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Distributed Control of the Stochastic
Burgers Equation with Random Input Data
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Abstract. We discuss a control problem involving a stochastic Burgers equation with
a random diffusion coefficient. Numerical schemes are developed, involving the finite
element method for the spatial discretisation and the sparse grid stochastic collocation
method in the random parameter space. We also use these schemes to compute closed-
loop suboptimal state feedback control. Several numerical experiments are performed,
to demonstrate the efficiency and plausibility of our approximation methods for the
stochastic Burgers equation and the related control problem.
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1. Introduction

In the study of turbulence phenomena, the Burgers equation provides a simplified and
interesting model. For a better understanding of the important problem of the control of
turbulence, it has been suggested that involving this equation can be the first step towards
application to fluid mechanics problems. Following this strategy, our aim is to study control
problems for this equation and to develop computational tools which are powerful enough
so that they can be used for the Navier-Stokes equations.

We consider the stochastic Burgers equation with a random coefficient and its dis-
tributed control problem, where we want to find an optimal control f*(t) which minimises
the cost functional

J(f)=IE[ J (||u(r)||§2(m+/3||f(r)||§2(m)dr], 11
0
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subject to
0 o o o
Eu(w, t,x)— I (a(w,x)au(w, t,x)) —u(w, t,x)au(w, t,x)
=f(w,t,x) in (0,00)xD, (1.2)

u|{o}><D =up(x), u|(O,T]><3D =0,

where D is [0,1] and 8 > 0 is a weight. The diffusion coefficient a(w, x) and the force
term f(w, t,x) are random processes on the spatial domain and temporal-spatial domain,
respectively. Here uy(x) is considered to be a deterministic data function and E denotes an
expected value, which is defined as the Lebesque integral in a complete probability space
(22, Z,P) where Q is any set,  is a o-algebra of subsets of 2 and P is a probability measure
on & [11,20].

Control problems of the deterministic Burgers equation have been studied by many au-
thors [1,3,4,17,19,21,26,27], and stochastic control problems with additive white noise
in Refs. [9,12]. Here we focus on the case of a random process acting on a diffusion coeffi-
cient [13,14]. Although the Burgers equation is often considered as the prototype for fluid
flow, this equation can also be used as a reasonable mathematical model in other physical
contexts such as traffic flow, supersonic flow about airfoils, acoustic transmission, and tur-
bulence in hydrodynamic flows. In brief, the Burgers equation can be regarded as a suitable
model for nonlinear wave propagation problems subject to dissipation [15]. Depending on
the model problem, this dissipation may result from viscosity, heat conduction, mass diffu-
sion, thermal radiation, chemical reaction, etc.. Thus we also take the viewpoint that the
Burgers equation is a variation of the linear heat equation, and an heterogeneous body can
be modelled with a variable thermal conductivity coefficient (diffusion coefficient) depen-
dent on spatial position. Moreover, when there is a lack of information or uncertainty in
the input data, this coefficient can be represented as a random field with estimated statis-
tics.

Our goal here is to develop numerical schemes for a feedback control in minimising a
cost function (1.1) subject to the stochastic Burgers equation (1.2). We adopt the finite
element method in the spatial discretisation, and sparse grid stochastic collocation in a pa-
rameter space where random variables are involved. Later, we illustrate that the sparse
grid collocation method is efficient in the optimal choice between the number of nodes and
the error in a high-dimensional parameter space to obtain appropriate statistical informa-
tion. For the optimal control of the Burgers equation, we introduce a feedback law for a
linearised equation (i.e. a linear parabolic equation), obtained from a closed-loop system
relating the linear quadratic regulator (LQR) theory and the linear quadratic estimation
(LQE) problem. The feedback control law from the linearised problem produces the de-
sired extent of stability for the closed-loop nonlinear system, although from the viewpoint
of control theory this kind of strategy is actually suboptimal.

