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A NONOVERLAPPING DDM FOR GENERAL ELASTIC
BODY-PLATE PROBLEMS DISCRETIZED BY THE P-NZT FEM

JIANGUO HUANG* AND XUEHAI HUANG

Abstract. A nonoverlapping domain decomposition method (DDM) is proposed to solve general
elastic body-plate problems, discretized by the P;-NZT finite element method. It is proved in a
subtle way that the convergence rate of the method is optimal (independent of the finite element
mesh size), even for a regular family of finite element triangulations. This enables us to combine the
method with adaptive techniques in practical applications. Some numerical results are included
to illustrate the computational performance of the method.
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1. Introduction

Elastic multi-structures are composed of a number of substructures that have
the same or different dimensions (e.g., bodies, plates, beams, etc.), coupled to-
gether with some junction conditions. They are widely used in the fields of avia-
tion, aerospace, civil engineering, mechanical manufacturing, etc. In the past few
decades, much work has been done about mathematical modeling, mathematical
analysis and numerical solution for elastic multi-structure problems. We refer to
[8, 11, 16, 17] and the references therein for details in this subject. Elastic multi-
structures have a significant feature, that is, they are very complex from the global
view point, but their substructures are quite simple comparably. Therefore, elastic
multi-structure problems are particularly suitable for solutions through nonoverlap-
ping domain decomposition methods (DDM). In [14], some substructuring method
was proposed for solving the stiffened plate problem, based on conforming element
discretization. In [15], two domain decomposition methods were given to solve a
regular elastic body-plate problem. However, due to the use of finite element dis-
cretization in [27], the body and the plate members must have a cuboid shape,
which greatly limits the applicability of these two methods.

In this article, we aim to propose and analyze a nonoverlapping DDM for solving
a general elastic body-plate problem, discretized by the finite element method de-
veloped in [6], where P; conforming elements were used to discretize displacements
on the body and longitudinal displacements on the plate, while the NZT element
(cf. [28]) was used to discretize the transverse displacement. Hence, this method
can apply to any bodies and plates with polyhedral/polygonal shapes. The ideas
of constructing the related domain decomposition method are quite natural, sim-
ilar to the second method in [15]. It can be viewed as a Dirichlet-Neumann type
nonoverlapping method due to [19]. We refer the reader to the monograph [21] for a
comprehensive understanding of this method and mention that it has been applied
to solve a variety of coupling problems (cf. [12, 20, 30, 31]) with high efficiency.
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However, the convergence rate analysis of the proposed DDM is rather involved.
We first introduce a Clément-type operator and then develop its error estimates in
a subtle way. Then, we apply a new method to derive a certain spectral equivalence
lemma. In light of these results, we are able to study the convergence rate of the
DDM technically. It is proved that the convergence rate of the method is optimal
(independent of the finite element mesh size), even for a regular family of finite
element triangulations. It deserves to emphasize that there are few existing results
about convergence rate analysis of nonoverlapping DDMs for regular finite element
methods. Typically, it is often assumed that the restriction of the finite element
triangulation to the interface should be quasi-uniform (cf. [5, 7]), to achieve the
required spectral equivalence results (cf. [20, 21, 25, 29]). Hence, our convergence
rate analysis developed here might be helpful in investigating convergence rates of
some other nonoverlapping DDMs based on regular finite element discretizations.
The other benefit is that it enable us to combine the nonverlapping DDM with
adaptive techniques (cf. [5, 26]) to numerically solve the general elastic body-plate
problem very effectively. Similar to the second method in [15], our method here
only requires numerical solution of a pure body problem and a pure plate problem
at each iteration step, which can be implemented by existing efficient numerical
solvers. The relaxation parameter can be determined by numerical experience or by
the power method. We provide an academic example to illustrate the computational
performance of our method.

We end this section by introducing some notations and conventions frequently
used later on. Throughout this paper, we adopt standard notations for Sobolev
spaces [1, 5, 18], e.g., for a given open set G and a non-negative integer k, H*(G)
consists of all L?(G)-integrable functions whose weak derivatives with the total
degree < k are also L?(G)-integrable, and the norm and seminorm are denoted
by || - le.c and | - |k.c, respectively. HE(G) denotes the closure of C§°(G) with
respect to the norm || - ||x,¢, and the fractional-order Sobolev spaces are defined
by real interpolation of Banach spaces. Moreover, denote by Py (G) the space of
all polynomials over G with the total degree < k. We use the same index and
summation conventions as described in [16, 17]. That means, Latin indices ¢, 7,1
take their values in the set {1, 2,3}, while the capital Latin indices I, J, L take their
values in the set {1,2}. The summation is implied when a Latin index (or a capital
Latin index) appears exactly twice. We also use the symbol “< ---” to denote
“< C---7 with a generic positive constant C' independent of the finite element
mesh size and the functions under consideration, which may take different values
in different appearances.

