East Asian Journal on Applied Mathematics Vol. 3, No. 3, pp. 190-208
doi: 10.4208/eajam.060713.080813a August 2013

An Efficient and Stable Spectral-Element Method
for Acoustic Scattering by an Obstacle

Jing An' and Jie Shen'-%*

! School of Mathematics and Science, Xiamen University, Xiamen 361005, China.
2 Department of Mathematics, Purdue University, West Lafayette, IN 47907, USA.

Received 6 July 2013; Accepted (in revised version) 8 August 2013
Available online 31 August 2013

Abstract. A spectral-element method is developed to solve the scattering problem for
time-harmonic sound waves due to an obstacle in an homogeneous compressible fluid.
The method is based on a boundary perturbation technique coupled with an efficient
spectral-element solver. Extensive numerical results are presented, in order to show the
accuracy and stability of the method.
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1. Introduction

The scattering of acoustic and electromagnetic waves is important in a wide range of
problems of scientific and technological interest, and various numerical techniques have
been proposed to solve related problems — cf. the book [3] and two surveys [16, 23]
for example. A particularly compelling class of methods is based on boundary perturba-
tions [2], and can be traced back to the work of Rayleigh [15] and Rice [17]. However,
such algorithms depend upon significant cancellations for convergence, so their numerical
implementations are highly ill-conditioned when pursued to high order [11,12]. A new
boundary perturbation algorithm called the transformed field expansion (TFE) that does
not rely on strong cancellations for convergence was therefore proposed, and proved to be
not only accurate and stable but also robust at high order [11-13].

The main purpose of this article is to apply the well developed method in Ref. [13] to
the scattering problem for time-harmonic acoustic waves due to an obstacle in an homoge-
neous compressible fluid. In particular, we construct a well-conditioned spectral-element
solver for the Helmholtz equation, which repeatedly involves the TFE algorithm. This
solver is highly efficient and accurate because it exploits the fact that the Dirichlet-to-
Neumann operator (DNO) is global in physical space but local in frequency space, hence
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we can reduce the two-dimensional problem to a sequence of one-dimensional problems
using a spectrally accurate approximation to the DNO. We demonstrate that this provides
an efficient numerical solution, as the frequency of the scattered radiation is varied from
low to moderate.

In Section 2 we formulate the governing equations for an electromagnetic field in-
cident upon a periodic two-dimensional irregular grating. In Section 3, we present the
Method of Transformed Field Expansions, where we make a change of variables followed
by an expansion in terms of the boundary perturbation. We then construct our two-domain
spectral-element method to solve the resulting two—point boundary value problem in Sec-
tion 4 and present the consequent numerical results in Section 5, followed by concluding
remarks in Section 6. Finally, some of the detailed formulae needed in Section 3 are sum-
marised in the Appendix.

2. Governing Equations

Given an incident field ¢ on a bounded obstacle Q" C R? in the homogeneous com-
pressible fluid, the scattered field in the exterior of the obstacle, @~ = R?\Q" can be
written as

where P, is the (total) acoustic pressure. The governing equation for u™ is
Au+(k)*u"=0 inQ, (2.1)

where k= = w/c” is the wave number (assumed to be real and positive), w is the fre-
quency, and ¢~ is the sound speed in 2~. We assume that the incident field ¢ satisfies
(2.1) everywhere, except possibly at some places in 2~ such that ¢ could correspond to
a point source in Q~ for example. We require that u~ satisfies the Sommerfeld radiation
condition at infinity. Within the obstacle Q*, the reflected acoustic pressure u™ satisfies
the Bergmann equation [1,6]

Aut + (kH)*ut =0, in QF, (2.2)

where kt = w/c* with ¢t denoting the sound speed in Qt. At the interface S = dQ™,
we have a pair of transmission conditions expressing continuity of pressure and normal
velocity — viz.