In Section 2, we introduce some function spaces, notations and assumptions needed
throughout this article. In Section 3, we present a variational formulation for the stochastic
burgers equation in order to apply the finite element approximation, and then employ a
computable discretisation of the spatial domain in the stochastic sense. We briefly describe
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how the sparse grid stochastic collocation is constructed under the Smolyak formula in
Section 4. In Section 5, we consider a stochastic optimal control problem constrained by a
stochastic Burgers equation, formulate a stochastic control problem using the suboptimal
state feedback control for stochastic version, and explain how that strategy is used to solve
the control problem approximately. Finally, we provide some computational experiments to
demonstrate our arguments in Section 6, followed by our concluding remarks in Section 7.

2. Preliminaries

As usual, let the function space Hé (D) be the subspace of H!(D) consisting of functions

vanishing at the boundary of D equipped with the norm ||v|| HY(D) = [fD |vx|2dx:|1/2. We
also define a Hilbert space

L%(0, 00; HA(D)) = {W(t) € H)(D) ‘ L Wy pd < oo}

equipped with the norm

0 1/2 o0 1/2
— 2 _ 2
||w||L2(o,oo;H;(D))—[ JO ||w(t)||Hé(D)dt] —UO JD|wx(t,x)| dxdt] :

We use a variational formulation to determine a finite element method to approximate
Eq. (1.2) later. Before that, we make several assumptions for the conditions on the random
coefficient a(w, x) and random force f (w,t,x) [7,10,18].

Assumption 2.1. The random process a : 2 x D — R is bounded and uniformly coercive
almost surely — i.e.

3 Apins Amax €(0,00) 1 P(apmn < alw,x) < apee YXED)=1. 2.1)

The random process f : 2 x [0, T] x D — R has bounded second moment — i.e.

E[J J |f|2dxdt]<oo.
0 D

LetY,:(Q,%,P)— (T, B(I')) forn=1,2,---d be random variables and let I}, = Y,,(2) C
R be the image of Y,,. For a parameter space I' = ]_[:1121 I, ¢ RY, we assume that the
random variables (Y7, - - Yy) are independent and have a joint probability density function
p : ' = R, expressed in terms of the probability density functions p, of Y,, — viz. p =
ni:l P, [11]. Thus for any Borel measurable function g, we may define the expected

value E[g(Yy,--, Y] = [ g(y1, > ya) p dy.

Assumption 2.2. The coefficients a and the force f have the forms

a(w,x) =a(Y(w), - ,Y(w),x) on QxD, (2.2)
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and
flw, t,x)=f(Yi(w), - ,Yy(w),t,x) on Q2x[0,00)xD, (2.3)

where d € N, and {Yn}fl:1 are real random variables with zero mean.

Now we introduce a stochastic Hilbert space

L2(; HL(D)) = {v Q- HID) | E[||v||12qé(D)] < oo}

with the norm ||v|| L2(Q:H) (D) = E[| |v||f{ 1 (D)], and similarly another stochastic Hilbert space
0
LA 1%(0, 003 HY(DY) = {w: @ — 1(0, 00 HY D) | B[ W2,y o0 vy | < 00}
with the norm ||w||? = E[||w||? ]. If we consider the tensor prod-

L3(9;L2(0,00;H; (D)) 12(0,00;Hg (D))
uct space Lﬂ%(ﬂ) ® Hé (D) with tensor inner product

(V"’))LHZ,(Q)®H3(D) :J f v, (w,x)V, (w,x)dx dP,
QJp

then we have the isomorphism LI%,(Q) ®Hé (D) ~ LI%,(Q; Hé (D)); refer to [7]. Moreover, the
same argument with tensor inner product

o0
(w, W)LD%(Q)@JLZ(O,OO;H(%(D)) = J J J Wx(a), t, x)v?/x(co, t, x)dx dtdP
QJ0 D
applies to L3(Q) ® L(0, 00; Hy (D)) ~ L3(; L*(0, 00; Hy(D))).

3. Finite Element Approximation

A variational formulation of Eq. (1.2) is as follows.
Findu € L%(Q) ® L2(0, oo;Hé(D)) such that

)
]E|:J utvdx]+]E|:f auxv/dx:|+E|:f uuxvdx]
D D D

=]EU fvdx] Vveli(Q)®H)(D),
D

| u(0,x) =uy(x) inD,

A

where the derivative notations mean differentiation with respect to (t,x)€(0, c0)xD.

