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Abstract. A set of 2D steady state �nite element numerical simulations of electromag-
netic �elds, eddy currents distribution and induction heat ing pattern has been done for
different thicknesses of a metal workpiece. Comparison bet ween the calculation results
show the importance of workpiece thickness on induction hea ting process including
electromagnetic �eld distribution, eddy currents pattern , heating structure and coil
ef�ciency.
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1 Introduction15

Radio frequency induction heating is the process of heating an electrically conducting16

material (usually a metal) by electromagnetic induction, w here eddy currents are gener-17

ated within the workpiece and resistance leads to Joulean heating ( I2R) of the material18

in the form of temporal and spatial volumetric heating. Sinc e induction heating is a19

non-contact process, the heating process does not contaminate the material being heated.20

Because the power goes directly into the heated metal, the process is clean, fast, repeat-21

able, relatively ef�cient, and allows automatic control. Th is can be contrasted with other22

heating methods where heat is generated in a �ame or heating e lement, which is then23

applied to the workpiece. For these reasons induction heati ng leads itself to some unique24

applications in industry and material processing.25

� Corresponding author. Email addresses:mht@basu.ac.ir (M. H. Tavakoli), H.Karbaschi@gmail.com (H.
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An induction heating installation has three important part s: the electrical power source26

for generation of high-frequency energy, the work coil (RF- coil) and the workpiece (metal-27

lic material) where the �nal transfer of the electrical energ y into required heat is occurred.28

The RF-coil must establish suitable electromagnetic �ux li nes in the workpiece and this29

�eld must be powerful enough to do the job such as joining, trea ting, heating and testing.30

The frequency of alternative electrical current used depen ds on the object size, material31

type, penetration depth and coupling between the work coil a nd the object to be heated.32

In this aspect, the amount of induced eddy currents and power as well as their spatial33

distribution in the workpiece are the major parameters to be determined. Understanding34

the physics of these properties is quite crucial and importa nt when designing induction35

heating systems.36

Mathematical modelling combined with computer simulation i s a powerful tool for37

induction heating design and optimization, induction coil design, equipment selection,38

as well as education and business presentations. The traditional approaches to induc-39

tion heating system development were based on a pure “trial a nd error” method. These40

traditional methods for induction coil and process design w ere time consuming and ex-41

pensive due to having to manufacture and modify several indu ctors. These methods42

were also limited in applied cases and could not provide the d eveloper with a good un-43

derstanding of what is going on in a given induction heating s ystem or information on44

why a given induction system worked or did not work properly. Today, more and more45

induction heating designers are shifting their developmen t process from traditional em-46

pirical methods to computer simulation or a combination of b oth. Computer simulation47

provides induction process designers with a wealth of infor mation on the system dy-48

namics. It also can be used to explain, demonstrate and predict the process sensitivity49

to changes of an induction system. The early mathematical models of induction heating50

involved closed form analytical expressions [1–5]. The extensive majority of induction51

heating have been modeled using the �nite difference method ( FDM) [6–8], the �nite el-52

ement method (FEM) [9–16], the boundary element method (BEM) [ 17–19], the hybrid53

FEM-BEM method [20–23] and the impedance boundary condition (IBC) [24–29]. Over54

the past 30 years, the numerical treatment of induction proc esses has developed to the55

point where, today, there are numerous software packages available commercially, some56

of which include capabilities to treat complex problems in w hich electromagnetic �elds57

are coupled to material properties, thermal process, and mechanical deformations.58

In this article, we try to investigate the effects of workpie ce thickness on the strength59

and distribution of the electromagnetic �elds, eddy current s and heat generation in the60

setup. To do it, different thicknesses of a cylindrical stee l workpiece (i.e. tiny, thin and61

thick) are considered corresponding to real applications o f the RF-heating system.62

2 Mathematical model63

2.1 Governing equations64
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For calculating an electromagnetic �eld it is necessary to so lve Maxwell's equations [30–65

