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Abstract

In this paper, we provide simple and explicit formulas for computing Riemannian cur-
vatures, mean curvature vectors, principal curvatures and principal directions for a 2-
dimensional Riemannian manifold embedded in R* with k > 3.
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1. Introduction

The concepts of Riemannian curvatures, mean curvature vectors and principal curvatures
have been developed in the field of Riemannian Geometry. These concepts are respectively
generalizations of Gaussian curvatures, mean curvatures and principal curvatures for the clas-
sical surfaces in IR?. It is well known that these three types curvatures for classical surfaces are
extremely important notions in Computational Geometry, Computer Graphics, Image Process-
ing and Computer Added Geometric Design. Their counterparts for 2-dimensional Riemannian
manifold (abbreviated as 2-manifold) embedded in IRF are, as expected, equally important. In-
deed, we have found that these concepts play an important role in the fields of image processing
([5, 7, 1]) and function diffusion ([2, 3]). However, the general frame of Riemannian geometry
makes these curvatures difficult to calculate.

We provide simple and explicit formulas for computing Riemannian curvatures, mean cur-
vature vectors, principal curvatures and principal directions for a 2-manifold embedded in IR*
with £ > 3. These formulas are simple compared to those found in Riemannian geometry litera-
ture ([4, 6, 8]). Individuals with little knowledge of Riemannian geometry, but who are familiar
with vector computations in the Euclidean space, can easily understand and use them. Even
though the starting point of the derivation of these formulas involves the use of Riemannian
geometry, we have tried to minimize its use while keeping the derivation as precise as possible.

It may seem trivial for people working in the field of Riemannian geometry to derive these
curvature formulas for the 2-manifold, however we have not seen these formulas presented in a
simple and precise enough manner to fulfill our needs.

2. Curvature Formulas

The aim of this section is to provide readers with a quick reference for the curvature com-
putation formulas. The detail derivation of these formulas are given in the section that follows.
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Let M be a 2-dimensional Riemannian manifold in IR* with a Riemannian metric defined
by the scalar inner product. Let (£1,&2) be a local coordinate system of the 2-manifold M at
the point © € M. Then z € IR* can be expressed as

z=[r1(6,6), -, or(&r, &))" (2.1)

2
Let t; = g—g, tij = %@m&a g9ij = t{ tj, and

G = [ g1 912 ] . Q=1- [tl,tz]Gil[tl,tﬂT € RF*k,
g21 922
where
G-l = # [ 922 —012 } )
det(G) | =921 9
Then we have the following formulas:

Riemannian Curvature:

K(.T) — t{’th22 B t{2Qt12
det(Q)

The Riemannian curvature is a counterpart of the Gaussian curvature of the classical surface.

If k£ = 3, the Riemannian curvature coincides with the Gaussian curvature for surfaces.

(2.2)

Mean Curvature Vector:

Q(g2ati1 + gritas — 2g1t12)
2det(G)

The mean curvature vector is a vector in the normal space. If £ = 3, the mean curvature vector

is in the normal direction, and its length is the classical mean curvature of the surface.

H(z) = (2.3)

Principal Curvatures and Principal directions:

To obtain formulas for the principal curvatures and the principal directions, we first in-
troduce an auxiliary result: Let A = (a;;);;—; € IR*** be a symmetric matriz. Then the
eigenvalues of A are

a11 + azz £ /(a1 — ax)? + 4a?,

Ar = 5

(2.4)

and the corresponding eigenvectors are [cosf, sinf]T, where 01 are given (modulo ) by
1 2(112 ™
0, = —arctan———, 0_ =46 —. 2.5
+= 5 G1L — oy’ ++2 (2.5)

Now we give formulas for computing the principal curvatures and the principal directions.
Let h(z) = H(z)/||H (z)]],

A=ATKF,KTA 2 € R¥?, |uy,us) = [t1, 2] KTA ™7, (2.6)

where Fj, = — (t% h(m))?jzl, K € R?*2 and A € IR?*? are defined by
G=KT'AK, KTK =1, A=diag(\;,\2) (2.7)
and they can be computed by (2.4)—(2.5). Let A be expressed, by virtue of (2.4) and (2.5), as
A = P diag(ki, k) PT, with PTP=1. (2.8)

Then k; and ks, are the principal curvatures and v; and vs, defined by
[v1,v2] := [u1, us]P = [t1, 1] KTATE P, (2.9)

are the corresponding principal directions with respect to the direction vector h.
Again, the principal curvatures and the principal directions are the counterparts of the same
concepts for surfaces. If k = 3, they are the same.
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3. Derivation

In this section we derive the curvature formulas from the field of Riemannian geometry.
However, we have tried to make the paper self-contained, so that readers can understand the
derivation without having to consult the Riemannian geometry literature. Readers may simply
skim over this section if they merely intend to use the curvature formulas.

