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Abstract

This paper applies exponentially fitted trapezoidal scheme to a stochastic oscillator.

The scheme is convergent with mean-square order 1 and symplectic. Its numerical solution

oscillates and the second moment increases linearly with time. The numerical example

verifies the analysis of the scheme.
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1. Introduction

Stochastic oscillators are important mathematical models to evaluate the advantages and

disadvantages of numerical schemes ([1–4]). Many papers discuss the linear stochastic oscillator

ü(t) + u(t) = λẆ (t), equivalently,







du(t) = v(t)dt,

dv(t) = −u(t)dt+ λdW (t),

u(0) = 1, v(0) = 0,

(1.1)

where λ is given and W (t) is Brownian motion.

Proposition 1.1. ([3,4]) The Hamiltonian stochastic system (1.1) preserves the symplectic 2-

form du(t) ∧ dv(t). Its solution can be expressed as

u(t) = cos(t) + λ

∫ t

0

sin(t− s)dW (s), (1.2a)

v(t) = − sin(t) + λ

∫ t

0

cos(t− s)dW (s). (1.2b)
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u(t) oscillates with infinitely many simple zeros. Moreover, it satisfies that

E(u(t)2 + v(t)2) = 1 + λ2t.

The proposition above tells us the solution phase flow of (1.1) is symplectic, its second

moment grows linearly with time and its solution oscillates. Many papers discuss the symplectic

and multi-symplectic schemes ([5–10]). The references show that numerical preservation of

symplectic structure is as important as high accuracy for numerical solutions to Hamiltonian

systems. Symplectic schemes can simulate stably the main qualitative property of solutions of

Hamiltonian systems for long time.

Recently, exponentially fitted schemes are popular to solve ODE systems with oscillating so-

lutions ([11–14]). They can be derived by generalizing the Runge-Kutta methods and choosing

the coefficients in order to integrate exactly all functions in a selected linear space and mini-

mize the local error of the numerical solution. [11] proposes exponentially fitted Runge-Kutta

methods with s stages and introduces how to estimate the parameter. An explicit exponentially

fitted Runge-Kutta method with an optimal parameter is presented in [12]. Exponentially fitted

Runge-Kutta-Nyström method is constructed for second order ODE systems with oscillating

solutions [13]. [14] studies two kinds of exponentially fitted Runge-Kutta methods with fixed

points and with frequency-dependent points. For Hamiltonian systems, exponentially fitted

schemes with structure preservation properties are proposed in [15, 16, 17, 18]. [17] proposes a

fourth-order symplectic exponentially fitted scheme with modified Gauss method. [18] considers

linear and quadratic discrete invariants of exponentially fitted Runge-Kutta methods.

In [4], the predictor-corrector methods are applied to the stochastic oscillator system (1.1).

This work inspires us some idea. How does exponentially fitted scheme behave for the stochastic

oscillator system (1.1)? Whether is the numerical solution symplectic and oscillatory? Whether

does the numerical second moment grow linearly with time? In this paper we try to study and

answer the question.

2. Exponentially Fitted Trapezoidal Scheme

Two stage exponentially fitted Runge-Kutta scheme with symmetric nodes applied to de-

terministic first-order system y′ = f(x, y) yields that

y1 = γ0y0 + h(b1f(x0 + c1h, Y1) + b2f(x0 + c2h, Y2)),

Y1 = γ1y0 + h(a11f(x0 + c1h, Y1) + a12f(x0 + c2h, Y2)),

Y2 = γ2y0 + h(a21f(x0 + c1h, Y1) + a22f(x0 + c2h, Y2)).

(2.1)

Here c1 = 1/2− d, c2 = 1/2 + d. To make the scheme exact for the linear fitting trigonometric

space generated by {1, exp(±iωx)} and symplectic [18], we get exponentially fitted trapezoidal

scheme with d = 1/2, γ0 = γ1 = γ2 = 1, a11 = a12 = 0, a21 = a22 = b1 = b2 = 1−cos(ωh)
ωh sin(ωh) ,

equivalently,

y1 = y0 +
1− cos(ωh)

ω sin(ωh)

(

f(x0, y0) + f(x1, y1)
)

. (2.2)