We restrict our attention to the case that random variables Y, are bounded, or equiva-
lently I, is a bounded set. Since we have a finite set of random variables, the problem has
a deterministic equivalent as follows.
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Findu € Lﬁ(r‘) ® L*(0, 00; Hy(D)) such that

J pJ utvdxdy+J pJ auxv’dxdy+J pJ uu,vdxdy
r Jp r Jp r Jp

r D

| u(0,x) =up(x) inD,

3.1

where the spaces LI%(F) ®H3(D) and Lf)(l“) ® L(0, oo;Hé(D)) are analogues of L]%,(Q) ®
Hé(D) and LI%,(Q) ® L2(0, 00; Hé (D)) replaced by (T, ("), p dy).

For convenience, we consider the solution u as a function of u : I' — L?(0, oo ;Hé(D))
and use the notation u(y) whenever we would like to emphasise the dependence on the
parameter y. Then problem (3.1) is equivalent to the following setting.

Find u(y) € L?(0, oo;Hé(D)) such that

r
J ut(y)¢dxdy+f a(y)ux(y)¢’dxdy+f u(y)u,(y)p dxdy
D D

D

:J f(y¥)pdxdy V¢ GHS(D), p-a.e.inT, (3.2)
D

u(0,x) =uy(x) inD .

If we fix the point y €T, then Eq. (3.2) becomes a deterministic partial differential equation,
so that some usual relevant approximation method can be applied — e.g. the finite element
method.

Given y € T’ (so the problem turns into a deterministic problem), a typical finite ele-
ment approximation of (3.2) is as follows. First choose an N-dimensional conforming finite
element subspace V" ¢ Hé (D), and then seek u"(t,-) € V" such that

(
J u(y)¢"dxdy + f a(y)u (y)(@") dxdy + f (Y (y)¢"dxdy
D D D
{ = J f()phdxdy V ¢"eVh p-ae.inT, (3.3)
D
u(0,x)=uy(x) inD,
where ug(x) € Voh is an approximation (e.g. a projection) of ugy(x). If {qbl-(x)}’i\’: , is a basis
of the finite dimensional space V", we write
N
' (y, t,x) = > ui(y, ) (x) (3.4)

i=1

and take ¢"(x) € V" in (3.3) to be each of the basis functions ¢;. According to the Galerkin
method, on substituting (3.4) into (3.3) we obtain the related matrices and nonlinear tensor
as follows.
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If (-, -) denotes the inner product of L2(D)-space and a y(w,v) the bilinear forme a(y)u'v'dx
for u,v € Hy(D), then we write mi; = (¢1,¢;), sijy = ay(91,9)) Tije = (Diby 67,
fi = (f,¢;), and ué = (ug, ¢;) for i,j = 1,---N. We then set the matrices M = (m;;)

and S, = (s;j), the nonlinear tensor Z = (ryji), the vector f = (f1, - fy), and an
initial condition @y = (u,---,u)’. With d(y,t) = (u;(y,t),--- ,uy(y, )" and @(0) =

(u1(y,0), -+ ,un(y,0))T unknown vectors, the system (3.3) can then be written in the ma-
trix form
w3 s i+@) " zi=f
dt Y ’ p-a.e. yinT, (3.5)
Mu(0) =1 .

Recall that S, and f are random, hence (3.5) is a system of stochastic nonlinear ordinary
differential equations that consists of N equations and N unknowns. Since M is an invert-
ible matrix, under the assumptions (2.1), (2.2) and (2.3) this can be rewritten as a system
of first order stochastic nonlinear ordinary differential equations subject to the initial con-
dition — viz.

di -1 e Y T - -1 .

E:M (—Syu—(u) %u+f), tig=M""1,, p-ae.yinTl. (3.6)
Given y in T, the terms on the right-hand side are continuously differentiable with respect
to t, so there exists only one solution to the system for a given realisation of the random
variables. (The system has a zero equilibrium solution if the boundary conditions take
zeros.) Thus we can obtain the numerical solution of Eq. (1.2) via ODE schemes; and in
Section 5 the system (3.6) is applied to the feedback control design, where the approximate
solution obtained is used to compare with a control solution combined with the Smolyak
method introduced in the next section.