2. The P,-NZT FEM for general elastic body-plate problems

As shown in Fig. 1, let (1,2, 23) be a right-handed orthogonal system in the
space R3, whose orthonormal basis vectors are denoted by {e;}3_,, respectively.
Let 2 be an elastic body-plate structure consisting of an elastic polyhedral body
a and an elastic polygonal plate § (precisely speaking, § is the mid-surface of an
elastic plate with thickness t3), which is rigidly connected on the interface By, i.e.,

1) u = u’ on B,

B

where u® = ufe; and u? = u; e; are the displacement fields in o and 3, respec-

tively.
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o

FIGURE 1. The geometric domain of a body-plate elastic structure 2.

For easy of exposition, we here only consider the case where the plate 3 is

clamped along the exterior boundary 7o := 9. In other words,
uf :ug =0, uf :8ngu§ =0 on 7o,

with n? denoting the unit outward normal to 3. Moreover it is imposed the force-

free condition on the exterior boundary da\ 8y of . Then, under the applied force

fields f e (L2())3, f7 e (L2(5))3, the equilibrium configuration of the elastic

body-plate structure €2 is governed by the following problem (cf. [11, 16, 27]):
Find u := (u®,u”) € V such that

(2) D(u,v)=F(v) VveV.

Here,

Vi={v= (" 07); v e (H' ()07 € (Hy(B))® x HF (B), v satisfies (1)};
for v = (v*,vP) € V,

— F(v >+Fﬁ<

/ fo v, / v,

D(v,w) := D%(v,w) + D" (v, w),

for w = (w*, w?) e V,

(3) D%(v,w) := / o (v)ef(w)da,
(4) g5 (v) = (00§ + 95v{") /2, 0§ = v [0,
o E, o Eovg a B .o
(5) Jij( ) 1+vu Eij (’U) + (1 i l/a)(l . 2Vo¢) (5”('0))5”, 1 < Za]al < 3;

D(w.w) = [ 0 (0)e] (w)ds + [ M] (o)} (w)ds,
B B

B B B 8 6U§
ers(v) = Orvy +9507)/2, Orvy = Az’

Q?J( ) = 1_ .2 ((1- Vﬁ)E?J(’U) + (el (0))0rs), 1 < I,J,L <2,
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%P
B — B _ _ 3
ICIJ(’U) = 8[]1)3 8:4918:49;
B Epty B B
(6) M, (v) = 1201 - 2) (L= v)Ky;(v) + vs(Kp L (v))d1).

In addition, E,, > 0 and v, € (0,1/2) denote Young’s modulus and Poisson’s ratio
of the elastic member w = «, 8, respectively; tg is the thickness of plate 3; d;; and
01y stand for the usual Kronecker delta.

The unique solvability of the problem (2) was proved in [16], and if the solution
u satisfies the regularity conditions:

(7) u® € (H*(a))®,u” € (H*(8))? x H*(B),
then we further have the following equilibrium equations (cf. [16]):
—of(u) = f* ina,
of j(unfe; =0 on da\ By,
*Q?J,J(“)el - M?.I,Ij(u)eli = fB in 8\ By,
a5y (wnge — Q?J,J(u)ef - M?J,U(“)ES =7 in By
From the above equations we know that the elastic body-plate problem is a

heterogeneous model, i.e., different PDEs are imposed in different regions.

Now, let us recall the P;-NZT element method for problem (2), proposed in [6].
Let {7 }r>0 be a regular family of triangulations of « into open tetrahedrons K,

with h the mesh size of 7;*. Let {’7715 } be a regular family of triangulations of
into open triangles 7. We then obtain a family of total partitions of €2,

7;? = {7;?77716}'
For ease of exposition, assume that finite element triangulations over o and 8 have
the same size h, and they are matching across the interface Gp.