Taylor expansion yields that the local truncation error is (y(3) + ω2y′)h3/12. Therefore, the

scheme is convergent with order 2. If ω is chosen such that y(3) + ω2y′ = 0, then the scheme

will be convergent with order 3 [12]. Under the segmentation with equidistant points, we apply
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exponentially fitted trapezoidal (abbreviated to EFT) scheme to (1.1) and get the following

formula

uk+1 = uk +
1− cos(ωh)

ω sin(ωh)
(vk+1 + vk), (2.3a)

vk+1 = vk −
1− cos(ωh)

ω sin(ωh)
(uk+1 + uk) + 2λ

1− cos(ωh)

ωh sin(ωh)
∆Wk, (2.3b)

where h is temporal step-size and ω is undetermined. And the numerical values of u(tk) and

v(tk) are denoted by uk and vk, respectively.

Theorem 2.1. To the linear stochastic system (1.1), the EFT scheme (2.3) is convergent with

root mean-square order 1.

Proof. To the linear stochastic system (1.1), Euler-Maruyama scheme is convergent with

root mean-square order 1 and its formula is

ūk+1 = ūk + hv̄k, (2.4a)

v̄k+1 = v̄k − hūk + λ∆Wk. (2.4b)

Now we let ūk = uk, v̄k = vk, and consider the local truncation error of the two schemes (2.3)

and (2.4). From the EFT scheme (2.3), we get that

uk+1 =
1

1 + a2
[(1− a2)uk + 2avk] +

2a2λ

h(1 + a2)
∆Wk, (2.5a)

vk+1 =
1

1 + a2
[(1− a2)vk − 2auk] +

2aλ

h(1 + a2)
∆Wk, (2.5b)

where a = 1−cos(ωh)
ω sin(ωh) . Then with (2.4), we obtain the following errors

uk+1 − ūk+1 =

(

1− a2

1 + a2
− 1

)

uk +

(

2a

1 + a2
− h

)

vk +
2a2λ

h(1 + a2)
∆Wk, (2.6a)

vk+1 − v̄k+1 =

(

1− a2

1 + a2
− 1

)

vk −

(

2a

1 + a2
− h

)

uk + λ(
2a

h(1 + a2)
− 1)∆Wk. (2.6b)

Denote Xk = (uk, vk)
T , X̄k = (ūk, v̄k)

T . From (2.6), we can derive

|E(Xk+1 − X̄k+1)|
2 =

[

(

1− a2

1 + a2
− 1

)2

+

(

2a

1 + a2
− h

)2
]

[E(u2
k) + E(v2k)], (2.7)

E(|Xk+1 − X̄k+1|
2) = |E(Xk+1 − X̄k+1)|

2 + λ2h

[

4a4

h2(1 + a2)2
+

(

2a

(1 + a2)h
− 1

)2
]

. (2.8)

Taylor expansion yields that

a =
h

2
+

ω2

12
h3 +O(h5),

1− a2

1 + a2
− 1 =

−2a2

1 + a2
= −

h2

2
+

(

1

4
−

ω2

12

)

h4 +O(h6), (2.9)

2a

1 + a2
− h =

(

−
1

4
+

ω2

12

)

h3 +O(h5),
2a

(1 + a2)h
− 1 =

(

−
1

4
+

ω2

12

)

h2 +O(h4). (2.10)
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From (2.7)-(2.10), we obtain that

|E(Xk+1 − X̄k+1)|
2 = [E(u2

k) + E(v2k)]

(

h4

4
+

h6

144
(ω2 − 3)(ω2 + 9) +O(h8)

)

, (2.11)

E(|Xk+1 − X̄k+1|
2) = |E(Xk+1 − X̄k+1)|

2 + λ2h
3

4
+ λ2 h5

144
(ω2 − 3)(ω2 + 9) +O(h7)

= λ2 h
3

4
+

h4

4
[E(u2

k) + E(v2k)] +O(h5). (2.12)

Then, (2.11) and (2.12) tell us that E(|Xk+1 − X̄k+1|
2) = O(h3). So the EFT scheme (2.3) is

convergent with root mean-square order 1. �

3. Numerical Analysis of the EFT Scheme

First we consider whether the EFT scheme can preserve the discrete symplectic 2-form [2]

of the system (1.1). From (2.5), by direct computation of duk ∧ dvk, we can derive that

duk+1 ∧ dvk+1 =
1

(1 + a2)2
[(1− a2)duk + 2advk] ∧ [(1− a2)dvk − 2aduk].