4. Stochastic Collocation and the Smolyak Formula

In practice, we are usually interested in the r-th statistical moment, involving multi-
dimensional integration in a random parameter space. For instance, as mentioned in Sec-
tion 2 the rth statistical moment of any Borel measurable function g must be

E[g" (Y1, -, Yg)] = f f g (s ydes 5 ya)dyr, 5, dyq
n I

where each I;, C R for n = 1,2,--- ,d and p is a joint probability density function. The
Monte Carlo (MC) method is very simple and easy to implement but converges very slowly,
so we prefer to take advantage of a quadrature rule in multi-dimensional space combined
by a tensor product. However, a disadvantage of simple full tensor product quadrature is
that the number of points required to construct interpolation increases exponentially as
the dimension of stochastic space is increased, called the curse of dimensionality. Smolyak
introduced an impressive algorithm, which provides much fewer points than the full tensor
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Figure 1: Full tensor product grids using Clenshaw-Curtis abscissas (left). Isotropic Smolyak sparse grids
using Clenshaw-Curtis abscissas with level 5 (right).

product formula in multi-dimensional space, imparting an interpolation strategy with a
reduced number of abscissas required while maintaining the approximation quality of the
interpolation up to a logarithmic scale. Fig. 1 shows full tensor prouduct grids and isotropic
Smolyak sparse grids using Clenshaw-Curtis abscissas. This algorithm provides a linear
combination of tensor products chosen such that the interpolation property is conserved
for higher dimensions. Detailed explanations of the stochastic collocation idea and the
Smolyak procedure can be found in Refs. [2,5,16,18,22-25,28,29].

4.1. Stochastic collocation method

The idea of the collocation method is to approximate the function u(y;t,x) forally €T
and for all (t,x) € (0,T] x [0,1]. Let Z,(T') C Lﬁ(F) denote the span of tensor product

polynomials with degree at most p = (p; --*pq) —i.e. Z,(T) = ®g:1 2, ([;) with
Z,, (L) =span(y;’,m=0---p,), n=1,---d,

where Li(l“) = {v : fr v()I2p(y)dy < oo} We write the dimension of 2,(T') as d, =

ni=1(pn +1). Stochastic collocation entails the sampling of the solution u(y; ) on a suitable
set of points y; € I'. An interpolation of the u is then

wP(y;) = D ulye ),
k

and the approximated rth statistical moment is

E[u"](t,x) ~ Zur(yk, t,X)J ey . (4.1
T

k

In practice, we use the fully discrete solution by some numerical schemes rather than the
exact solution.
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Remark 4.1. We only discretise a solution in the random parameter space here by the col-
location method. This is possible since we already have an information about a probability
density function of random input data of the stochastic PDE. It is still left to decide numer-
ical schemes for the domain (0, T] x [0,1]. We will choose the finite element method for
spatial discretisation and the backward Euler method for temporal discretisation later.

In the next subsection, we show the construction of the interpolation through a full
tensor product, regardless of the interpolation nodes.

4.2. Smolyak formula

We introduce an index i € N, and for each value of i let {yi', ‘e ,y,ini} C [—1,1] be
a sequence of abscissas for Lagrange interpolation on [—1,1]. Let W = W(0, c0; D) be a
Banach space of functions v : [0, 00)xD — R. Foru € C°(T,;; W) with d = 1, we introduce a
sequence of one-dimensional Lagrange interpolation operators %' : CO(I'; W) — Vi, (T; W)
such that

m;

7w (y) =Y uyDiy)  Yuec(T;w), (4.2)
j=1
where l; € &, 1(I') are Lagrange polynomials of degree p; =m; —1 —i.e.

m;

- (y—yD
Ly) = PR
g k:l:k[#l (.yj _.yk)

and

m;
Vmi(r; W) = {V € Co(rna W) : V(}’, X, t) = Zf}k(xﬁ t)l]l((y)’ {f}k};(nél € W} .
k=1
The formula (4.2) exactly reproduces all polynomials of degree less than m;. In the multi-
variate case d > 1, for each u € C°(I;; W) and multi-index i = (iy,---,i4) € Ni we define
the full tensor product interpolation formulas

Fhu(y)= (7" @0 %) (W)(y)

Miy Miy . )
=SSy ey ) (1 e ). (4.3)

=l jg=1

Clearly, the above product needs l_[ﬁlzl m; function evaluations.