Denote by Vi!(a) (resp. V;}(B)) the space of all piecewise linear continuous
functions associated with the triangulation 7,* (resp. ’7715 ). Let V;N4T(B) be the
new Zienkiewicz-type (NZT) finite element space associated with the triangulation
’77? (cf. [28]). That means, for each 7 € ’7;? , the local shape function space related
to VVZT(B) is

PNZT — Py(1) +spanf{q;; ; 1 <i<j <3},
where
(Vi — V)TV,
VA2
with {\;}?_; being the barycentric coordinates of the triangle 7 and || - || the length
of a vector. The corresponding nodal variables are given by

Y= {U(pf)valv(pz),aw(lﬁ)a I<i< 3}a

where {p7}?_, are three vertices of the triangle T, respectively. In what follows, p
with or without index always stands for a node of some finite element triangulation.
Introduce the following finite element spaces:

Wi(a) = (Vi (a))®;
Wi(B) = (Volh(ﬁ))2 X VOJZZT(B),

qij = )\12)\] — )\1)\? + (2()\Z — )\J) +3 (2)% — 1)))\1)\2)\3,

where
Von(B) = {vn € V) (B); vn(p) =0V p €y},
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Var 21 (B) := {vn € VY71 (B); wa(p) = d1vn(p) = Bavn(p) = 0V p € 70}
The discrete rigid junction related to (1) is given by
) vi(p) =v)(p) VpeB, 1<i<3,
from which we can construct a total finite element space by
Vi = {v;l € Wp(a) x Wp(8), v, satisfies (8)}

Then the P;-NZT element method for problem (2) reads as follows:
Find u, € V', such that

(9) Dy (up,vp) = F(vy) Yo, €V,
where
(10) Dy (un,vp) = D§ (up,vp) + D) (wn, vp),
Dg(uh;vh) = Z / uh 'Uh)dK
KeTy
Dy (un,vp) =Y /QU wp)et  (vn)dr + Zy (un, vp),
TGTﬁ
Zg(“ha”h) = Z /MIJ up) Il(vh)d
TGT,?

As shown in [6], there exists a unique solution uy, to the problem (9), and the
error u— uy, in the discrete energy norm is of the size O(h) provided the regularity
assumption (7) holds. In what follows, we intend to propose certain nonoverlapping
DDM for solving problem (9) and then develop its convergence rate analysis.

3. A Clément-type interpolation operator with error estimates and a
spectral equivalence lemma

Define
Vii(a; By) = {v € Vi (a); v(p) =0 YV p € By}
We have the following result corresponding to the body problem, which is known
as the discrete extension theorem in the context of domain decomposition methods

(ct. [21, 25, 29]).
Lemma 3.1. For any vector-valued function v € (V;}())3 satisfying
Di(v,w) =0 Y we (Vi(a:5))°,
there holds
Di(v,0) S [v]1/2,,-
Proof. We first introduce an auxiliary problem by finding w € (H!(«))? such that

u="uv on [y,
{ D(u,w)=0 Ywe (HY(;8))>.

Then, according to the regularity theory of elliptic equations in non-smooth domains
(cf. [13]), it follows that

(11) lullia S lvlly2,s,-
On the other hand, by the minimum energy principle,

(12) Dy (v,v) < D (w, w)
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for all w € (V}}())? with w = v on By. Let Qf be the weak interpolation operator
keeping traces of functions on S, (cf. [23]). Then, recalling the definitions (3)-(5),
we have by the Cauchy-Schwarz inequality that

(13) Dj(Qfu, Qu) = D*(Qfu, Qfu) S 11Q7ullf .

Therefore, choosing w = Q7w in the estimate (12), and using (11), (13) and the
stability estimates for Qj', we find

Dy (v,v) < Dp(Qpu, Qyu) S [|Q)ul

as required. O

2 <

fo S llulio S 032,

l,a ~

Now, we introduce some notations for later uses. Let G be any open subset of
B, which is aligned with the triangulation 77? . Write T,¢ and V;N4T(Q) as the
restriction of 7715 and VhN ZT(B) to G, respectively. It is mentioned that the same
convention also applies to other finite element spaces. If v is a piecewise H*-smooth
function with respect to the triangulation 7;LG, define

1/2 1/2
k,h,(;:{ 3 |v||i,f} 7|v|k,h,c={ 3 |v|i,f} .

i i

o]

The next result follows readily from the technique in [5] for deriving the discrete
Poincaré-Friedrichs inequality for piecewise Sobolev functions.