3.1. Notations and Terminologies

Differential Manifold. A differentiable manifold of dimension n is a set M and a family of
injective mappings x, : Uy C IR™ — M of open sets U, into M such that

(1). U, za(Us) = M.

(2). For any pair «, 8 with z,(U,) Nz3(Ug) = W # 0, the sets (W) and mgl(W) are
open in IR™ and the mappings a:gl oz, are differentiable.

The mapping z, with z € z,(U,) is called a parameterization of M at z. In our case, we use
the 2-dimensional manifold (n = 2). Denoting the coordinate U, as (&1,&2), then the tangent
space T, M at ¢ € M is spanned by {%,%}. The set TM = {(z,v); z € M, v € T, M} is
called a tangent bundle.

Vector Field ([4], page 25). A vector field X on a differentiable manifold M is a correspondence
that associates to each point x € M a vector X (z) € T, M. The field is differentiable if the
mapping X : M — T'M is differentiable.

Considering a parameterization = : U C IR> — M, there exist a;(x), such that

Z‘“ 3&

Let D be the set of differentiable functions on M, and X be a vector field on M. Then X can
be regarded as a mapping X : D — D such that
of
(X)) = ailx) 65-@)' (3.1)
i K3
It is easy to check that X f does not depend on the choice of parameterization . Let X and YV
be differentiable vector fields on a differentiable manifold M. Then there exists a unique vector
field Z such that, for all f € D, Zf = (XY —Y X)f. The vector field Z := XY — Y X is called
the bracket of X and Y (see [4], pages 26-27), denoted by [X,Y]. Let

0
:zi:ai(m)a—&, Zb 3&

Then from (3.1) we can derive that
0b; 8a- 0
X,Y] = J> 9
%] Z (Z oG 5& 9¢;

Riemannian Manifold. A differentiable manifold with a given Riemannian metric is called a
Riemannian Manifold. A Riemannian metric { , ), of M is a symmetric, bilinear and positive-
definite form on the tangent space T, M. Since M is a sub-manifold of Euclidean space IR*, we
use the induced metric:

(w,v), =ulv, wu,veT,M.
Connection. Let us indicate by X (M) the set all vector fields of class C* on M and by
D(M) the ring of real-valued functions of class C* defined on M. An affine connection V on
a differentiable manifold M is a mapping V : X (M) x X (M) — X (M) which is denoted by
(X,Y) » VxY and which satisfies the following properties:
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1) VixtgvZ = fVxZ+gVyZ.
) Vx(Y +2)=VxY +VxZ.
3) Vx(fY) = fVxY + X(f)Y,
in which XY, Z € X(M) and f,g € D(M).
Choose a system of coordinates (&1, &2),

X = Zaiti, Y = ijtj,
i J

then from properties 1)-3) we have

VxV =) <Zalb T+ X( bk)> te, (3.2)

k

where t; = 86

where T'}; is defined by
Vitj = Zrk tg. (3.3)

An affine connection V on M is said to be symmetric if
VxY - VyX =[X,Y] forall X,Y € X(M).

A connection V on a Riemannian manifold M is compatible with the metric ( , ) if and only
if ([4], page 54)

X(Y,Z) =(VxY, Z) + (Y,VxZ), X,Y,Ze X(M).

2. Riemannian Curvature

Here we start with the Levi-Civita theorem ([4] page 55): Given a Riemannian manifold
M, there exists a unique affine connection V on M satisfying the conditions:

a) V is symmetric.

b) V is compatible with the Riemannian metric.

The connection defined by the Levi-Civita theorem is called the Riemannian connection.
For the Riemannian connection, the number Fk defined by (3.3), which is called the Christoffel
Symbols, is calculated by

8gjk Ogri agij } k
= 4 2k 2T gkm 3.4
Z { oc,  og  0& J Y (3-4)

= (gi;)"*, (9ij) = G. Note that IV =T'Y;, since g;; = gji- It is easy to recognize

) ”

where (g
that if M is an Euclidean space I =0.

Curvature. The curvature ([4], page 89) of a Riemannian manifold M is a correspondence
which associates to every pair of vector fields X,Y a mapping R(X,Y) which maps a vector
field of M to another vector field of M given by

R(X,Y)Z =VyVxZ —VxVyZ +VixyZ, (3.5)

where V is the Riemannian connection of M.
Let (Uy, z4) be a coordinate system at point € M. Let B%i =t; and put

2
R(ti tj)ty = > Rijty. (3.6)
=1

Then R(X,Y)Z can be expressed as

R(X,Y)Z = Y Rljabjert,
i,7,k,l
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where X =37, a;t;, Y =) ,b;tj, Z =3} cxty. From (3.2) we can derive that Réjk are given
as

s l s f arjk
ijk = Zrikr Z %05 + 26 (3.7)
! & !