=——— onsS, (2.3)
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where p,, p_ denote the constant densities of the fluid in QF,Q~, respectively.
In summary, we seek to solve the following problem:

Aut +(kM)?ut =0 in QF, (2.4)
Au"+ (k7 )?u" =0 in Q7 (2.5)
ut—u"=¢ on S, (2.6)
10u™ 10u” 13¢ S @.7)
py dn  p_dn  p_dn on ey )
lim r2(8.u” —ik"u") = 0, (2.8)
r—00

in which Eq. (2.7) can be re-stated as

out 59U _ 59 s wheres=p./ 2.9)
7 5~ =05 onS,where6=p,/p_. :

We now assume that the obstacle is a star-shaped domain — i.e. there exists g(6) such
that

t={r60):0<r<a+g(h),0<0<2n},
and we also write

Q" ={r0):r>a+g(8),0<6 <2n},
S={r08):r=a+g(0),0<60 <2n}.

Let b be such that b > a + |g|;~. Then using the classical argument of separation of
variables, the general solution of Egs. (2.5) and (2.8) for r > b can be expressed as

u (r,0)= Z alegl)(k_r)eipe, (2.10)

p=—00
where H }()1) is the p-th degree Hankel function of the first kind. Hence from the expression
u(b,0)=(0)= Y ,e?’,
p=—00

the coefficients a, in Eq. (2.10) can be determined uniquely such that

o HV(k™ 2

u (r,0)= P
pZOO " HD(kb) b)
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We define an operator T by

©  dHYKkb)
Ty =8u (b,0)= > k—2—

) eP? (2.11)
p=—c  Hy (k™b)

p >

where dzngl)(k_b) = dH}()U(z)/dZIZZk—b. This operator T maps the Dirichlet data 1) to
Neumann data d,.u~|,—p, so it is commonly referred as the Dirichlet-to-Neumann operator
(DNO).

Let us denote Q" = Q™ N {(r,0) : r < b}. Using the operator T and bearing in mind
Eq. (2.9), we can re-state Egs. (2.4)-(2.8) as

Aut +(kM)?ut =0 in QF, (2.12)
Au”+(k")*u” =0 in Q, (2.13)
ut—u"=¢ on S, (2.14)
8_u+_58£:58_¢0n8 (2.15)
on on on ’ '

d.u~(b,0)—Tu (b,0)=0. (2.16)

3. Transformed Field Expansion

Although the problem (2.12)-(2.16) is linear with constant coefficients, it involves
a general interface S that prevents us from developing fast solvers through the classical
technique of separation of variables. This difficulty can be circumvented by using a bound-
ary perturbation method [2]. However, a direct application of the boundary perturbation
method can lead to very ill-conditioned recursions [9], and it has been shown that the
transformed field expansion (TFE) method may dramatically improve the conditioning of
the resulting recursions [8,10].

The TFE method consists of two essential steps: (1) “domain flattening” through a
simple change of variables; and (2) boundary perturbation. The TFE method for acoustic
scattering by an homogeneous obstacle was developed in Ref. [13], and we now extend
that algorithm to solve our present problem.

3.1. Change of variables

We introduce the following change of variables:

0’'=6,

, ar —ast

r = 5 r a s
a+g & (3.1
dr—>b

r’ = g, a+g<r<b,

d—g
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where d = b — a. One can easily check that the domain Q" = {(r,0) : r < a+ g(0)} is
transformed into the disk Q, = {(/,0’) : r’ < a}, and we have the following differentiation
rules:

(a+8)0s =(a+g)dy —1'0gd,
(a+g)o., =ad., forr <a+ g(0)
(a+g)Dr :(a+g)Dr’ 5

and
(d - g)ae = (d - g)89’ - B(r/5 9/)ar’ )
(d—g)o, =do., fora+g(@0)<r<b,
(d - g)Dr = dDr’ +A(r/) Gl)ar’ 5

where

D.=r0,, A(r/) 9/) = g(@)(b - r/) >
B(r',0") = 9pA= (05 g(0"))(b—1").

We note also that dr =dr’ +A(r’,0").

