therefore also
makes the turbulent shear stress � r uv constant over about 80% of the cross section. The
turbulent shear stress equals the viscous shear stress at about y/ h� 0.07, which is signif-
icantly closer to the wall than in the non-rotating case wher e the two shear stresses equal
at y/ h � 0.10. This intersection point is exactly where the turbulen t energy production
attains its maximum value (see the discussion in Section 2.2). This observation therefore
re�ects that the imposition of rotation makes the near-wall layers thinner.

This suggestion is con�rmed by the pro�les of the turbulence in tensities in Fig. 6(a),
which show that the peak positions are indeed closer to the wa lls than for Ro= 0. An even
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Figure 6: Variation of turbulence intensities and kinetic energy k across the 
ow for Ro = 0.7 (bold lines) and
Ro= 0 (thin lines) compared with the corresponding data for non-rotating Couette 
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The results are scaled with the corresponding friction velocities. (a) Turbulence intensitiesurms (||; � ), vrms
( � � � ; � ), wrms ({ { {; � ); (b) Turbulent kinetic energyk for Ro= 0.7 (bold line) and Ro= 0 (thin line) compared
with DNS data (� ) from [8].

more striking observation is the reversal of the convention al anisotropy urms> wrms> vrms

in wall turbulence in general and in non-rotating Couette �o w in particular. In the rapidly
rotating Couette �ow vrms > wrms > urms over a substantial part of the �ow. While the
wall-normal velocity �uctuations vrms are consistently smaller than the other velocity
�uctuations for Ro= 0, vrms exceeds the streamwise �uctuations urms over the central 80%
of the cross section and the spanwise �uctuations wrms over more than 60% of the �ow.

The dominance of the wall-normal velocity �uctuations affe cts the distribution of the
mean turbulent kinetic energy k across the �ow as shown in Fig. 6 (b). The conventional
near-wall peaks are totally absent and the maximum value of k is observed midway be-
tween the walls where also vrms attains its maximum. The energy level is higher over the
entire core region and exceeds that of the non-rotating �ow w ith about 75% at the center.
The simultaneous observations of a higher turbulence level and reduced �ow resistance
can only be understood if the rotating turbulence is less ef�c ient in wall-normal mixing
(i.e., shear production) than conventional wall turbulenc e.

In spite of the above observation that the wall-normal �uctu ations dominate over the
streamwise �uctuations, the outcome of a quadrant analysis shown in Fig. 7 does not
show any qualitative differences brought about by the syste m rotation. In both cases,
the fourth quadrant ( Q4-events) dominates very close to the wall whereas contribu tions
from the second quadrant ( Q2) are more in�uential further out. It is readily seen, how-
ever, that the position at which the two kind of events are of e qual importance has shifted
from y+ � 14 in the non-rotating case to about y+ � 6 for Ro= 0.7. It can also be noticed that
the adverse contributions from the Q1 and Q3 events have been signi�cantly reduced, es-
pecially near the wall. Although the Q4-dominance over the Q2-events still persists in the
vicinity of the wall, the relative contribution from the Q4-events has been substantially
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reduced, thereby suggesting that the importance of the sweep events has diminished. It
is noteworthy that a similar reduction of the fractional con tribution of sweeping events
relative to ejections was observed also at the anti-cyclonic side of the rotating Poiseuille
�ow both in the computer experiments by Kristoffersen and And ersson [22] and the lab-
oratory experiments by Nakabayashi and Kitoh [31]. In that �o w, however, the turbulent
shear stress� r uv was increased due to the imposed system rotation, whereas the shear
stress is lowered in the present �ow. A particular feature of Couette �ow turbulence is
that an ejection (Q2-event) from the �xed wall appears as a sweeping event ( Q4) when
seen from the moving wall and vice versa.

For the sake of completeness, the skewnessS and �atness F of the �uctuating ve-
locity components are shown in Fig. 8. The skewness of u is positive in the core region
and inevitably goes to zero at the center due to symmetry. Thi s contrasts with the non-
rotating case in which S(u) is negative in the core. The latter is generally ascribed to the
dominance of outbursts or ejections beyond y+ � 12 whereas so-called sweeps are the
major contributor to the turbulence production in the vicin ity of the wall. The positive
value of S(u) in the core region of the rotating Couette �ow must therefore imply that
the conventional stress-producing mechanism has been suppressed. The �atness of u is
substantially higher than 3.0 in the core region which sugge sts more frequent occurrences
of extreme events than in a Gaussian distribution.

The skewness and �atness of the wall-normal velocity compon ent v become roughly
constant, i.e.,S(v) � 0 and F(v) � 2.8, in the core region. In the immediate vicinity of the
wall, the skewness of v has become negative with the wall-value S(v) �� 1 rather than be-
ing close to zero as in the non-rotating case. This implies that extreme wall-ward motions,
although possibly rare, are more frequent than extreme out- rushs. The violent wall-ward
motions may furthermore be correlated with strong positive streamwise �uctuations and
thus contribute to the Reynolds shear stress. This is in contrast with other wall-�ows,
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notably plane Poiseuillle �ow, where both S(u) and S(v) are positive in the vicinity of
the wall and extreme u-motions are therefore not correlated with large v-motions.

