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Abstract

The three
dimensional nonlinear Schrodinger equation with weakly damped that pos

sesses a global attractor are considered� The dynamical properties of the discrete dynamical
system which generate by a class of �nite di�erence scheme are analysed� The existence of
global attractor is proved for the discrete dynamical system�
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�� Introduction

The three�dimensional nonlinear schr�odinger equation with weakly damped

i
�u

�t
��u� g�juj��u� i�u � f x � �� t � � �����

where i �
p����u �

P�
i��

��u
�x�

i

� � � ��� � ��� L������ L������ L��	 together with appropriate

boundary and initial conditions	 is arisen in many physical 
elds� The existence of an attractor
is one of the most important characteristics for a dissipative system� The long�time dynamics is
completely determined by the attractor of the system� J�M� Ghidaglia �� studied the long�time
behavior of the nonlinear Schr�odinger equation ����� in dimension one and proved the existence
of a compact global attractor A in H� which has the 
nite Hausdor� and fractal dimension
under some conditions� The equation ����� in dimension three were studied by P� Laurencot���	
S� Y� Wu � Y� Zhao���	 and obtain also the existence of a compact global attractor A in H�

under conditions ������������ Guo Boling��� construct the approximate inertial manifolds for the
equation ����� and the order of approximation of these manifolds to the global attractor were
derived� At the same time	 a semidiscrete 
nite di�erence method of the equation was discussed
by Yin Yan���� and we studied also long�time behavior of completely discrete 
nite di�erence
solutions of the equation in dimension one in ����� In this paper	 a completely discrete scheme
is discussed by 
nite di�erence method for the equation ����� in dimension three with initial
condition

u�x� �� � u��x�� x � � ����

and Dirichlet boundary condition�

uj�� � �� t � R�� �����

where f � C���	 g�s���� s��� is a real valued smooth function that satis
es

lim
s���

G��s�

s
�

�

� �� �����
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and for some � � �

lim
s���

sup
h�s�� �G�s�

s
�

�

� �� �����

jg��s�j �M� s � R�� �����

where h�s� � sg�s�� G�s� �
R s
�
g���d� and G��s� � maxfG�s�� �g�

In this paper we make the following assumptions on g�s� besides the above conditions ������
�����

lim
s���

G�s�

s
�

�

� �� ������

g�s� and g��s� do not change sign in R�� �����

Finally	 let us denote the 
rst di�erence quotient of G�s� by G�s�� s�� on points s�� s�	 i�e�

G�s�� s�� �

� G�s���G�s��
s��s�

� if s� �� s��

g�s��� if s� � s��

The paper is organized as follows� In x we prove embedding theorems and interpolation
inequalities for discrete�grid� functions	 which are the analogues of the embedding theorems and
interpolation inequalities for the Sobolev space Wm�p���	 and a discrete system is established
by 
nite di�erence method for the continuous system which is generated by the nonlinear
Schr�odinger equations ����� with Dirichlet boundary condition ����� and initial condition �����
In x� we study the existence of absorbing sets and attractor for the discrete system�

�� Finite Di�erence Scheme

First	 let us divide the domain � into small grids by the parallel planes x� � ih���� i �
J��� x��jh����j �J�� and x��kh����k �J��	 where h�� h�� h� are the spatial mesh lengths	
J�� J�� J� are positive integers	 and J�h� � L�� J�h� � L�� J�h� � L�� Denote the real or the
complex value discrete functions on the grid point set �h� f�ih�� jh�� kh��� �� i �J�� �� j �
J�� � � k � J�g by �� 	� � � � 	 and let �h � �h � �� ��h � �h � ��� We employ ��hl ���hl
and 
hl to denote the forward di�erence	 the backward di�erence and the forward di�erence
quotient operators respectively in xl��� l� �� direction	 and�h to denote the discrete Laplace
operator	 i�e�

�h�i�j�k �

�X
l��

��hl��hl�i�j�k
h�l

�

We let �t denote the temporal mesh length	 J � �J� � ���J� � ���J� � ��	 h � max��l�� hl	
and assume that there exists a positive constant 
 � ��� ��	 such that 
h � hl�l � �� � ���

We introduce the discrete L� inner product

��� 	�h �

J�X
i��

J�X
j��

J�X
k��

�i�j�k	i�j�kh�h�h�

and the discrete H� inner product

��� 	���h �

J���X
i��

J���X
j��

J���X
k��

�X
l��


hl�i�j�k
hl	i�j�kh�h�h��

together with the associated norms

k�kh � ��� ��
�

�

h � k�k��h � ��� ��
�

�

��h�
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In addition	 we can de
ne the discrete Lp norm and the discrete L� norm as follows

k�kLp

h
�
� J�X
i��

J�X
j��

J�X
k��

j�i�j�k jph�h�h�
� �

p

� k�k� � max
i�j�k

j�i�j�k j�

It is convenient to let Lph and H�
h denote respectively normed vector spaces�
CJ � k � kLp

h

�
and

�
CJ
� � k � k��h

�
where CJ

� � f� � CJ ��j��h
� �g�

We easily obtain by a simple calculation
Lemma ���� For any discrete functions �� 	 which are de�ned on �h� and �� 	j��h

� �� there
is the relation

J���X
i��

J���X
j��

J���X
k��

�i�j�k�h	i�j�kh�h�h���
J���X
i��

J���X
j��

J���X
k��

�X
l��


hl�i�j�k 
hl	i�j�kh�h�h��

Lemma ���� Let discrete function � be de�ned on �h� and �j��h
� �� Then we have

k�kL�

h
�

�
p
��



�Y
l��

k
hl�k
�

�

h �
�
p
��


k�k��h�

Proof� From �j��h
� � we can see easily the relations

��i�j�k �

j��X
m��

���i�m���k � �i�m���k�i�m�k � ��i�m�k�
h��i�m�kh��

��i�j�k � �
J���X
m�j

���i�m���k � �i�m���k�i�m�k � ��i�m�k�
h��i�m�kh��

By Cauchy�s inequality	 we have

j�i�j�kj�� �



J���X
m��

�j�i�m���kj��j�i�m�kj�
�j
h��i�m�kjh���

�J���X
m��

j�i�m�kj	h�
��
�

�J���X
m��

j
h��i�m�kj�h�
��
�

�

or

max
��j�J�

j�i�j�k j� � �



� J���X
m��

j�i�m�kj	h�
� �

�

� J���X
m��

j
h��i�m�kj�h�
� �

�

� ����

Multiplying both sides in ���� by h� and summing up for k from � to J� � �	 then using
Cauchy�s inequality	 we have

J���X
k��

max
��j�J�

j�i�j�kj�h�� �



�J���X
k��

J���X
m��

j�i�m�kj	h�h�
� �

�

�J���X
k��

J���X
m��

j
h��i�m�kj�h�h�
� �

�

�

Similarly

J���X
j��

max
��k�J�

j�i�j�kj�h�� �



�J���X
j��

J���X
n��

j�i�j�nj	h�h�
� �

�

� J���X
j��

J���X
n��

j
h��i�j�nj�h�h�
� �

�

�

Hence

� J���X
k��

max
��j�J�

j�i�j�k j�h�
�� J���X

j��

max
��k�J�

j�i�j�kj�h�
�
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��

�

�J���X
j��

J���X
k��

j�i�j�k j	h�h�
��J���X

k��

J���X
m��

j
h��i�m�kj�h�h�
��
�

�J���X
j��

J���X
n��

j
h��i�j�nj�h�h�
��
�

�

Multiplying both sides the above inequality by h� and summing up for i from � to J�� �	 then
using Cauchy�s inequality	 we have