Riemannian curvature. The counterpart of the Gaussian curvature for a surface is the
Riemannian curvature for a Riemannian manifold ([4, 8]). For z € M, let X, Y € T, M be
two linearly independent vectors. Then the Riemannian curvature of the tangent space T, M
is defined by

K- (BENXY),
XY = (X, Y)2

The Riemannian curvature, also called sectional curvature, is originally defined for a two-
dimensional subspace of the tangent space T, M. However, since T, M is assumed to be two-
dimensional in this paper, the Riemannian curvature is then uniquely defined. For a regular
surface in IR?, the Riemannian curvature is the Gaussian curvature. It is not difficult to realize
([4], page 94) K (z) does not depend on the choice of the vectors X,Y € T,,M. Hence, we can
use X =t1, Y =t and from (3.6)—(3.7) we have

2
(REXYVXY)e = 3 Rlogeo

2

-3

2

Z Fln 51 F21F1l)

ors,  ory
gs2 + Z ( 21) gs2. (3.8)

s=1 Li=1 852 s
It follows from (3.4) that
[Ti;, T3] =thlt, t]G7Y i,j=1,2. (3.9)
Substituting these into (3.8) we have
2
or{, or _
Z < 851 a;l> gs2 = (tiiten — tiotin) + 11 [t, 1] G {[t12;t22]Tt2 + [t1;t2]Tt22}
s=1 2 T 1T T T, 1T
— t12[t1,t2]G [t11t2 + 1t t12,t12t2 + =15 tlg] . (3.10)

Using (3.9), the first summation of (3.8) can be written as
(T1iT32 = T1oTTa)g12 + [[T2(C1y — 7o) + T11 (T3, — Tay)]g2e
[F%l) F%1][t12t2: t22t2]T - [F%h Fgl] [t{lt% t{QtQ]T' (311)

Combining (3.10) with (3.11) we arrive at formula (2.2). Note that (3.8) involves the third
order partial derivatives of M, but (2.2) does not.

3.3. Mean Curvature
For a 2-dimensional Riemannian sub-manifold M of IR¥, the mean curvature vector is defined

by ([9] page 119)
1
H(z) = §[h(el, e1) + h(ez,e2)],
where (e1,e5) is an orthonormal frame for the tangent space to M at z. h(X,Y) is defined by
h(X,Y) = VxY — VxY,
where V and V are the Riemannian connection in M and IRF, respectively. Since VxY € TM,

h(X,Y) € TM+*, we may consider only the computation of VxY and then project it into the
normal space to obtain h(X,Y"). It follows from (3.2) that

~ [ 861 861 :|

e = |2 2 12
Ve el B B €l (3.12)
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where the fact Féj = 0 for the Euclidean space IR* has been used. The orthonormal frame
(e1,e2) can be obtained by the Gram-Schmitt process from (1, t2):

e1 =t1/v/g11, e2 = (giita — gi2t1)/v/911det(G), (3.13)

Since z; = z;(&1,&), j =1, -, k, we have
06 0 .
=t5— +t =1,---,k 3.14
5] 18 + 261'] J ) 5y vy ( )
wheree; =[0,---,0,1,0,---, 0]7 is the J—th unit vector in IR¥. Performing the inner product of
both sides of (3.14) with ¢; and ¢» and then solving the linear system derived for the unknowns
081 9&

B2, D2, we get

06 0& _ 1T, 41T
|:61‘] 61‘]:| =G [tl 5]7t2 SJ]
Then by
ey Oep 08 | Oey 06 L
9z; ~ 06 0z, T 060w, | BEITLoR
we have
~ o 861 861 1 T
Velel = |:8€1, 852:| G [tl,t2] er. (315)

Taking [ = 1,2 and using (3.13) we get
- 0 - 0
Ve, €1 = ﬁ/\/911, Ve,€2 = <—g12 c + 9115 > /V/ g11detG.
0& 23] 96

Since what we required is the part of @elel orthogonal to the tangent space, we get
~ o [t11]* = L lgfatin + giiter — 2g11912t12] "+
velel = v62€2 = ,
g11 g11detG
where [-]* denotes the normal component of a vector. From this we have
[g22t11 + g11t22 — 291212

2(g11922 — 912)
and thereafter (2.3) is derived, since ) is a projector that maps a vector to the normal space.

