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Abstract. In this paper, we propose a mixed Fourier-Jacobi spectral method for two
dimensional Neumann boundary value problem. This method differs from the classical
spectral method. The homogeneous Neumann boundary condition is satisfied exactly.
Moreover, a tridiagonal matrix is employed, instead of the full stiffness matrix encoun-
tered in the classical variational formulation. For analyzing the numerical error, we
establish the mixed Fourier-Jacobi orthogonal approximation. The convergence of pro-
posed scheme is proved. Numerical results demonstrate the efficiency of this approach.
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1. Introduction

In the past several decades, spectral method has become increasingly popular in scien-
tific computing and engineering applications (cf. [4-8,13] and the references therein). In
most of these applications, one usually considers spectral methods for Dirichlet boundary
value problems. However, it is also important to consider various problems with Neumann
boundary condition. In a standard variational formulation, this kind of boundary condition
is commonly imposed in a natural way. Unfortunately, this approach usually leads to a full
stiffness matrix for approximating the second derivatives.

To overcome this disadvantage, Shen [12] first introduced a Legendre spectral method
with essential imposition of Neumann boundary condition. Moreover, Auteri et al. [2]
also studied the aforementioned spectral solver for the Neumann problem associated with
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Laplace and Helmholtz operators in rectangular domains. This method differs from the
classical spectral methods for such problems, the homogeneous Neumann boundary con-
dition is satisfied exactly for each basis. In particular, the proposed approach leads to a
diagonal stiffness matrix, rather than a full matrix encountered in the classical variational
formulation. Wang and Wang [18] analyzed the numerical errors of this algorithm. Mean-
while, Yu and Wang [19] also developed Jacobi spectral method with essential imposition
of Neumann boundary condition for one-dimensional Neumann boundary value problems.

In this paper, we investigate two-dimensional Neumann boundary value problem, us-
ing the Fourier-Jacobi spectral method with essential imposition of Neumann boundary
condition. The main advantage of such treatment consists in that: (i). the stiffness matrix
is tridiagonal, in contrast to the full stiffness matrix encountered in the classical variational
formulation; (ii). the conservation of certain physical quantities can be retained for time-
dependent problems. It is pointed out that Wang and Guo [15] also dealt with a heat
transfer inside a unit disc with Dirichlet boundary condition, using Fourier-Jacobi spectral
method.

For analyzing the numerical error, we establish basic result on mixed Fourier-Jacobi
orthogonal approximation, motivated by Guo and Wang [10,11], and Wang and Guo [16,
17]. The convergence of proposed scheme is proved. We also present some numerical
results to demonstrate the efficiency of this approach.

This paper is organized as follows. In the next section, we recall some properties and
relevant results of Jacobi approximations. The mixed Fourier-Jacobi orthogonal approx-
imation for Neumann problem are established in Section 3. In Section 4, we propose
the mixed Fourier-Jacobi spectral method with essential imposition of Neumann boundary
condition for a model problem and analyze its numerical error. In Section 5, we present
some numerical results. The final section is for concluding remarks.

2. Preliminaries

Let A= {x | |x] <1} and y(x) be a certain weight function. Denote by N the set of all
non-negative integers. For any r € N, we define the weighted Sobolev space H; (A) in the
usual way, and denote its inner product, semi-norm and norm by (u,v);, A, V|, A and
VIl ;A Tespectively. In particular, L}ZC(A) = H?(A), (w,v),a = W,v)g, 4 and [[V], A =
Ivllo,;,a- For any r > 0, we define the space H; (A) by space interpolation as in [3]. In
cases where no confusion arises, y may be dropped from the notations whenever y(x) = 1.