J���X
i��

� J���X
k��

max
��j�J�

j�i�j�k j�h�
�� J���X

j��

max
��k�J�

j�i�j�k j�h�
�
h�

��

�

�
max

��i�J�

J���X
j��

J���X
k��

j�i�j�k j	h�h�
�� J���X

i��

J���X
j��

J���X
k��

j
h��i�j�kj�h�h�h�
� �

� �

� J���X
i��

J���X
j��

J���X
k��

j
h��i�j�kj�h�h�h�
� �

�

� ���

However

j�i�j�kj	 � �



J���X
l��

j���l���j�k � ��l�j�k���l���j�k � �l�j�k�jj
h��l�j�kjh�

� 
� J���X

l��

j�l�j�k j
h�
� �

�

� J���X
l��

j
h��l�j�kj�h�
� �

�

�

thus

max
��i�J�

J���X
j��

J���X
k��

j�i�j�kj	h�h��
�J���X
l��

J���X
j��

J���X
k��

j�l�j�k j
h�h�h�
��
�

�J���X
l��

J���X
j��

J���X
k��

j
h��l�j�kj�h�h�h�
��
�

�

Substituting the above inequality into ���	 we have

J���X
i��

J���X
j��

J���X
k��

j�i�j�k j
h�h�h� �
J���X
i��

� J���X
j��

J���X
k��

j�i�j�k j�j�i�j�k j�h�h�
�
h�

�
J���X
i��

� J���X
j��

max
��k�J�

j�i�j�k j�h�
�� J���X

k��

max
��j�J�

j�i�j�kj�h�
�
h�

��



� J���X
i��

J���X
j��

J���X
k��

j�i�j�k j
h�h�h�
� �

�

�Y
l��

� J���X
i��

J���X
j��

J���X
k��

j
hl�i�j�k j�h�h�h�
� �

�

�

dividing both sides by
�PJ���

i��

PJ���
j��

PJ���
k�� j�i�j�kj
h�h�h�

� �

�

	 the lemma is proved�

By Lemma �	 H�older�s inequality and the de
ne of the discrete Lp norm and the discrete
L� norm	 we have
Lemma ���� Let � be de�ned on �h� and �j��h

��� then for q � �� ��

k�kLq

h
� ��

�
�

�
k�k���hk�k���h �

where � � �
� � �

q
� ��� ��� and

k�k� �
�
p
��



�

�

h�
�

� k�k��h�
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Remark ���� The analogous results can be extended to the case of variable step size and the
case of general convex domain � 	 R� by almost the same procedures as the proof of Lemma
���Lemma ���

We construct the 
nite di�erence system

i
e
�
�
�t�n��i�j�k � e�

�
�
�t�ni�j�k

�t
�

�


�h�e

�
�
�t�n��i�j�k � e�

�
�
�t�ni�j�k�

�G�je �
�
�t�n��i�j�k j�� je�

�
�
�t�ni�j�kj��

e
�
�
�t�n��i�j�k�e

��
�
�t�ni�j�k


�fi�j�k � ����

i��� � � � � � J���� j��� � � � � � J���� k��� � � � � � J���� n��� �� � � �
The 
nite di�erence boundary condition is as follows

�nj��h
� �� n � �� �� � � � � ����

The initial condition is as

��i�j�k � u��ih�� jh�� kh��� i � �� �� � � � � J�� j � �� �� � � � � J�� k � �� �� � � � � J�� ����

Now we are going to prove the existence of the solutions �n�� for the 
nite di�erence system
���� with the boundary conditions ����� For any discrete function � that de
ne on �h	 and
�j��h

� �	 let us de
ne a discrete function � as follows

i�e
�
�
�t�i�j�k � e�

�
�
�t�ni�j�k� �

�


�t�h�e

�
�
�t�i�j�k � e�

�
�
�t�ni�j�k�

�
�


�tG�je �

�
�t�i�j�k j�� je�

�
�
�t�ni�j�kj���e

�
�
�t�i�j�k�e

��
�
�t�ni�j�k���tfi�j�k�

i � �� � � � � � J� � �� j � �� � � � � � J� � �� k � �� � � � � � J� � ��

where �j��h
� �� It de
nes a mapping � � T ��� of H�

h into itself� Obvious	 the mapping
T ��� is continuous for any � � H�

h� In order to obtain the existence of the solutions for the

nite di�erence system ���� with boundary conditions ����	 it is su�cient to prove the uniform
boundedness for all the possible 
xed point � for the mapping �T with respect to the parameter
� � � � � by Leray�Schauder 
xed point theorem� Then the 
xed point � of the mapping �T
satisfy that