The symmetry properties of the present �ow imply that S(w) = 0. The skewness of
w, as deduced from the simulated �ow �eld, is essentially zero b oth in the rotating and
non-rotating case and thereby con�rms the adequacy of the sam pling.

5 Energy considerations and Reynolds-stress budgets

The budgets of the individual components of the Reynolds str ess tensor provide insight
into the interactions between the large-scale turbulence and the mean �ow. The budgets
of the three diagonal components and the only non-zero off-d iagonal Reynolds stress
component are shown in Fig. 9.

In order to assist in the interpretation of the budgets, it mi ght be helpful to consider
the production terms due to mean shear and rotation. For unid irectional mean �ow U (y)
rotating about the z-axis, we obtain:

Pxx+ Gxx = � 2uv
dU
dy

+ 4WFuv=( 1+ S)Pxx � 0, (5.1a)

Pyy+ Gyy = 0� 4WFuv= � SPxx � Pxx, (5.1b)

Pxy+ Gxy = � v2 dU
dy

� 2WF(u2� v2)=
�
1+ S

�
1�

u2

v2

��
Pxy �

u2

v2
Pxy = � u2 dU

dy
. (5.1c)

Here, the rightmost part of the each of the above equations is valid only for S�� 1.0. Data
for the individual production terms in the core region, toge ther with the pressure-strain
rates and the dissipation rates, are provided in Table 1.
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Table 1: Core-region values of the leading terms in the second-moment budgets evaluated at the symmetry
plane y/ h= 1.0 for Ro= 0.7. All terms are scaled withu4

t / n. The imbalance refers to the sum of the leading
terms that are included in the table.

i = 1,j = 1 i = 2,j = 2 i = 3,j = 3 i = 1,j = 2

Pi j + 0.249 ———— ———— � 0.919
Gi j � 0.264 + 0.264 ———— + 0.794
P i j + 0.056 � 0.176 + 0.114 + 0.102
� #i j � 0.040 � 0.099 � 0.103 + 0.021
Imbalance + 0.001 � 0.011 + 0.011 � 0.002

It is well known that the mean shear only contributes to strea mwise velocity �uctu-
ations. The system rotation introduces source terms both in the streamwise and wall-
normal directions, whereas the �uctuations in the directio n of the axis of rotation are
unaffected. It is particularly noteworthy that the rotatio nal terms in Eq. (5.1) cancel out
if the second-moment equation (2.5) is contracted to give an equation for the turbulent
kinetic energy. This is intuitively evident since the insta ntaneous Coriolis force always
acts perpendicular to the instantaneous velocity vector. T he Coriolis force can therefore
neither produce work nor directly alter the energy of the �ow . The substantially higher
mean turbulent kinetic energy in the rotating case (see Fig. 6(b)) must therefore be as-
cribed to indirect effects of system rotation. The weakly an d moderately rotating Couette
�ow considered by Bech and Andersson [6,7] was affected by la rge-scale counter-rotating
roll cells, as was the rotating Poiseuille �ow studied by Joh nston et al. [20] and Kristof-
fersen and Andersson [22] and others. Such roll cells contribute substantially to the ki-
netic energy of the �ow, whereas the present Couette �ow is fr ee of rotational-induced
large-scale vortices. The excess kinetic energy level can therefore only be a result of an
indirect in�uence of the Coriolis force on the turbulence st ructure.

The anisotropy and inhomogeneity of a turbulent �ow �eld is ca used by the pro-
duction terms in Eq. (2.5). In the orthogonally rotating Cou ette �ow, the only non-zero
production terms are those given in Eq. (5.1) above. In non-r otating channel and Couette
�ow, the turbulence is produced by mean shear, i.e., Pxx > 0, whereasPyy and Pzz both are
zero.

Throughout the core region of the rapidly rotating Couette � ow S � � 1. This im-
plies that the rotational turbulence production Gxx just outweighs the conventional mean
shear production Pxx (see Fig. 9(a)) with the crucial implication that no energy is trans-
ferred from the mean �ow into the streamwise velocity �uctua tions. Instead, the correla-
tion between the wall-normal Coriolis force and the wall-no rmal velocity �uctuations in
Eq. (5.1b) becomes a signi�cant source ofv2, as seen in Fig. 9(b).

As far as the shear stress� r uv is concerned, the rotational production Gxy assists the
mean shear production Pxy as long as the conventional shear �ow anisotropy u2> v2 per-
sists. In the presence of an abnormal anisotropy v2> u2, however, the situation is reversed
and Gxy tends to reduce the turbulent shear stress, as can be observed from the budget
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for � r uv in Fig. 9(d). The overall implication is that the streamwise velocity �u ctuations
have taken over the role played by wall-normal �uctuations f or Ro= 0, as demonstrated
by Eq. (5.1c). It is noteworthy, however, that what is left in (5.1c) stems from interac-
tions between streamwise velocity �uctuations and the wall -normal component of the
instantaneous Coriolis force.