Lemma 3.2. There holds

[oll2,n S lvl2ns Vv e Ve ZT(B).

Let 3. := B\ 3. Now, let us construct a Clément-type interpolation operator HZ“
from H?(B.) into V;N?T(3,) and then establish the corresponding error estimates
(cf. [9]). It is emphasized that all the results can be extended to any subset G of
(B, which is aligned with the triangulation 7;? .

For any subset G C ., define

Ag ={(UR)% Te T 7NG £ 0}.

For p € 77? °, Agc is exactly the macro-element consisting of all triangles in 7;? ¢
that share the node p. It was shown in [2, 9] that there exist positive constants
{A;}}_, which rely only on the parameter describing the shape-regularity of the
triangulation 7;? ¢ (cf. [5, 7]), such that

(1) for all p € 7716 ¢, the number of triangles contained in Agc is no more than
Ay

(2) for all p € 77LB°,

V71 CAY, Ashy <hyse < Ashe,

Afe

where, for an open set G, hg denotes the diameter of G;

(3) for all 7 C ’7;? ¢, the number of macro-elements that contain 7 is no more
than Ay.

For all p € 7;162 let QZ”&C be the LQ(Agc)—orthogonal projection operator from
LQ(Agc) onto Pl(Aff), which admits the following error estimates (cf. [9]).

2
k WMe c
(14) > hhalo = QpPeoly ape SHaclvly ppe Vo € H(A)).
k=0
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Moreover, let 1, ¥p 1, ¥p 2 be the nodal basis functions in VhN ZT(3,) associated
with the nodal variables v(p), d1v(p), and d2v(p), respectively. Then our Clément-
type interpolation operator ch is defined by

(15)  Irv= Y (@Y7 v)(p)vy + 01(QY 7 v)(D)p1 + 02(Q) 0)(p)p.2).

pET®

Lemma 3.3. Let Hg“ be the Clément-type interpolation operator defined by (15).
Then for all T € 77LB°, there holds

2
(16) D B = vl s S B2[oly ppe Vv € HA(AL).

k=0
Proof. Let P™ be the L?(7)-orthogonal projection from L?(7) onto Pi(7). It is
well-known that

~

2
(17) > hEw = PToli s S h2Jolas Vv e HA(7).
k=0

By the scaling argument we know, if p is a vertex of the triangle 7, then
(18) Wplir SPr", [Wprlhr SE27F, 0<k <2, 1<T<2,

~ ~

On the other hand, we have from (15) that
Py — HZ“U

= ((PTv = @3 0) ()t + 01 (PTv — Q7 v) ()ibp,1 + Da(PTv — Q5 P<0) (p)y,2)
pET

Here and in what follows, for a given set G, p € G means that p € G and it is a
vertex of a triangle in ’77;6 as well. Therefore, from (14), (17)-(18), the local inverse
inequality for finite elements and the properties for macro-elements given before,
we arrive at

|PTo =T vl < 3 (I(PT0 = QpP0) 0)|[¢p ] + 101 (P70 = Q7 70) (p) [[4p.1 i, r

peT

+102(P7v = QY7 v)(p)||¥p.2lk.r)
ShH(I1P7o = QpPevllo b 4 B2F Py — Q7 Puly )
Sh (v = PTollo + lv — @2 %vllo.7) + bt (jo = Poly
+ v —QhPul )

<2 ol pse S B2 Moy pe

which, in conjunction with (17), gives (16) readily. O

Denote by VhB (Bp) the Bell element space with respect to the triangulation 7;? b
(cf. [4, 5, 7]). That means, for each 7 € ’7715” with three vertices {p7}2_,, the local
shape function space is

P, :={v e Ps(1); anfv}F, € P3(F™) VYFT C 01},

where n” stands for the unit outward normal to 7 and F” is an edge of 7; the nodal
variables are given by

Y= {v(p]), 0wv(p; ), dev(py), Onv(p; ), O12v(p; ), da2v(p;), 1 <4< 3}
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We next introduce a connection operator E,f” from VN4 (B,) into the Bell con-
forming element space V;2(8,) as follows. For all v € V;NZT(3,), Eﬁbv is uniquely
determined by the conditions:

(Ey)(p) = v(p) ¥ pE b,
(19) (OB o)(p) = (am(p) VpeB, 1<I<2,
(311Eﬂ” )(p) = Vpepy, 1<I1,J<2,

(On- E0)| . € P3(FT) VFT creT?.