i�e
�
�
�t�i�j��k � �e�

�
�
�t�ni�j�k� �

�


��t�h�e

�
�
�t�i�j�k � e�

�
�
�t�ni�j�k�

�
�


��tG�je �

�
�t�i�j�kj�� je�

�
�
�t�ni�j�kj���e

�
�
�t�i�j�k�e

��
�
�t�ni�j�k����tfi�j�k�

i � �� � � � � � J� � �� j � �� � � � � � J� � �� k � �� � � � � � J� � ��

Multiplying the both side of the above equalities by �e
�
�
�t�i�j�k � e�

�
�
�t�

n

i�j�k�h�h�h�	 then
summing them up for i from � to J� � �	 for j from � to J�� � and for k from � to J� � �	 then
taking the imaginary part	 we have

e
�
�
�tk�k�h � ��� ��e�

�
�
�tRe��� �n�h � �e�

��
�
�tk�nk�h � ��tIm�f��� e���t�n�h�

By Cauchy�s inequality and �inequality	 we have

e
�
�
�tk�k�h �e�

�
�
�tk�khk�nkh � e�

��
�
�tk�nk�h ��t�kfkhk�kh � e���tkfkhk�nkh�

��


k�k�h �

�


e���tk�k�h � e�

��
�
�tk�nk�h �

�


�tk�k�h �

�t

�
kfk�h
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��te���t
�


e�

�
�
�tk�nk�h �

�t

�
e�

�
�
�tkfk�h�

it implies that

k�k�h � �e���tk�nk�h �
�t

�
kfk�h�

This means that
PJ�

i��

PJ�
j��

PJ�
k��j�i�j�kj�h�h�h� is uniformly bounded with respect to the

parameter � � � � �� Thus the solution of the 
nite di�erence system ���� with boundary
conditions ���� exists� The uniqueness of the solution of the 
nite di�erence system is proved
by lemma ��� in section ��

�� Long�time Behavior of Discrete System

In this section	 let us put ���� with boundary conditions ���� in framework of dissipative
dynamical systems� For 
xed h�� h�� h� and �t let us de
ne operator Sh��t � H

�
h 
 H�

h by

�� � Sh��t�
��

hence	 by ������ in the follow	 for every n � �	 the family of solution operators f�Sh��t�ngn��
de
ned by �n � �Sh��t�

n��	 forms a continuous semigroup on H�
h�

New we turn to prove the existence of absorbing sets in L�h under the discrete system
�Sh��t�

n�
Lemma ���� For the solutions �n of the discrete system� there is priori estimate as follows

k�nk�h � e��n�tk��k�h � ���e��tkfk�h��� e��n�t�� n � �� �� � � � �
in particular

sup
n��

k�nkh � max
�k��kh� ���e �

�
�tkfkh

�
� C��

Furthermore� there exists a constant �� �
�
�
e
�
�
�tkfkh such that the ball

Bh
� � f� � L�h� k�kh � ��g

is a absorbing set in L�h under the semigroup �Sh��t�
n�

Proof� Multiplying relation ���� by�t�e
�
�
�t�

n��

i�j�k�e
��

�
�t�

n

i�j�k�h�h�h�	 and summing them
up for i from � to J� � �	 for j from � to J� � � and for k from � to J� � � respectively	 then
taking the imaginary part	 we have

Re�e
�
�
�t�n�� � e�

�
�
�t�n� e

�
�
�t�n�� � e�

�
�
�t�n�h

�
�


�tIm��h�e

�
�
�t�n�� � e�

�
�
�t�n�� e

�
�
�t�n�� � e�

�
�
�t�n�h

��tIm�f� e
�
�
�t�n�� � e�

�
�
�t�n�h� �����

It is easy to see that

Re�e
�
�
�t�n�� � e�

�
�
�t�n� e

�
�
�t�n�� � e�

�
�
�t�n�h � ke �

�
�t�n��k�h � ke�

�
�
�t�nk�h�

By Lemma ��

Im��h�e
�
�
�t�n�� � e�

�
�
�t�n�� e

�
�
�t�n�� � e�

�
�
�t�n�h � ��

Therefore	 ����� can be rewritten as follows

e
�
�
�tk�n��k�h � e�

��
�
�tk�nk�h ��tIm�f� �n�� � e���t�n�h�
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It follows that