The rightmost parts of Eq. (5.1) apply in the core region of th e rapidly rotating Couette
�ow where S� � 1.0. In this region turbulent velocity �uctuations are cont ributed into
the wall-normal direction by the action of the Coriolis forc e whereas no turbulence is
produced in the streamwise and spanwise directions. Thus, i n order for turbulence to
prevail, a redistribution mechanism is required which tran sfers turbulent energy from
the wall-normal direction into the two other coordinate dir ections. If no energy is fed into
the streamwise direction, the correlation uv required for the turbulence production (5.1b)
will vanish and the turbulence will eventually fade away. It is therefore speculated that
the quenching of the turbulence in rapidly rotating Couette �ow reported by Bech and
Andersson [7] and Alfredsson and Tillmark [1] results from t he attenuation of the crucial
transfer mechanism between the directional components of t he instantaneous velocity
vector.

Outside of the core region, however, the local vorticity rat io S increases monotoni-
cally from � 1 to � 0.16 at the walls. Here, the wall-value of S is readily obtained from
Eq. (4.6) with dU+ / dy+ = 1.0. The simpli�cations introduced in the rightmost parts of
Eq. (5.1) do no longer apply, which for instance implies that streamwise velocity �uctu-
ations produced by mean shear are only partially hampered by the rotational sink term
near the walls, see, e.g., Fig. 9(a).

The preceding discussion is valid only if the rotation is suf �ciently fast, i.e., beyond
the supercritical regime in which roll cells co-exist with t he turbulence. The existence of
a purely turbulent �ow regime for anti-cyclonic rotation ra tes Roabove 0.5 and a roll-cell
dominated regime for 0 < Ro< 0.5 [6, 7] is analogous to the existence of two different
�ow regimes in the Taylor-Couette �ow recently addressed by Dubrulle et al. [12]. The
two conceptually different turbulent regimes for anti-cyc lonic rotation contrast with the
existence of only one turbulent �ow regime in plane Couette � ow subjected to cyclonic
rotation.

6 Vorticity dynamics

The vorticity is an essential kinematic property of �uid mot ion, as illustrated by the snap-
shots of the �ow �eld shown in Fig. 10. In order to focus on the st reamwise vorticity, the
instantaneous l 2-�eld (to be de�ned in Section 6.2) has been pre-multiplied by wx before
the iso-contours were plotted. It is evident from these plot s that the streamwise vorticity
has been substantially enhanced when the �ow is subjected to strong anti-cyclonic rota-
tion as in Fig. 10(b). Furthermore, we consider the distribution of q= tan� 1(wy/ wx), the
inclination angle of the projection on the (x,y)-plane of the vorticity vector. Fig. 11 shows
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(a)

(b)

Figure 10: Instantaneous 
ow �eld visualised by means of iso-contours of � l 2wx. (a) Ro= 0; (b) Ro= 0.7.
The contour level is the same in both parts of the �gure. Positive and negative contour levels are distinguished
by light and dark shading, respectively.
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the inclination angle q close (y+ = 10) and far away (y+ = 50) from the wall for both ro-
tating and non-rotating cases. The results indicate a disti nct effect of system rotation on
the �ow structures not only in the core region (q� 10) but even in the �ow region close
to the wall (q� 25). These observations will be examined by means of vorticity s tatistics
in the following subsections.

6.1 Mean vorticity and mean Lamb vector

It is evident from the mean velocity pro�le in Fig. 4 and the par tition between viscous
and turbulent shear stress components in Fig. 5 that the mean vorticity Wz = � dU/ dy is
constant and roughly equal to the background vorticity 2 WF over about 80% of the cross-
section. The integrated equation for the mean vorticity (2. 8) is valid over the entire �ow
region. The constancy of Wz in the core region makes the viscous term in (2.8) vanish
and leaves a balance betweenwwy and � vwz. Such velocity-vorticity correlations are
associated with the Lamb vector:

l = u � w. (6.1)

The above de�nition of the instantaneous Lamb vector is the sa me as that adopted by
Orlandi [32] and Liu and Lu [26] while Moffatt and Tsinober [29 ] used the de�nition
w � u. The mean value L of the instantaneous Lamb vector l lies entirely in the (x,y)-
plane, i.e., L z = 0, due to symmetries. The two non-zero components are in the p resent
case:

L x = vwz � wwy and L y = � UWz+ wwx � uwz. (6.2)

Here, the velocity-vorticity correlations which contribu te to the streamwise component
are recognized as the two �rst contributions to the integrate d mean vorticity balance (2.8)
which therefore can be stated asL x = ndWz/ dy. The mean vorticity Wz, which is negative
across the entire �ow, increases monotonically from its min imum value at y= 0 to its max-
imum (but still negative) level in the core. The resulting dWz/ dy> 0 in the near-wall re-
gion is balanced by � L x in accordance with Eq. (2.8); see Fig. 12. The major contribution
to the positive L x in the near-wall region stems from the negative correlation between
the spanwise velocity �uctuations and the wall-normal vort icity. It is noteworthy that L x

is roughly doubled in the presence of system rotation in the v icinity of the walls. This
increase in the Lamb vector is in qualitative agreement with the rotating Poiseuille �ow
simulations by Liu and Lu [26]. They reported a substantial e nhancement of L x near
the pressure (i.e., anti-cyclonic) side of their rotating c hannel, whereas L x was nearly
suppressed near the suction (i.e., cyclonic) side.

