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Abstract. This paper is concerned with the computable error estimates for the eigenvalue
problem which is solved by the general conforming finite element methods on the general meshes.
Based on the computable error estimate, we can give an asymptotically lower bound of the general
eigenvalues. Furthermore, we also give a guaranteed upper bound of the error estimates for the
first eigenfunction approximation and a guaranteed lower bound of the first eigenvalue based on
computable error estimator. Some numerical examples are presented to validate the theoretical
results deduced in this paper.
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1. Introduction

This paper is concerned with the computable error estimates for the eigenvalue
problem by the finite element method. As we know, the priori error estimates
can only give the asymptotic convergence order. The a posteriori error estimates
are very important for the mesh adaption process. Interested readers can refer to
[2, 6, 7, 8, 27, 28, 34] and the references cited therein for more information about
the a posteriori error estimate for the partial differential equations by the finite
element method.

This paper is to give computable error estimates for the eigenpair approxima-
tions. We produce a guaranteed upper-bound error estimate for the first eigen-
function approximation and then a guaranteed lower bound of the first eigenvalue.
The approach is based on complementary energy method from [15, 27, 28, 31, 32]
coupled with the upper and lower bounds of the eigenvalues by the conforming
and nonconforming finite element methods. The first eigenvalue is the key in-
formation in many practical applications such as Friedrichs, Poincaré, trace and
similar inequalities (cf. [29]). Thus the two-sided bounds of the first eigenvalue of
the partial differential operators are very important. Furthermore, the proposed
computable error estimates are asymptotically exact for the general eigenpair ap-
proximations which are obtained by the conforming finite element method. Based
on this property, we can provide asymptotically lower bounds for general eigenval-
ues by the finite element method. The most important feature and contribution
of this paper are that the method can also provide the reasonable accuracy even
on the general regular meshes which is different from the existed methods (cf.
[3, 10, 11, 16, 18, 19, 22, 23, 24, 37, 38]).

It is well known that the numerical approximations by the conforming finite
element methods are upper bounds of the exact eigenvalues. Recently, how to
obtain the lower bounds of the desired eigenvalues is a hot topic since it has many
applications in some classical problems [3, 10, 11, 16, 18, 19, 22, 23, 24, 29, 30, 33, 37,
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38]. Up to now, there have developed the nonconforming finite element methods
[3, 16, 18, 19, 22, 37, 38|, interpolation constant based methods [10, 11, 23, 24]
and computational error estimate methods [29, 30, 33]. The nonconforming finite
element methods can only obtain the asymptotically lower bounds with the lowest
order accuracy. The interpolation constant method can only obtain the efficient
guaranteed lower bounds only on the quasi-uniform meshes since the accuracy is
determined by the global mesh size. The complementary method in [31, 32] for
computing the a posteriori error estimate of the finite element method gives a clue
to this paper.

An outline of the paper goes as follows. In Section 2, we introduce the finite
element method for the eigenvalue problem and the corresponding basic error esti-
mates. The computable error estimates for the eigenfunction approximations and
the corresponding upper-bound properties are given in Section 3. In Section 4,
lower bounds of eigenvalues are obtained based on the results in Section 3. Some
numerical examples are presented to validate our theoretical analysis in Section 5.
Some concluding remarks are given in the last section.

2. Finite element method for eigenvalue problem

This section is devoted to introducing some notation and the finite element
method for eigenvalue problem. In this paper, the standard notation for Sobolev
spaces H*(Q2) and H(div;Q) and their associated norms and semi-norms [1] will
be used. We denote H}(Q) = {v € HY(Q) : v|sq = 0}, where v|spg = 0 is in the
sense of trace. The letter C' (with or without subscripts) denotes a generic positive
constant which may be different at its different occurrences in the paper.

For simplicity, this paper is concerned with the following model problem: Find

(A, u) such that
(1) —Au+u = Au, in§,
U 0, on 0,

where Q C R? (d = 2,3) is a bounded domain with Lipschitz boundary 9§ and
A denotes the Laplacian operator. We will find that the method in this paper can
easily be extended to more general eigenvalue problems.

In order to use the finite element method to solve the eigenvalue problem (1), we
need to define the corresponding variational form as follows: Find (A, u) € R x V
such that

(2) a(u,v) = Ab(u,v), YveV,
where V := H}(Q) and
(3) a(u,v) = / (Vu - Vo + uv)de, b(u,v) = / uvd.
The norms || - ||, and || ﬁb are defined as ’
[v]le = Va(v,v) and  |jv]|s = \/b(v,v).