For a, 8 > —1, we denote by Jl(a’ﬁ )(x) the Jacobi polynomial of degree [, which is the
eigenfunction of the following Sturm-Liouville problem

0.((1 =) (1 + )P v () + AP (1 - ) (1 +0)Pv(x) =0, xeA, (2.1

with the corresponding eigenvalue A%a’ﬁ ) = I(l+a+p+1), 1 =0. The Jacobi polynomials
fulfill the following recurrence relations (cf. [1,9,14]),

1
8P =S+ at p+ T, 1z, 2:2)
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20+ DA +a+p+ 1 +a+ P 00) = (@l +a+p+1)? - )
Ql+a+p+2)

x)JEP )~ 2+ @)U+ p)2 +at f+2I @), @23)

2l+a+p—-1)
and
J TP dy =P 00 = 3t (1) + b P00 - P (-1)
-1
+¢ (1P -5 4P -1y, 2.4)
where
B 2(l+a+p+1) - 2(a—p)
U QltatrprD2+atp+2) = RlratPltatf+2)
B —2(+a)(1+B)
T lUrat+pl+atrPltat 1)
Besides, ( )
@By oy ¢y 7(B) @p),y_ LU+a+1
J;(=x) = (=1)J; (%), J “*‘TE@?TT’ (2.5)

where I'(x) is the Gamma function.
Next let y(®F)(x) = (1—x)*(14x)P. The set of Jacobi polynomials forms the Li(a,ﬁ)(A)

orthogonal system,
J TP @P dx =y D5, 2.6)
A

where 6, ,,, is the Kronecker function, and

wp) 29PN+ a+ DI+ B +1)
T @tat DI ta+ D)

2.7)

For any N € N, we denote by & the set of all algebraic polynomials of degree at most
N. Let a,3,7,6 > —1, we introduce the space Hgﬁ ; s(A),0<u<1and HZ Ay s(A),
O0<u=<2. Foru=0,

0 — 170 712
HU,A,a,ﬁ,y,S(A) - Ha,ﬁ,y,S(A) - LX(Y,S)(A)'

Foru=1,
Hi’ﬁ,Y,S(A) = { v | v is measurable and [|v||; 4 g,y,54 < oo} ,

equipped with the norm

=

2 2
Wlapron= (V2 om0 )
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For u =2,
2 _ .
Ho,x,a,ﬁ,y,a(/\) = { v | v is measurable and [|v||2,5 2 . 8,y,5.4 < oo} s

equipped with the norm

N =

— 2 2 2
W0 napran = (V2 oap+ VB ap \+ V1205, )

The space HS/sya(A)’ 0<u<1and HgAaﬁyes(A)’ 0 < u < 2 are defined by space

interpolation as in [3], with the norms ||v||,,4,8,y,5,4 @nd [Vl 5,2,4,8,7,5,4 TESPECtiVely. For
description of approximation results, we also define the space
. _ .
Hx(aﬂ)’*(A) = {v | v is measurable and ||V||r’x(a,ﬂ)’* < oo} s r>1,reN,

where

r—1 2
[ (Z VI, e ) and [V], @), = [18]V]] wrr1per-1 0
k=0

According to Lemma 3.5 of [9], one verifies readily that

Lemma 2.1. If A <1, then for any v € Hg Ay 5(A), 9,v(x) is continuous on any subin-
terval A* = [—1,a] € Awith —1 <a < 1, and

max |0, v(x)| < c||o, V||, 2O A
xeAN* ’ ’

If in addition, o < 1, then these results can be extended to A.
In the forthcoming discussions, we need a unusual mapping. To do this, let A < 1 and

ng’l,a,ﬁ’m(A) = { ulu eHg,A’a’ﬁ,Y,S(A), du(—1)= 0},
‘(M) =Py N OHﬁ,A,a,ﬁ,%S(A)'

Due to Lemma 2.1, the set °H (27 Aoy, 5(A) is meaningful.