In the core region of the Couette �ow where the mean vorticity is uniform, dWz/ dy� 0
and the streamwise component of the mean Lamb vector vanishes, i.e.,vwz � wwy. It is
noteworthy from Fig. 12 that L x is suppressed already aty� 0.3h in the presence of system
rotation. Since the Lamb vector is responsible for the energy cascade, this observation
implies that the energy transfer from large to small scales i s inhibited by the imposed
rotation.



M. Barri and H. I. Andersson / Commun. Comput. Phys., 7 (2010), pp. 683-717 703

0 0.2 0.4 0.6 0.8 1

-8

-6

-4

-2

0

2

4

6

8

x 10
-3(a)

y/ h
0 0.2 0.4 0.6 0.8 1

-8

-6

-4

-2

0

2

4

6

8

x 10
-3(b)

y/ h

Figure 12: Individual terms (||) wwy; ({ { {) � vwz; and ({ � {) ndWz/ dy in the integrated mean vorticity
equation (2.8). Notice that the sumvwz� wwy equalsL x, i.e., the x-component of the mean Lamb vector in
Eq. (6.2). (a) Non-rotating Couette 
ow; and (b) Anti-cyclonically rotating Couette 
ow with Ro= 0.7.

The role of the mean Lamb vector in the turbulence production s is readily revealed if
the production of turbulent kinetic energy by mean shear in E q. (2.6) is rewritten as:

PK =
1
2

Pii = � uiuk
¶U i

¶xk
= � #ijk w juiUk�

¶uiukUk

¶xi
= � L xU �

dUuv
dy

. (6.3)

Here, #ijk w jui comprises the velocity-vorticity correlations involved i n the k-component
of the mean Lamb vector. The rightmost part of Eq. (6.3) shows that only the streamwise
component of L contributes to the turbulent energy production in this part icular �ow.
In the core region where the shear stress � uv remains constant and L x vanishes, the
more conventional expression (2.6) for the kinetic energy p roduction is recovered. It
can readily be inferred from the data in Fig. 12 that the consi stently positive value of
L x is responsible for a loss of turbulent energy, i.e., transfer from large to small scales
and ultimately dissipation. This loss is, however, more tha n outweighed by advection of
large-scale energy.

The helicity density is de�ned as

h= u � w. (6.4)

The helicity h is related to the Lamb vector through the mathematical vecto r identity [34]:

h2+ l 2 = ju � w j2+ ju � w j2= juj2jw j2. (6.5)

According to (6.4) helicity is a measure of the degree of alig nment of the vorticity vector
and the velocity vector. High levels of helicity are believe d to hamper the energy cascade
and therefore also the energy dissipation. In the present �o w, however, the mean value of
the helicity density de�ned in (6.4) vanishes identically du e to the inherent symmetries
associated with the statistical homogeneity in the spanwis e direction.
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Figure 13: Variation of the mean streak spacingD+ = D�ut / n in the near-wall region for rotating (� ) and
non-rotating (� ) Couette 
ow.

6.2 Near-wall streaks and coherent �ow structures

The wall-region of a non-rotating plane Couette �ow resembl es that in other simple wall-
bounded �ows, e.g. the plane Poiseuille �ow. The presence of elongated streamwise
streaks with a typical mean spacing D of about 100 wall units (i.e., n/ ut ) are among
the most characteristic features of wall turbulence. The particular spanwise separation
which corresponds to the distinct minimum of the two-point c orrelation of u in Fig. 3
is a measure of the mean separation between low- and high-speed motions. The mean
streak spacing D is estimated as twice this distance. The results in Fig. 13 show that D+

increases nearly linearly with the wall distance from about 100 in the immediate vicinity
of the wall to about 150 at y+ = 30 in the absence of rotation, i.e., just as in the non-rotating
Poiseuille �ow. In the presence of system rotation, a somewh at larger streak spacing D+

is observed. This is opposite to the distinctly reduced stre ak spacing observed at the anti-
cyclonic (pressure) side of the rotating Poiseuille �ow con sidered by Kristoffersen and
Andersson [22]. The enhanced streak density in that study wa s accompanied by a higher
wall-friction velocity. In the present case, on the other ha nd, the increased streak sepa-
ration is associated with a reduction in ut , i.e., fully consistent with the widely accepted
belief that the streak density is closely related to the wall friction.

An ef�cient scalar quantity frequently used to identify regi ons of localized vortices in
a �ow �eld is l 2 introduced by Jeong and Hussain [18] as the second largest eigenvalue
of the tensor sikskj + r ikrkj where sij and r ij are the strain-rate and rotation-rate tensors,
respectively. The distribution of the rms-value of l 2 from the wall and towards the center
is shown in Fig. 14. l 2rms is normalized by u4

t / n2, i.e., the reciprocal of the viscous time
scalen/ u2

t squared. In the absence of rotation, the near-wall variatio n closely resembles
that of plane Poiseuille �ow with a peak located at about y/ h � 0.2 or y+ � 16. The
peak level is, however, more than 50% higher in the Couette �o w than in the Poiseiulle
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Figure 14: Variation of l 2rms from the wall to the centerline for the rotating (solid line)and non-rotating
(broken line) Couette 
ow. The data are scaled withu4
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�ow and the reduction of l 2rms towards the centerline is by far more modest than in
the channel �ow. When the Couette �ow is subjected to rapid an ti-cyclonic rotation,
however, l 2rms increases monotonically all the way from the wall towards th e center and
the l 2-level at the centerline is more than 3 times higher than with out rotation. This is
yet another manifestation of the anomaly of the �ow dynamics in the core region.