32]. In order to solve these equations for our purpose, we hav e to make several assump-66

tions: (1) the system is rotationally symmetric about the z-axis, i.e., all quantities are67

independent of the azimuthal coordinate f , (2) all materials are isotropic, non-magnetic68

and have no net electric charge, (3) the displacement current is neglected, (4) the distri-69

bution of electrical current (also voltage) in the RF-coil i s uniform, (5) the self-inductance70

effect in the RF-coil is taken into account, (6) the currents (impressed and induced) have a71

steady state quality and as a result the electromagnetic �eld quantities are harmonically72

oscillating functions with a �xed single frequency.73

Under these assumptions, Maxwell's equations in differenti al form and in the “mks”
units (meter-kilogram-second-coulomb) can be written as:

r� E= 0, (from Gauss's law) (2.1)

r� B= 0, (from Gauss's law) (2.2)

r� B= mJ, (from Ampere's law) (2.3)

r� E= �
¶B
¶t

, (from Faraday's law) (2.4)

J= sE, (2.5)

where E is the electric �eld intensity, B is the magnetic �ux density, J is the free charge74

current density, mis the magnetic permeability and s is the electrical conductivity of the75

medium, which is a non-zero value only in metallic parts.76

Introducing the vector potential A as77

B= r� A (2.6)

and assuming axi-symmetric condition, we can transform Eqs . (2.1)-(2.5) into a simple78

scalar equation [33,34]79

¶
¶r

�
1
r

¶YB

¶r

�
+

¶
¶z

�
1
r

¶YB

¶z

�
= � mJf (2.7)

in which YB is the magnetic stream functionde�ned by YB(r,z,t) � rA f (r,z,t), where A f is80

the azimuthal component of A and (r,f ,z) is the cylindrical coordinates. In other words,81

we assume that all currents (driving and induced) �ow only in the azimuthal direction82

both in the coil and the workpiece.83

If we include the self-inductance effect in the induction co il as eddy currents repre-84

sented by Je= � (sco/ r)(¶YB/ ¶t), then85

Jf =

8
><

>:

Jd+ Je= Jd �
sco

r
¶YB

¶t
driving and eddy currents in the coil,

Je= �
sw

r
¶YB

¶t
eddy currents in the workpiece,

(2.8)
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where scoand sw are the electrical conductivity of the RF-coil and workpiec e, respectively.86

Setting Jd = J0coswt as the driving current in the coil we can �nd a solution of the fo rm87

YB(r,z,t) = C(r,z)coswt+ S(r,z)sinwt, (2.9)

where C(r,z) is the in-phase component and S(r,z) is the out-of-phase component of the88

solution.89

Now the coupled set of elliptic PDE's for C(r,z) and S(r,z) is:

¶
¶r

�
1
r

¶C
¶r

�
+

¶
¶z

�
1
r

¶C
¶z

�
=

8
>>><

>>>:

� mco

�
J0�

scow
r

S
�

coil,

mwsww
r

S workpiece,

0 elsewhere,

(2.10)

¶
¶r

�
1
r

¶S
¶r

�
+

¶
¶z

�
1
r

¶S
¶z

�
=

8
>>><

>>>:

� mco
scow

r
C coil,

�
mwsww

r
C workpiece,

0 elsewhere.

(2.11)

After solving (2.10) and (2.11) for C(r,z) and S(r,z), the eddy currents distribution and
the energy dissipation rate can be computed via

Je=
sww

r

�
C(r,z)sinwt � S(r,z)coswt

�

= JSsinwt+ JCcoswt (2.12)

and

P(r,z,t) =
J2
f

s
(2.13)

=

8
>>><

>>>:

scow2

r2

"

C2sin2wt+
�

J0r
scow

� S
� 2

cos2wt+ C
�

J0r
scow

� S
�

sin2wt

#

coil,

sww2

r2

�
C2sin2wt+ S2cos2wt � CSsin2wt

�
workpiece.