Since duk ∧ duk = dvk ∧ dvk = 0, duk ∧ dvk = −dvk ∧ duk, the equality above implies that

duk+1 ∧ dvk+1 = duk ∧ dvk. So the EFT scheme is symplectic.

Second we consider whether the numerical solution uk of the EFT scheme to the system

(1.1) can oscillate infinitely many times. From (2.5), we can get that

uk =
1

1 + a2
[(1 − a2)uk−1 + 2avk−1] +

2a2λ

h(1 + a2)
∆Wk−1, (3.1)

vk =
1

1 + a2
[(1 − a2)vk−1 − 2auk−1] +

2aλ

h(1 + a2)
∆Wk−1. (3.2)

The formula (3.1) yields that

vk−1 =
1 + a2

2a
uk −

1− a2

2a
uk−1 −

aλ

h
∆Wk−1. (3.3)

Therefore, with (3.1) and (3.3), we obtain that

vk =
1− a2

2a
uk −

1 + a2

2a
uk−1 +

aλ

h
∆Wk−1. (3.4)

Thus, with (3.4) and (2.5), we derive that

uk+1 = buk − uk−1 + sk, b = 2
1− a2

1 + a2
, sk =

2a2λ

h(1 + a2)
[∆Wk +∆Wk−1]. (3.5)

With the notations Yk = (uk+1, uk)
T , s̄k = (sk, 0)

T and

A =

(

b −1

1 0

)

, (3.6)
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we can derive that

Yk = AYk−1s̄k = AkY0 +Ak−1s̄1 +Ak−2s̄2 + · · ·+As̄k−1 + s̄k. (3.7)

For any positive integer n, denote

An =

(

an bn
cn dn

)

.

From (3.7), we can get that

uk+1 = bk + aku1 + ak−1s1 + · · ·+ a1sk−1 + sk = bk +
1

2
akb+ φk, (3.8)

φk =
2a2akλ

(1 + a2)h
∆W0 +

k
∑

j=1

ak−jsj, (3.9)

where a0 = 1. From (3.6), the eigenvalues ρ of (3.6) satisfy that ρ2 − bρ + 1 = 0. With

the expression of b, the eigenvalues are conjugate complex numbers, and they have unit mod-

ulus. Suppose that the eigenvalues of A are ρ1 = eiθ, ρ2 = e−iθ. According to the equation

for the eigenvalues of (3.6), According to [4], we get that the corresponding eigenvectors are

(ρ1, 1)
T , (ρ2, 1)

T and

An =

(

ρ1 ρ2
1 1

)(

ρn1 0

0 ρn2

)(

ρ1 ρ2
1 1

)−1

=
1

ρ1 − ρ2

(

ρn+1
1 − ρn+1

2 ρn2 − ρn1
ρn1 − ρn2 ρn−1

2 − ρn−1
1

)

.

Therefore

bk +
1

2
akb =

1

ρ1 − ρ2

[

ρk2 − ρk1 +
b

2
(ρk+1

1 − ρk+1
2 )

]

=
1

sin θ

[

− sin kθ +
b

2
sin(k + 1)θ

]

. (3.10)

From (3.10), bk +
1
2akb is bounded. For φk, from (3.5), we can derive that

φk =
2a2akλ

(1 + a2)h
∆W0 +

k
∑

j=1

2a2λ

h(1 + a2)
ak−j [∆Wj +∆Wj−1]

=
2a2akλ

(1 + a2)h
∆W0 +

k−1
∑

j=0

2a2λ

(1 + a2)h
aj∆Wk−j +

k
∑

j=1

2a2λ

(1 + a2)h
aj−1∆Wk−j

=
k

∑

j=1

µj∆Wk−j , (3.11)
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where

µ0 =
2a2λ

(1 + a2)h
,

µj =
2a2λ

(1 + a2)h
(aj + aj−1)

=
2a2λ

(1 + a2)h

1

ρ1 − ρ2

(

ρj+1
1 − ρj+1

2 + (ρj1 − ρj2)
)

=
2a2λ

(1 + a2)h sin θ

(

sin(j + 1)θ + sin jθ
)

=
4a2λ

(1 + a2)h sin θ
cos

θ

2
sin

(

j +
1

2

)

θ, j = 1, . . . , k. (3.12)

Therefore φk ∼ N(0, h
∑k

j=0 µ
2
j). From (2.9) and (3.12), µj is bounded. Clearly, limj→∞ sin(j+

1
2 )θ 6= 0. Then limj→∞ µj 6= 0. Thus

lim
k→∞

h

k
∑

j=0

µ2
j = ∞.