Lemma 2.2. (c¢f. Theorem 3.3 of [19]). If A < 1 and one of the following conditions holds:

a<y+2,a<1, <0,06=>0, (2.8)
a<0,f<6+2, v>0, (2.9)
a<y+2, <o6+1,a<l,0<f<1, (2.10)

then there exists a mapping

Opl .0zy52 0
PN’a’ﬁﬂ/:a’A ' HU,A,(I,[‘)’,Y,5(A) - ‘@N(A);
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such that OP]},’a’ﬁ’%g’Au(l) =u(1), and forany u € OHg,A,a,ﬁ,Y,

2<r<N+1,

(AN H;W) *(A) with integer

PY g st = tlliapyon < N lul, e, (2.11)
In particular, if (2.8) or (2.10) holds, then we have

||0P13,,a,,5,y,5,,\u —ull 10 4 S N Ul wp (2.12)

If, in addition,

O<a<y+1land <B=<o+1, (2.13)

thenforall 0 < u <1,

||°P§,,a,/3’y’5’/\u — ullyap,y,50 <N |u|r,x(“’ﬁ),*' (2.14)

3. Mixed Fourier-Jacobi Orthogonal Approximation

In this section, we consider the mixed Fourier-Jacobi orthogonal approximation.

Let I = (0,27) and H' (I) be the Sobolev space with the norm ||-||,,; and the semi-norm
|-|..; as usual. For any non-negative integer m, we denote by H }’)"(I ) the subspace of H™(I),
consisting of all functions whose derivatives of order up to m — 1 have the period 27. For
any r > 0, the space H (I) is defined by space interpolation as in [3].

Let M be any positive integer, and V;(I) = span{e!’? | |I| < M}. We denote by Vy,(I)
the subset of Vj,;(I) consisting of all real-valued functions. The orthogonal projection Pyy:
L2(I) — Vj;(I) is defined by

J(PM,IV(G) —v(0))¢9(0)d0 =0, V¢ €Vy(l).
I

It was shown in [8] that for any v € H;(I), r>0andu<r,
Py v =Vl < cMP ], (3.1)

We now establish the result on the mixed Fourier-Jacobi orthogonal approximation.
For this purpose, let 2 = A x I. We define the spaces

FQ):=ZF(o,A,a,B,7,6,1n,8) = {v S H(Zy,z,a,/s,y,a(A’H;(I)) | there exists finite trace of
Iv(x,0)at x =—1and [[V|l1apy5ne0 < oo} s

°7(Q):=°Z(0,2,a,,7,6,m,8) = {v € F(Q) | d,v(~1,6) =0},

where

1
2

— 2 2 2
IVlh.ap.r6men= (”aXv”Li(aﬁ)(A,LZ(I)) + Ila@v”Liwg)(A,Lz(I)) + ”v”Li(%é)(A,Lz(I)))
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Moreover, we denote by
W)y 0= J u(x,0)v(x,0)y(x)dOdx.
Q

Next denote by Py () = Zy(A)®Vy (DN°Z(Q). The orthogonal projection OPﬁ’M’Q :
°Z(Q)— Py m(£2) is defined by

a(opjs[’M,Qv -V, d)) = 03 Vd) € gN,M(Q): (32)

where
a(u,v) = (0,u, 0,v) ,@p o + (9o, % V), o) o + (U, V) 060 g

Clearly, Zy ,(Q) and °Py, ,, , are related to the parameters 0,4, a, 8,7,6,1,&.
Lemma 3.1. For any v(-,0) € L?(I) and 34v(1,0) = 0, we have OpPy ;v(1,0)=0.