It is well known that problem (2) has an eigenvalue sequence {A;} (cf. [5, 12]):
O<)\1<)\2§"'§)\k§'-', lim)\k:oo,

k—o0

and associated eigenfunctions
UL, U2y - v 5 Uy~

where b(u;,u;) = 0 when i # j. The first eigenvalue A; is simple and in the sequence
{A;}, the A; are repeated according to their geometric multiplicity.



262 Q. HONG, H. XIE, M. YUE AND N. ZHANG

Now, we introduce the finite element method for the eigenvalue problem (2).
First we decompose the computing domain Q C R? (d = 2,3) into shape-regular
triangles or rectangles for d = 2 (tetrahedrons or hexahedrons for d = 3) to produce
the mesh 7, (cf. [8, 14]). In this paper, we use &, to denote the set of interior faces
(edges or sides) of Tj,. The diameter of a cell K € T}, is denoted by hx and the mesh
size h describes the maximum diameter of all cells K € 7;. Based on the mesh
Tr, we can construct a finite element space denoted by V;, C V. For simplicity, we
only consider the Lagrange type conforming finite element space which is defined
as follows

(4) Vi = {Uh e C(Q) } |k € Pr, VK € ﬁl} N HOI(Q),

where Py, denotes the space of polynomials of degree at most k.
The standard finite element scheme for the eigenvalue problem (2) can be defined
as follows: Find (A, up) € R x V3, such that b(up,up) =1 and

(5) alup,vp) = A\pb(up,vn), Yo, € V.
From [4, 5, 12], the discrete eigenvalue problem (5) has eigenvalues:
0<Ain<Xopn < < Apn << ANy s
and corresponding eigenfunctions
U,k o s Uk,hy* 5 UN, by

where b(u; n,u;n) = 0;j (d;; denotes the Kronecker function), when 1 < 4,5 < N,
(N}, is the dimension of the finite element space V4,).

Let M(\;) denote the eigenspace corresponding to the eigenvalue A; which is
defined by

M) = {we Hj(Q):wis an eigenfunction of (2)
corresponding to )\i},
and define
(6) on(Ni) = sup inf ||w—vplla-

wEM (), ||lwllp=1"rEVh
We also define the following quantity:

© () = sup il [T = vl
FEL2 (), flls=1VrEVh

where T': L?(Q2) — V is defined as
(8) a(Tf,v) =b(f,v), VfeL*Q) and YvecV.

Then the error estimates for the eigenpair approximations by the finite element
method can be described as follows.

Lemma 2.1. ([4, Lemma 3.6, Theorem 4.4] and [12, 13]) When the mesh size is
small enough, there exists the exact eigenpair (N\;,u;) of (2) such that each eigenpair
approzimation (N n,uip) (i =1,2,--+, Np) of (5) has the following error estimates

9) lui —winlla < (14 Cina(h))on(Ni),
(10) lui —uinlle < Cina(h)|ui — winlla,
(11) N —Ninl < Cillui — uinl? < Cina(h)||ui — winlla-

Here and hereafter C; is some constant depending on i but independent of the mesh
size h.
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3. Complementarity based error estimate

In this section, we derive a computable error estimate for the eigenfunction
approximations based on complementarity approach. A guaranteed upper bound
of the error estimate for the first eigenfunction approximation is designed based
on the lower bounds of the second eigenvalue. We also produce an asymptotically
upper bound error estimate for the general eigenfunction approximations which are
obtained by solving the discrete eigenvalue problem (5).

First, we recall the following divergence theorem

(12) /vdivdeJr/ z - Vod() :/ vz-vds, YveV and Vze W,
Q Q a0

where W := H(div; Q) and v denotes the unit outward normal to Jf.

We first give a guaranteed upper bound of the error estimate for the first eigen-
function approximation and the method used here is independent from the way
to obtain the solution. We only consider the eigenfunction approximation u; € V
and estimate the error u; — %7 no matter how to obtain . In this paper, we set
b(u1,u1) = 1 and the eigenvalue approximation M1 is determined as follows

~ a(ur,w
)\1: (1) 1)

o< =< —a a1 a1 .
b(ul,ul) ( ’ )

Theorem 3.1. Assume we have an eigenpair approximation (Xl,ﬂl) ERXV
corresponding to the first eigenvalue A\ and a lower bound eigenvalue approximation
)\é of the second eigenvalue Ao such that A\ < Xl < )\é < Xo. There exists an exact
eigenfunction uy € M(\1) such that the error estimate for the first eigenfunction
approzimation Uy € V. with b(uy,u1) = 1 has the following guaranteed upper bound

_ M ~
(13) Hu’l - U’1||a < L : =~ 77()‘17ulaY)a VY € Wa
VW

where n(Xl, u1,y) is defined as follows

T o~ o~ —~ . —~ 1/2
(14) N iin,y) == (M — @iy + divy|2 + |y — Va |2)"7.