Employing the technique for proving Lemma 5.1 in [4], we can derive the follow-
ing result.

Lemma 3.4. For the connection operator Eﬂb defined by (19),
(20) | 55 l2ns, ¥ v € V(5.

For any function v € VhN ZT(Bb), we can extend it as a unique function ¢ €
V4T (B) such that

o(p) = v(p),010(p) = Orv(p) VYVpeEm, I =1,2,
Zpe(0,0) =0 YV w e VNT(Bes72),

where v1 1= 9B, 72 =70 U,
Vil (Besv2) := {vn € ViV 7T (Be); vn(p) = Oron(p) = avn(p) =0V p € 72},
and for any open subset G of 8 which is aligned with the triangulation ’7715 ,
Z (v, w) == Z MU ?J(w)dT.

TeTE T

It should be emphasized that only the third component of a vector-valued function
v is used in the definitions of My ;(v) and Krj(v) (cf. (6)). So we simply write
them as Mj;(v) and K;;(v), with v denoting the third component of v, where
there is no confusion caused.

Lemma 3.5. There exist two positive constants C1 and Ca, independent of the
finite element mesh size h, such that the following results hold.

Cillvl3 pp, < Z5(9,8) < Callvl3 5, Yo € VYT (5).

Proof. Observe that there exist two positive constants B; and Bs, which depend
only on the physical parameters of plate 3, such that (cf. [4])

(21) B1|w|§,h,G < Z}?(waw) < B2|w|§,h,G Vuw e V;NT(G),

for any open subset G of 3, which is aligned with ThB . Hence, it suffices for us to
verify the following results

(22) Cullvll3 n,8, < 1053, < Callvll3 1,6,

The left side inequality comes readily from Lemma 3.2. It is rather involved to
achieve the right side inequality of (22). At first, by the minimum energy principle
and (21), we know v, := 7|, satisfies that
(23) |UC|§,h,,66 N Z}fc (Ve, ve) < Z (wey we) S |wc|2 h,Bes
for all w, € V;NZT(B,) with

we(p) = v(p), Or(we)(p) = (Orv)(p) Vpem, 1 <1 <2,

24
(24) we(p) =0, Or(we)(p) =0Vp €€y, 1 <I <2
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Recalling the definition of Eg” (cf. (19)), we know Eg”v € H?(j3) and
(B 0)(p) = v(p), r(E;"0)(p) = (Orv)(p) Yp €, 1<T<2

Then, using the extension theorem for Sobolev spaces (cf. [24]) and the technique

of cut-off functions (cf. [1]), there exists an extension operator E from H2(f;) into
HZ(B) such that

(25) 1Ewl2p S llwll2p, Vw e H(By),

where the generic constant depends only on the geometric nature of 5, and .

Now, let w. be the restriction of E(Eg”v) to B.. It is easy to check that w, is
in H?(B.) and satisfies the conditions (24). We next construct a function w, in
VNZT(8,) based on w, as follows. If p € va,

we(p) == we(p), (Orwe)(p) := (Orwe)(p), 1<1 <2
if p € Be\2,
we(p) = (Myewe)(p),  (Drwe)(p) = @r(I we))(p), 1<T<2,

where Hﬁc is the Clément-type interpolation operator defined by (15).
We can write the finite element function w, via the nodal basis functions in the
form

We = Z (We(p)p + (01w ) (p)p.1)

PEY2
b (@ m) ), + O ) 0.
PEB\ 2
which implies that
We = H We + Z Hﬂcwc) ))wp + Z ((81’@0)(27) - al(chwC)(p))wp’I'
ool PEY2

Hence, using error estimate for the interpolation operator Hﬁc (cf. (16)), the es-
timate (18), the local inverse inequality for finite elements and the property of
macro-elements shown before, we see that

