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Abstract. An energy-stable full discretization for the modified elastic flow of closed
curves is proposed. This is a gradient flow of a modified elastic energy combining bend-
ing and Dirichlet energies. The minimization of Dirichlet energy can lead to improved
mesh quality. Gradient flows for both isotropic and anisotropic cases are considered. We
derive new evolution equations for the parameterization and curvature vector of curves
in arbitrary codimension. The proposed formulation is discretized by a parametric finite
element method in space and a first-order implicit scheme in time. We establish the
unconditional energy stability for the fully discretized scheme. Additionally, the second-
order accuracy of the BDF2 scheme is demonstrated. Numerical examples in two and
three dimensions illustrate the efficiency, energy stability, and asymptotic mesh distribu-
tion of the method for simulating the modified elastic flow.
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1. Introduction

The elastic energy functional is of great importance in various fields, including differ-
ential geometry, computer graphics, and mathematical modeling [10, 11, 26, 36]. Elastic
flow describes the dynamic motion of a curve driven by elastic energy minimization. The
equilibrium shapes associated with critical points of the elastic energy are known as elas-
tic curves. In this paper, we present energy-stable numerical schemes for the simulation
of elastic flow of closed curves with isotropic and anisotropic energies in Rn, n ∈ N+ and
n≥ 2.

Isotropic case. Recall that the classical isotropic elastic energy is defined by

Eλ̃1
(t) = E(t) + λ̃1 L(t), (1.1)
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where E(t) =
∫

Γt
|κ|2ds/2 and L(t) =

∫

I
|xρ|dρ are respectively the bending energy and

the length functional, λ̃1 ≥ 0 is a constant, s denotes the arc-length of a curve Γt , ds =

|xρ|dρ, ρ ∈ Ī = [0,1] is a time-independent variable, and I= R/Z represents the periodic
unit interval. Besides, the isotropic curvature vector κ is defined by

κ = x ss, (1.2)

and x (·) = (x1(·), x2(·), · · · , xn(·)) : Ī → Rn denotes the parameterization of a curve. Let
τ = x s be the tangent vector and ∇s f := f s − ( f s · τ)τ denote the normal projection of
a vector-valued function f . The L2-gradient flow of Eλ̃1

(t) is given by

x t = −∇
2
sκ−

1

2
|κ|2κ+ λ̃1κ.

It is called the isotropic elastic flow. Here we consider a modified isotropic elastic energy
Eλ1
(t) penalized by the Dirichlet energy D(t) as follows:

Eλ1
(t) = E(t) +λ1D(t), D(t) :=

1

2

∫

I

|xρ|
2dρ, (1.3)

where λ1 ≥ 0 is a constant. The minimization of D(t) is effective for improving the mesh
quality in evolving interface problems, as shown in [17–19]. The L2-gradient flow of the
isotropic energy functional Eλ1

(t) is given by

x t = −∇
2
sκ−

1

2
|κ|2κ+λ1xρs. (1.4)

We refer to (1.4) as the modified isotropic elastic flow. In the previous work [33], the
authors illustrated that the set of stationary points of Eλ1

(t) is equivalent to that of the
classical isotropic elastic energy Eλ̃1

(t). This observation is beneficial for analyzing error
estimates and improving the mesh quality, since it allows minimizing the Dirichlet energy.
Therefore, we consider the energy functional (1.3) instead of (1.1).

Anisotropic case. The classical anisotropic elastic energy Eλ̃2
is defined as

Eλ̃2
(t) = Eγ(t) + λ̃2 Lγ(t), (1.5)

where Eγ(t) :=
∫

Γt
|κγ|

2ds/2 and Lγ(t) :=
∫

I
γ(xρ)dρ are respectively the anisotropic

bending energy and the weighted length functional, and λ̃2 ≥ 0 is a constant. Moreover,
the anisotropic function γ ∈ C2(Rn\{0},R+) ∩ C(Rn,R+) is convex, and positively homo-
geneous of degree one — i.e.

γ(λp) = λγ(p) for all p ∈ Rn and all λ ∈ R+.

This yields
γ′(p) · p = γ(p), γ′′(p)p = 0 for all p ∈ Rn\{0}, (1.6)
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where γ′ and γ′′ are respectively the gradient and the Hessian matrix of γ. The anisotropic
curvature vector κγ is defined by

κγ = (γ
′(x s))s. (1.7)

The L2-gradient flow of (1.5) has the form

x t =
�

γ′′(x s)(κγ)s
�

s
−

1

2

�

|κγ|
2x s

�

s
+ λ̃2κγ.

Similarly, we consider a modified anisotropic elastic energy Eλ2
defined as

Eλ2
(t) = Eγ(t) +λ2Dγ(t), Dγ(t) :=

1

2

∫

I

γ2(xρ)dρ, (1.8)

where Dγ(t) is the Dirichlet energy related to the anisotropic curve, andλ2 ≥ 0 is a constant.
The L2-gradient flow of Eλ2

(t) is given by

x t = −
�

γ′′(x s)(κγ)s
�

s
−

1

2

�

|κγ|
2x s

�

s
+λ2

�

γ(xρ)γ
′(xρ)
�

s
(1.9)

= −∇s

�

γ′′(x s)(κγ)s
�

−
1

2
|κγ|

2κ+λ2

�

γ(xρ)(γ
′(x s))s + (γ(xρ))sγ

′(x s)
�

, (1.10)

where we use γ′(xρ) = γ
′(x s). We call (1.10) the modified anisotropic elastic flow. Note

that Eλ̃2
and Eλ2

share the same extremal points in the following sense. On the one hand,
the first three terms on the right-hand side of (1.10) are all in the normal direction. The
tangential velocity of x is given by

x t ·τ = λ2

�

γ(xρ)
�

s
γ′(x s) · x s = λ2

�

γ(xρ)
�

s
γ(x s).

Thus, the stationary point of Eλ2
along the tangential direction satisfies the identity (γ(xρ))s

= 0, which implies γ(xρ) = c1 (a constant). Consequently, a stationary point of Eλ2
is also a

stationary point of Eλ̃2
for λ̃2 = c1λ2/2. On the other hand, if x is a stationary point of Eλ̃2

,

then we have γ(xρ) = c2 (a constant) and x is a stationary point of Eλ2
for λ2 = 2λ̃2/c2.