6.3 Enstrophy and vorticity budgets

The root-mean-square values of the �uctuating vorticity co mponents are shown in
Fig. 15. The only resemblance with conventional wall-�ow be haviour is that the wall-
normal vorticity goes to zero at the wall simply as a result of the no-slip condition. While
spanwise vorticity �uctuations w2

z normally dominate in the near-wall region, see, e.g.,
Antonia and Kim [3], the streamwise vorticity w2

x is by far more intense in the present
case. This enhancement due to system rotation overshadows the characteristic near-wall
peak of w2

x which can be observed for Ro= 0. This peak has usually been associated
with the presence of coherent streamwise-oriented vortice s. A striking homogeneity of
the �uctuating vorticity �eld is observed in the entire core r egion. Here, a distinct and
anomalous anisotropy prevails with the streamwise vortici ty �uctuations exceeding the
two other components, which on the other hand turn out to be pr actically equal and thus
re�ects an axisymmetry of the vorticity �eld. This contrasts with the non-rotating case in
which the vorticity �eld is close to an isotropic state in the c ore region.

Following Antonia and Kim [3], the behaviour of the individua l vorticity components
can be further explored by examining the dominating terms in the second-moment equa-
tion (2.9). They based their analysis on their equation (14) which appears as an equation
for twice the scalar enstrophy due to the implicit summation over repeated indices i and
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j. Their equation (14) is consistent with the diagonal elemen ts of present equation (2.9)
for the individual second-moments provided that summation is only carried out for j
whereas the conventional summation rule is not applied for t he repeated index i which
rather should be taken as either 1, 2 or 3. In the present context, the stretching term S5ij is
of particular concern. Tennekes and Lumley [36] referred to this term as a mixed produc-
tion term. This term plays a major role in the viscous sublaye r in channel �ows [3] where
it peaks about y+ � 4. In a rotating frame-of-reference, this is the only term in the second-
moment vorticity budgets that explicitly includes the syst em rotation; see Eq. (A.13) in
the Appendix.

Table 2: Core-region values of the leading terms in the second-moment vorticity budgets evaluated at the
symmetry planey/ h= 1.0 for Ro= 0.7. All terms are scaled with(u2

t / n)3. The imbalance refers to the sum of
the leading terms that are included in the table.

i = j = 1 i = j = 2 i = j = 3 Enstrophy

S3i j �103 � 0.01 + 1.26 + 1.90 + 1.58
S4i j �103 + 6.60 ———— ———— + 3.30
S5I

ij �103 � 3.20 + 3.32 � 0.10 + 0.01

S5I I
ij �103 + 3.20 � 3.34 + 0.10 � 0.02

V7i j �103 � 6.50 � 1.34 � 1.88 � 4.86
Imbalance �103 + 0.09 � 0.10 + 0.02 + 0.01

The vorticity budgets presented in Fig. 16 show that most of t he terms in (2.9) con-
tribute in the near-wall region, whereas a major simpli�cati on is observed further away
from the walls. Several terms become of negligible importan ce in the core region and
those that contribute remain constant over at least 60% of the cross-section (see Table 2).
The budget of the spanwise vorticity in Fig. 16 (c), for instance, simpli�es to a balance
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between stretching by �uctuating velocity gradients S3zz and viscous dissipation V7zz.
Such a balance prevails also in the central part of the plane channel �ow examined by
Antonia and Kim [3].

Most of the terms in the w2
y-budget are vanishingly small in the absence of rotation,

in particular in the core region. It is noteworthy that the pr esent budget in Fig. 16(b) is
rather different from the corresponding Poiseuille �ow bud get provided by Antonia and
Kim [3] in their Fig. 8 (b). They observed that two stretching terms S4 and S5 are the dom-
inating sources of wall-normal vorticity �uctuations. In t he present case, however,S4yy

is absent as it should be for symmetry reasons. In fact, S4 contributes only to streamwise
vorticity �uctuations in unidirectional shear �ows. With s ystem rotation imposed, the
important stretching term S5yy associated with the mean �ow vorticity is outweighed by
the stretching due to the imposed rotation in the entire core region. This leaves a balance
between turbulent vortex stretching of vorticity �uctuati ons S3yy and viscous dissipation
V7yy, i.e., similarly as in the spanwise direction.