Thus, the power is generated in all metallic parts (includin g RF-coil) as a function of 2w.
The period for this time-dependence is t = 2p / w = 10� 4 s for a 10 kHz induction system.
Since the time-harmonic function is so short, representati on of the heat generation by the
time averaged quantity is more useful, which we average over one period to obtain the
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volumetric heat generation rate,

q(r,z) =
w
2p

Z 2p / w

0
P(r,z,t) dt

=

8
>>><

>>>:

scow2

2r2

"

C2+
�

J0r
scow

� S
� 2

#

coil,

sww2

2r2 (C2+ S2) workpiece.

(2.14)

The boundary conditions are YB = 0; both in the far �eld (r,z! ¥ ) and at the axis of90

symmetry (r = 0).91

The involved partial differential equations require using a numerical discretization92

method to solve them. The calculation of the fundamental equ ations with boundary con-93

ditions has been made with 2D �nite element method. After solv ing the set of equations94

we can obtain the electromagnetic �eld and eddy currents dist ribution as well as the95

power densities in all parts of the studied system.96

Table 1: Values of electrical conductivity(mho/ cm) used in our calculations; the subscriptsco and w denote
coil (copper) and workpiece (steel), respectively.

Symbol Value
sco 5.9� 105

sw 4.0� 104

2.2 The calculation conditions97

Values of electrical conductivity employed for our calcula tions are presented in Table98

1 and operating parameters are listed in Table 2. We consider the following setup: A99

right cylindrical conductor load (i.e. steel workpiece) in the direction of Oz (i.e. Oz is100

the centerline). This workpiece is surrounded by a multitur n cylindrical induction coil101

with 6 hollow rectangular-shaped copper turns, Fig. 1. In a r eal induction system this102

coil is usually cooled very ef�ciently by water �owing inside the coil turns. Therefore103

it is realistic to assume that the coil is always at room tempe rature. We assume a total104

voltage of the coil Vcoil = 200 v with a frequency of 10 kHz. The driving current density105

in the induction coil is calculated by J0 = scoVcoil/ (2p RcoN), where Rco is the mean value106

of the coil radius and N is the number of coil turns. For the magnetic permeability ( m)107

we assume that it is everywhere the constant value of free spacem= mr m0 ' m0 (i.e. mr ' 1)108

where mr is the relative magnetic permeability.109

The quantity dw = ( 2/ mwsww)1/2 has the dimension of a length and is called the skin110

depth (or penetration depth). It is a measure of the �eld penetratio n depth into the111

conductors. In our calculation the corresponding skin dept h of the steel workpiece is112

dw = 2.5 mm. For the metal workpiece, different thicknesses are considered compared to113
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Table 2: Operating parameters used for calculations.

Description (units) Symbol Value
Workpiece outer radius (mm) rw 50
Workpiece thickness (mm) lw 2,5,10,55
Workpiece height (mm) hw 186
Coil inner radius (mm) rco 85
Coil width (mm) lco 10
Coil wall thickness (mm) lco 1
Height of coil turns (mm) hco 13
Distance between coil turns (mm) dco 3

Figure 1: Sketch of the induction heating setup including a right cylindrical workpiece and a multiturn RF-coil.

corresponding skin depth, tiny ( lw = 2 mm< dw), thin ( lw = 5 mm< 3dw) and thick ( lw = 10114

and 55 mm> 3dw).115

It should be mentioned here that since induction heating is a very complicated pro-116

cess, we can not expect accurate simulation of the whole chain of coupled phenomena117