The energy decay property is an inherent characteristic of the gradient flow problem
associated with an energy functional. Therefore, it is important to investigate this prop-
erty of the discrete solution. There are some numerical schemes for the solutions of elastic
flow [5, 6, 15]. However, because of the high nonlinearity of the elastic energy, these ap-
proaches could only guarantee the energy stability for the spatial semi-discretization. Later,
Bao and Li [4] made a breakthrough by introducing a set of geometric equations that are
equivalent to the original geometric flow. This allowed them to construct an energy-stable
full discretization scheme for the planar Willmore flow. In this paper, we extend the ap-
proach of Bao and Li to the modified elastic flow. Recently, Barrett et al. [21] proposed
an energy stable discretization of the planar Willmore flow based on BGN method, which
has a good mesh quality. As far as the theoretical analysis of elastic flows ia concerned,
the convergence and existence results are established in [12, 20, 25, 30]. Besides, there
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are various studies focused on numerical approximation of elastic flows and other related
issues — cf. [1,7,8,13,14,16,24,27–29,31–35,37] and references here.

High mesh quality is essential in numerical simulations of curve evolutions. Various
methods have been proposed to improve it. The BGN method is effective for solving ge-
ometric flows with tangential movements [2, 3, 5, 6]. Mesh adaptivity is another way to
improve mesh quality [9], but it is time-consuming. To obtain optimal error convergence
under an asymptotic mesh distribution, an artificial tangential velocity based on the BGN
method is introduced in [22]. Additionally, the DeTurck trick [19] is employed to solve the
mean curvature flow by coupling it with a harmonic map heat flow, demonstrating good
mesh behavior through its approximation of the conformal map. The modified harmonic
heat flow based on the DeTurck trick has been analyzed in [17,18]. This method allows for
good mesh-preserving evolution in small time steps. The approach of replacing the length
functional with Dirichlet energy has been developed in [33] for the elastic flow. Inspired
by these works, we primarily focus on parametric finite element approximation of modified
isotropic and anisotropic elastic flows of closed curves, which exhibit both energy decay
properties and good mesh quality.

The current work begins by rewriting the original equations (1.4) and (1.9) by using
relationships between various geometric quantities and deriving the evolution equation for
the curvature vector of a curve. The energy stability is first proven in the variational for-
mulation and then extended to semi-discrete and fully discrete schemes. For the nonlinear
algebraic system, Newton’s method is adopted. To verify the effectiveness, energy stability,
and mesh quality of the proposed approach, we select various non-trivial curves in both R2

and R3 as initial configurations.
The rest of the manuscript is structured as follows. In Section 2, we propose novel

geometric equations for the modified elastic flow with isotropic and anisotropic energies of
curves in Rn and derive the corresponding variational formulations. In Section 3, a linear
parametric finite element method is employed to approximate the weak formulation in
space and analyze its energy stability. In Sections 4 and 5, the backward Euler method and
the second-order BDF method are adopted to approximate the semi-discretization in the
time direction. It is proven that the full discretization using the backward Euler method is
unconditionally energy-stable. In Section 6, numerical experiments are performed to test
the convergence rate, mesh ratio, and energy decay property of the fully discrete scheme.

2. Mathematical Models

2.1. Isotropic case

The following lemma presents an alternative evolution equation for the parameteriza-
tion of a curve in Rn evolving under the gradient flow with the modified isotropic elastic
energy.

Lemma 2.1. For a curve in arbitrary codimension evolving under the modified isotropic elastic
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flow (1.4), the evolution equation of the parameterization x can be rewritten as

x t = −

�

κs − (κs · x s)x s +
1

2
|κ|2x s −λ1xρ

�

s

.

Proof. We first note that

(∇sκ)s =
�

κs − (κs · x s)x s

�

s

= κss − (κss · x s +κs · x ss)x s − (κs · x s)x ss

= κss − (κss · x s)x s − (κs ·κ)x s − (κs · x s)κ,

where the last equality used the definition of κ in (1.2). Then we obtain

∇2
s
κ = (∇sκ)s −
�

(∇sκ)s · x s

�

x s =
�

κs − (κs · x s)x s

�

s
+ (κs ·κ)x s, (2.1)

where we have used the facts |x s| = 1 and κ · x s = (|x s|
2)s/2= 0. Finally, submitting (2.1)

into (1.4) yields

x t = −
�

κs − (κs · x s)x s

�

s
− (κs ·κ)x s −

1

2

�

|κ|2x s

�

s
+ (κs ·κ)x s +λ1xρs

= −

�

κs − (κs · x s)x s +
1

2
|κ|2x s −λ1xρ

�

s

,

and the proof is complete.

The following lemma presents an evolution equation for the curvature vector, which
holds for all geometric flows of curves in Rn.

Lemma 2.2. For the curvature vector κ of a curve in arbitrary codimension, it satisfies the

following evolution equation:

κt =
�

x ts − (x s · x ts)x s

�

s
− (x s · x ts)κ.

Proof. Taking the time derivative of κ in (1.2) yields

κt = (x ss)t = x sts − (x s · x ts)κ =
�

x ts − (x s · x ts)x s

�

s
− (x s · x ts)κ,

where we twice used the identity (·)st = (·)ts − (x s · x ts)(·)s, cf., e.g. [4].

Thus, for the modified isotropic elastic flow, we consider the following coupled system:

x t = −

�

κs − (κs · x s)x s +
1

2
|κ|2x s −λ1xρ

�

s

, (2.2)

κt =
�

x ts − (x s · x ts)x s

�

s
− (x s · x ts)κ (2.3)

in I× (0, T ], together with the initial data

x (0) = x 0, κ(0) = κ0 in Ī.

2.2. Anisotropic case

Here, we introduce an evolution equation of the anisotropic curvature vector of curves,
which is an extension of the isotropic case.
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Lemma 2.3. The anisotropic curvature vector κγ of a curve in arbitrary codimension satisfies

the following evolution equation:

(κγ)t =
�

γ′′(x s)x ts

�

s
− (x s · x ts)κγ.

Proof. Taking the time derivative of κγ defined in (1.7) yields

(κγ)t =
�

γ′(x s)
�

st

=
�

γ′(x s)
�

ts
− (x s · x ts)
�

γ′(x s)
�

s

=
�

γ′′(x s)x st

�

s
− (x s · x ts)κγ

=
�

γ′′(x s)
�

x ts − (x s · x ts)x s

��

s
− (x s · x ts)κγ

=
�

γ′′(x s)x ts

�

s
− (x s · x ts)κγ,

where we have used the identity γ′′(x s)x s = 0 from (1.6) and the identity (·)st = (·)ts −

(x s · x ts)(·)s from [4].