e
�
�
�tk�n��k�h �e�

��
�
�tk�nk�h ��tj�f� �n���hj��te���tj�f� �n�hj

�e� ��
�
�tk�nk�h ��tkfkhk�n��kh ��te���tkfkhk�nkh

�e� ��
�
�tk�nk�h �

�


�tk�n��k�h �

�t

�
kfk�h

��te���t
�


e�

�
�
�tk�nk�h �

�t

�
e�

�
�
�tkfk�h�

it implies that

k�n��k�h � e���tk�nk�h �
�t

�
kfk�h

� � � � � � �
� e���n����tk��k�h �

�

��
e��tkfk�h��� e���n����t�� n � �� �� � � � �

The proof is complete�
Lemma ���� Under the condition ������� for every  � �� we have

j�G�je��t�j��� ��hj � e
��

�
��tk�k���hk�k

�

�

h � C ��j�j�
Where � is a arbitrary real number� C �� is a constant only dependent on  and g�s�� and j�j
denotes the volume of the domain ��

Proof� From ������ one know that for every  � �	 there exists a constant C �� � �	 such that

jG�s�j � s
�

� � C ��� s � �� ����

By Lemma �� 	 we have

j�G�je��t�j��� ��hj � �je��t�j ��� � C ��� ��h

� e
��

�
��tk�k ��

�

L
��

�

h

� C ��j�j

� e
��

�
��tk�k���hk�k

�

�

h � C ��j�j�
From this we can obtain the conclusions of the lemma�

Now we turn to prove the existence of an absorbing set in the space H�
h under the discrete

system �Sh��t�
n�

Lemma ���� Under the conditions ������� ����� and ������ there are priori estimates for the
solutions �n of the discrete system as follows

k�nk���h �e��n�t�E� � k��k�h� � �e
��
�
�t
�
�� � ��C ��� � C ����

�j�j��� e��n�t�

� C ��� j�j� kfk�h �


��
e��tkfk�h��� e��n�t�� �����

In particular

sup
n��

k�nk���h �max
�
E� � k��k�h� �e

��
�
�t
�
�� � ��C ��� � C ����

�j�j� 

��
e��tkfk�h

�

� C ��� j�j� kfk�h � C�� �����

Furthermore� there exists a constant �� �
�
�e

��
�
�t
�
�����C ��� �C ����

�j�j�C ��� j�j����kfkh
� �

�

such that the ball
Bh
� � f� � H�

h� k�k��h � ��g
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is a absorbing set in H�
h under the semigroup �Sh��t�

n� Where E� is de�ned by ���	�� � �

min
n

�
	�����C

� �

�

� e�
��
�
�t� ��C

� �

�

� e
��
�
�t
o
� � � min

n
�

	������
� �

�

� e�
��
�
�t� ���

� �

�

� e
��
�
�t
o
� and C ��� �

C ���� are decided respectively in ���
� and ������

Proof� Multiplying the relation ���� by �e
�
�
�t�

n��

i�j�k � e�
�
�
�t�

n

i�j�k�h�h�h�	 and summing
them up for i from � to J� � �	 for j from � to J� � � and for k from � to J� � �	 then taking
the real part	 we have

e��tk�n��k���h � �G�je �
�
�t�n��j��� ��h � e

�
�
�tRe�f� �n���h

� e���tk�nk���h � �G�je� �
�
�t�nj��� ��h � e�

�
�
�tRe�f� �n�h�

or

e
�
�
�tk�n��k���h � e�

�
�
�t�G�je �

�
�t�n��j��� ��h � Re�f� �n���h

�e���t
�
e�

�
�
�tk�nk���h � e

�
�
�t�G�je� �

�
�t�nj��� ��h � Re�f� �n�h

�
� �����

We take that
En � k�nk���h � e�

�
�
�t�G�je� �

�
�t�nj��� ��h � Re�f� �n�h� �����

In the case of g�s� � �	 It follows from ����� that

En����e
�
�
�t���k�n��k���h � e���tEn�e�

�
�
�t
�
G�je �

�
�t�n��j���G�je��

�
�t�n��j��� ��

h
�

We infer from �����	 ���� that	 for every  � �	 there exists a constant C ��� � �	 such that

h�s� � �G�s� � s
�

� � C ���

� �� � ��s
�

� � �C �� � C ��� � s � � �����

According to �����	 g�s� is a monotone function in R�� By Lemma ��	 ����� and the inequality
� � x � ex� �x � R	 when g�s� is a monotone increasing function in R�	 we deduce that