Proof. We can choose u; € M (A1) such that b(v,u; —uy) = 0 for any v € M ()
by solving the equation: Find u; € M (A1) such that

b(ui,v) = b(ur,v), Yve M(\).
Now we set w = u; — u; and the following estimates hold

aluy — @iy, w) — A\b(uy — Uy, w)

= /Alulwdg—/vm-vmdﬂ—/alwdQ—Xl/ulwdQ
Q Q Q Q

+X1/a1wd9+/ wdivdeJr/y-deQ
Q Q Q

= / (Xlﬂl — Uy + divy)wdQ + / (y — Vﬂl) - Vwd)
Q Q

IN

M — @1+ divyollwllo + ly — Vaullol Vawllo
T o~ ~ . —~ 1/2
(15) < (M@ — @+ divy|2 + |y = VA |2) 2 wlle, Yy € W.
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Since b(v,u; —uy) = 0 for any v € M (A1), we know w = u; —uy L M (A1) and the
following inequalities hold (cf. [5, P. 698])

lwll2

(16) > X\ > A

lwlly

where we used the min-max principle for eigenvalue problems.
Combining (15) and (16) leads to the following estimate

A S~
(7) (1-5p) w2 < nGuaylul, ¥yeW.
2
It means that we have
2\ ~
Hw”a = ﬁn(Alaulay)a VyEW
A
This is the desired result (13) and the proof is complete. O

Remark 3.1. In (17), we can use the Cauchy-Schwarz inequality directly since the
energy morm in this paper is a standard H'(Q) norm. If we solve the following
standard Laplace eigenvalue problem

—Au = Au, in Q,
U 0, on 0,

the energy norm is a semi-norm |- |1 and we need to compute the upper bound of
Friedrichs’s constant to obtain the same result (13). For more information, please
refer to [32]. This is why we modify the standard Laplace eigenvalue problem to the
eigenvalue problem (1).

A natural problem is to seek the minimization n(x, u,y) over W for the fixed

eigenpair approximation (X, u). For this aim, we define the minimization problem:
Find y* € W such that

(18) N3, y*) <n(\a,y), VyeW.

From [31, 32|, the optimization problem is equivalent to the following partial dif-
ferential equation: Find y* € W such that

(19) a*(y*,z) = .7-'*(3:, u,z), VzeW,
where
a*(y*,z) = / (divy*divz +y* ~z)dQ, F* (A, u,z) = f/ Naidivzdo).
Q Q

It is obvious a*(+, +) is an inner product in the space W and the corresponding norm
is |||z]ll« = \/a*(2z,z). From the Riesz theorem, we can know the dual problem (19)
has a unique solution.

Now, we state some properties for the estimator n(x, u, y).

Lemma 3.1. ([31, Lemma 2]) Assume y* be the solution of the dual problem (19)
andlet \€ R, u €V andy € W be arbitrary. Then the following equality holds

(20) P?ay) = 7?Oa,y) vy -y 17

In order to give a computable error estimate, the reasonable choice is a certain
approximate solution y, € W of the dual problem (19). Then we can give a guar-
anteed upper bound of the error estimate for the first eigenfunction approximation.



FULLY COMPUTABLE ERROR BOUNDS FOR EIGENVALUE PROBLEM 265

Corollary 3.1. Under the conditions of Theorem 3.1, there exists an evact eigen-
function u; € M (A1) such that the error estimate for the eigenpair approximation
(Xl, u1) has the following upper bound

L
ﬁn()\l,alay}z)a
where yp, € W is a reasonable approximate solution of the dual problem (19) with
3\\:3\\1 andﬂ:ﬂl.

(21) ur =1l

We would like to point out that the quantity n(A; n,win,y*), where y* € W is
the solution of (19) with N = Ain and U = u;p, is an asymptotically exact error
estimate for the eigenfunction approximation u; , when the eigenpair approximation
is obtained by solving the discrete eigenvalue problem (5). Now, let us discuss the
efficiency of the a posteriori error estimate (A p, win, y*) and 9(Xi n, Win, ¥n)-

Theorem 3.2. Assume (N, u;p) be an eigenpair approzimation of the discrete
eigenvalue problem (5) corresponding to the i-th eigenvalue \;. Then there exists
an ezxact eigenfunction u; € M(N\;) such that n(Nip,uin,y*) satisfies following
inequalities

(22) O1,illwi — winlla < 0 Nihs win, y*) < O2.illui — winla,

where y* € W is the solution of the dual problem (19) with A= Aih and U= u;
and

(28) 615:=(1— CRAAun(h) and 6a; = /14 (20\ — 1)? +1)C22(h).
Furthermore, we have the following asymptotic exactness

(24) lim 7’(>\'L,h; Ui, by y*)
h—0 ||ul — ui7h|\a

=1.