Let us write Q,,={(r",0"):a < r’ < b} and #*(r’,0") =u*(r,0), $(’,0")=¢(r,0).
After some tedious but straightforward manipulation (cf. the Appendix), we transform the
system (2.12)—(2.16) to the new coordinates (r’, 8”):

Dt + oZut + (r (kP at =F,(r/,60%;0") in Q,, (3.2)
Di + 0z +(r')(k™ )i =Fy(r',0';07) in Qgp, (3.3)
it (a,0))—i (a,0") = ¢(a,0'), (3.4)
(ng—Lzalﬁ) -5 (L ai—L aa—) =5 (L a—d;—L a";) atr’'=a, (3.5)
or’ 26’ Barr o6 Bor’ o6’ ’
3.1~ (b,0")— T (b,0")=J(0";i17), (3.6)

where F; and F, have the explicit expressions given in (A.1)-(A.2) that contain all of the
terms involving the function g(0), and

(a+g)? Tatg’  °T Td-g  d-g9Na+g)’
dJ(0’;ti)=—g(6")Tii (b,0").

L._( d%gf) Oo'8 _d(a+g) (a—b)(dyg)
1= 14 ) 2 L

A graphical sketch of this procedure is depicted in Fig. 1.
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DtN A U+k? U=0

Figure 1: A schematic sketch of the domain flattening and reduction.

3.2. Recursion by boundary perturbation

We now describe a boundary perturbation algorithm to solve the transformed system
(3.2)-(3.6). Writing g = ¢f and assuming that f is sufficiently smooth, one can show that
the transformed fields &i* are analytic with respect to ¢ — cf. [2,7,11,12]). Consequently,
we can introduce the Taylor expansion

[0°]
i, 0 ) = i (r,0")e" . 3.7)

n=0

Given the incident field

(]5(1‘ 9) — eir(acos@—[o’sin@)

fora+ g <r < b we have

qg(r/, 9/) — ei(i(d_g)dr +58Y(a cos '—B sin ) — eipG’—(b_dr ¢ ein’r’ , (3.8)
so in particular
o . / n o
~ Y, : / : / (1p9 f) ~
$(a,0") = eP?/eelart — E elap? —— "= E $ne". (3.9)
n!
n=0 n=0
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Inserting Egs. (3.7) and (3.9) into Egs. (3.2)—(3.6) and collecting all terms in ", after a
straightforward albeit tedious calculation we obtain the following recursions for ﬁff:

D%l + oz + (r')(kT)af =Fy, in Qq, (3.10)
D%, + 05, + (r')*(k™)*d, =Fy, in Qgp, (3.11)
iit(a,0") — 1t (a,0") = $,(a, 0, (3.12)
ot —68.4; =Q, onr'=a, (3.13)
o1, (b,0") — Tt (b,0")=J,, (3.14)

where the exact expressions for Fy,, F,,, Q, and J, are given in the Appendix - —cf.
Egs. (A.3)-(A.6).

Egs. (3.10) and (3.11) are now set in a separable domain where the interface is the
circle r’ = a, so we can apply the classical technique of separation of variables. We first
expand all the quantities in Fourier series in 6’ — i.e. we write

00 00
G(r,00= Y @, (e?, Ry, 0= Y e
p=—00 p=—00
00 00
FZn(r/a 9/) = Z FZn,p(r/)eiﬁe/: ¢;n(aa 9/) = Z d;n,f)eiﬁely
p=—00 p=—00
00 00
Qu(a, 9/) = Z Qn,ﬁeiﬁela Jn(b, 9/) = Z Jn,f)eipe/'
p=—o0 p=—o0

On inserting these Fourier expansions into Egs. (3.10)-(3.14) and taking Eq. (2.11) into

account, we obtain a sequence of one-dimensional equations for ﬁff 5

DZay s — Pt s+ (r (k) = Frp, 0<r'<a, (3.15)
Df,a,;ﬁ —ﬁza;p + (r’)z(k_)zﬂ;ﬁ =Fy;, a<r'<b, (3.16)
i) 5(a) =i, 5(a) = by, (3.17)
8r/ﬁ:1”,ﬁ(a) — 801, 5(a)=Qpp, (3.18)

dzH}gD(k‘b)

8r/ﬁ;p(b) -k~ m
p

iy (b)=J, ;5. (3.19)

The above system should be supplemented with the essential pole condition [20]

if5(0)=0, forp#0. (3.20)
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In summary, we can express the solutions #i* of Egs. (3.2)—(3.6) as

o0 o0 )

a*(r',0") = Z Z ﬁiﬁ(r’)e”"e e",

n=0 p=—o00
such that our main computational task is to obtain the set {ﬁff ﬁ} as the solutions of
Egs. (3.15)-(3.19) for all n and p.