— electromagnetic, thermal, mechanical, hydrodynamic and metallurgical — during a118

heating process. The most important and controllable proce ss is electromagnetic which119

is analyzed here.120

The results based on this set of parameters will be presentednow.121

3 Results and discussion122

We explain the results of induced electromagnetic �elds, edd y currents distribution and123

power pattern in a RF-heating setup including an induction c oil and a cylindrical work-124

piece with different thicknesses ( lw = 2,5,10,55mm) and unique hight.125
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Figure 2: Components of the magnetic stream function(YB) calculated for the case oflw = 2 mm (tiny)
workpiece thickness. The right hand side shows the in-phasecomponent (C) with Cmax= 3.0� 10� 6 weberon
the lowest and top edges of the RF-coil andCmin = � 3.3� 10� 6 weberon the middle of the workpiece outer
surface. The left hand side shows the out-of-phase component(S) with Smax= 9.0� 10� 5 weberon the outer
surfaces of the induction coil turns.

Figure 3: Components of the magnetic stream function(YB) calculated for the case oflw = 5 mm (thin)
workpiece thickness. The right hand side shows the in-phasecomponent with Cmax= 3.0� 10� 6 weberand
Cmin = � 2.4� 10� 6 weber. The left hand side shows the out-of-phase component withSmax= 9.0� 10� 5 weber.

3.1 Electromagnetic �eld distribution126

The starting point for our study is a tiny sample cylindrical workpiece with a 2 mmthick-127

ness. Fig. 2 shows the distribution of in-phase component (r ight hand side) and out-128

of-phase component (left hand side) of the magnetic stream function for this case. The129

maximum of in-phase component ( C) is located at the lowest and top edges of the RF-coil130
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Figure 4: Components of the magnetic stream function(YB) calculated for the case oflw = 10 mm workpiece
thickness. The right hand side shows the in-phase component with Cmax = 3.3� 10� 6 weber and Cmin =
� 2.4� 10� 6 weber. The left hand side shows the out-of-phase component withSmax= 9.0� 10� 5 weber.

Figure 5: Components of the magnetic stream function(YB) calculated for the case oflw = 55 mm (thick)
workpiece thickness. The right hand side shows the in-phasecomponent with Cmax= 3.3� 10� 6 weberand
Cmin = � 2.4� 10� 6 weber. The left hand side shows the out-of-phase component withSmax= 9.0� 10� 5 weber.

(Cmax= 3.0� 10� 6 weber) while the minimum ( Cmin = � 3.30� 10� 6 weber) is located on the131

middle of the outer surface of workpiece. For the out-of-pha se component (S), the max-132

imum is located at the outer surfaces of the induction coil tu rns (Smax= 9.0� 10� 5 weber)133

and its distribution has a linear gradient in the space betwe en the coil and the workpiece.134

The workpiece tends to force the electromagnetic �eld compon ents out of its body and135

makes them more intense in the space between the workpiece and the coil compared to136

other places.137
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It is interesting to note that both components are quite smal l and also jS/ Cj � 1 in the138

workpiece where the required heat generation occurs. As a result, both components take139

part in the required heat generation equally, according to E q. (2.14).140

Figs. 3-5 illustrate the spatial distribution of in-phase a nd out-of-phase components141

of the magnetic stream function for the cases of lw = 5,10 and 55mmworkpiece thickness,142

respectively. Some interesting advantages are,143

� Although the distribution and intensity of the S-�eld component is clearly similar144

in all cases but this is not true for the C-�eld component. The C-�eld intensity vanishes145

rapidly in the workpiece area with increasing its thickness (lw), i.e., the C-�eld intensity146

has a large gradient in the thick workpieces. On the other sid e, although Cmax remains147

approximately constant but jCminj decreases with increasing the workpiece thickness.148