Proof. Similarly to the proof of Theorem 3.1, we can also choose u; € M()\;) such
that b(v,u; —u;,p) = 0 for any v € M();). Since

a(v,u; —uip) = Nb(v,u; —uip), Yo e M(N\),

the eigenfunction u; is the best approximation from M ();) to u; ; which means u;
and u; j, satisfy the estimates (9)-(11).
Then from the similar process in (15), we have

i = winllz < 0(Nihs wisn, ¥) 1t — winlla + Aipllws — winllp

(25) < 0ins ins )i — winlla + CE A ama (h)|lus — winllZ, Vy € W.
It leads to
(26) (1= C2xipm2(M) i —winlla < n(Ninuin,y), Yy € W.

From the definition (14), the eigenvalue problem (1) and Vu; € W, we have
(27) 0 (Nishs i, Vi) = [V — V[ 4[| (ip — D — (N = D[
Then combining (20), (27) and Lemma 2.1, the following estimates hold

0? Ny Wi ¥°) < 02 (N iy V)
= [IVuin = Vuillg + (i = Duin — A = Dl
i =iz + 1N = Dwan — (N = Dually = llui — winllf
i = wi |2+ 1N = Ad)uin + (s = 1) (win = wi)llp = [l = winll}
s = winlls + 20X 0 = Nl + (200 = 1)* = 1) i = winl;

IN
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(1427 (h) + (200 = 1)7 = 1)CFng(h) lui — wi G

(28) < (14 (206 = 1+ )OIz () llus — willz-

The inequality (28) leads to the following estimate

29)  n(Xin,uin,y?) < \/1 + (200 = 12+ 1)Cnz()lws — winlla-

From inequalities (26) and (29), we obtain the desired result (22) and (24) can be
deduced easily from the fact that n,(h) — 0 as h — 0. O

IA A

Corollary 3.2. Assume the conditions of Theorem 3.2 hold and there exists a
constant v; > 0 such that the approzimation yp of y* satisfies ||ly* — ynll <
villwi — winlla- Then the following efficiency holds

(30) NNips winsyn) < /03, 97 lwi — i nlla-

Furthermore, the estimator n( X n, win, yn) is asymptotically exact if and only if the
following condition holds

h—0 Huz — ui7h|\a

Proof. First from (20) and (22), we have

1 (N wins Y1) = 0 i i, y*) + Iy =y I3
<03 illui = i nllf + 7w — win
(32) < (03 7)) lwi — winll3.
Then the desired result (30) can be obtained and the asymptotical exactness of the
estimator follows immediately from the condition (31). O

4. Lower bound of eigenvalue

In this section, based on the guaranteed upper bound for the error estimate of
the first eigenfunction approximation, we give a guaranteed lower bound of the
first eigenvalue. Furthermore, we also give asymptotically lower bounds of the gen-
eral eigenvalues based on the asymptotically exact error estimates for the general
eigenfunction approximations which are obtained by solving the discrete finite ele-
ment eigenvalue problem (5). Actually, the process is very direct since we have the
following Rayleigh quotient expansion which comes from [4, 5].

Lemma 4.1. ([4, 5]) Assume (X, u) is an exact solution of the eigenvalue problem
(2) and 0 # ¢ € V. Let us define

N o a(wﬂb)
(33) A w0)
Then we have
s B a(u—w,u—’lb)_ b(u—¢,u—¢)
(34) A=A = b(1, ) M)

Theorem 4.1. Assume A1 is the first eigenvalue of problem (1) and (Xl,ﬂl) €
R xV (lluills = 1) be the eigenpair approximation for the first eigenvalue and
eigenfunction, respectively. Under the conditions of Theorem 3.1, we have the fol-
lowing guaranteed lower bound of the first eigenvalue

a\k

2/ o~
= n° (A1, U1, ¥n),
)\QL 70427]2()\1,7!1,}’}7,)

(35) M-A <
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where o = Ny /(A& — Xl) and yp € W is a reasonable approximate solution of the
dual problem (19) with A = Ay and U = Uy such that \Y — o®n?(\y, U1, y5) > 0.