�
G�je �

�
�t�n��j���G�je� �

�
�t�n��j��� ��

h
� �g�je �

�
�t�n��j���e��t � e���t�j�n��j�� ��h

� ��t�g�je �
�
�t�n��j��je �

�
�t�n��j�� ��h

� ��t���� ��e
��
�
�tj�n��j ��� � �C �� � C ��� � ��h

� ��t��� ��e
��
�
�tk�n��k���hk�n��k

�

�

h

� ��t��C �� � C ��� �j�j�
when g�s� is a monotone decreasing function in R�	 we have

�G�je �
�
�t�n��j���G�je��

�
�t�n��j��� ��h � �g�je� �

�
�t�n��j���e��t � e���t�j�n��j�� ��h

� ��te���t�je� �
�
�t�n��j�g�je� �

�
�t�n��j��� ��h

���te���t������e�
��
�
�tj�n��j ��� ��C ���C ��� � ��h

� ��t��� ��e
��
�
�tk�n��k���hk�n��k

�

�

h

� ��te���t��C �� � C ��� �j�j�
Therefore	 in the case of g�s� � �	 we derive that

En�� � �e
�
�
�t � ��k�n��k���h �e���tEn � ��t��� ��e

��
�
�tk�n��k���hk�n��k

�

�

h

� ��te
��
�
�t��C �� � C ��� �j�j� �����
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In the case of g�s� � �	 by Lemma �� and the inequality � � x � ex � � � xex� �x � R	 It
follows from ����� that

En�� �e���tEn � e�
��
�
�t�e

�
�
�t � ��k�nk���h � e���t�e�

�
�
�t�e �

�
�t��G�je� �

�
�t�nj��� ��h

�e���tEn � e�
��
�
�t�e

�
�
�t � ��k�nk���h � ��te�

�
�
�t��G�je� �

�
�t�nj��� ��h

�e���tEn�e� ��
�
�t�e

�
�
�t���k�nk���h���te�

���
�
�tk�nk���hk�nk

�

�

h���tC ��j�j�
�����

Choosing  � � � min
n

�
	�����C

� �

�

� e�
��
�
�t� ��C

� �

�

� e
��
�
�t
o

in ����� and �����	 g�s� is either

greater than zero or less than or equal to zero	 we always derive that

En�� � e���tEn � ��te
��
�
�t
�
�� � ��C ��� � C ����

�j�j� n � ��

or

En � e���tEn�� � ��te
��
�
�t
�
�� � ��C ��� � C ����

�j�j� n � �� ������

Using frequently the inequality ������	 we derive that

En � e���tEn�� � ��te
��
�
�t
�
�� � ��C ��� � C ����

�j�j
� e����tEn�� � ��te

��
�
�t
�
�� � ��C ��� � C ����

�j�je���t � ��te
��
�
�t��C ��� � C �����j�j

� � � � � � �
� e��n�tE� � ��te

��
�
�t
�
�� � ��C ��� � C ����

�j�j�e���n����t � � � �� e���t � ��

� e��n�tE� � e
��
�
�t
�
�� � ��C ��� � C ����

�j�j��� e��n�t�� n � �� ������

By Lemma ���	 Lemma �� and the de
nition of En	 it follows from ������

k�nk���h � En � e�
�
�
�t�G�je� �

�
�t�nj��� ��h � Re�f� �n�h

� e��n�tE� � e
��
�
�t
�
�� � ��C ��� � C ����

�j�j��� e��n�t�

� �e
� ���

�
�tk�nk���hk�nk

�

�

h � �C ��� j�j�kfkhk�nkh
� e��n�tE� � e

��
�
�t
�
�� � ��C ��� � C ����

�j�j��� e��n�t� �
�


k�nk���h � �C ��� j�j

� kfk�h � e��n�tk��k�h �
�

��
e��tkfk�h��� e��n�t�� n � ��

it implies ������

If initial value �� satis
ed that k��kh � R� Then by Lemma ���	 there exists a positive
integer N � N�R�	 such that

k�nkh � ��� n � N�R�� �����

Hence	 choosing  � � � min
n

�
	������

� �

�

� e�
��
�
�t� ���

� �

�

� e
��
�
�t
o
in ����� and �����	 g�s� is either

greater than zero or less than or equal to zero 	 we always derive that

En�� � e���tEn � ��te
��
�
�t
�
�� � ��C ��� � C ����

�j�j� n � N�R��

or

En � e���tEn�� � ��te
��
�
�t
�
�� � ��C ��� � C ����

�j�j� n � N�R� � �� ������
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Using frequently the inequality ������	 we derive that