� Deformation and distortion of the C-component in the area close to the top and149

bottom edges of the workpiece and RF-coil is particularly ev ident for all cases (edge ef-150

fect). This distortion is stronger for the workpiece corner s in the case oflw = 2 mm (tiny151

workpiece).152

� Distribution of the in-phase component ( C) depends on the geometry of both in-153

duction coil and workpiece, while the out-of-phase compone nt (S) mainly depends on154

the con�guration of RF-coil where the driving current is prod uced.155

3.2 Eddy currents distribution156

Fig. 6 shows the distribution of in-phase component and out- of-phase component of the157

eddy currents (i.e. JC and JS) in the workpiece for the cases of lw = 2,5,10 and 55mm,158

respectively. Some interesting aspects are as follow,159

� It is seen that the distributions of both components have a da mped wave shape160

which is a result of propagation of electromagnetic wave in t he conductor workpiece [35],161

Fig. 7.162

� Both components are always in the opposite direction to the d riving current J0 (be-163

causeJC < 0 and JS< 0) on the outer surface of the workpiece side wall.164

� In all cases, both Jmin
C and Jmin

S are located on the middle of the outer surface of the165

workpiece side wall. Jmin
S shows the related wave crest which is not true for Jmin

C .166

� Although the position of Jmin
S is the same asJmin

C for all cases but it is different for167

the Jmax
S location. In the cases of tiny and thin workpieces (i.e. lw < 3dw) it is located on168

the inner surface and close to the ends because of intense edge effect compared to thick169

workpieces. With increasing workpiece thickness, its posi tion is moved to the middle170

part and a distance of � 2.5dw from the outer surface.171

� With increasing the workpiece thickness, JC increases and reaches a constant value172

in thick workpieces. For JS, although Jmin
S is approximately constant but Jmax

S decreases173

with increasing workpiece thickness and becomes constant for lw > 2dw.174

� For thick workpiece (i.e. the case of lw = 55 mm), all effective eddy currents are175

located in a distance of � 6dw from the outer side wall surface and as a result no current176

in the inner portion.177
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Figure 6: Components of the eddy currents distribution calculated for the workpiece with thickness of (a)lw =
2 mm (Jmax

C = 1.5� 106, Jmin
C = � 8.0� 106, Jmax

S = � 0.45� 107, Jmin
S = � 1.5� 107), (b) lw= 5 mm (Jmax

C = 4.0� 106,
Jmin
C = � 1.2� 107, Jmax

S = � 0.05� 107, Jmin
S = � 1.05� 107), (c) lw = 10 mm (Jmax

C = 0.25� 107, Jmin
C = � 1.2� 107,

Jmax
S = � 0.1� 107, Jmin

S = � 1.1� 107) and (d) lw= 55 mm (Jmax
C = 0.25� 107, Jmin

C = � 1.2� 107, Jmax
S = � 0.05� 107,

Jmin
S = � 1.1� 107). The up shows the in-phase component (JC) and the down shows the out-of-phase component

( JS).

� In most publications devoted to induction heating and induc tion heat treating [30–178

32], distribution of eddy current densities along the workp iece thickness is simpli�ed179

and introduced as being always exponentially decreasing fr om the surface into the work-180

piece. This assumption can only be used in induction heating calculations for the purpose181

of rough engineering estimations. For the cases consideredhere, the currents density dis-182

tribution along the radius/thickness has a wave-shaped for m (except for tiny workpiece),183

which is signi�cantly different from the classical exponent ial distribution. The maximum184

current density is located at the outer surface. Then the cur rent density decreases toward185

the core and once it reaches a certain distance from the surface (� 2.5dw), the current186
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Figure 7: The damped wave-shaped pro�les of the eddy currentscomponents along A-B line of the workpiece
thickness for the case oflw = 55 mm.

density starts to increase in opposite direction and after r eaching a maximum it starts to187

decrease again.188

3.3 Heating pattern189

The volumetric heat generation rate ( q) in the workpiece has been shown for all cases in190