, _ . 2
|UJC|§,h,5c 5|H£Lw0|§,h,ﬁc + Z ‘wc(p) - (Hﬁ wc)(p)‘ |¢p|§,ﬁc

PEY2
2
+ Z | (Orwe)(p 81(11 W) )‘ |¢p,f|g,ﬁc
PEY2
5|117C|3,Bc + Z |wc_H£Cw0|g,oo;h;2+ Z |wc—chwC|ioo,r
TET,?C TETI?C
Sleld g, + Y e =T w3 ht + Y [0 — e, [] b
TET TET,
§|U_’c|§,5c + Z |u_’c|§,A; S |u_)6|§,ﬁcv
TGT’?C

from which, (20) and (25) we are led to

[welzn,8. S [@el2,6. = |E(E ) 2. < |E(EL )25, S 1B 0ll26, S N0ll2m,600

Furthermore, it is easy to check that w, is in VN ZT(3.) and satisfies the condi-
tions (24), so the last estimate and (23) together allows

|77|§,h,/3 = |'UC|§,h,Bc + |'U|§,h,6b N |w0|§,h,ﬁc + |U|§,h,,ﬁb S H'Ung,h,,@bv



A NONOVERLAPPING DDM FOR ELASTIC BODY-PLATE PROBLEMS 95

leading to the right side inequality of (22). The proof is complete. O

Remark 3.1. It is easy to check that even for any function v € VOJ,\{ZT(B), there
holds

1ol13 1.5, < CZ3, (v, 0),

which is a direct consequence of Lemma 3.2.

Remark 3.2. Lemma 3.5 can be viewed as a spectral equivalence lemma corre-
sponding to the finite element space Vi 2T (B). As shown in [20, 21, such kind of
results play important roles in convergence rate analysis of nonoverlapping DDMs
and are usually derived by the discrete extension theorems under some additional
conditions over triangulations. Here, we derive the above lemma in view of the
extension theorem for Sobolev spaces, avoiding the use of the so-called discrete ex-
tension theorem. So, it holds even for a reqular family of triangulations.

4. A nonoverlapping DDM and convergence rate analysis

Similar to the second algorithm in [15], we can construct a nonoverlapping do-
main decomposition method for solving problem (9), described as follows.

Algorithm 1 The Body-Plate Alternating Method.

Let A} € (V,1(By))? x V;N4T(B,) be any given vector-valued function, and
0 € (0,1) a fixed parameter. Set n = 0.
Step 1. Sequentially solve the problems

up " e (ViHa))?,

(26) Z"“( )=Xi(p) Vpep,
Djz(upy " vp) = Fe(vR) Y oft € (Vi (e 8,))°
and
(27) { U%mr; EJr(lv1 WA)° VO]XZT(B)’ +1
Dy (uy ™ vp) = FP (o)) + [F(vf) — Di(up ™ o),
where 'vh € (Vi (B)? x V2T (B) and v§ € (Vil(a))? satisfy v (p) = vg(p)
Vpée ﬂb.

Step 2. Let
(28) N = 0N+ (L= u " s,
Step 3. Set n :=n+ 1. Goto Step 1 and repeat the above iteration until

convergence.

Remark 4.1. The above algorithm can be naturally extended to deal with the nu-
merical solution of more complicated elastic multi-structure problems as given in
[16, 17]. However, it is a very difficult issue to develop the convergence rate analy-
sis in this case. It is our forthcoming work to attack this difficulty.

Let pj == A — uh|5b, 0" i=up" —uf and 65’” : uﬁ e uh From (9)-(10),
and (26)-(28), we find that 62‘ ™ and 52’" must satisfy the following conditions

62’”*1 (Vi (a))?,
(29) 87" (p) = uh(m Y p € By,
Dy og) =0 Vi € (Ve B))?,
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w (e
Dy (8, vp) + D (0" vf) =0,

(31) fin = Ofiy + (11— 0)8, "

where v§ and 'UZ are defined as in (27), and f1;, denotes the extension of the vector-
valued function pj on By such that

ﬁZ(p) = ”’Z(p)a afﬁg,h(p) = a[ﬂg,h(p); I= ]-a Q,Vp S ﬂba
Dy (B, v ) =0 Vv € (Vi (Bes 72))? % ViV T (Bes v2),
where
Vi (Bes2) i= {vn € Vi (Be); vn(p) =0V p € 12},
and V;N?T(B.;v2) is defined as in the last section.
To establish convergence analysis for the above method, we require the next two
lemmas. The first lemma can be derived following the proof of Lemma 4 in [15],

combined with Lemmas 3.1 and 3.5 developed in Section 3. The second lemma is
a consequence of the first one (cf. Lemma 4.1). We omit the details for simplicity.