En � e���tEn�� � ��te
��
�
�t
�
�� � ��C ��� � C ����

�j�j
� e����tEn�����te

��
�
�t
�
�����C ����C

��
��

�j�je���t���te
��
�
�t
�
�����C ����C

��
��

�j�j
� � � � � � �
� e���n�N����tEN�����te

��
�
�t
�
�����C ����C

��
��

�j�j�e���n�N����t�� � ��e���t���

� e���n�N����tEN�� � e
��
�
�t
�
�� � ��C ��� � C ����

�j�j� n � N � �� ������

By Lemma �� and the de
nition of En	 it follows from ������

k�nk���h �En � e�
�
�
�t�G�je� �

�
�t�nj��� ��h � Re�f� �n�h

�e���n�N����tEN�� � e
��
�
�t
�
�� � ��C ��� � C ����

�j�j� �e
� ���

�
�tk�nk���hk�nk

�

�

h

� C ��� j�j� kfkhk�nkh
�e���n�N����tEN�� � e

��
�
�t
�
�� � ��C ��� � C ����

�j�j� �


k�nk���h

� C ��� j�j� ��kfkh� n � N � ��

thus
lim
n��

k�nk���h � �e
��
�
�t
�
�� � ��C ��� � C ����

�j�j� C ��� j�j� ���kfkh�

The proof of the lemma is new complete�
Now we prove the uniqueness of the solution of the 
nite di�erence system ���� with bound�

ary condition ����� Let �n � �n�	n	 where �n and 	n be two solutions of the di�erence scheme
with initial value �� and 	� respectively	 and �� and 	� satisfy

k��k��h � R� k	�k��h � R�

By Lemma ���	 there exists a constant C��R�	 such that

sup
n��

k�nk���h � C��R�� sup
n��

k	nk���h � C��R��

Then �n satis
es that

i
e
�
�
�t�n��i�j�k � e�

�
�
�t�ni�j�k

�t
�

�


�h�e

�
�
�t�n��i�j�k � e�

�
�
�t�ni�j�k�

�
�


G�je �

�
�t�n��i�j�k j�� je�

�
�
�t�ni�j�kj���e

�
�
�t�n��i�j�k � e�

�
�
�t�ni�j�k�

� �


G�je �

�
�t	n��i�j�k j�� je�

�
�
�t	ni�j�kj���e

�
�
�t	n��i�j�k � e�

�
�
�t	ni�j�k� � �� ������

i � �� � � � � � J� � �� j � �� � � � � � J� � �� k � �� � � � � � J� � �� n � �� �� � � � �
Because of

G�je �
�
�t�n��i�j�k j�� je�

�
�
�t�ni�j�kj���e

�
�
�t�n��i�j�k � e�

�
�
�t�ni�j�k�

�G�je �
�
�t	n��i�j�k j�� je�

�
�
�t	ni�j�kj���e

�
�
�t	n��i�j�k � e�

�
�
�t	ni�j�k�

�G�je �
�
�t�n��i�j�k j�� je�

�
�
�t�ni�j�kj���e

�
�
�t�n��i�j�k � e�

�
�
�t�ni�j�k�

��G�je �
�
�t�n��i�j�k j�� je�

�
�
�t�ni�j�kj��
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�G�je �
�
�t	n��i�j�k j�� je�

�
�
�t	ni�j�kj����e

�
�
�t	n��i�j�k � e�

�
�
�t	ni�j�k��

and by the property of di�erence quotient	 there exist constants �n��i�j�k � �
n
i�j�k � �	 such that