Proof. Similarly to the proof of Theorem 3.1, we can also choose u; € M (A1) such
that b(v,u; —u1) = 0 for any v € M(\1). We also set w = w1 — 17 and from Lemma
4.1, (15) and [[u1 [y = 1, we have

A=A — g =) |wli? a(uy — Uy, uy — 1) — Arb(uy — Uy, uy — Uy)
(36) < n(Ax, U, ya)llur = Uil
Combining (13), (16) and (36) leads to the following inequalities

A

N [wlla 5 - [wlla S a
A=A < 77’(>‘17ulayh) < n()‘laulayh)
1=l 1= srlwli
ary ~
(37) = — n* (A1, U1, yn)-
)\é - 0427720\1, uy, yh)
This is the desired result (35) and the proof is complete. O

The result (35) trivially implies the following guaranteed lower-bound result
a\k

)\é - 042772(X1a ﬂla yh)

(38) Xf = Xl — 772@17@17}%) < A1,

where Xf denotes a lower bound of the first eigenvalue A;.

Remark 4.1. From (13) and (35), the guaranteed results depend on the constant
A /(AL — Xl) which may be large when the gap Ay — A1 is small with respect to Ak
It is reasonable in some sense since when the gap between A1 and Ao is small, we
need to use fine enough finite element space to resolve them. How to improve the
efficiency of the guaranteed results is also desired.

From the derivation in Theorems 3.1 and 4.1, it is easy to know the current
method here can also obtain the guaranteed lower bounds for the first m eigenvalues
if provided the separation condition \,, < A,Ln_H < Amt1 and the value >\51+1'

Theorem 4.2. Assume the conditions of Theorem 3.2 hold. Then the following

inequalities hold

1—XNC#2(h . 1 *

—n()n2()\i,haui,h;y ) < Aip —Ai < GTHQ()\i,h,Ui,h,y )s
1,

where y* € W is the solution of the dual problem (19) with = Aih and U= u; p.
Furthermore, we have the following asymptotic exactness

Aih — A
40 lim —"——
( ) h—0 772()\i,}l7ui,h7y*)
Proof. From Lemma 2.1, (22) and (34), we have

Aih — Ni

=1

lJw; — winll2 = Xillus — winllg
i — winll2 = XCFna (h)|lus — wi nll}
(1= NCPna(h)[Jwi — winl?

1— NC22(h .
= 021 na( )n2()\i,h7ui,hay )
2,1

Y
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From (22) and (34), the following inequalities hold
1

(42) Xin =N < u— w2 < 97772()\1',}“%}1,3’*)-
1,

The desired result (39) can be obtained by combining (41) and (42). Then we can
deduce the asymptotic exactness easily by (39) and the property 7,(h) — 0 as
h — 0. O

Based on the result (39), we can produce an asymptotically lower bound for the
general eigenvalue \; by the finite element method.

Corollary 4.1. Under the conditions of Theorem 4.2, when the mesh size h is
small enough, the following asymptotically lower bound for each eigenvalue \; holds
(43) )\ZI:}L = )\i,h - Kfn2(>\i,h; ui,h;yh) S )\’U

where K is any number larger than 1 (for example k = 2) and yp, € W is a

reasonable approximate solution of the dual problem (19) with = Xih and U = u; p,.

Proof. From Lemma 3.1 and (39), we have the following inequalities
1 1
Aih =N < 0" Nihs ins ¥°) < 0" (Nishs Wi, Y)-
01 01
Combining (23) and 7,(h) — 0 as h — 0 leads to 67, — 1 as h — 0. Then the

lower bound result (43) holds when the mesh size h is small enough. (]

Remark 4.2. It is easy to know that if we choose k closer to 1, the mesh size
h need to be smaller. For example, we can choose Kk = 2 and has the following
etgenvalue approrimation

Aln = Aih = 207 (Nions Ui ns Yi)s
which is a lower bound of the eigenvalue \; when h is small enough.
Corollary 4.2. Assume the conditions of Corollary 4.1 hold and there exists a

constant ~y; such that the approzimation yy of y* satisfies |||y* — ynlll« < villui —
Ui nlla- Then the following efficiency holds

(44) 7 (Nihy Wih, yn) < (1+L§)L()\ih_)\i)-
B - 07/ 1= NCPn2(h) ™"

Furthermore, the estimator n*(\i n,win,yn) is asymptotically exact for the eigen-
value error N, — A; if and only if the condition (31) holds.
Proof. First from (20), (22) and (39), we have the following estimates

P Nihs Ui, Yn) = 02Ninswin,Y*) + " =y 2

< PN win, ¥5) + 97w — winlll
2
S n2()\i,h;ui,hay*)+ 2 n2()\i,h7ui,h;y*)

0%

72
< (1 + eTz)HQ(Ai,haui,h;y*)

1,2

2 02

’Y,L' 2,1
< (142 )—==———(Nin — N
< (@) iacmam e M

This is the desired result (44) and the asymptotically exactness result follows im-
mediately from the condition (31). O
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Remark 4.3. From Corollaries 3.2 and 4.2, the estimators n(X; n,win,yrn) and
1% (Ni,hy Ui h, Y1) are asymptotically exact for ||u; — ;i plla and A p, — \i, respectively,
when the condition }Limo v; = 0 holds.