Let us now describe the Smolyak isotropic formulas <7(q,d), for which detailed ex-
planation and analysis is found in Refs. [5,22,23]. The question is how to render tensor
products with a relatively small number of nodes, and choose the linear combination in
order to preserve an interpolation property in going from one dimension to many dimen-
sions. The Smolyak formulas that provide this are just linear combinations of the product
formulas (4.3). With % =0, fori € N, we define

Ai — %i_%i—l .
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Moreover, given an integer g € N, that is hereafter called the level, for i € Nd+ with |i| =
iy + -+ iy the Smolyak algorithm is

(g d)=) (Ae--®Ak). (4.4)

lil<q

Equivalently, the algorithm (4.4) can be written as [29]

dq.d)= Y. (—1)q—'i'(d‘1)(%fl®---®oz/fd).

g—d+1<lil<q gl
To compute «7/(q, d)(u), we only need to know function values on the sparse grid

Hgd)= ) @re---ezl),

q—d+1<lJi|<q

where #' = {yi, .- ,yfnl_} C [—1,1] denotes the set of nodes used by %'. If the sets are
nested (i.e. ' c 1), then 7 (q,d) c #/(q+1,d) and

H(gd)=J(#"e--0F4).
lil=q

It is notable that the Smolyak algorithm, as presented in this Section, is isotropic since all
directions are treated equally.

By comparing (4.2) and (4.2), we observe that the Smolyak approximation employing
nested points requires fewer function evaluations than the corresponding formula for non-
nested points. In the next subsection, we introduce three particular sets of abscissa, nested
and non-nested.

4.3. Interpolation abscissas

Clenshaw-Curtis abscissas. We first consider the Smolyak algorithm based on polynomial
interpolation at the extrema of Chebyshev polynomials. For any choice of m; > 1, the nodes

are given by
yi =—cos(n(j_1)) J=1,m,
j mi _ 1 5 B ) 1>
and in addition we define yl.i = 0if m; = 1. With this choice the set of points is nested, and
thereby the numbers m; of points which are used in the formulas %' are

my=1 and m;=2"'+1 fori>1.

It is important to choose m; = 1 if we are interested in optimal approximation in relatively
large d, because in all other cases the number of points used by «7(q, d) increases too fast
with d.
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Gauss-Legendre abscissas. We also consider the Smolyak formulas based on polynomial
interpolation at the zeros of the orthogonal polynomials with respect to a weight p. If
the random variable follows U(—1, 1), we choose a uniform density in [—1, 1] as a weight
p. Since the Legendre polynomials are orthogonal to the uniform density, the zeros of the
Legendre polynomials naturally lead to the Gauss-Legendre abscissas that have a maximum
degree of precision of 2m; — 1. However, the Gauss-Legendre abscissas are not nested.

Remark 4.2. The convergence properties of the stochastic collocation techniques require
the regularity of the solution with respect to the parameter space I'. One can find the
regularity condition of the random input data for the elliptic problem in Refs. [24] and
[25]. In general, such a condition should be verified for each particular application of the
stochastic PDE, and here we probe the convergence of our problem through computational
experiments.

5. Distributed Feedback Control of the Stochastic Burgers Equation

5.1. Linear quadratic regulator design

We now design distributed feedback control of the problem (1.1) subject to (1.2). Using
the argument in Section 2, we can re-state our problem as follows. Find an optimal control
f () e Lf) (I ® L?(0, 0o; L2(D)) which minimises the cost functional

Hﬂ=JpJ ()12 + BIF (D122 ) dEdy 5.1)
T 0

subject to (3.2). Under the assumption (2.3), we replace the forcing term f with the special
form b(x)z(y,t) in the system (5.1) and (3.2), where z(y, t) is a control input and b(x) is
a given function used to distribute the control over the domain. Given p-a.e. y in I, we
may however consider the cost functional

oo

@@@»=J (Iluy, D12 +RIz(y, )t (5.2)