Proof. Due to dyv(1,60) = 0, we can rewrite v(x,0) as v(x,0) = (1 — x)*u(x,0) +
b(x), where u > 0 is a certain constant. Thanks to v(-,0) € L?(I), we deduce readily
that u(-,0) € L?(I). Hence Py ju(x, 0) is meaningful. Furthermore, Py ;v(x,0) = (1 —
x )Py ju(x,0) + b(x). Hence, 9yPy ;v(1,60) = 0. O
Theorem 3.1. (V). If one of the conditions (2.8)-(2.10) holds, then for any

ve'Z(Q) ﬂH;(a’ﬁ)’*(A,Hl(I)) ﬂHi’ﬁ’Y’S(A, H; (1))
with a,f3,y,0,m,§ > —1,integer 2<r <N+1,s>1,n>yand § > 5, we have
||0P]3[’M,Qv - V||1,a,ﬁ,y,5,n,g,n SC(Nl_r + Ml_s)(|V|HF(aﬁ) (ALY T |V|Hr(aﬁ) (AHYD)
) At ) At
+ |axv|L)2((aﬁ)(A,H5(I)) + |V|L)2((Y’6)(A,HS(I)))' (3.3)
(@i). If n = —1, (2.8) or (2.10) holds and J¢v(1,0) = 0, then for any
ve F(@NH o (ALH(D)NHg g s(AH D) N L2 4 (A H(D)
with a,8,7,6,E > —1,integer 2<r <N+1,s>1and £ > &, we have
1Py v = Vllnapy.5-1.60 <CN'T"+ Ml_s)(|v|Hr(am w2y TVl o)
l e ’* l e ’*
+ |axV|LJZC(a’/3)(A,HS(I)) + |V|Li(71’5)(A’HS(I))) . (3-4)
Proof. We first consider the case (3.3). By the projection theorem, we have

||0P]3[’M,Qv - V”l,a,ﬁ,y,é,n,g,ﬂ < ”¢ - v”l,a,ﬁ,y,é,n,g,ﬂa V¢ € gN,M(Q) (3-5)
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Take ¢ = Opﬁ’a’ﬁ’%&/\ « Py pv. Since a,f3,v,0,1n,§ > —1, we verify readily that ¢ €
Py u(Q). It remains to estimate the terms ||°P13[’a’/5%5’1\ “ Py v — V”H;)ﬁm(A,LZ(I)) and ||,
(oplb’a’ﬁm&/\ Py v — V)”Li(n,g)(/\,LZ(I))' Thanks to (2.11) and (3.1), we deduce that for

integer 2<r<N+1lands >0,

0pl
PPy a o Pty =Vlu az2a)
Opl
SIPPyapyon Purv— PM,IvllHi)ﬁ)y)g(A,Lz(I)) + [Py pv = V”H;ﬁm(A,LZ(I))

S CNl—r

—s —s

PuiVlir ) 2oy M0V oy + M7z ey

< CNl_r|v|Hr( . (A,LZ(I))+CM_S|axV|L2( ﬂ)(A,HS(I))+CM_S|V|L2( s (AH (D) (36)
2 BP) % (19

Moveover, due to ) > v and & > 5, we use (2.11) and (3.1) again to obtain that for integer
2<r<N+1lands>1,

Opl
1196 Py 7,50 " PraV = V)”L;m(/\,LZ(I))

O0pl
S ” PN,a,ﬁ,}/,ﬁ,A . aGPM,IV - aGPM,IV“Li(y’&)(/\,LZ(I)) + ||86(PM,IV - V)”L)z((yj)(A’Lz(I))

1- 1—
<cN r|59PM,IV|H;M3)*(A,Lz(l)) +cM |V|Li(y)6)(A,HS(I))

1- 1—
<cN r|v|H;(a’ﬁ)*(/\,Hl(I)) +cM slvle(%é)(A,Hs(I))' (37)

Therefore, a combination of (3.6) and (3.7) leads to (3.3).