—

5. Numerical results

In this section, two numerical examples are presented to validate the efficiency
of the a posteriori estimate, the upper bound of the error estimate and lower bound
of the first eigenvalue proposed in this paper. Here, the eigenvalue problems are
solved by the multigrid method from [13, 35, 36] because of its optimal efficiency.

In order to give the a posteriori error estimate n(\; p, ui n, yr), we need to solve
the dual problem (19) to produce the approximation y;, of y*. Here, the dual
problem (19) is solved using the same mesh 7,. We solve the dual problem (19)
to obtain an approximation y; € W; C W with the H(div; ) conforming finite
element space W, defined as follows [9]

(45) W) ={weW: w|g €RT,, VK € Tp},

where RT,, = (P,)? + xP,. Then the approximate solution y} € W} of the dual
problem (19) is defined as follows: Find y; € W% such that

(46) a*(yr,zn) = F (N uin,2n), Yz, € WH.
After obtaining y;}, we can compute the a posteriori error estimate 7(X\; n, wi,n, y7,)
as in (14).

We can obtain the lower bound )\57 5, of the second eigenvalue Ay by the non-

conforming finite element method from the papers [11, 23]. Based on )\5’ h, We can
compute the guaranteed upper bound of the error estimate for the first eigenfunc-
tion approximation ui,;, as

L
U * )\2,}1 *
N At nsuin,yn) = 1A 0, U1h, Vi)
Agp — ALk
and the guaranteed lower bound of the first eigenvalue A\, as follows
)\L
Ay

AL p = An — (A1, T, yn) < A

)\é 70[27’2(3‘\1;&1;)’71)
where a = AL /(AL — A1 p).

5.1. Eigenvalue problem on unit square. In the first example, we solve the
eigenvalue problem (2) on the unit square Q = (0,1) x (0,1). In order to investigate
the efficiency of the a posteriori error estimate n(\; n,uin,y}), the guaranteed
upper bound n,[{()\lyh,ul,h,y;’;) of the error estimate ||u; — uy |, and the lower
bound )\f 5, of the first eigenvalue A;, we produce the sequence of finite element
spaces on the sequence of meshes which are obtained by the regular refinement
(connecting the midpoints of each edge) from an initial mesh. In this example, the
initial mesh is showed in Figure 1 which is generated by Delaunay method.

First we solve the eigenvalue problem (5) by the linear conforming finite element
method and solve the dual problem (46) in the finite element space W,Ol and W,ll,
respectively. The corresponding numerical results are presented in Figure 2 which
shows that the a posteriori error estimate n(A1p, w11, y5) is efficient when we solve
the dual problem by W . Figure 2 also shows the validation of the guaranteed upper
bound n,(l] (A1, u1,h,y5) for the error ||u; —u || and the eigenvalue approximation
)\f , is really a guaranteed lower bound for the first eigenvalue \; = 1+ 27 despite
the way to solve the dual problem by W9 or W .
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0 0‘2 0.‘4 0‘.6 0.‘8 1
FIGURE 1. The initial mesh for the unit square.
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FICGURE 2. The errors for the unit square domain when the eigen-
value problem is solved by the linear finite element method, where
N(An, un, y%) and n(An,un,y),) denote the a posteriori error estimates
N(A1n,u1n,y5) when the dual problem is solved by W9 and W7}, re-
spectively, and A%L and )\i’L denote the guaranteed lower bounds of the
first eigenvalue A\; when the dual problem is solved by W9 and W7,
respectively.

We also solve the eigenvalue problem (5) by the quadratic finite element method
and solve the dual problem (46) with the finite element space W}L and Wfb, respec-
tively. From Figure 3, we can find that the a posteriori error estimate n(Ai p, w1 1, y;,)
is efficient when we solve the dual problem by W?. Figure 3 also shows 0% (A1 n, w11,
v7) is really the guaranteed upper bound of the error ||u; — u1,1ll, and the eigen-
value approximation )\IL_ 5, is also a guaranteed lower bound of the first eigenvalue
A1

In this section, we also check the efficiency of the error estimates 1> (Nihs Wi, 7))
(i = 2, 3) for the second and third eigenvalues which are shown in Tables 1 and 2.
In Table 1, we solve the eigenvalue problem (5) by the linear finite element method
and the dual problem (46) with the finite element space WY, and W}, respectively.
In Table 2, the eigenvalue problem (5) is solved by the quadratic finite element
method and we solve the dual problem (46) with the finite element space W}, and
W,2N respectively.
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FIGURE 3. The errors for the unit square domain when the eigen-
value problem is solved by the quadratic finite element method, where
(Ah,uh,yh) and n(Ah,uh,yh) denote the a posteriori error estimates
N(A1n,u1n,y:) when the dual problem is solved by W3 and W37,
spectively, and )\1 L and )\2 L denote the guaranteed lower bounds of the
first eigenvalue A; when the dual problem is solved by W} and W37,
respectively.