0

where R = ||| |%2(D) and it is notable that J(z) = fr Jy, (2(y)) p dy. This observation im-
plies that if we find an optimal minimiser z*(y, t) to J,, subject to (3.2) at each parameter
value y, which then becomes a deterministic problem, we can minimise (5.1) too. Subse-
quently, we prefer to focus on solving (5.2) rather than (5.1), subject to (3.2).
Discretising (5.2) and (3.2) with the techniques developed in Section 3 and 4, we arrive

at the following problem. Find an optimal control z*(t) which minimises the cost functional

Ji(z) = f (@ O Qii(yk, 1) +Rlz(yi, DI dt (5.3)
0
subject to

%ﬁ(t) = Adi(t) + G@(t)) + Bz(t), @(0)=i,, t>0, yieT, (5.4)
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where the y, €T are determined by the Smolyak formula. The original cost functional is
then approximated by

M@=J@@@DMy~ZMMﬁUm,
r k

where wy, = [ [7(y)p(y)dy.

According to (3.6), we say Q = M, A, = —M_lsyk and G(i) = —M (1) 1. For
simplicity, we take i, = M~ 'iiy. Since we assume that f(y,x,t) = b(x)z(y,t), for each
finite element basis function f; = (f,¢;) = 2(y, t)(b(x), ¢;) such that B; = (b(x), ¢;),
j=1,---,N and B=(By,---,By)" we bring out R= B"B. It is notable that S, depends
on Yy, so Ay is also a function on T.

Now, we turn to closed-loop control in state feedback form, where we utilize suboptimal
control strategies to construct a suboptimal feedback synthesis. Assuming that the nonlin-
ear term in the Burgers equation is small, a suboptimal feedback control z* can be obtained
by using well-known linear quadratic regulator theory [3,8,21,26,27]. The optimal control
z*(t) can be found by

2*(t) = —R1BT Pii(t) = —K,ii(t) , (5.5)

where K; is called the feedback operator and Py is the symmetric positive definite solution
of the algebraic Riccati equation

PA+ALP,—PBR'B"P,+Q=0.

5.2. Linear feedback controllers with state estimate feedback

A simple classical feedback control design is the linear quadratic regulator (LQR), which
assumes that the full state is ‘feedback’ into the system through the control, bur knowledge
of the full state is not possible for many complicated physical systems. As a realistic alter-
native, a compensator design provides a state estimate based on state measurements to be
used in the feedback control law.

We may not assume that we know the full state, but instead we can assume a state
measurement of the form

w(t) = bu(t),

where ¢ € £(L%(D),R™). Taking advantage of the same discretising schemes in Section 3,
the matrix C € £ (RN, R™) approximating ¥ is obtained. Then we reformulate the problem
— viz. find an optimal control z*(y;, t) which minimises the cost functional (5.3) subject

to

d. . _ o
eI =AGO+C@O) +B0), TO=To, o

w(t) = Cu(t),

We can apply theory and results to show that a stabilising compensator based controller
can be applied to the system [3]. The observer design is mainly needed in order to provide
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the feedback control law with estimated state variables, so the control law and the observer
are combined into a complete system called a compensator. This technique needs a limited
measurement of the state as a condition. According to the given state measurement in
(5.6), a state estimate denoted by ii.(t) is computed by solving the observer equation

%ﬁc(t) = Al (t) + G(a(0)) +Bz(t) + Lw(e) - Cu ()],  u(0)=d,. (5.7)

In the usual manner, he functional gain operator K; and estimator gain operator L; can be a
linear quadratic regulator (LQR) and a Kalman estimator (LQE), respectively, The feedback
control law is again given by the same formula in (5.5):

z*(t) = —R'BT Pl () = =Kyl (t),

where K, is the functional gain operator. To describe how to obtain L;, let P, be the non-
negative definite solution of

AP +PA; —P.C'RTICP,+Q=0.
If the solution P exists, we can define
L,=PcCT, (5.8)

so from (5.7) and (5.8) we obtain the closed loop compensator as
d
Eﬁ(t) = Ali(t) — BKti (t) + G(u(t)) ,

L0.(6) = LeG(0) + (A — LG — BT + GIL0)), 59)

l_i(O) = aO > ac(o) = L_zco ’

for a given parameter value y, € I' derived from the Smolyak formula.