The streamwise vorticity �uctuations are the main contribu tor to the enstrophy 1
2wiwi

in the rapidly rotating Couette �ow. According to the budget in Fig. 16(a), S3xx is reduced
with rotation whereas S4xx is increased. Again, the stretching due to mean �ow vorticit y
exactly balances the stretching due to rotation and thereby leaves a balance between the
S4xx and V7xx in the core region. This contrasts with the non-rotating cas e in which S3xx

is the major source term.
The enstrophy balance is readily obtained as the trace of Eq. (2.9), i.e., as the sum of

the diagonal terms of the individual second-moments of the v orticity �uctuations. Let us
recall from Section 2 that the rotational contribution to th e stretching term S5 does not
vanish when the indices are contracted in Eq. (2.9). However, in the nearly homogenous
core region where the vorticity ratio S � � 1.0, the two parts S5I

ij and S5I I
ij due to mean

�ow stretching and rotational stretching, respectively, c ancel out. The enstrophy budget
in Fig. 16(d) is included here to enable a qualitative comparison with the results from
the channel �ow simulations by Lamballais et al. [23]. At the anti-cyclonic side of their
rapidly rotating channel they observed a balance between st retching and viscous terms.

7 Turbulence anisotropies

To further examine the anisotropy of the rotating Couette �o w, anisotropy invariant maps
(AIM) are presented in Fig. 17. Here, these are derived on the basis of the anisotropy
tensors:

aij �
uiu j

2k
�

1
3

dij , (7.1)

dij �
#ij

2#
�

1
3

dij , (7.2)

uij �
wiw j

2w2 �
1
3

dij . (7.3)



M. Barri and H. I. Andersson / Commun. Comput. Phys., 7 (2010), pp. 683-717 709

-0.05 0 0.05 0.1 0.15 0.2
0

0.1

0.2

0.3

0.4

0.5

0.6
(a)

�
II

I I I

wall

center
center

-0.05 0 0.05 0.1 0.15 0.2
0

0.1

0.2

0.3

0.4

0.5

0.6
(b)

�
II

I I I

wall

center

-0.05 0 0.05 0.1 0.15 0.2
0

0.1

0.2

0.3

0.4

0.5

0.6
(c)

�
II

I I I

center

center

wall

Figure 17: Anisotropy invariant maps.(a) Reynolds stress anisotropyaij ; (b) dissipation rate anisotropydij ; (c)
vorticity correlation anisotropy uij . Data for rotating ( � ) and non-rotating (� ) Couette 
ow.

The so-called Lumley triangle is drawn in the (-II, III)-pla ne where II and III are the sec-
ond and third invariant of the anisotropy tensor, see Lumley and Newman [27]. Fig. 17(a)
shows that the Reynolds stress anisotropy behaves rather differently in the rotating Cou-
ette �ow. Instead of tending towards the one-component limi t characterized by the dom-
inance of streamwise �uctuations as in the non-rotating cas e, the path from the 2D limit
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in the immediate vicinity of the walls goes in the opposite di rection. The anisotropy
touches the boarder representing axisymmetric (rod-like) turbulence at y+ � 12 and that
of disk-like axisymmetry at y+ � 28. Thereafter, i.e., in the quasi-homogeneous core, the
anomalous anisotropy vrms> wrms> urms prevails. The same Reynolds stress anisotropy
has been observed also in rapidly rotating Poiseuille �ow by Kristoffersen and Anders-
son [22] and Lamballais et al.[23,24] as well as in homogeneous shear �ows subjected to
strong rotation by Salhi and Cambon [35]. The dissipation ra te anisotropy dij in Fig. 17(b)
follows a similar path as the Reynolds stress anisotropy aij in Fig. 17(a) and ends up with
a similar anisotropy in the core region, but nearly touching the boarder signifying ax-
isymmetric dissipation, i.e., #yy � #zz> #xx.

Also the anisotropies of the vorticity �uctuations behave s imilarly to the Reynolds-
stress anisotropy in the near-wall region (cf. Fig. 17 (c)), but stick to rod-like axisym-
metry with w2

x exceeding the two other directional vorticities throughou t the core re-
gion. In the absence of rotation, however, the vorticity �uc tuations in the core region
are close to an isotropic state, just as in the central region of a plane Poiseuille �ow. The
distinctly different path followed by uij in the rotating Couette �ow re�ects the anoma-
lous anisotropy of the vorticity �uctuations. The excess st reamwise vorticity �uctua-
tions depart substantially from the nearly isotropic state observed in the non-rotating
Couette �ow. Both Yanase et al. [40] and Brethouwer [9] observed very elongated and
intense streamwise vortex tubes in their simulations of rap idly rotating homogeneous
shear �ows with S= � 1.0. The tabulated values of uij provided by Brethouwer [9] were
attained after the simulation had evolved for a time 10 (dU/ dy) � 1 and exhibit essentially
the same vorticity anisotropy as in the core region of the pre sent rotating Couette �ow.
Yanaseet al.[40] further explored the temporal evolution of high-vorti city blobs via vor-
tex sheets into tubular vortices.

In the absence of system rotation, the paths followed by the anisotropy tensors in the
three AIM-maps in Fig. 17 exhibit roughly the same shapes. In t he presence of strong
system rotation, on the other hand, aij , dij , and uij follow rather different paths. It is
particularly noteworthy that the anisotropy of the dissipa tion rate tensor behaves com-
pletely different from that of the vorticity correlation te nsor in the quasi-homogeneous
core region.