G�je �
�
�t�n��i�j�kj�� je�

�
�
�t�ni�j�k j���G�je �

�
�t	n��i�j�k j�� je�

�
�
�t	ni�j�kj��

�
�


g���n��i�j�k ��je

�
�
�t�n��i�j�kj� � je

�
�
�t	n��i�j�k j�� �

�


g���ni�j�k��je�

�
�
�t�ni�j�k j� � je�

�
�
�t	ni�j�kj���

where �n��i�j�k lies between the largest and smallest of je� �
�
�t�ni�j�kj�	 je

�
�
�t�n��i�j�kj� and je

�
�
�t	n��i�j�k j�	

and �ni�j�k lies between the largest and smallest of je� �
�
�t�ni�j�kj�	 je�

�
�
�t	ni�j�kj� and je

�
�
�t	n��i�j�k j��

Multiplying the relation ������ by �t�e
�
�
�t�n��i�j�k � e�

�
�
�t�ni�j�k�h�h�h�	 and summing them up

for i from � to J� � �	 for j from � to J� � �	 for k from � to J� � �	 then taking the imaginary
part	 we have

ke �
�
�t�n��k�h � ke�

�
�
�t�nk�h �

�

�
�tIm

��
g���n����je �

�
�t�n��j� � je �

�
�t	n��j��

�g���n��je� �
�
�t�nj��je��

�
�t	nj����e �

�
�t	n���e�

�
�
�t	n�� e

�
�
�t�n���e�

�
�
�t�n

�
h
���

������

Under the hypothesis ����� and Lemma ��	 Lemma ���	 we have

jthe third term of the left�hand side of ������j
�M

�
�te���t

�
�j�n��j� j	n��j�j�n��j� �j�nj� j	nj�j�nj� �j	n��j� j	nj��j�n��j� j�nj��

h

�M

�
�te���t

�k	n��k� � k	nk�
�n�

�k�n��k� � �k	n��k� � k�nk� � k	nk�
�k�n��k�h

�
�
�k�nk� � �k	nk� � k�n��k� � k	n��k�

�k�nk�h
o

�M

�

h���te���t

�k	n��k��h�k	nk��h�
n�
�k�n��k��h��k	n��k��h�k�nk��h�k	nk��h

�k�n��k�h
�
�
�k�nk��h � �k	nk��h � k�n��k��h � k	n��k��h

�k�nk�h
o

�MC��R�e
���t
��h���t

�k�nk�h � k�n��k�h
�
�

Substituting the above estimate in ������	 we have

k�n��k�h � e����tk�nk�h � MC��R�e
��t
��h���t

�k�nk�h � k�n��k�h
�
�

If MC��R�e
��t
��h���t � �	 that is that �t � �h

�MC��R�e��t 	 we derive that

k�n��k�h �
� � MC��R�e

��t
��h���t

�� MC��R�e��t
��h���t
k�nk�h

� � � � � � �

�
�� � MC��R�e

��t
��h���t

�� MC��R�e��t
��h���t

�n��
k��k�h� n � �� �� � � � � ������

Hence we obtain
Lemma ���� Under the conditions ������� ������������ and �t � �

�MC��R�e��t h� Then the

solution of the di�erence scheme �
��� with boundary conditions �
�� and initial condition
�
��� is unique� where C��R� is de�ned by �����

Now we prove the existence of attractor Ah��t for the discrete system on H�
h� Obvious	 a

family operators �Sh��t�
n satisfy the semigroup properties

�Sh��t�
m�Sh��t�

n � �Sh��t�
m�n��m�n � �� �Sh��t�

� � I�
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According to ������	 for every n � �	 �Sh��t�
n is a continuous operator from the 
nite dimen�

sional space H�
h into itself� By Lemma ���	 there exists a bounded set Bh

� which is absorbing
in H�

h under �Sh��t�
n� Using theorem ��� in ���	 we obtain the main result as follows

Theorem ���� We assume that ������� ����������� are hold� and �t � 
h
�MC�����e��t � Then

the discrete dynamical system associated with the �nite di�erence system �
��� with boundary
condition �
�� possesses a global attractor Ah��t on H�

h� and

Ah��t �
�
n��

�
m�n

�Sh��t�mBh
� �

Remark ���� As the parameter � � �	 the discrete system can remain well dissipative prop�
erties of the original system	 and as the parameter � � �	 the discrete system can also remain
well conservation properties of the original system�
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