4. A Two-Domain Spectral-Element Method
After dropping the subscript p and the superscripted tilde from Egs. (3.15)-(3.19), It

emerges that we have the following generic one-dimensional problem for each pair of n
and p:

Liu*(r):= D2ut(r) - p*ut(r) + r2(kH*ut(r)=F(r), 0<r<a, (4.1)

L;u_(r) = Dfu‘(r) —p2u (N +r3(k ) u (r)=Fy(r), a<r<b, (4.2)

u(@-u(@=¢, du'(a)-63u(a)=Q, (4.3)
d,HV(k™b)

ut(0)=0forp#0, and d,u"(b)—k~ u (b)=J. (4.4)

1), —
H (k= b)

We describe below a two-domain spectral-element method for solving this system.

4.1. Weak formulation

We first homogenise the interface and boundary conditions in Egs. (4.1)-(4.4) and
rewrite the system in a suitable form for a Galerkin approximation. Thus denoting

_dHP(k™b)
T, =k —m (4.5)
H,'(k™b)
and setting

5(T,(¢ —Qa)—J)

o+ _
“aG-nD-a-r,p Y
—__ hé-Qa=J T,(¢ —Qa)—J
- Tpa(5—1)—(1—pr)r+a(5_1)Tpa(5—1)—(1—pr) —¢+Qa,

it =ut—-ut, T =u —u",
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we can rewrite Egs. (4.1)-(4.4) as

1 1 1 1 .
D, (—DrﬁJr(r)) — —puat(r)+ —r2(kNHat(r)= —F(r), 0<r<a, (4.6)
P+ P+ P+ P+

1 1, 1, 1.

D, —D,a (r) | ——p“a (r)+—r(k™ )0 (r)=—F,(r), a<r<b, 4.7)

p- p- p- p-

. - 1 1
i"(a)—a (a)=0; —3da*(a)——23a (a)=0, (4.8)
P+ P-

a"(0)=0, forp#0; g4 (b)—T,a (b)=0, (4.9)

where F; = Fy — LJu*" and F, =F, — L, u"". Then denoting

at(r), 0<r<a,
u(r):=4 _
u(r), a<r<b,

Fr) = {Fl(r), oO<r<a,

Fy(r), a<r<b,

)P+ O<r<a,
p= p_, a<r<b,

" . r2(k*)? -p?, 0<r<a,
p(r):=1 , N2 _ 2
re(k™)*—p°, a<r<b,

we can re-state Egs. (4.6)-(4.9) as

1 1 1
D, (—Dru(r)) +—=k,(u(r)=—=f, 0<r<a, a<r<b, (4.10)
p P P
1 1
u(a)—u(at)=0, —ad.u(a”)——3dul(a™)=0, 4.11)
P- P+
u(0)=0 forp#0, J.u(b)—T,u(b)=0. (4.12)

Now let Py be the polynomial space of degree at most N, and define the two-domain
spectral-element spaces

Xy :={u € C(0,b) : ul()ul(a) € Pn}
Xy i={ueXy:u(0)=0}.

The two-domain spectral-element method for Egs. (4.10)-(4.12) with p # 0 is then applied
to find uy € X](\), such that

1 1 1 1
- (_DruN)ar(rvN)) + _bZTpuN(b)vN(b)'i_ (_kpuNavN) = (_INf; VN) )
P P- P P

Vvy €XY, (4.13)
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where Iy is the interpolation operator based on Legendre-Gauss-Lobatto quadratures in
[0,a] and [a, b]. For p = 0, we only have to replace XJ(\), by X in (4.13). The jump in the
wave number is located at the interface of the two domains, and it is well-known that the
above spectral-element method converges exponentially fast provided f is smooth in each
subdomain.