Thus, for the modified anisotropic elastic flow, we consider the following coupled sys-
tem:

x t = −

�

γ′′(x s)(κγ)s +
1

2
|κγ|

2x s − λ2γ(xρ)γ
′(xρ)

�

s

, (2.4)

(κγ)t =
�

γ′′(x s)x ts

�

s
− (x s · x ts)κγ (2.5)

in I× (0, T ], along with the initial data

x (0) = x 0, κγ(0) = κγ0
in Ī.

We note that for γ(p) = |p| the Eqs. (2.4)-(2.5) reduce to (2.2)-(2.3). Hence, the isotropic
problem is a special case of the anisotropic problem.

3. Weak Formulation and Energy Stability

In order to derive the weak formulations for the modified isotropic elastic flow (2.2)-
(2.3) and the modified anisotropic elastic flow (2.4)-(2.5), we introduce the function space

L2(Γt) =

¨

µ : Γt → R
�

�

�

∫

Γt

|µ|2ds < +∞

«

,

and the L2-inner product

(µ,ψ)Γt =

∫

Γt

µ(s)ψ(s)ds, µ,ψ ∈ L2(Γt).

Then the Sobolev space H1(Γt) is defined by

H1(Γt) =

n

µ : Γt → R
�

�

� µ ∈ L2(Γt), µs ∈ L2(Γt)

o

.
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3.1. Isotropic case

Following the above definitions, we respectively multiply the identities (2.2) and (2.3)
by the test functionsη ∈ [H1(Γt)]

n and ξ ∈ [H1(Γt)]
n and integrate by parts, thus obtaining

the following weak formulation: Given initial data (x 0,κ0) ∈ [H
1(Γt)]

n × [H1(Γt)]
n, find

the weak solution (x (t),κ(t)) ∈ [H1(Γt)]
n × [H1(Γt)]

n such that

(x t ,η)Γt =
�

κs − (κs · x s)x s +
1

2
|κ|2x s − λ1xρ,ηs

�

Γt

, (3.1)

�

κt ,ξ
�

Γt
= −
�

x ts − (x s · x ts)x s,ξs

�

Γt
−
�

(x s · x ts)κ,ξ
�

Γt
(3.2)

for t ∈ (0, T ]. Then the following energy-stable property for the modified isotropic elastic
flow is available.

Theorem 3.1. For (x (t),κ(t)) ∈ [H1(Γt)]
n × [H1(Γt)]

n with the initial curve Γ0, the weak

formulation (3.1)-(3.2) has the energy-decay property

Eλ1
(t) ≤ Eλ1

( t̃) ≤ Eλ1
(0) =

1

2

∫

Γ0

|κ0|
2ds+

λ1

2

∫

I

|(x 0)ρ|
2dρ for all t ≥ t̃ > 0.

Proof. The proof is analogous and simple to the argument in the anisotropic case, i.e.,
Theorem 3.2.

3.2. Anisotropic case

Similar to isotropic case, we obtain weak formulation for the modified anisotropic elas-
tic flow (2.4)-(2.5): Given initial data (x 0,κγ0

) ∈ [H1(Γt)]
n×[H1(Γt)]

n, find (x (t),κγ(t)) ∈
[H1(Γt)]

n × [H1(Γt)]
n such that

(x t ,η)Γt =
�

γ′′(x s)(κγ)s +
1

2
|κγ|

2x s −λ2γ(xρ)γ
′(xρ),ηs

�

Γt

, (3.3)

�

(κγ)t ,ξ
�

Γt
= −
�

γ′′(x s)x ts,ξs

�

Γt
−
�

(x s · x ts)κγ,ξ
�

Γt
(3.4)

for all (η,ξ) ∈ [H1(Γt)]
n × [H1(Γt)]

n and t ∈ (0, T ].
Then the following energy-stable property for the modified anisotropic elastic flow is

available.

Theorem 3.2. For (x (t),κγ(t)) ∈ [H
1(Γt)]

n × [H1(Γt)]
n with the initial curve Γ0, the weak

formulation (3.3)-(3.4) has the energy-decay property

Eλ2
(t) ≤ Eλ2

( t̃)≤ Eλ2
(0) =

1

2

∫

Γ0

|κγ0
|2ds+

λ2

2

∫

I

γ2
�

(x 0)ρ
�

dρ for all t ≥ t̃ > 0. (3.5)
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Proof. Taking the time derivative of Eλ2
(t) yields

d

d t
Eλ2
(t) =

1

2

d

d t

∫

Γt

|κγ|
2ds+

λ2

2

d

d t

∫

I

γ2(xρ)dρ

=
�

(κγ)t ,κγ
�

Γt
+

1

2

�

|κγ|
2x s, x ts

�

Γt
+λ2

�

γ(xρ)γ
′(xρ), x ts

�

Γt
,

where we have used the identities xρ t = |xρ|x ts and |xρ|t = |xρ|x s · x ts. Let η = x t and
ξ = κγ in (3.3) and (3.4), respectively, we obtain

�

x t , x t

�

Γt
+
�

(κγ)t ,κγ
�

Γt
= −

1

2

�

|κγ|
2x s, x ts

�

Γt
−λ2

�

γ(xρ)γ
′(xρ), x ts

�

Γt
.

Then we deduce that
d

d t
Eλ2
(t) = −(x t , x t)Γt ≤ 0,

which immediately implies (3.5).

4. Spatial Semi-Discretized Scheme and Energy Stability

In this section, we discretize the weak formulations of isotropic elastic flow (3.1)-
(3.2) and anisotropic elastic flow (3.3)-(3.4) in spatial direction, and establish the en-
ergy stability of the corresponding semi-discretizations. We divide the reference interval
I into a set of uniform partitions: [0,1] = ∪J

j=1 I j = ∪
J
j=1[ρ j−1,ρ j], J ≥ 3, with nodes

ρ j = jh, j = 0, . . . , J and h = J−1. The linear finite element space Vh with the periodic
boundary condition is defined by

V
h :=
¦

µh ∈ C (̄I)
�

� µh|I j
∈ P1(I j), j = 1, . . . , J , µh(ρ0) = µ

h(ρJ)
©

,

where P1(I j) refers to the set of all polynomials on I j of the degree at most 1. Let xh(I, t) =

(xh
1(I, t), xh

2(I, t), · · · , xh
n
(I, t))T ∈ [Vh]n be an approximation of the parameterization x (t)

and {h j}
J
j=1 the ordered line segments

h j := x h(ρ j)− x h(ρ j−1).