Next if n = —1, (2.8) or (2.10) holds and Jyv(1,0) = 0, then we take ¢ = Oplef,a,ﬁ,y,a,/\'

Py, 1v- Since 99 =Py p.y.5.,00 Py 1v. Moreover, according to Lemma 2.2, Py e p.r.5.AU(1)

= u(1). Therefore, by virtue of Lemma 3.1, dp¢(1,0) = FgPy ;v(1,0) = 0, and so
dop(x,) € Li(_m(A). This leads to ¢ € Py j,(2). It remains to estimate the term ||y

(op]},ﬂ’ﬁ’m’A “ Py v — v)||Lz(715)(A’Lz(I)). Thanks to & > §, we obtain from (2.12) and (3.1)
L1
that
0pl
106" Py o y50 " Prarv — V)||L)2((71’5)(A,L2(1))
0pl
| PN,a,/j,Y,g,A : a(9PM,IV - aGPM,IV“Li(_lﬁ)(/\,Lz(I)) + ”aO(PM,IV - v)“Li(_l’é)(A,LZ(I))
<cN'T |89PM,IV|Hr(a 5 (ALLA(D) +cM |V|L2(_1 5y (AH(D)
Z el )>1< l >
< ch_r|V|Hr(aﬁ) (wH'() T CMl_sMLZ(_l 5 (MLH (D) (3.8)
P b
Therefore, a combination of (3.6) and (3.8) leads to (3.4). O

4. Mixed Fourier-Jacobi Spectral Method for Neumann Problem

In this section, we investigate the mixed spectral method with essential imposition of
Neumann boundary condition for two-dimensional problem. For simplicity, we consider
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the following model problem

{—AV(y1,yz) +uV(y1,Y2) =G(y,y2), u>0, y*+yi<2, “4.1)

—0,V(¥1,¥2) =0, y12+y§ = 2.

Let y; = pcos6, y, = psin®, W(p,0) = V(y1,y,) and F(p,0) = G(¥1,y,). Then the
above equation can be rewritten in polar coordinates as

—13,(p3,W(p,6)) — 5 02W(p,0) +uW(p,0)=f(p,0), 0<p<2,0<6<2r,

P P

W(p,0+2m)=W(p,0), 0<p<2,0<6<2m,(4.2)
3,W(2,0)=0, 0<6<2m.

Moreover, we have the polar condition JyU(0,0) = 0 for 0 < 6 < 2m. We make the
variable transformation p =1 —x, U(x,0) =W(p,0), f(x,0) =F(p, ). Then (4.2) can
be changed to
~150:((1=8,U(x,0)) = =579 U(x, 0) + uU(x, 0) = f (x,6), inQ,
U(x,0+27)=U(x,0), in Q, (4.3)
2, U(—1,0)=0, JyU(1,0)=0, 0<6 <2m.

In order to derive a proper weak formulation of (4.3), we introduce the bilinear form with
u >0,

1
b,(w,v) :J (1—-x)3,u(x,0)d,v(x,0)d0dx + J 1 Jou(x,0)0pv(x,0)dOdx
Q Q

— X

—l—uf (1—x)u(x,0)v(x,0)dOdx. 4.4)
Q

55555

OP]},’ MO and Py ,,(£) the corresponding notations as before witha=y=1,=6 =& =0
and n = —1. Due to dyu(1,0) =0, we get that

|bu(u,V)| < max(.u:]-)”ulll,A”V”LA: b‘u(uiu) = min(.uﬂ 1)||u||iA (45)
The weak formulation of (4.3) is to find U € °Z(Q) such that
b (UV)=(fv)e,  Vve'Z(). (4.6)

If f € °Z (), then by (4.5) and the Lax-Milgram lemma, (4.6) admits a unique solution.
The mixed spectral scheme for (4.6) is to seek uy »; € Py () such that

bu(uN,M’¢):(f)¢)Q) v¢ EQN,M(Q) (47)
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Theorem 4.1. If
Ue F(Q)NH o (AH (D) NH g o(AHy (D) N LY 0 (AH (D)),

then for integer 2<r <N+1lands>1,

U —uy pll1a <c(N'" +M1_5)(|V|Hr(lo) w2t vig ) (ALHYD)
Z 2 )* )*

(10

+ |3xV|L§(LO)(A,H5(I)) + |V|L;(_l’0)(A,H5(I)))'