We next construct a set of basis functions for Xf\’,, by writing

x;=2r/a—1, O<r<a,
x, =[2r—(a+b)]/(b—a), a<r<bhb.

Thus the basis functions associated with the endpoints of the two-subintervals (0,a) and
(a,b) are

—(x;—-1), O0<r<a,

po(r) =4 2

o, a<r<b,

1

—(x;+1), O<r<a,
on(r):= 21

——(x9—1), a<r<b,

2

0, O<r<a,
won(r) =

1
£(x2+1), a<r<b.

If L; denotes the Legendre polynomial of order j, we then define the interior basis functions
in [0,a] as

(p.(r)-: Lj_l(xl)_Lj-‘rl(xl); O<T‘<a, j:]_,---,N_]_,
’ . 0) a<r<b,

and in [a, b] as

O<r<a,

0,
Pn4i(r) = .
) {Lj—l(xz)_Lj+1(X2): a<r<b, j=1,---,N-1.

By construction we have

Xl?,zspan{apj: j=1,2,---,2N},
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and we set

2N

uNZZﬁiKPi, o= (0,0, ,dy)",
i=1

Ayj=ale, 1), A=(Agdi<kj<on

fi:(INf)('pi); f:(flifZ)“')fZN)Ta

such that Eq. (4.13) reduces to the linear system

Aii=f . (4.14)

(For the case p = 0, this system needs to be augmented with one more equation.) It is
clear that A has two block-diagonal sub-matrices of order N — 1, and the N-th row and
column correspond to the interface basis function ¢, . Furthermore, the two sub-matrices
are sparse, so the linear system can be solved easily and efficiently by a block-Gaussian
elimination process involving O(N) operations.

To summarise, the procedure for solving the problem (2.4)-(2.8) consists of the fol-
lowing steps:

(i) reduce the problem (2.4)-(2.8) to an equivalent problem (2.12)-(2.16) in a bounded
domain;

(i) transform the equivalent problem (2.12)-(2.16) with a general interface S into an
equivalent problem (3.2)-(3.6) with a circular interface;

(iii) insert the Taylor expansions (3.7) into (3.2)-(3.6), to derive the sequence of prob-
lems (3.10)-(3.14);

(iv) introduce the Fourier expansions for all functions in (3.10)-(3.14), to obtain the
sequence of one-dimensional problems (3.15)-(3.19);

(v) solve (3.15)-(3.19) using the spectral-element method, for each n (0 < n < M) and
p (—Ng < p <Np); and

(vi) sum up the finite term Taylor expansion (3.7), using a Padé approximation to enlarge
the radius of convergence [2] — cf. the Remark 4.1 in Ref. [5] for more detail.

The numerical analysis of the spectral-element method (4.13) used for Egs. (4.10)-(4.12)
can be carried out in a fashion similar to Ref. [22], and the complete error analysis for the
transformed field expansion algorithm presented here follows from the general framework
established in Ref. [14].
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Figure 2: Exact solutions for Example 5.1: left, (k*,k™) =(12.5,6.25); right, (k*,k™) = (102.5,51.25).
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Figure 3: The discrete L? errors for Example 5.1: left, (k*,k™) = (12.5,6.25); right, (k*,k™) =
(102.5,51.25).

5. Numerical Results and Discussion

We now present some numerical experiments to demonstrate the stability and accuracy
of our algorithm. We define

b a b
Ez(u)ZJ |u|2dr=J |u|2dr+J lu|?>dr
0 0 a
1 ! 1(t+1) 2dt+b_a ! b—aH_a—i—b
—2). "\ 2 ) "\ 2 2

N 1 b—a& b—a a+b

9 1
Eyw=5
i=0
where t; is Legendre-Gauss-Lobatto point, and we first consider the simple case where
the obstacle is a circular domain in order to investigate the numerical convergence by
comparing the results with the known exact solution.