Consequently, the approximation Γ h :=
⋃J

j=1 h j is a polygonal curve. We also assume that

|xh
ρ(·, t)| > 0, t ∈ (0, T ] and define the discretized arc length derivative by

ωh
s |I j

:=
ωh
ρ

|x h
ρ|

�

�

�

�

I j

=
ωh(ρ j)−ω

h(ρ j−1)

|h j |
, j = 1, . . . , J , (4.1)

this definition can be naturally extended to vector-valued functions.
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In addition, to simplify the calculations in the energy decay proof and maintain second-
order numerical accuracy, we introduce the following mass-lumped L2-inner product

�

ξh,µh
�

Γ h =
1

2

J
∑

j=1

|h j|
�

(ξh ·µh)(ρ−j ) + (ξ
h ·µh)(ρ+j−1)
�

(4.2)

for ξh, µh ∈ [Vh]n, with possible jumps at the points ρ j, where f (ρ±
j
) = limε→0 f (ρ j ± ε),

j = 0, . . . , J .

4.1. Isotropic case

From the above introduction, we can obtain the following semi-discretized formulation:
Given initial data (x 0,κ0) ∈ [V

h]n × [Vh]n, find discrete solution (x h(t),κh(t)) ∈ [Vh]n ×

[Vh]n such that

�

x h
t ,ηh
�

Γ
h
t
=

�

κh
s − (κ

h
s · x

h
s )x

h
s +

1

2
|κh|2x h

s −λ1x h
ρ,ηh

s

�

Γ
h
t

, (4.3)

�

κh
t ,ξh
�

Γ
h
t
= −
�

x h
ts − (x

h
s · x

h
ts)x

h
s ,ξh

s

�

Γ
h
t

−
�

(x h
s · x

h
ts)κ

h,ξh
�

Γ
h
t

(4.4)

for all (ηh, ξh) ∈ [Vh]n × [Vh]n and t ∈ (0, T ], where Γ h
t = Γ

h(t).
Recalling the definition of the modified isotropic elastic energy in (1.3) and discretized

inner product in (4.2), the semi-discretized energy functional is naturally defined as

Eh
λ1
(t) = Eh(t) +λ1Dh(t)

=
1

2

�

κh,κh
�

Γ
h
t
+
λ1

2

�

x h
ρ, x h

ρ

�

I

=
1

4

J
∑

j=1

|h j|
�

|κh(ρ−j )|
2 + |κh(ρ+j−1)|

2
�

+
λ1

2h

J
∑

j=1

|h j|
2,

then we can derive the energy stability of the semi-discretized scheme as follows:

Theorem 4.1. For (x h(t),κh(t)) ∈ [Vh]n × [Vh]n with the initial discrete curve Γ h
0 , and

t ≥ t̃ > 0, the semi-discretization (4.3)-(4.4) has the energy-decay property

Eh
λ1
(t) ≤ Eh

λ1
( t̃)≤ Eh

λ1
(0) =

1

4

J
∑

j=1

|h0 j
|
�

|κh
0(ρ
−
j )|

2 + |κh
0(ρ

+
j−1)|

2
�

+
λ1

2h

J
∑

j=1

|h0 j
|2.

Proof. It is similar to the proof of Theorem 4.2 below.
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4.2. Anisotropic case

For the modified anisotropic elastic flow (3.3)-(3.4), we can obtain the following semi-
discretized formulation: Given initial data (x 0,κγ0

) ∈ [Vh]n× [Vh]n, find discrete solution
(x h(t),κh

γ(t)) ∈ [V
h]n × [Vh]n such that

�

x h
t ,ηh
�

Γ
h
t
=

�

γ′′(x h
s )(κ

h
γ)s +

1

2
|κh
γ|

2x h
s −λ2γ(x

h
ρ)γ
′(x h

ρ),η
h
s

�

Γ
h
t

, (4.5)

�

(κh
γ)t ,ξ

h
�

Γ
h
t
= −
�

γ′′(x h
s )x

h
ts,ξ

h
s

�

Γ
h
t
−
�

(x h
s · x

h
ts)κ

h
γ,ξ

h
�

Γ
h
t

(4.6)

for all (ηh, ξh) ∈ [Vh]n × [Vh]n and t ∈ (0, T ].
The discretization of the modified anisotropic elastic energy in (1.8) has the form

Eh
λ2
(t) = Eh

γ(t) +λ2Dh
γ (t)

=
1

2

�

κh
γ,κ

h
γ

�

Γ
h
t
+
λ2

2

�

γ(x h
ρ),γ(x

h
ρ)
�

I

=
1

4

J
∑

j=1

|h j|
�
�

�κh
γ(ρ
−
j
)
�

�

2
+
�

�κh
γ(ρ

+
j−1)
�

�

2
�

+
λ2h

4

J
∑

j=1

�

γ2
�

x h
ρ(ρ
−
j )
�

+ γ2
�

x h
ρ(ρ

+
j−1)
�
�

. (4.7)

The following theorem describes the energy stability of the semi-discretized scheme.

Theorem 4.2. For (x h(t),κh
γ(t)) ∈ [V

h]n× [Vh]n with an initial discrete curve Γ h
0 , the semi-

discretization (4.5)-(4.6) has the energy-decay property

Eh
λ2
(t) ≤ Eh

λ2
( t̃)≤ Eh

λ2
(0)

=
1

4

J
∑

j=1

|h0 j
|
�
�

�κh
γ0
(ρ−j )
�

�

2
+
�

�κh
γ0
(ρ+j−1)
�

�

2
�

+
λ2h

4

J
∑

j=1

�

γ2
�

x h
ρ(ρ
−
j
)
�

+ γ2
�

x h
ρ(ρ

+
j−1)
�
�

(4.8)

for all t ≥ t̃ > 0.

Proof. The time derivative of the semi-discretized energy Eh
λ2
(t) in (4.7) is

d

d t
Eh
λ2
(t) =

1

4

J
∑

j=1

|h j|
�

x h
s
· x h

ts

��

�

I j

�
�

�κh
γ(ρ
−
j
)
�

�

2
+
�

�κh
γ(ρ

+
j−1)
�

�

2
�

+
1

2

J
∑

j=1

|h j|
�

�

(κh
γ)t ·κ

h
γ

�

(ρ−j ) +
�

(κh
γ)t ·κ

h
γ

�

(ρ+j−1)
�
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+
λ2h

2

J
∑

j=1

�

γ
�

xh
ρ(ρ
−
j )
�

γt

�

x h
ρ(ρ
−
j )
�

+ γ
�

x h
ρ(ρ

+
j−1)
�

γt

�

x h
ρ(ρ

+
j−1)
�

�

=
1

2

�

|κh
γ|

2x h
s , x h

ts

�

Γ
h
t

+
�

(κh
γ)t ,κ

h
γ

�

Γ
h
t
+λ2

�

γ(x h
ρ)γ
′(x h

ρ), x h
ts

�

Γ
h
t

,

where we have used the identity — cf. [4, Eq. (3.9)],

|h j|t = |h j|
�

x h
s · x

h
ts

� �

�

I j
= h
�

x h
ρ · x

h
ts

�
�

�

I j
.