Lemma 4.1. There exists a positive constants C*, independent of the finite element
mesh size h, such that, for any vector-valued function v® € (V3 (8))? x V4T (B)
we have

D¢ (08, vP) < C*Df(vﬂ,vﬁ),
where v € (V1(«))? is uniquely determined by the conditions

vl(p) =vP(p) VpEp,
Dy(v8,w) =0 Y we (Vi (a;5))>

Lemma 4.2. For any vector-valued function v® € (Vi (a))? and v® € (V3 (8))? x
V2T (B) which satisfy the conditions

Dy (v, w) =0 Vw e (Vy (o, By))?,
{ Dy (v, [w]®) + Dy (v”,w) =0 ¥ w € (V§,,(8))? x VY 27 (8),
we have the estimate
Dy (v v%) < C* D (v™, v®),
where C* is given as in Lemma 4.1.

We are now ready to state and prove the main theorem in this article.

Theorem 4.1. There exists a fived parameter 6* € (0, 1), independent of the finite
element mesh size h, such that, if % < 0 < 1, we have the following estimates for
the Body-Plate Alternating Method (cf. Algorithm 1):

i lln < Co(0)™ 4 l1n,

32 a,n ga,n n n n
(32) D82, 62™) + DI(SL™ 60™) < Cp(0)°" |2

Here the explicit form of p() and 0* are given in the proof below and p(8*) = V0",
and for v € (V;H(B))? x V;NZT(By),

2 1/2
ol = (Z loill2 5, + |v3||§,h,gb> |
=1
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Proof. We proceed by similar arguments for proving Theorem 2 in [15]. In fact,
from (29),

& (p) = wi(p) ¥ p € B,
so we can choose vl = fij', v = 87" in (30) to get
(33) Dy (g, 87" = =Dp(@" 87 < 0.
Since 62’”“ and 62’”“ satisfy (29) and (30), an application of Lemma 4.2 implies
(34) Dyt 8 < CrDR(8 5y
with the constant C* the same as in Lemma 4.1. Using (33)-(34) and the Cauchy-

Schwarz inequality, we find

D (8"t gt

IN

1/2 1/2
(PG (pieia0mh)
1/2 1/2
/ ~n ~ arsan+1l can+l
Cr <Dh (“’Za ”’Z)) <Dh (6}1 - ’ 6}1 - )) ’

and with (34) we further have

IN

Dg(ég,n-‘rl,ég,n-‘rl) < C*Dg(5z,n+1762,n+l) < C*QDg(ﬁZ,ﬁZ)
On the other hand, from (31), (33) and the last estimate it follows that
Dy (™ ) < 0 D) (g, fig) + (1= 0)° Dy (8,7, 8,7
< (0% + C™2(1 = 0)°)D}) (B, in) = p(0)° D} (7 i),
where p(0) := [0?24+C*?(1—6)?]"/2, which takes its minimum at 6* = C*?/(14+-C*?) €
(0,1) with p(6*) = v/6*. Moreover, 0 < p(f) < 1 whenever * < 6 < 1. Therefore,
(35) D (fys fiy) < p(0)*" D} (s B1p)-
Arguing as in the proof of Lemma 3.5, we know
lehll7 < DR (ars mh) S ekl

which with (35) implies
(36) il < Co(6)" [l -

The second inequality in (32) follows readily from (34), (36) and Lemma 4.2. O

5. Numerical examples

Consider an elastic body member « := (—1/2,1/2)? x (0,1) and an elastic plate
member 3 := (—1,1)% x {0}. They are rigidly connected along the interface 3, :=
(—1/2,1/2)% x {0} to form an elastic body-plate structure (2.

Let the displacement field u® := u{'e; on a and the displacement field uf = uf e;
on (8 be given respectively by

uf o= (1 —af)(1 —a3)(1 — 4a?)*(1 — 423)* (1 — x3)?,

ug = (1 —2f)(1 —a3)(1 —4a1)?(1 — 423)*(1 — 23)?,

ug = (1 —af)*(1 - 933)2(1 —42?)*(1 — 423)*(1 — 23)?,
where —1/2 < 1, 22 < 1/2 and 0 < 23 < 1,

= (1—a})(1 - 23)(1 - 4a3)>(1 — 4a3)?,
uy = (1—a})(1 - 23)(1 — 4a3)2(1 — 4a3)?,
ug = (1—2%)*(1 — 23)*(1 — 429)*(1 — 43)?,

l\?l\)l\?l\?