6. Computational Results
We set the stochastic coefficient a(w, x) where x € D =[0,1] in problem (1.2) as

a(w,x) =apip +06 exp{(Yl(co) cos(mx) + Yo (w) sin(7x))e /8
+ (Y3(w)cos(2mx) + Y4(w) sin(2nx))e_1/4} , (6.1)

where a,,;, = 1/100, 6 = 0.05 and the real random variables Y3, ---,Y, are independent
and identically distributed with E[Y;] = 0 and E[Y;Y;] = 6;; fori,j =1,---,4. The random
variables Yi,---,Y, are also uniformly distributed in the interval [—+/3,+/3]. Then we
obtain the joint probability density function p of (Y3, --,Y,) as (2+/3)"* in this case. Using
the sparse grid collocation method with the Clenshaw-Curtis or the Gauss-Legendre points,
we implement our computation. Fig. 2 shows the mean and variance of a(w, x).
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Figure 2: The mean (left) and the variance (right) of a(w, x).

Table 1: Numbers of points for CC and GL abscissas with dimension 4.

Level level O | level 1 | level 2 | level 3 | level 4 | level 5 | level 6
# of points for CC 1 9 41 137 401 1105 | 2929
# of points for GL 1 9 57 289 1268 | 4994

For the spatial discretisation, we choose a typical continuous piecewise linear basis
consisting of a conforming finite element subspace. In all computations, we implemented
the same spatial discretisation with grid size h = 1/64, and the temporal discretisation in
the backward Euler method with At =1/100.

The mean and the variance of the solutions were investigated at the final time T =1,
computed over the Clenshaw-Curtis (CC) and the Gauss-Legendre (GL) sparse grid abscis-
sas. The number of points of each grids are shown in Table 1. We observe that the number
of points in the CC abscissas is relatively smaller than those of the GL abscissas at the same
level. For comparison, we also solved (1.2) by the Monte Carlo (MC) method. To compute
the statistical data of the random solutions by the MC simulation, we need to make an av-
erage of many realisations — e.g. the rth statistical moments E[u" ] of the random solution
was estimated by the MC ensemble average

M
E[u"](t,x) ~uy, (t,x) = % Z |u(ym, t,x)

m=1

r
B

where u(y,,, t,x) is a realisation from random sampling and M is the total number of
realisations.

Fig. 3 presents the means (first column) and the variances (second column) of the
solutions for the stochastic Burgers equation. The first row shows the results from the MC
method with 12000 realisations, and In the second row and the third row from the CC gird
and the GL grid approximations with Smolyak rule of 4 dimension with level 4, respectively
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Figure 3: The means (first column) and variances (second column) of the solutions of the stochastic
Burgers equation. The MC method with 12,000 realisations is used in the first row. Both the CC grid
in the second row and the GL grid in the third row are used with level 4.

—i.e.

2
>

Elu(t,x)] ~ Zwku(yk, t,x) and Var[u(t,x)]~ Z wk|u(yk, t,x)—E[u(t,x)]
k k

where y, and w; are points and weights in the CC gird and the GL grid respectively. We also
compared the convergence of the rth statistical moments obtained by the MC method and
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Figure 4: Convergences of the solutions computed over the CC gird (left) and over the GL gird (right).
The dashed lines in both graphs represent the MC simulations.

the sparse grid collocation method over the CC or GL grid, by defining the error measures

T
T,r .
EMC\CCorGL ._Jo HE[uIrVIC\KL]_]E[ur] L2(0,1)

where E[uj,.] and E[ug.. .., ] denote the rth statistical moments obtained by the MC
method and the CC or GL grid approximation, respectively. Again the final time T = 1
was chosen. Since we cannot find the explicit exact moments of the solution E[u"], we
set the moments of the solutions with Smolyak quadrature for 4 dimension with level 5
approximation over the CC or GL grid as the benchmark solutions at each comparison.