Choose ηh = x h
t and ξh = κh

γ in (4.5)-(4.6). Combining these equations yields

�

xh
t , x h

t

�

Γ
h
t

+
�

(κh
γ)t ,κ

h
γ

�

Γ
h
t

= −
1

2

�

|κh
γ|

2x h
s , x h

ts

�

Γ
h
t

−λ2

�

γ(x h
ρ)γ
′(x h

ρ), x h
ts

�

Γ
h
t

,

so that
d

d t
Eh
λ2
(t) = −
�

x h
t , x h

t

�

Γ
h
t

≤ 0,

which implies (4.8).

5. Fully Discretized Scheme and Energy Stability

Now we approximate the semi-discretized formulations (4.3)-(4.4) and (4.5)-(4.6) in
the time direction. Let τ = T/N be the uniform time step size for a positive integer N , and
denote tm = mτ, m = 1, . . . , N by the discrete time levels. Let (x m,κm) ∈ [Vh]n × [Vh]n as
be numerical approximation of the semi-discrete function (x h(tm),κ

h(tm)) ∈ [V
h]n×[Vh]n.

We assume that |x m
ρ | > 0, m = 1, . . . , N . The ordered line segments hm

j , j = 1, . . . , J are
defined as

hm
j := x m(ρ j)− x m(ρ j−1).

Then Γm :=
⋃J

j=1 hm
j

is a polygonal curve and the corresponding partial derivative is defined
similar to (4.1).

5.1. Isotropic case

For the semi-discretization (4.3)-(4.4), we adopt the backward Euler method in the
time direction and derive the following full discretization: Given initial approximations
(x 0,κ0) ∈ [Vh]n × [Vh]n, find a discrete solution (x m,κm) ∈ [Vh]n × [Vh]n such that

�

1

τ
δx m,ηh

�

Γm−1
=

�

κm
s − (κ

m
s · x

m−1
s )x m−1

s +
1

2
|κm|2x m

s −λ1x m
ρ ,ηh

s

�

Γm−1
, (5.1)

�

δκm,ξh
�

Γm−1 = −
�

δx m
s
− (x m−1

s
· δx m

s
)x m−1

s
,ξh

s

�

Γm−1 −
�

(x m
s
· δx m

s
)κm,ξh
�

Γm−1
(5.2)
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for all (ηh,ξh) ∈ [Vh]n×[Vh]n and m > 0, where δx m := x m−x m−1 and δκm := κm−κm−1.
For simplicity, we use the following mass-lumped L2-inner product [16]:

�

ξh,µh
�

Γm =
1

2

J
∑

j=1

|hm
j
|
�

(ξh ·µh)(ρ−
j
) + (ξh ·µh)(ρ+

j−1)
�

.

Let Em
λ1
= Em + λ1Dm be the discretized energy functional. Then the unconditional

energy stability is established in the following theorem.

Theorem 5.1 (Energy Decay). For (x m,κm) ∈ [Vh]n × [Vh]n with the initial curve Γ h
0 , the

fully discretized problem (5.1)-(5.2) has the property

Em
λ1
≤ Em−1

λ1
≤ · · · ≤ E0

λ1

=
1

4

J
∑

j=1

|h0
j |
�
�

�κ0(ρ−j )
�

�

2
+
�

�κ0(ρ+j−1)
�

�

2
�

+
λ1

2h

J
∑

j=1

�

�h0
j

�

�

2
for all m > 0.

Proof. The proof is similar to the proof of Theorem 5.2 below.

5.2. Anisotropic case

Considering the problem (4.5)-(4.6), we adopt the backward Euler method in time, thus
obtaining the following fully discretized problem: Given initial approximations (x 0,κ0

γ) ∈

[Vh]n × [Vh]n, find a discrete solution (x m,κm
γ ) ∈ [V

h]n × [Vh]n such that

�

1

τ
δx m,ηh

�

Γm−1
=

�

γ′′(x m−1
s
)(κm

γ )s +
1

2
|κm
γ |

2x m
s
−λ2γ(x

m
ρ )γ
′(x m

ρ ),η
h
s

�

Γm−1
, (5.3)

�

δκm
γ ,ξh
�

Γm−1
= −
�

γ′′(x m−1
s )δx m

s ,ξh
s

�

Γm−1 −
�

(x m
s · δx m

s )κ
m
γ ,ξh
�

Γm−1
(5.4)

for all (ηh, ξh) ∈ [Vh]n×[Vh]n and m > 0, where δx m := x m−x m−1 and δκm
γ := κm

γ −κ
m−1
γ .

Let Em
λ2
= Em

γ + λ2Dm
γ be the discretized energy functional. Then the unconditional

energy stability is established in the following theorem.

Theorem 5.2 (Energy Decay). For (x m,κm
γ ) ∈ [V

h]n × [Vh]n with the initial curve Γ h
0 , the

fully discretized problem (5.3)-(5.4) has the property

Em
λ2
≤ Em−1

λ2
≤ · · · ≤ E0

λ2

=
1

4

J
∑

j=1

|h0
j |
�
�

�κ0
γ(ρ
−
j )
�

�

2
+
�

�κ0
γ(ρ

+
j−1)
�

�

2
�

+
λ2h

4

J
∑

j=1

�

γ2
�

x 0
ρ(ρ
−
j
)
�

+ γ2
�

x 0
ρ(ρ

+
j−1)
�
�

valid for any m > 0.
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Proof. Choosingηh = δx m, ξh = κm
γ in (5.3)-(5.4) and summing the equations obtained

gives

�

1

τ
δx m,δx m

�

Γm−1
+
�

δκm
γ ,κm

γ

�

Γm−1
= −

�

1

2
|κm
γ |

2x m
s
− λ2γ(x

m
ρ )γ
′(x m

ρ ),δx m
s

�

Γm−1
. (5.5)