Fig. 8. The power intensity is at its maximum value at the midd le portion of the outer191

surface of the workpiece wall (where the Jmin
C and Jmin

S are located) and falls off about192

exponentially inward. The outer surface to core heating dif ference is a result of the skin193

effect (the phenomena of nonuniform induced alternative cu rrent distribution within the194

conductor cross section) [30–32]. The most important features are:195

� The appearance of varies heating patterns is caused directly by difference in the196

eddy currents distribution in the workpiece.197

� The spatial distribution of heat generation in the inductio n coil is mostly uniform198

with local “hot spots” (highly heated areas) at the lowest an d upper edges. The skin199

effect and proximity effect (the effect on current distribu tion in a conductor when an-200

other conductor is placed nearby) are responsible for these hot spots. Since the currents201

(driving and induced) have the same direction in the coil tur ns, the eddy currents will be202

concentrated on opposite side of the induction coil (i.e., t he top and lowest surfaces).203

� With increasing the workpiece thickness the total heat gene ration in the workpiece204

as well as the RF-coil decreases. In other words, the total power generation in the system205

reduces in thick workpieces. It is worthy to mention that wit h reduction of total heat206

generation of the system the coil ef�ciency (i.e. the part of t he energy delivered to the coil207

that is transferred to the workpiece) decreases too.208
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Figure 8: Volumetric power distribution (q) in the workpiece with thickness of (a)lw = 2 mm (qworkpiece
max =

3.6� 107 W/ m3), (b) lw = 5 mm (qworkpiece
max = 3.3� 107 W/ m3), (c) lw = 10 mm (qworkpiece

max = 3.2� 107 W/ m3)

and (d) lw = 55 mm (qworkpiece
max = 3.0� 107 W/ m3). For a better demonstration the workpiece is magni�ed in

the cases oflw = 2 mm and lw = 5 mm.

Figure 9: The wave-shaped pro�les of the heat generated along the outer surface of the workpiece side wall for
the case of (a)lw = 2 mm , (b) lw = 5 mm, (c) lw = 10 mm and (d) lw = 55 mm.

� There are relatively hot spots at the top and bottom corners o f the workpiece which209

are a direct result of edge effect and distortion of electrom agnetic �led in those areas,210

Fig. 9.211

Detail information about the heat generated in the system, c alculated for different212

workpiece thicknesses have been shown in Table 3.213
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Table 3: Detail information about the heat generated in the heating setup, calculated for the cases oflw =
2,5,10,55mm workpiece thickness.

Case Part Heat generated (Watt) Percentage (%)
lw = 2 mm, workpiece 2037 63

RF-coil 1200 37
lw = 5 mm, workpiece 1416 54

RF-coil 1204 46
lw = 10 mm, workpiece 1480 55

RF-coil 1195 45
lw = 55 mm, workpiece 1482 55

RF-coil 1200 45

4 Conclusions214

To study the dependence of electromagnetic distribution, e ddy currents density and heat-215

ing pattern on the workpiece thickness, a set of numerical co mputations was performed.216

From the obtained results we can conclude:217

� The spatial structure of electromagnetic �eld is a complex fu nction of the workpiece218

and the RF-coil geometry.219

� The eddy currents distribution within the workpiece and RF- coil is not uniform.220

This current nonuniformity causes a nonuniform heating pat tern in the workpiece which221

in turn leads to a nonuniform temperature pro�le in the workpi ece.222

� The induced eddy currents within the workpiece are mostly or iented in the opposite223

direction of the coil driving current. The maximum value of t his opposite currents ( Jmin
C224

and Jmin
S ) are always located on the outer surface of the workpiece sid e wall and decrease225

toward the core as a damped wave-shaped form. After this surf ace layer (� 2.5dw) of226

the workpiece there is an relatively weak eddy current in the same direction of the coil227

source current. There is no current �ow at the center area of t he thick workpieces.228

� Because the current densities are concentrated in the external areas of workpiece,229

the resulting heating density is mainly produced in those ar eas (external heating) and230

the internal heating (core heating) will be considerably we ak for the operating frequency231

considered here.232
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