According to the Law of the Iterated Logarithm ([3,4]), for sufficiently large k and arbitrary

ε ∈ (0, 1), φk will infinitely often oscillate beyond the bound

(1− ε)

√

√

√

√2h

k
∑

j=0

µ2
j ln ln

(

h

k
∑

j=0

µ2
j

)

almost surely. From (3.8) and (3.10), we can see that uk behaves similarly.

Third, we consider whether the discrete second moment E(u2
k + v2k) of the EFT scheme to

the system (1.1) can grow linearly with time. From the EFT scheme (2.5), we derive that

u2
k+1 + v2k+1 = u2

k + v2k +
4a2λ2

(1 + a2)h2
∆W 2

k +
4aλ

(1 + a2)h
(vk − auk)∆Wk. (3.13)

Therefore, we get that

E(u2
k+1 + v2k+1) = E(u2

k + v2k) + λ2h
4a2

(1 + a2)h2
. (3.14)

Taylor expansion (2.9) yields that

4a2

(1 + a2)h2
= 1+

ω2 − 3

6
h2 +O(h4),

E(u2
k+1 + v2k+1) = E(u2

k + v2k) + λ2h

[

1 +
ω2 − 3

6
h2 +O(h4)

]

.

With initial condition of system (1.1), this indicate that

E(u2
k + v2k) = 1 + λ2tk +

ω2 − 3

6
λ2tkh

2 +O(tkh
4). (3.15)
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Theorem 3.1. To the system (1.1), the EFT scheme is symplectic. Its numerical solution uk

oscillates infinitely many times. Moreover its discrete second moment E(u2
k+v2k) grows linearly

with time approximately.

Note that from Eq. (3.13) for the deterministic system (1.1) with λ = 0, the numerical solutions

satisfy that u2
k + v2k = 1. This means that the phase trajectory of the numerical solutions is a

circle with radius 1.

4. Numerical Result

Now we apply above EFT scheme to solve the stochastic oscillator system (1.1) and test the

behavior of the scheme. According to theorem 1, the choice of ω does not affect the convergence

order of EFT scheme in the stochastic case. According to the derivation of exponentially fitted

trapezoidal scheme in [18], EFT scheme is exact with ω = 1 for deterministic system (1.1) with

λ = 0. For λ 6= 0, the stochastic case is complicated and we choose different ω in the experiment.

In the deterministic case with λ = 0, we apply EFT scheme with ω = 1, h = 0.1. In Figure

4.1, we depict the phase trajectory of the numerical solutions for t ∈ (0, 1000]. In Figure 4.2,

we depict the corresponding numerical errors

|uk − u(tk)|, which increase with time due to the computer rounding error.

In the stochastic case with λ 6= 0, we simulate the theoretical solutions (1.2) with step size

2−14. To implement the EFT scheme, we first apply ω = 1, λ = 0.1 and different step sizes h.

Figure 4.3 displays the convergence order of EFT scheme at T = 1. The errors are obtained by

the sample average of mean square error of 500 numerical solutions and theoretical solutions.

Denote the exact and numerical solution under the kth W (t) sample by uk(tn) and uk
n. Then

the errors are defined by

en =

√

√

√

√

1

500

500
∑

k=1

(uk(tn)− uk
n)

2.

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

u
k

v k

Fig. 4.1. Phase trajectory of numerical solutions with EFT scheme.
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Fig. 4.2. Errors of the numerical solutions with EFT scheme.
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Fig. 4.3. Order test of EFT scheme with ω = 1, λ = 0.1, T = 1.

0 20 40 60 80 100
−1.5

−1

−0.5

0

0.5

1

1.5

t
k

u
k

 

 

exact
EFT

Fig. 4.4. Oscillation of theoretical solutions and numerical solutions with EFT scheme.

In Figure 4.3, the errors versus decreasing step sizes are depicted in log-log scale. The reference

line has slope 1. It confirms that the EFT scheme is convergent with root mean-square order1.
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Fig. 4.5. Oscillation of the numerical solutions with EFT scheme.