Inspired by the arguments put forward by Nakabayashi and Kito h [30], one may con-
jecture that the impact of the system rotation on the individ ual �ow structures depends
on whether the eddy size is smaller or larger than the Corioli s length scale dc = ut / WF.
This motivates an inspection of the component energy spectra of the rotating Couette
�ow. The spectra in Fig. 18 show that the dominating role of st reamwise large-scale
�uctuations has been taken over by wall-normal velocity �uc tuations in the center of the
�ow. Due to the kinematic blocking enforced by the solid surf ace, however, enhancement
of the wall-normal �uctuations is prohibited next to the wal l. Instead, spanwise �uctu-
ations have taken over the conventional role of the streamwi se �uctuations in the near-
wall region. The spectra at y/ h = 1.0 show that the conventional stress anisotropy has
been inverted due to the rotation as far as the large-eddy mot ion is concerned whereas
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Figure 18: One-dimensional energy spectraEii (kx). (a), (c) Close to the wall at y+ � 5 ; (b), (d) Near the
center at y/ h= 0.98. Results without rotation (Ro= 0) at the top (a,b) and with rotation (Ro= 0.7) at the
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the isotropy of the small-scale �uctuations is retained.
The Taylor microscale `u is de�ned as:

`2
u =

u2

(¶u/ ¶xj )2
. (7.4)

The directional index j of the derivative is subjected to summation such that `u becomes
independent of the coordinate direction. Analogous de�niti ons are used for `v and `w.
The results in Fig. 19 show that both `u and `w are fairly constant across the �ow, whereas
`v increases monotonically from the wall to the center of the �o w. This is due to the
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presence of the wall which imparts a substantial damping of w all-normal motions as
compared to motions parallel with the walls. This general be haviour is therefore found
irrespectively of whether the �ow is rotating or not. It is in teresting to observe that `v

is some 15% larger in the core region in the presence of rotation than for Ro= 0. The
Taylor microscale of the streamwise �uctuations is reduced whereas the microscale of the
spanwise �uctuations is increased in the buffer region but o therwise unaffected by the
rotation. The conventional scale anisotropy `u > ` w > ` v, which re�ects the conventional
Reynolds stress anisotropy urms> wrms> vrms, has been inverted to `v >` w >` u in the core
region for Ro= 0.7.

8 Concluding remarks

The plane Couette �ow subjected to anti-cyclonic backgroun d rotation has been seen
to develop a substantial nearly-homogeneous central core region in which the absolute
mean vorticity vanishes entirely provided that the imposed system rotation is suf�ciently
fast. In spite of the presence of wall-layers bridging the co re region with the solid walls,
the core region has been found to share most of the characteristic features of the truly
homogenous shear �ow subjected to anti-cyclonic rotation p rovided that the imposed
system rotation exactly outweighs the mean �ow rotation.

A distinguishing feature of the present case is that the �ow i s statistically steady in
time whereas a homogeneous shear �ow is constantly evolving in time. Thus, while
the mean velocity and turbulence statistics in the Couette � ow become independent of
time after a certain transient phase, the homogenous shear � ow continuously evolves in
time. In practice the computational grid often moves with th e mean �ow in the latter
case. The inevitable skewing of the grid cells thus calls upon a re-meshing at regular
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time intervals [9, 16]. Another attractive feature of the pr esent �ow is the fact that the
imposed system rotation vector is consistently anti-paral lel with the mean �ow vorticity
vector and the �ow �eld is everywhere exposed to anti-cycloni c rotation. This contrasts
with the analogous rotating Poiseuille �ow, in which one par t of the �ow is rotating
cyclonically whereas another part is subjected to anti-cyc lonic rotation.

The present results have for the �rst time demonstrated the ex istence of pure tur-
bulence in an anti-cyclonically rotating plane Couette �ow , i.e., the rotation rate is suf�-
ciently high to suppress the roll-cell instability but yet n ot high enough to quench the tur-
bulence. An intuition-based conjecture suggests that Ro= 1.0 is an upper bound beyond
which turbulence cannot be sustained. The present �ow case i s therefore a prominent
example of so-called featureless turbulence [2]. Since theresulting mean �ow becomes
unidirectional in the absence of roll cells, this �ow case is particularly well suited for
testing of turbulence closure models aimed to be used in conj unction with the Reynolds-
averaged Navier-Stokes equations.

It is widely accepted that system rotation offers a challeng e to any semi-
phenomenological turbulence model; see, e.g., Launder et al. [25], Johnston [19], Hamba
[14] and Jakirlic et al. [17]. The present �ow case should be attractive for the turbu lence
modeling community since the Reynolds-averaged Navier-St okes equations and any ac-
companying one-point-closure model reduce to a coupled set of ODEs in the wall-normal
direction. This favourable feature enables the eliminatio n of all numerical inaccuracies
and thus to pin-point any de�ciencies in a model's ability to a ccount for the effect of the
Coriolis force on the turbulence �eld. This is only feasible i n the absence of rotational-
induced roll cells, i.e., in featureless turbulence as achieved for Ro= 0.7. Counter-rotating
roll cells, which arise with moderate anti-cyclonic rotati on (Ro � 0.5), inevitably con-
tribute extra source terms to the transport equations for th e second-moments of the veloc-
ity and the vorticity �uctuations, i.e., in Eqs. (2.5) and (2 .9), respectively. See, for instance,
Pettersson Reif and Andersson [41].