Proof. Let Uy 1 =Py 1 o

by(Uv, @) =W —1D)Uyy —U,9) 000+ (f,P)a, V¢ € Py u(). (4.8)

U. By the definition (3.2), we obtain from (4.6) that

Further, let fiy ,; = uy p — Uy y- Subtracting (4.8) from (4.7) yields

by (iy a, @) = (u— 1)U — Uy, @), 00 g

Taking ¢ =iy s, we use (4.5) to assert that

~ 2 ~
iy mllf 4 < cllU = Uy mll, 00 ollin amll, 00 o-

Hence

”ﬁN,M”LA <cl|lU—- UN,M”X(LO)’Q-

This fact with (3.4) leads to the desired result. O

5. Numerical Results

In this section, we describe the numerical implementations and present some numerical
results confirming the theoretical analysis in the last section.
Denote by Li(x) the Legendre polynomial of degree k, and set

2k +3 k+1)>
V) =)~ L () ﬁmzm
2
=(1 - )00 + (k+1) JE9(x)),  0<k<N-2.

(k + 2)2 k+1

Clearly, 0,9 (—1) =0 and ¥;(1) =0, 0 < k <N — 2. Moreover, let

k+2 k
Po(x) = Lo(x), ¢i(x) =4/ m(Lk(X)-’- mLkH(X)), 1<k<N-1
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Then we have d, ¢ (—1) =0, 0 < k <N — 1. We now take the basis functions as

1
¢,1’m(x,9) = ——(x)sin(mB), 0<k<N-2, 1<m<M,

V2T
1
2 (x,0)= — cos(m@), 0<k<N-2, 1<m<M,
G m(x,0) mwk(m (m0) m
1
3(x,0) = ——p(x), 0<k<N-1.
P )mwk()

It can be checked readily that 8X¢Z 2(—1,0)=0, 8x¢2(—1, 0)=0, gy qbz 2(1,0)=0and
I3 qbi’(l, 0) = 0, g = 1,2. In particular, the set of the previous basis functions spans the
space Py »;(£2). The numerical solution is expanded as

N-2

N-2 M M N-1
g (x,0) = Z Z L0+ D30 o2 (x,0)+ > We3(x, 0).

k=0 m=1 k=0 m=1 k=0

Next take ¢ = qbql(x 0)and ¢ = ¢3(x 0)in (4.7), and letf]ql = f f(x, 9)¢ql(x 0)dOdx

and f 3 = f flx, G)qb (x,0)dBdx. Then by the orthogonality of trigonometric functions,
we deduce that

N-2
> (J (1 - )0t dx + 12J
—0 A A 1

{ +.uJ(1—x)¢k¢jdx)u“i,l=2f;fl, 0<j<N-2,1<I<M,q=12, (5.1
A
N-1

Z U (1—X)5x<pk3x<ﬂjdX+uJ(1—X)<pk<ﬂjd>f) uG=f’, O0<j<N-1
k=0 A A

1
Yiyjdx
- X

For deriving a compact matrix of the above equations, we introduce the matrices A =
(@), B=(bj1), C=(cjy), 0<j,k<N—-2and G=(gjx), H=(hj;),0<j,k<N-1
with the following entries:

1

1
1
aj,k:f (1 —x)3,Yr(x)0 ¢ (x)dx, bj,sz 1_x¢k(x)¢j(X)dx,
-1

-1

1

= | (IT=x)r(x)p;(x)dx, 8ik = J (1= x)0, i (x) 0 p;(x)d x,
-1 -1

1
hj k =J (1= x)pr(x)p;(x)dx.
-1

We next calculate the non zero elements of the matrices A, B and C. By using (2.6) we
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obtain that for 0 <k <N — 2,

2(k+1)(2k +3)(k* + 3k + 1) 2(k+1)?
A = (k+2)° > Ak(k+1) = AQk+1)k = _W’
2(k+1)° +2(k +2)° 2(k+1)?
S T D2 brkr1) = brr ik = Tk
4(k+1)(2k +3)(k2 + 3k +11)
Cri, =
kk (k+2)3(2k + D(2k+5)