We choose ω = 0.75, λ = 0.1, h = 0.1 next. In Figure 4.4, we plot time evolution trajectory

of u(t) for one sample of numerical solution and theoretical solution under the same W (t)

sample for t ∈ (0, 100]. We can see that the numerical solutions simulate approximately the

oscillation of theoretical solutions. In Figure 4.5, we plot time evolution trajectory of u(t) for

one sample of numerical solution for t ∈ (0, 5000]. It confirms that the simulation of oscillation

with long time is stable.

We choose ω = 0.9, λ = 0.2, h = 0.1 below. In Figure 4.6, we depict time evolution

trajectory of u(t) for the sample average of 104 numerical solutions for t ∈ (0, 5000]. The

reference line with slope 1 denotes the second moment of theoretical solutions. The figure shows

that the numerical second moment E(u2
k) + E(v2k) grows linearly with time approximately.

At last, we compare EFT scheme with the midpoint rule in [3]

un+1 = un +
h

2
(vn+1 + vn), vn+1 = vn −

h

2
(un+1 + un) + λ∆Wn,

0 1000 2000 3000 4000 5000
0

50

100

150

200

250

t

E
(u

k2
+

v k2
)

 

 

EFT
ref. line

Fig. 4.6. Approximate preservation of the linear growth property with EFT scheme.
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Fig. 4.7. Errors of the numerical solutions for the midpoint rule (left) and predictor-corrector method

(right) with λ = 0, h = 0.1.
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Fig. 4.8. Order test for the midpoint rule (left), predictor-corrector method (right) with λ = 0.1, h =

0.1, T = 1.
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Fig. 4.9. Order test for the midpoint rule (left), EFT scheme (middle) and predictor-corrector method

(right) with ω = 1, λ = 20, h = 0.1, T = 1.
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Fig. 4.10. Oscillation of the numerical solutions for the midpoint rule (left) and predictor-corrector

method (right) with λ = 0.1, h = 0.1.
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Fig. 4.11. Oscillation of the numerical solutions for the midpoint rule (left), EFT scheme (middle) and

predictor-corrector method (right) with ω = 0.75, λ = 20, h = 0.1.

and the predictor-corrector method with k = 2 in [4]

un+1 =

(

1−
h2

2

)

un + h

(

1−
h2

4

)

vn +
λh

2
∆Wn,

vn+1 = −h

(

1−
h2

4

)

un +

(

1−
h2

2
+

h4

4

)

vn + λ

(

1−
h2

4

)

∆Wn.

The data used for the midpoint rule and predictor-corrector method are the same as for EFT

scheme.

From Figures 4.2 and 4.7, we find that in the deterministic case, the EFT scheme has smaller

errors than the midpoint rule and predictor-corrector method. While in the stochastic case,

the numerical errors for these three schemes have the same order of the magnitude (see Figures

4.3, 4.8 and 4.9). From Figures 4.5, 4.10 and 4.11, the three schemes preserve the behavior

of oscillation with long time for numerical solutions approximately. From Figures 4.6, 4.12

and 4.13, the three schemes preserve the linear growth property with the numerical solutions

approximately.
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Fig. 4.12. Approximate preservation of the linear growth property with the numerical solutions for the

midpoint rule (left) and predictor-corrector method (right) with λ = 0.2, h = 0.1.
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Fig. 4.13. Approximate preservation of the linear growth property with the numerical solutions for the

midpoint rule (left), EFT scheme (middle) and predictor-corrector method (right) with ω = 0.9, λ =

20, h = 0.1.

5. Conclusion

Exponentially fitted trapezoidal scheme (4) is applied to linear stochastic oscillator system

(1) and generates symplectic EFT scheme (5). In deterministic case, the EFT scheme is exact

with ω = 1. In the stochastic case, the EFT scheme is convergent with root mean-square order

1 with arbitrary ω. The behavior of oscillation with long time for the numerical solutions is

preserved. EFT scheme preserves the linear growth property of the solutions approximately.

It may be worthwhile to generalize the exponential fitted schemes to stochastic differential

equations with oscillating solutions. The generalization of the symplectic exponential fitted

schemes to stochastic Hamiltonian systems with oscillating solutions may be also valuable.

Further discussion and research about the generalization will be needed.
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