A quasi-homogeneous central core spanned about 80% of the cross-section. Here, the
mean velocity pro�le U (y) increased linearly with a slope � 2WF such that the local vor-
ticity ratio S� � 1. Throughout this extensive region of vanishing absolute v orticity, the
turbulent shear stress remained constant and the normal stress components, the vorticity
tensor and the energy dissipation rate tensor exhibited abn ormal anisotropies. The core
region was dominated by �uctuating streamwise vorticity pr imarily generated by the
vortex stretching mechanism S4xx = wxwydU/ dy. A 13% drag reduction resulted from
the con�gurational changes of the turbulence �eld. Neverthel ess, the turbulent kinetic
energy level turned out to be higher than in the absence of rot ation.
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Appendix: Second-moment transport equations in a rotating
frame-of-reference

The transport equation (2.5) for the individual components of the second-moments uiu j

of the velocity �uctuations is written in quasi-symbolic fo rm. The various terms on the
right-hand side are de�ned in Cartesian tensor notation as fo llows:

Pij � � uiuk
¶U j

¶xk
� u juk

¶U i

¶xk
, (A.1)

Gij � � 2WF
k (u jum#ikm+ uium#jkm), (A.2)

D ij = DT
ij + DP

ij + DV
ij , (A.3)

P ij �
p
r

�
¶ui

¶xj
+

¶u j

¶xi

�
, (A.4)

#ij � 2n
�

¶ui

¶xk

¶u j

¶xk

�
, (A.5)

where the different parts of the diffusion are given by

DT
ij � �

¶
¶xk

(uiu juk), (A.6)

DP
ij � �

1
r

¶
¶xk

(puidjk + pujdik), (A.7)

DV
ij � n

�
¶2uiu j

¶xk¶xk

�
. (A.8)

Here, #ijk is the permutation or Levi-Civita tensor. This organization of the terms in the
second-moment transport equation follows Launder et al. [25]. The turbulent diffusion
due to velocity ( DT

ij ) and pressure (DP
ij ) �uctuations and the viscous diffusion ( DV

ij ) are
labeled collectively as a single diffusion term D ij .

Similarly, the transport equation (2.9) for the individual components of the second-
moments wiw j of the vorticity �uctuations was written in quasi-symbolic form, where
the various terms on the right-hand side are de�ned as follows :

T1ij � � wiuk
¶Wj

¶xk
� w juk

¶Wi

¶xk
, (A.9)

T2ij � � uk
¶wiw j

¶xk
, (A.10)
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S3ij � wiwk
¶u j

¶xk
+ w jwk

¶ui

¶xk
, (A.11)

S4ij � w jwkSik + wiwkSjk, (A.12)

S5ij = S5I
ij + S5I I

ij � (Wk+ 2WF
k )(sikw j + sjkwi), (A.13)

V6ij � n
¶2wiw j

¶xk¶xk
, (A.14)

V7ij � � 2n
�

¶wi

¶xk

¶wj

¶xk

�
. (A.15)

Here, Sij and sij denote the mean and �uctuating parts of the instantaneous st rain-rate
tensor. Notice that WF denotes the constant angular velocity of the steadily rotat ing
frame-of-reference whereas 1

2W is the mean angular velocity associated with the �uid
motion, i.e., half the mean vorticity r� U. The stretching term S5ij has been split in two
parts in order to distinguish between the roles played by mea n �uid rotation (S5I ) and
system rotation (S5I I ).

These expressions for the terms in the individual second-mo ment budgets of the �uc-
tuating vorticity components in a rotating frame-of-refer ence are not available elsewhere.
The above equations have been checked for consistency against the corresponding equa-
tion for the enstrophy provided by Lamballais et al. [23] and Liu and Lu [26]. By con-
traction of the indices i and j in the above terms their equation is recovered. The no-
tion of transport (T), stretching (S), and viscous (V ) terms follows Lamballais et al.[23],
whereas the numbering refers to the order of the terms in Anto nia and Kim [3], which
in turn referred to equation (3.3.38) and the accompanying d iscussion in Tennekes and
Lumley [36].

References

[1] P. H. Alfredsson and N. Tillmark. Instability, transiti on and turbulence in plane Couette
�ow with system rotation. In Laminar Turbulent Transition a nd Finite Amplitude Solutions,
editors, T. Mullin and R. R. Kerswell, pages 173-193, Springer-Verlag, 2005.

[2] C. D. Andereck, S. S. Liu and H. L. Swinney. Flow regimes in a circular Couette system with
independently rotating cylinders. J. Fluid Mech., 164 (198 5), 155-183.

[3] R. A. Antonia and J. Kim. Low-Reynolds-number effects on near-wall turbulence. J. Fluid
Mech., 276 (1994), 61-80.

[4] M. Barri and H. I. Andersson. Anomalous turbulence in rap idly rotating plane Couette �ow.
In Advances in Turbulence XI, edited by J. M. L. M. Palma and A. Silva Lopes, pages 100-102,
Springer-Verlag, 2007.
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