2(k* + 8k3 + 52k? + 144k + 74)
CRk+1) = SOk = 0 o) k4 3)2(2k + 1)(2k + 7))
2(k* 4+ 10k® + 28k2 + 15k — 13)
Ret2) = etk = =T o020 4 42(2k 4 5)
2(k+1)%(k+3)
(k+2)2(2k +5)(2k +7)°

Ck(k+3) = C(k+3)k =

Similarly, the non zero elements of the matrices G and H for 1 < k <N — 1 are as follows,

2(k? + 2k + 6)
g =L M= o o Dk £ 3
. . _ 6(3k% + 9k + 5)4/k(k + 3)
k4D = B0 ™ 0 (ke + D) (k + 2)(k + 3)(2k + 1D)(2k + 3)(2k +5)
Vk(k +1)(k +3)(k +4)

Pir2) = P = = '
k(k+2) = N(k+2)k (k+1)(k +3)(2k + 3)(2k + 5)

In particular, hog = 2, hyg; = hyg = —v/3/3. Next let

a_ (94 4 =q T 9 _(r1 £4 q T —

Xl - (uo,l’ul,l"” ’uN—Z,l) > Fl - (fo,pfl,p"' ’fN—Z,l) , 1<1<M, q=1,2,
3 ~3 =3 =3 T 3 3 £3 3 N\T

X :(uoyup"'auN_l) > F :(f())fl "“’fN—l) .

Then we have from (5.1) that

[A+P*B+uClX] =2F!, 1<I1<M, q=1,2, (5.2)
[G+ uH]X3 = 2F3, (5.3)

For description of the numerical errors, let 6, ; = 27l /(2M +1),0 <1 < 2M, and {y
and py , 0 < k < N be the zeros and weights of Legendre-Gauss interpolation,

1
N 2

9 M
Eyni= ( & ZZ(U(CN,k, Oh,1) =t N (v o QM,I))ZPN,k) ~||u - UM,NHLz(Q),

2M +1 Pt

E = max max |U 0 —-u 7] |2HU—u H ooy -
my2=max max |U(Cyk Ou,1) ~ tun(Cn ko Ou) M.N || 1o(q)
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Example 1. We take the test function
U(x,0)=(1—x)(1+x)% "0 4 (x? + 2x — 3)cos 0 + 1,

and u = 1. In Fig. 1, we plot the numerical errors logy Ey; 1 and logyq Ey; v 2 vs M with
N = 2M, respectively. They demonstrate that the numerical errors decay exponentially as
N — oo. This fact coincides well with the theoretical analysis.

Example 2. We take the test function
U(x,0)=(1-x)(1+x)?sin(x+6)+1,

and u = 1. In Fig. 2, we plot the numerical errors log; Ey v 1 and log;o Ey v 2 vs M with
N = 2M, respectively. They also show that the numerical errors decay exponentially as
N — oo0.

—0-109;Ey N1
—0—109,0Ey 2|

—0-109;Ey N1
—0—109;0Ey 2|

-14 . 1 . 1 . 1 1 1 1 . N
3 5 7 9 11 13 15 3 4 5 6 7 8 9 10 11
M M

Figure 1: The discrete L?2— and L®—errors. Figure 2: The discrete L?2— and L®—errors.

6. Concluding Remarks

In this paper, we proposed a Fourier-Jacobi spectral method for two-dimensional Neu-
mann problems. The mixed Fourier-Jacobi orthogonal approximation was established. The
numerical error of the proposed spectral scheme was analyzed. In particular, by choosing
appropriate base functions with zero slope at the boundary, the stiffness matrix is tridi-
agonal, rather than a full matrix by using the classical spectral method. The numerical
results demonstrated the spectral accuracy of proposed schemes, and coincided well with
the theoretical analysis.
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