™
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FiGURE 2. The triangulation 7719 for the body-plate problem.

TABLE 1. The related energy errors vs h for the first example when
6 =0.75.

h | DOF R, n
1/4 | 780 | 9.7597E-07 | 55
1/8 | 3632 | 7.4515E-07 | 31
1/16 | 20184 | 8.1101E-07 | 32
1/32 | 128936 | 9.4642E-07 | 32

where —1 < x1, 23 < 1. Since w is available, f* and fB can be computed explicitly
by equilibrium equations.

As shown in Fig. 2, introduce a family of triangulations for the body-plate
structure, whose mesh size is denoted by h. Concretely speaking, we partition
into (2N)? equal squares with the length h = 1/N, and then divide each square
into two triangles in the same direction, so that we get the triangulation 7715 . The
triangulation 7,* is obtained similarly. We use the cubature over tetrahedrons
proposed in [10] for assembling stiffness matrix on the body and the PCG with
classic AMG preconditioners (cf. [3, 22]) for solving the discrete problems (26) and
(27). The algorithm terminates with the error criterion R, ; < 1076, and all the
initial functions are taken as zero functions.

Define the energy error and the relative energy error at the n-th iteration step
by

B = (Df(up™ = ufl, upd™ — uf) + Djy (u, ™ — uy, up ™ —up)'/?,

Ry = En /(D5 (uit, uft) + D (ul) , ul))'/?.

In the first example, we assume the elastic body-plate structure is made of grey
cast iron. Thus, we choose E, = 120, v, = 0.25, Eg = 120, vg = 0.25, and
tg = 0.2. The computational results of E, ; and R, with the parameter § =
0.75 for different choices of h are given in Fig. 3 and Table 1, respectively. The
computational results of R,, 5, with the parameter 8 = 0.9 for different choices of h
are given in Table 2. From these data we see that the convergence rate of the method
is insensitive to the finite element mesh size, which coincides with our theoretical
estimate. When h = 1/16 and 6 is taken as different values, the numerical results
for E, 5 and R, are listed in Table 3, which indicate that the convergence rate is
greatly influenced by the choice of the parameter 6. As shown in [15], the desired
parameter 6 can be obtained by the power method or by numerical experience to
avoid more computational cost.
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FIGURE 3. Variation of the energy error in In scale vs the iteration
number for the first example when 6 = 0.75.

TABLE 2. The related energy errors vs h for the first example when

0

=0.9.

h | DOF Ron n
1/4 | 780 | 9.8498E-07 | 78
1/8 | 3632 | 9.4591E-07 | 83
1/16 | 20184 | 9.8024B-07 | 86
1/32 | 128936 | 8.8077E-07 | 88

TABLE 3. The energy errors and related energy errors vs 6 for the
first example when h = 1/16.

0 0.7 0.75 0.8 0.85 0.9

n 63 32 41 56 86
E, 1, | 4.0581E-05 | 3.6072E-05 | 4.9592E-05 | 4.1327E-05 | 4.3598E-05
R, | 9.1239E-07 | 8.1101E-07 | 8.5619E-07 | 9.2917E-07 | 9.8024E-07

TABLE 4. The related energy errors vs h for the second example
when 6 = 0.9.

h DOF

Rn,h n
1/4 780 9.3426E-07 | 86
1/8 3632 | 9.5565E-07 | 76
1/16 | 20184 | 9.2949E-07 | 81
1/32 | 128936 | 9.1357E-07 | 83
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In the second example, we consider the case where the elastic material is made
of nickel-chromium steel. Thus, we choose E, = 206, v, = 0.3, Eg = 206, vg =
0.3, and tg = 0.14. To simplify the presentation, we only list in Table 4 the
computational results of R, ; for 8 = 0.9 with different choices of h. We may
find again from these numerical results that the convergence rate of our domain
decomposition method is insensitive to the finite element mesh size. Furthermore,
comparing the numerical results in Tables 2 and 4, we may conclude that the
convergence rate of the method depends on the choice of physical parameters of the
underlying problem, but the influence is not very sensitive.
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In summary, all of the above numerical results have demonstrated that the Body-
Plate Alternating Method proposed here performs well in solving the general elastic
body-plate problem.
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