2
(l)i+
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Example 5.1. We fix a =3, b =6 and p = 0, and consider the wave numbers (k*, k™) =
(12.5,6.25) and (k*,k™) = (102.5,51.25). We set p_ = 1 and p, = a, and note the
following exact solution of (4.10)—-(4.12):

) Tp(rz—az)-i-l, O<r<a,
u(r):=
elr(r=a) a<r<b,

where T, is given in (4.5).

The real parts of the above exact solutions are plotted in Fig. 2, and the discrete L? errors
vs. the number of Legendre modes N in each subdomain are plotted in Fig. 3. We observe
that the error converges exponentially with N as expected, and that relatively few points
are needed to resolve highly oscillatory solutions. However, the error appears to saturate
at about 107 for the first case, and 10~/ for the second case. This is because the prob-
lem (4.6)-(4.9) is not positive definite, which leads to relatively large condition numbers
for the linear system (4.14), particularly for large wave numbers. We recall that for pos-
itive definite problems, for example k* < 0 in (4.6)-(4.9), the spectral-element method
described in the last section would be well-conditioned [18,20].

We now proceed to consider three examples where the obstacles are not circular. In all
three we take the incident wave to be exp(irk_ cos(6)), Ng to be the number of Fourier
modes in our algorithm, N, the number of Legendre mode in each of the two-subdomains,
and M the number of terms in the Taylor expansion. We also write e, , for the L? norm of
the n-th term in the Taylor expansion. We found numerically that Ny = 35, N, = 60 and
M = 35 are sufficient to obtain at least six-digit accuracy, so we fixed Ny = 35, N, = 60
and M = 35.

Example 5.2. We fix e =0.1,a=1, b =2, f(0) = cos(40), and take p, /p_ = 2 and
wave numbers (k™ k™) = (16.5,8.25).

The shape of the obstacle and the real part of the computed solution are plotted in Fig. 4,
and the convergence history of the Taylor expansion is presented in Fig. 5.

Example 5.3. We fix e =0.3,a =2, b =4, f(0) = cos(40), and take p, /p_ = 2 and
wave numbers (k*, k™) = (6.5, 3.25).

The shape of the obstacle and the real part of the computed solution are plotted in Fig. 6,
and the convergence history of the Taylor expansion is presented in Fig. 7.

Example 5.4. We fix e = 0.6, a =2, b =4, f(0) = cos(40), and take p, /p_ = 2 and
wave numbers (k, k™) =(2.5,1.25).

The shape of the obstacle and the real part of the computed solution are plotted in Fig. 8,
and the convergence history of the Taylor expansion is presented in Fig. 9.

From these three examples, we observe that the algorithm is quite robust with respect
to the size of the perturbation, and that cases with low to moderate wave numbers can be
well resolved with relatively few unknowns.
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Figure 4: Example 5.2: left, the shape of the obstacle; right, the real part of the numerical solution.
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Figure 5: Convergence history of the Taylor expansion for Example 5.2.

N

o

-5 0 5
Figure 6: Example 5.3: left, the shape of the obstacle; right, the real part of the numerical solution.
6. Concluding Remarks

We have developed an efficient and robust method for solving for the acoustic scat-
tering by an obstacle in an homogeneous compressible fluid. This involves an improved
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Figure 8: Example 5.4: left, the shape of the obstacle; right, the real part of the numerical solution.
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Figure 9: Convergence history of the Taylor expansion for Example 5.4.

boundary perturbation method with a transformed field expansion, coupled with a spectral-
element method. The resulting algorithm is semi-direct and consists of a sequence of one-
dimensional problems, which can be solved by a two-domain spectral-element method.
The algorithm is shown to be very efficient and stable for a range of small to moderate
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wave numbers. Although we have only considered two-dimensional obstacles in this ar-
ticle, the method can be extended to three dimensions as in Ref. [4], by using spherical
harmonic transforms instead of Fourier transforms.
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A. Detailed Formulae for the Change of Variables and Recursion in Section 3