H(z) = : (3.16)

3.4. Principal Curvatures and Principal Directions
Since M C IR*, the normal space, denoted by T, M=, can be defined at each point z € M:
T,.M*={neRF: (t,n), =0, VtcT,M}.
Let n be a normal vector field on M and X be a vector field tangent to M. Then we have
@XTL =-A, X+ V)l(n,

where — A, X and V%n are respectively the tangent and the normal components. Then A,
is a self-adjoint map from T'M to T'M, called second fundamental tensor with respect to n
([9] pages 119-121). The principal curvatures ki(z), k2(x) and the principal directions vi(z),
vo () with respect to n are defined as the eigenvalues and the orthonormal eigenvectors of A,,.
However, the principal curvatures and the principal directions are not uniquely defined since
the normal vector field is not uniquely defined for & > 3. In this paper we have chosen a special
normal vector field h = H(z)/||H (x)||, which is the normalized mean curvature vector field of
the manifold M and is uniquely defined.

To calculate the spectrum of Aj, we need to obtain its matrix representation. Let eq, e be
the orthonormal basis of T, M defined by (3.13):

le1, e2] = [t1, t2]W, with W = 911> —9g12lgndet(G)]”
0 g11[g11det(G)]~

MI»i m»—n
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Let
Anei = arier +aziez, i =1,2. (3.17)
Then
Anler, e2] = [e1, ea]Ap,

where Ay is a 2 X 2 matrix which needs to be calculated in the following. It will be clear soon
that Ay is symmetric. Before giving an explicit form of Aj, we first show that the eigenvalues
of Ay are the eigenvalues of Aj. Let

A = S diag(A\1,A\2) ST, STS =1, and [v1,v2] = [e1,e2]S. (3.18)
Then
Anlvi,v2] = Anler,e2]S
= [el,eg]AhS

[61, eg]Sdiag()\l, )\2)
= [vl,vg]diag()\l,/\2).
Hence, v; is the eigenvector of A with respect to the eigenvalue \;. Furthermore,
[Ul, UQ]T[’Ul, ’1}2] = ST[el, eg]T[el, 62]5 =1.

That is, vy, v2 are orthonormal.
Now we calculate the matrix Aj,. To this end, we need to calculate V¢, h. Paralleling to the
derivation of V,e;, we have an expression similar to (3.15):

~ Oh Oh
Ve h=|=—,=—| G Yt1,t2]Te;, 1=1,2. 3.19
= | pe | 6 el 3.19)
If we project @elh into the tangent space and express Ape; as (3.17), Aj, can be expressed as
Oh Oh
Ap = —[61, 62] |:6—£1, a_f2:| G_l[t1,t2]T[€1, 62]
Oh Oh
T T
= — t1,t — = . 2
Wty to] {851’852]14/ (3.20)
Now we need to calculate [ty,ta]T [g—g, g—ghz] . Substituting the expression h into (3.20) and with
some additional calculations, we have
Ap =WTE,W, (3.21)

where F}, is a 2 x 2 symmetric matrix defined by
922(311 - An) + 911(322 - A22) - 2912(312 - A12)
2det(G)|| H (2)]] ’

Ay = (thte)ii—, Bu = (c;G ™ en)ijmys cij = [t 2]ty (3.23)

F, = (3.22)

Substituting (3.23) into (3.22) and using the mean curvature formula (2.3), we have a simple
expression for Fj:

2

ij=1"

Fp = — (t]; h(x))

Having an explicit expression for Ay, we are able to compute the principal curvatures and the
principal directions by (2.4), (2.5) and (3.18). However, since Ay, involves W, it is not intrinsic.
To obtain more elegant formulas, we rewrite A, = WTF,W as follows

Ap = (AEKW)TAATKW) with A=A *KF,KTA 2.
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It follows from (2.6) and (2.7) that [uy,us]?[ur,us] = I. We then have
I = [e1,es]"[er,es]
= Wty ta) [ts, toa]W
= WTKTA?[uy,us][ur, us] A2 KW (3.24)
= (AMEKW)T(AZKW),
that is, AZKW is an orthgonal matrix. Hence, the eigenvalues of A and A are the same, and
therefore we can use A to compute the principal curvatures instead of A;. Using relation (2.8),
we have
A, = (A KW)T Pdiag(ky, ko) PT (AT KW).
Hence S could be written as
S =(ASKW)TP.
Therefore, the eigenvectors are given by
[vi,v2] = [e1,e2]S
[t1,t2]W S
= [ug, us](A2KW)AZKW)TP
[ur, us] P,

and hence (2.9) is derived.

Remark 1. Since h uses the second order partial derivatives of ©z € M, f uses the third
order partials. A nice property is that all the third order partials are canceled in Ap. The final
result only uses the first and the second order partials.

Remark 2. Both the matrix A for computing the principal curvatures and the formula (2.9)
for computing the principal directions do not involve W. Furthermore, it can be proved that all
the curvatures do not depend on the choice of the local coordinate system (£;,&2). Therefore,
they are intrinsic to the manifold M. The proof of this claim is not the theme of this paper.
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