TABLE 1. The errors for the unit square domain when the eigen-
value problem is solved by the linear finite element method, where
N(Nins win, yy) (i =2,3) and n(Xip, uin, y;,) denote the a posteri-
ori error estimates (i n, ui.n, y;,) when the dual problem is solved
by W,OL and W}L, respectively.

Number of elements )\2_]}7{ — A 7]2()\27}“ U2, 1y y(,)L) 7]2()\27}“ U2 h, y,IL)
208 1.9304e+00 7.2113e+01 1.9875e+00
832 4.8497e-01 1.6651e+01 4.8866e-01
3328 1.2164e-01 4.0794e+00 1.2188e-01
13312 3.0450e-02 1.0147e+00 3.0469e-02
53248 7.6161e-03 2.5337e-01 7.6182¢-03
212992 1.9043e-03 6.3322e-02 1.9047e-03
Number of elements | A3 — A3 | n2(Asn, usn,¥%) | (A3 n, usn, y5)
208 1.9386e+00 7.0685e+01 1.9968e-+00
832 4.8728e-01 1.6198e+01 4.9098e-01
3328 1.2227e-01 3.9655e4-00 1.2252e-01
13312 3.0615e-02 9.8627e-01 3.0634e-02
53248 7.6578e-03 2.4625e-01 7.6599¢-03
212992 1.9148e-03 6.1543e-02 1.9151e-03

The numerical results in Tables 1 and 2 show that 7% (X n, uin, y5) (1 = 2,3) is a
very efficient error estimator for the eigenvalue approximation J; ;, when the error
of the dual problem (46) is small compared to the error of the primitive problem

(5). This phenomenon is in agreement with Theorem 4.2, Corollary 4.1 and Remark
4.2.

5.2. Eigenvalue problem on L-shape domain. In the second example, we solve
the eigenvalue problem (2) on the L-shape domain Q = (—1,1) x (—1,1)/[0,1) x
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TABLE 2. The errors for the unit square domain when the eigen-
value problem is solved by the quadratic finite element method,
where n()\iyh,uiyh,y,ol) (1 =2,3) and n()\iyh,uiyh,y}b) denote the a
posteriori error estimates n(\; n, i n, v;) when the dual problem
is solved by W9 and W}, respectively.

Number of elements )\2,h — Ao 772 ()\2,;“ U2, ks yg) 772 ()\2,;“ U2 Ry y}b)
208 1.3955e-02 4.6633e-01 1.3818e-02
832 9.0239e-04 2.9777e-02 9.0013e-04
3328 5.7163e-05 1.8719e-03 5.7128e-05
13312 3.5934e-06 1.1718e-04 3.5928e-06
53248 2.2519e-07 7.3268e-06 2.2519e-07
Number of elements )\3,h — A3 772 ()\3,;“ U3,k yg) 772 ()\3,;“ U3 Ry y}b)
208 1.4340e-02 4.6548e-01 1.4193e-02
832 9.2527e-04 2.9950e-02 9.2287e-04
3328 5.8616e-05 1.8858e-03 5.8578e-05
13312 3.6855e-06 1.1809e-04 3.6849e-06
53248 2.3101e-07 7.3849e-06 2.3100e-07

(—1,0]. Since € has a re-entrant corner, the singularity of the first eigenfunction
is expected. The convergence order for the eigenvalue approximation is less than 2
by the linear finite element method which is the order predicted by the theory for
regular eigenfunctions. We investigate the numerical results for the first eigenvalue.
Since the exact eigenvalue is not known, we choose an adequately accurate approx-
imation A; = 10.6397238440219 obtained by the extrapolation method [20] as the
exact first eigenvalue for the numerical tests. In order to treat the singularity of the
eigenfunction, we solve the eigenvalue problem (2) by the adaptive finite element
method (cf. [8]). For simplicity, we set A := A1, u = u1, Ap := A1 and up, == uq
in this subsection.