Taking into account the inequality

‖u · (u − v)‖ ≥
1

2
‖u‖2 −

1

2
‖v‖2,

we obtain
�

δκm
γ ,κm

γ

�

Γm−1
=
�

κm
γ −κ

m−1
γ ,κm

γ

�

Γm−1

≥
1

2

�

κm
γ ,κm

γ

�

Γm−1
−

1

2

�

κm−1
γ ,κm−1

γ

�

Γm−1

=
1

2

�

κm
γ ,κm

γ

�

Γm−1
− Em−1

γ . (5.6)

Similar considerations show that

1

2

�

|κm
γ |

2x m
s ,δx m

s

�

Γm−1

≥
1

4

�

|κm
γ |

2x m
s , x m

s

�

Γm−1
−

1

4

�

|κm
γ |

2x m−1
s , x m−1

s

�

Γm−1
, (5.7)

λ2

�

γ(x m
ρ )γ
′(x m

ρ ),δx m
s

�

Γm−1

= λ2

J
∑

j=1

�

�hm−1
j

�

�

�

γ(x m
ρ )γ
′(x m

ρ ) ·
h

|hm−1
j |
(x m
ρ − x m−1

ρ )

�
�

�

�

�

I j

≥ λ2

J
∑

j=1

hγ
�

x m
ρ

��

γ(x m
ρ )− γ(x

m−1
ρ )
��

�

I j

≥ λ2

J
∑

j=1

h

2

�

γ2(x m
ρ )− γ

2(x m−1
ρ )
�

= λ2

�

Dm
γ − Dm−1

γ

�

, (5.8)

where we used the convexity of γ. Furthermore, we note that

1

2

�

κm
γ ,κm

γ

�

Γm−1
+

1

4

�

|κm
γ |

2x m
s

, x m
s

�

Γm−1
−

1

4

�

|κm
γ |

2x m−1
s

, x m−1
s

�

Γm−1

=
1

4

J
∑

j=1

�

�hm−1
j

�

�

�

|κm
γ |

2(ρ−
j
) + |κm

γ |
2(ρ+

j−1)
�

+
1

8

J
∑

j=1

�

�hm−1
j

�

�

�

|κm
γ |

2(ρ−j ) + |κ
m
γ |

2(ρ+j−1)
� hm

j · h
m
j

|hm−1
j
|2
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−
1

8

J
∑

j=1

�

�hm−1
j

�

�

�

|κm
γ |

2(ρ−j ) + |κ
m
γ |

2(ρ+j−1)
� hm−1

j
· hm−1

j

|hm−1
j
|2

=

J
∑

j=1

|hm−1
j |+ |h

m
j |

2/|hm−1
j |

8

�

|κm
γ |

2(ρ−j ) + |κ
m
γ |

2(ρ+j−1)
�

≥
|hm

j |

4

�

|κm
γ |

2(ρ−
j
) + |κm

γ |
2(ρ+

j−1)
�

= Em
γ . (5.9)

Combining (5.5)-(5.9) gives

Em
λ2
− Em−1

λ2
=
�

Em
γ +λ2Dm

γ

�

−
�

Em−1
γ +λ2Dm−1

γ

�

≤ −

�

1

τ
δx m,δx m

�

Γm−1
≤ 0,

and the proof is complete.

Remark 5.1. The approach used allows to construct an energy-stable method for classical
elastic flows with appropriate tangential velocity. Recently, Deckelnick and Nürnberg [14]
proposed a novel finite element scheme for curve diffusion and elastic flow in arbitrary
codimension. They introduced explicit tangential velocity, so that the Dirichlet energy of the
geometric flow decays. Consequently, a good mesh quality can be achieved. Nevertheless,
there are still some problems that require further consideration.

5.3. BDF2 scheme

Starting with an initial solution (x 0,κ0
γ) ∈ [V

h]n × [Vh]n, we adopt the second-order
BDF method to approximate the problem (4.5)-(4.6) of the modified anisotropic elastic
flow in time direction, thus arriving at the following algorithm.

Step I. Find (x 1,κ1
γ) ∈ [V

h]n × [Vh]n by solving the algebraic systems (5.3)-(5.4).

Step II. For 2≤ m ≤ N , find discrete solutions (x m,κm
γ ) ∈ [V

h]n × [Vh]n such that

�

1

τ
D2x m,ηh

�

Γ̂m

=

�

γ′′(x̂ m
s )(κ

m
γ )s +

1

2
|κm
γ |

2x m
s −λ2γ(x

m
ρ )γ
′(x m

ρ ),η
h
s

�

Γ̂m

, (5.10)
�

D2κ
m
γ ,ξh
�

Γ̂m
= −
�

γ′′(x̂ m
s )D2x m

s ,ξh
s

�

Γ̂m −
�

(x m
s · D2x m

s )κ
m
γ ,ξh
�

Γ̂m
(5.11)

for all (ηh, ξh) ∈ [Vh]n × [Vh]n, where

D2 f m :=
3

2
f m − 2 f m−1 +

1

2
f m−2, ĝ m = 2g m−1 − g m−2,

and Γ̂m is the polygonal curve parameterized by x̂ m.

Remark 5.2. Though we have not established the energy stability of the BDF2 scheme
(5.10)-(5.11), our numerical examples in the following section suggest that the energy is
consistently decreasing.



Energy-Stable Full Discretization of Modified Elastic Flow 15

6. Numerical Examples

In this section, we present several examples to test the effectiveness, good mesh prop-
erty, and unconditional energy stability of the proposed schemes. In order to determine
(x m,κm

γ ) in nonlinear systems (5.3)-(5.4), we use the following Newton-Raphson method:

Given (x m,l ,κm,l
γ ), m > 0 in the l-th iterative step and the initial value (x m,0,κm,0

γ ) =

(x m−1,κm−1
γ ), find (x m,l+1,κm,l+1

γ ) such that the relations

1

τ

�

x m,l+1− x m−1,ηh
�

Γm−1

=
�

γ′′(x m−1
s
)(κm,l+1

γ )s +κ
m,l
γ · (κ

m,l+1
γ −κm,l

γ )x
m,l
s

,ηh
s

�

Γm−1

+

�

1

2
|κm,l
γ |

2x m,l+1
s −λ2

�

γ′(x m,l
ρ ) · x

m,l+1
ρ

�

γ′(x m,l
ρ ),η

h
s

�

Γm−1

−
�

λ2γ(x
m,l
ρ )γ

′′(x m,l
ρ )x

m,l+1
ρ ,ηh

s

�

Γm−1
,

�

κm,l+1
γ −κm−1

γ ,ξh
�

Γm−1

= −
�

γ′′(x m−1
s )(x m,l+1

s − x m−1
s ),ξh

s

�

Γm−1

−
�
�

(2x m,l
s
− x m−1

s
) · (x m,l+1

s
− x m,l

s
)
�

κm,l
γ ,ξh
�

Γm−1

−
�
�

x m,l
s
· (x m,l

s
− x m−1

s
)
�

κm,l+1
γ ,ξh
�

Γm−1

are valid for all (ηh,ξh) ∈ [Vh]n × [Vh]n.
We set the tolerance tol = 10−10 and use the following termination condition for the

above iteration scheme:

max
0≤ j≤J

�

|x m,l+1(ρ j)− x m,l(ρ j)|+ |κ
m,l+1
γ (ρ j)−κ

m,l
γ (ρ j)|
�

≤ tol.