With straightforward but tedious calculations, one can obtain the following formulae
for F; and F, in Egs. (3.2)-(3.3):
—a®F; =2agD? it + g?D% i + ady (gdpit)
—ar'3y/(0g:g0,1i*) +agdyiit + gy (g0t
— g1’ 39/(09:g0,/11") — ar’ 9y g 8,109/t — g1’ 3g1 g 01 O i

(A1)
+ (8o g)* D21 — aly g g/ttt — g0 g pti™

4
+ (3 Dpit™ + Y ()Y (k it
=1
where
c1(g) =4ag, cy(g) = 68>,

4 g*
c3(g) = 583, cy(g)= ? 5

and
—d?Fy =dA3./D,/ii” + dD,,(Ad,/ii" ) + Ad,..(Ad./ii")
—dgdg i~ —ddy(gdeli™)+ gBp(g0eli™) — dBB, Og/li~
+ B&‘r/(gé’@/ﬁ_) — dé’@/(B(’)r/ﬁ‘) + gé’e/(B(’)r/a_) + B3,/ (B3.ii™) (A.2)
4
+ d(3gg)Bgrii~ — g(Bgg)prit™ — (Bp )BT~ + Y &()(k™ )i,
j=1
where

&1(g) = —2dg(r')? +2dAr’, &(g) = g(r")?* — 4gAr’ + A%,

2 2 1
&(g) = EAng’ — ggAZ, &(g) = EgZAZ :
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Similarly, we can derive the following formulae for F,,, F,,, Q, and J, in Egs. (3.10)-
(3.14):
—a®Fy, = 2af D%} | + f2D2ii}_, +ady/(f Bpriit_,)
—ar’3y/(9g f O, _) +af39,u L+ fOu(fogit )
— f1'0p/(3g f 0,11 _,) — ar' 3y f 0,109/t — f1' g/ f 01 Dprlit_,
+ (0 D20}, — aa@ fOgli*_| — fOp f gt _,

(A.3)

+ (39 £ DI, 2+Zq(f)(r (ki

and
—d2F2n = dA(’)r/Dr/ﬂ‘_l + dDr/(A(’)r/ﬂ;_l) +A8r/(A8r/ﬂ;_2)
—dfo2t,_, —ddy(fdpi;_))+ fde/(f Oprii,_,) — dBEy e,
+Bo,(f 8gii_,) — ddg/(Boyii; 1)+ f Bp/(BO. i1 2)+faa (Bo,ii_,)
+d(3g )Bgrtiy_y — f (g £ )priiy_y — (3g £ IBO, Ty, +Zd (A,
(A.4)
where
A=f(b—r"), B= (3 f)(b—1").
di(f)=—=2df(r'+2dAr',  dy(f)=f2(r")4afAr + A2,
- 2. 2 . ~ 1 ..
dy(f) = ZAf?r = S f A2, di(f) = 2 f*A%;
a~+ +
—a®dQ, = (2a2df —a®f)—=21 - +(adf2 2a2f2+ad(89f)2) a
—(af3+af(8eff)2)a——adé’ef 707 ~+(af O f — dfé’ef) 89,
T 2012 o {3a2df (Sadfz—az(ﬁgf)2+ab(39f)2) -
+(df3—af(ae/f)2+bf(9e/f)2) > o+ (afdf - afenn)’s T
+ 2o 2 i) (60— L4 1)+3a2dfip(9’) (0= 560 )
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and

[1]

+ (3adf? - a*(8y.f )* +ab(3y £ )*) ip(6") (¢3n_2 - §¢3n_3)

+ (df*~ af (39:f)* +bf (8y:f)*) ip(6) (¢3n_3 - §¢3n_4)

— adidy f (adgp(0")Pn1 + (B f P(60) + f Bop(6"))br—2)

+i(af By f —df By f) (aByp(0)Pn_s+ 8y fP(6") + f Byp(6"))Pr_s)

+if 28y (a09/P(0 )by s+ (3 fP(6))+ f DD (0 Dby s) | (A5)
dJ, =—fTi__,(b,0"). (A.6)
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