We present this example to validate the results in this paper also hold on the
adaptive meshes. In order to use the adaptive finite element method, we define the
a posteriori error estimator as follows: Define the element residual R g (Ap, up) and
the jump residual Jg(uy) as follows:

(47) RK ()\h; uh)
(48) JTe(un)

where E is the common side of elements Kt and K~ with outward normals v+
and v™,vp =v".
For each element K € Tj, we define the local error indicator n, (A, up, K) by

>

Ee€&,, ECOK

Aptp + Aup —up in K €T,
~Vui vt —Vu, v = [[Vupllg - ve on E € &,

(49) 1 (An,un, K) := h3[| Rk (A, un) |15 + hel| Te(un)§ o-

Then we define the global a posteriori error estimator 7,4 (A, up) by

Nad(An, un) := ( Z

KeTy

1/2
(50) 1 (A s K)) ~

We solve the eigenvalue problem (5) by the linear conforming finite element
method and solve the dual problem (46) in the finite element space W9 and W3,
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respectively. Figure 4 (left) shows the corresponding adaptive mesh. The cor-
responding numerical results are presented in Figure 5 which shows that the a
posteriori error estimate n(Ay, up,y},) is also efficient even on the adaptive meshes
when we solve the dual problem by W},. Figure 5 also shows the validation of the
guaranteed upper bound 7Y (Ap, up,y;) for the error ||u — uy|, and the eigenvalue
approximation )\ﬁ is really a guaranteed lower bound of the first eigenvalue despite
the way to solve the dual problem by W9 or Wj.

Mesh after 12 iterations Mesh after 17 iterations

FIGURE 4. The triangulations after adaptive iterations for L-shape
domain by the linear element (left) and the quadratic element
(right).
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FIGURE 5. The errors for the L-shape domain when the eigen-
value problem is solved by the linear finite element method, where
n(An, un,y%) and n(An,un,y;) denote the a posteriori error estimates
n(An, un,y}) when the dual problem is solved by W and W7}, respec-
tively, and )\EL’L and )\fll’L denote the guaranteed lower bounds of the first
eigenvalue when the dual problem is solved by W9 and W}, respectively.

In this example, we also solve the eigenvalue problem (5) by the quadratic finite
element method and the dual problem (46) with the finite element space W}, and
W,QL7 respectively. The corresponding adaptive mesh is presented in Figure 4 (right).
Figure 6 shows the corresponding numerical results. From Figure 6, we can find
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that the a posteriori error estimate n(Ay, un,y}) is efficient when we solve the dual
problem by W,Ql Figure 6 also shows 77,[{ (An,un,yy,) is really the guaranteed upper
bound of the error ||u — uy||, and the eigenvalue approximation A\Z is also really a
guaranteed lower bound of the first eigenvalue.

Errors for quadratic finite element method Errors for quadratic finite element method
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FIGURE 6. The errors for the L shape domain when the eigenvalue prob-
lem is solved by the quadratic finite element method, where n(An, un, y},)
and n(An,un,y?) denote the a posteriori error estimates n(An,un,y;)
when the dual problem is solved by W} and W3, respectively, and A}ll’L
and /\i’L denote the guaranteed lower bounds of the first eigenvalue
when the dual problem is solved by W1 and W2, respectively.

6. Concluding remarks

In this paper, we give a computable error estimate for the eigenpair approxi-
mation by the general conforming finite element methods on general meshes. Fur-
thermore, the guaranteed upper bound of the error estimate for the first eigen-
function approximation and the guaranteed lower bound of the first eigenvalue can
be obtained by the computable error estimate and a lower bound of the second
eigenvalue. If the eigenpair approximations are obtained by solving the discrete
eigenvalue problem, the computable error estimates are asymptotically exact and
we can also give asymptotically lower bounds for the general eigenvalues. Some
numerical examples are provided to demonstrate the validation of the guaranteed
upper and lower bounds for the general conforming finite element methods on the
general meshes (quasi-uniform and regular types [8, 14]).

The method here can be extended to other eigenvalue problems such as Steklov,
Stokes and other similar types [21, 29]. Especially, we would like to say that the
computable error estimate can be extended to the nonlinear eigenvalue problems
which are produced from the complicated linear eigenvalue problems. Furthermore,
the method in this paper can be used to check the modeling and discretization errors
for the models (nonlinear eigenvalue problems) in the density functional theory
comes from the linear Schrédinger equation [17, 26].

The guaranteed upper bound of the error for the first eigenfunction approxima-
tion and the guaranteed lower bound of the first eigenvalue hold even the eigenvalue
problem (5) and the dual problem (46) are not solved exactly. Then the efficient
solvers such as local computing scheme can also be adopted to provide an approx-
imation y; of y. These will be our future work.
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