Note that for the isotropic elastic flow (5.1)-(5.2) and BDF2 scheme (5.10)-(5.11) a similar
iterative method is used. Testing the mesh quality over time evolution, we use the mesh
ratio σ(t) defined by

σ(t) = max
1≤ j≤J
|h j(t)| / min

1≤ j≤J
|h j(t)|,

in order to illustrate the asymptotic equidistribution of vertices. Moreover, we always
choose a smooth initial curve Γ0 with parameterization x 0, so that we can obtain the initial
curvature vector κ0

γ by using the definition (1.7).
The parameter λ influences both the length of the steady-state curve and the mesh

quality of the discrete curve. We aim to balance a sufficiently small λ to prevent the curve
from vanishing during evolution with good mesh quality. In numerical computations, an
appropriate value is determined through extensive testing. The value of λ lies in [0,0.1].
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6.1. Modified isotropic elastic flow

Certain numerical validations of the scheme for isotropic elastic flow are presented
below.

Example 6.1. We first test the convergence rate of the energy-stable scheme (5.1)-(5.2)
for an exact solution with λ1 = 0 as

x (θ , t) = (1+ 2t)1/4(cosθ , sinθ), κ(θ , t) = −(1+ 2t)−1/4(cosθ , sinθ).

For simplicity, we always use θ := 2πρ ∈ [0,2π] instead of ρ ∈ Ī to represent the parame-
terization of a curve. The numerical errors are calculated as

Ex m = max
0≤m≤M

‖x (tm)− x m‖L2 , Eκm = max
0≤m≤M

‖κ(tm)−κ
m‖L2 ,

where (x (tm),κ(tm)) and (x m,κm) are exact and numerical solution, respectively.
Table 1 shows errors and convergence orders of numerical solutions. Note that for

initial mesh size and time step (h0,τ0) = (2
−4, 0.04), and final times T = 1 and T = 50,

linear finite elements provide the second-order convergence.

Table 1: Errors and convergence orders for numerical solution of an expanding circle until T = 1 and
T = 50.

(h,τ)
T = 1 T = 50

Ex m Order Eκm Order Ex m Order Eκm Order

(h0,τ0) 1.59e-3 - 7.58e-3 - 3.16e-2 - 7.60e-3 -
(h0/2,τ0/4) 4.05e-4 1.97 1.91e-3 1.99 7.94e-3 1.99 1.91e-3 1.99

(h0/2
2,τ0/4

2) 1.02e-4 1.99 4.77e-4 2.00 1.99e-3 2.00 4.49e-4 2.00
(h0/2

3,τ0/4
3) 2.55e-5 2.00 1.19e-4 2.00 4.97e-4 2.00 1.20e-4 2.00

(h0/2
4,τ0/4

4) 6.37e-6 2.00 2.99e-5 2.00 1.24e-4 2.00 3.00e-5 2.00

Example 6.2. To compare the mesh quality in original and modified elastic flows, we select
the initial curve as x (θ) = (3 cosθ , sinθ),θ ∈ [0,2π]. The simulation parameters are set
as λ̃1 = λ1 = 0.01,τ = 0.001,h = 2−6, and T = 9. Figs. 1-2 show that the classical elastic
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Figure 1: Snapshots of an ellipse evolving under the classical isotropic elastic flow at t = 0, 3, 7, 9.



Energy-Stable Full Discretization of Modified Elastic Flow 17

-2 0 2
-3

-2

-1

0

1

2

3

-2 0 2
-3

-2

-1

0

1

2

3

-2 0 2
-3

-2

-1

0

1

2

3

-2 0 2
-3

-2

-1

0

1

2

3

Figure 2: Snapshots of an ellipse evolving under the modified isotropic elastic flow at t = 0, 3, 7, 9.

flow causes mesh distortion, whereas the modified formulation asymptotically preserves
mesh quality through uniform nodal distribution.

Example 6.3. Next, the numerical solution of a hypocycloid in R2 evolving under the mod-
ified isotropic elastic flow with λ1 = 0.002 is considered. The initial parameterization is

x (θ) =

�

−
5

2
cosθ + 4 cos5θ ,−

5

2
sinθ + 4 sin 5θ
�

, θ ∈ [0,2π].

Given computational data h= 2−7 and τ = 0.1, Figs. 3(a)-3(d) demonstrate the snapshots
of the evolving curve at t = 0,200,650,1500. Note that 5 coverings of circle are stationary
solutions, consistent with results [29]. Fig. 3(e) shows that the mesh ratio initially increases
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Figure 3: (a)-(d): Snapshots of the planar hypocycloid evolving under the modified isotropic elastic
flow, (e)-(g): time histories of the mesh ratio σ(t), the iteration number and the elastic energy Eλ(t)
with various time steps.
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and then approximates 1 during evolution. Fig. 3(f) demonstrates the efficiency of the
proposed iterative scheme, since fewer iterations are required. Moreover, for a fixed mesh
size h = 2−5, we note that the energy stability still holds for relatively large time steps in
Fig. 3(g).

Example 6.4. Consider a torus knot in R3 evolving under modified isotropic elastic flow
with λ1 = 0.005 and

x (θ) =
�

(3+ cos15θ) cosθ , (3+ cos15θ) sinθ , sin 15θ
�

, θ ∈ [0,2π].

Computational parameters are chosen as h = 2−8,τ = 0.01, and T = 500. The snapshots of
evolving curve are plotted in Fig. 4. We observe that the initial torus knot eventually evolves
into a stationary circle. The vertices tend to equally distribute during time evolution and
oscillation occurs when the mesh experiences significant deformation, as shown in the left
figure of Fig. 5. The number of iterations is presented in the middle. Furthermore, we
examine the energy dissipation using different time steps τ = 0.5,0.1,0.01 and a fixed
mesh size h = 2−5 in the right figure.

Example 6.5. Consider the evolution of a hypocycloid in R3 parameterized as follows:

x (θ) =

�

−
5

2
cosθ + 4 cos5θ ,−

5

2
sinθ + 4 sin 5θ , 0.5 sin 3θ

�

, θ ∈ [0,2π].

Figure 4: Snapshots of a torus knot evolving under the modified isotropic elastic flow at t = 0,
100, 105, 120, 125, 130, 135, 140, 500.



Energy-Stable Full Discretization of Modified Elastic Flow 19

The results of long time simulations with λ1 = 0.0025,h= 2−7,τ = 0.05 and T = 1000 are
shown in Fig. 6. Note that the curve gradually converges to a circle. The corresponding
time history of the mesh ratio and iteration number are presented in Fig. 7, along with the
modified elastic energy for a fixed mesh size h = 2−5 and time steps τ = 1,0.5,0.1.

100 200 300 400 500
t

0

2

4

6

8

10

(t
)

100 200 300 400 500
t

0

2

4

6

8

10

It
er

at
io

n
 n

u
m

b
er

0 100 200 300 400 500
t

0

10

20

30

40

E
(t

)

=0.5
=0.1
=0.01

36 38 40 42 44 46 48

7

8

9

10

11

Figure 5: Torus knot in R3. Left: Time history of mesh ratio σ(t). Middle: Iteration number. Right:
Modified elastic energy Eλ(t).

Figure 6: Snapshots of a hypocycloid in R3 evolving under the modified anisotropic elastic flow at
t = 0, 25, 50, 75, 100, 125, 150, 250, 300, 325, 350, 1000.
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Elastic energy Eλ(t).

6.2. Modified anisotropic elastic flow

Numerical examples of the new scheme for the modified anisotropic elastic flow are
shown below.

Example 6.6. To observe anisotropic effects, we use the same initial setting as in the
isotropic case. Then initial curve is an ellipse with the major-minor axis ratio 2. Besides,
λ2 = 0.03,h = 2−6,τ = 10−4 and T = 10. We consider the L-fold, ∈ N+ anisotropic
function

γ(p) =

L
∑

l=1

√

√

√

�

�

Q

�

2π

L

��l
�T

D(ǫ)

�

Q

�

2π

L

��l

p · p, ǫ ∈ R+

with the rotation matrix

Q(θ) =

�

cosθ sinθ
− sinθ cosθ

�

and the diagonal matrix D = diag (1,ǫ2).
Fig. 8(a) shows the evolution under the modified isotropic elastic flow, while Figs. 8(b)

and 8(c) display modified anisotropic cases with the parameters (L,ǫ) = (2,0.2) and (L,ǫ)
= (3,0.1), respectively. The same initial curve thus evolves into three distinct shapes — viz.
a circle (isotropic), a square (L = 2), and a hexagon (L = 3). The mesh ratio, the iterative
number and the elastic energy are shown in Figs. 8(d)-8(f).

Example 6.7. The initial curve is a trefoil knot in R3 parameterized as

x (θ) =
�

(2+ cos3θ) cos2θ , (2+ cos3θ) sin 2θ , sin 3θ
�

.

The results of simulation with the anisotropic function

γ(p) =
q

p2
1 + 0.25(p2

2 + p2
3)

are displayed in Figs. 9(a)-9(c). The parameters are λ2 = 0.01,h = 2−7, τ = 0.01. Ad-
ditionally, Figs. 9(e)-9(g) show the mesh ratio, iteration number and anisotropic elastic
energy.
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Figure 8: (a)-(c): Snapshots of an ellipse evolving into circle, square and hexagon under the modified
anisotropic elastic flow. (d)-(f): Time history of mesh ratio σ(t), iteration number and elastic energy
Eλ(t).
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Figure 9: (a)-(d): Snapshots of trefoil knot evolving under modified anisotropic elastic flow. (e)-(g):
Time history of mesh ratio σ(t), iteration number and elastic energy Eλ,γ(t) with various time steps.
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6.3. BDF2 scheme

Example 6.8. To examine the convergence order of BDF2 scheme, we use the manifold
distance

M(Γ , Γ ′) := |(Ω\Ω′)∪ (Ω′\Ω)| = 2|Ω∪Ω′| − |Ω| − |Ω′|,

where Ω and Ω′ denote the regions enclosed by planar curves Γ and Γ ′, respectively, and
| · | is the area of the corresponding region— cf. [38]. To measure the errors of numer-
ical schemes with tangential motion, the manifold distance is more appropriate than the
classical function metrics [23]. The error is calculated as

Eh,τ(tm) = M
�

x m
h,τ, x m

h/2,τ/2

�

.

We consider a lemniscate in R2 evolving under the modified anisotropic elastic flow

with γ =
q

4q2
1 + q2

2, λ2 = 0.01. The initial parameters are h0 = 2−4 and τ0 = 0.002.
Fig. 10 shows the second-order convergence in the time direction until T = 1 and 10 and
the energy monotonic decay for different time steps until T = 10, along with snapshots of
the evolution until T = 100.
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Figure 10: Left: Convergence order in time direction. Right: Time history of elastic energy. Bottom:
Snapshots of a lemniscate in R2 evolving under modified anisotropic elastic flow.
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7. Conclusions

In this paper, we propose new parametric finite element schemes for modified isotropic
and anisotropic elastic flows of closed curves in Rn. The new approach is energy-stable
with improved mesh quality. First, we derive evolution equations for the parameterization
and curvature vector of a curve and present the corresponding weak formulations. After
that, a parametric finite element method is adopted to discretize weak formulations in
space. It is proven that the semi-discretization is energy-stable. In addition, the backward
Euler method and second-order BDF method are used to discretize the spatial semi-discrete
scheme in the time direction. The proof of the energy decay property for the backward
Euler method was provided in detail. Numerical examples using various curves in R2 and
R

3, show the efficiency method and unconditional energy stability of the full discretization.
The method proposed has asymptotic equal mesh distribution, due to the minimiza-

tion of Dirichlet energy instead of the length functional. The corresponding energy-stable
scheme for the classical elastic flow does not have good mesh quality. This problem will be
addressed in the future. Computational extension of open curves is straightforward. How-
ever, the model itself requires well-posed boundary conditions to be physically meaningful.
This aspect of the model’s formulation remains a work for future research.
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