In Fig. 4, one can see the convergent rates of the CC grid (left) and the GL grid (right)
approximations versus the number of points of each grids represented in Table 1. As a
reference, the convergent rates of the MC simulations were computed and provided for
both graphs. It is well known that the MC moments tend to the exact stochastic moments
as the sample size increases, and its convergent rate is @¢(M~/?) for the sample size M.
Fig. 4 confirms that the convergent rate of the MC method again. From this convergence
comparison between the MC method and the CC grid approximation or the MC method and
the GL grid approximation in the figures, we see that the sparse grid collocation method
converges faster than the MC method as the sample sizes increases.

So far, we have demonstrated the result from the uncontrolled solution of the stochas-
tic Burgers equation. We next tested the numerical tools for the optimal control prob-
lem, as suggested in Section 5. As mentioned, we have to solve (5.3) subject to (5.4)
at each random parameter values repeatedly. The control input operator is b(x) = x,
Bj = ID b(x)¢;(x)dx, j = 1,---,N, and B = (By," - ,By)T, where ¢;(x) are continu-
ous piecewise linear functions. We set a control weight § = 64/13335 at (5.1), which
induces R = 0.1 at (5.2) and (5.3). Finally, we took the measurement operator 4 to be
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Figure 5: Realisations of the uncontrolled solution (left) and the controlled solution (right).
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Figure 6: The mean (left) and the variance (right) of the controlled solution computed over CC grid.

Cu(t,x) = 8f35 //46 u(t,x)dx for the state estimate feedback controller, so that the discre-

tised operator C becomes C; = 8f35//46 ¢;(x)dx,j=1,---,Nand C = (C," ,Cy)T where
¢ (x) are also finite element basis functions, and for the control system an initial condition
is needed for the state estimate. We used u, (x) = u.(0, x) = ug(x), which implies that the
initial condition for the state has no error. The parameter space I' had dimension 4 in our
example, and grid nodes in I were selected under the CC grid rule of level 5.

Realisations of the uncontrolled solution and the controlled solution from one sample
point in the CC grid are depicted in Fig. 5. Fig. 6 shows the mean and the variance of
the controlled solutions approximated by the CC grid points and weights. We recall that
u(yy, t, x) is the solution of system (5.9) that minimises the functional J in (5.3). Fig. 7
shows how much the realised controlled solutions disperse from their means at x = 0.25
(the first column) and x = 0.75 (the second column), obtained from the MC method (the
first row, 1105 sample points) and the CC grid method with level 5 (the second row, 1105
points). The black lines of all the graphs represent the means of the controlled solutions.
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Figure 7: The realisations of the controlled solutions at x = 0.25 (the first column) and x = 0.75 (the
second column), which are obtained by the MC method (the first row, 1105 sample points) and the CC
grid method with level 5 (the second row, 1105 points). The black lines of all the graphs presents the
means of the controlled solutions.
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Figure 8: The mean (left) and the variance (right) of the functional gain K;.

We also computed the means and variances of the functional gain operator K and the
estimator gain operator L (see Fig. 8 and Fig. 9), denoted by E[K ], Var[K ], E[ L] and Var[ L],
respectively. Lastly, we defined a norm

1/2
||u(f)||LDZ,,(Q;L2(D))= E J lu(c)*dx )
D
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Figure 9: The mean (left) and the variance (right) of the estimator gain L;.
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Figure 10: L;(Q;LZ(D))—norms for the solutions of the stochastic Burgers equation and its control
problem.

which is also the norm of LI%,(Q) ® L2(D) as considered in Section 2, and related that norm
to both the uncontrolled solutions and the controlled solutions along the time axis. The
expectation E was of course approximated here by the CC grid with level 5. Fig. 10 presents

the results, showing that the average norm of the controlled solutions evidently decays to
zero more quickly than the average norm of the uncontrolled solutions.

7. Conclusions

An efficient and practical method has been presented for the derivation of finite-dimen-
sional approximation of the stochastic Burgers equation with a random coefficient, and its
distributed control problem with the synthesis of a linear feedback controller for the nonlin-
ear parabolic PDE system. When solving a stochastic problem, numerical schemes for not
only the temporal-spatial domain but also random parameter space were provided — viz.

the finite element method combined with the backward Euler method and the sparse grid
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stochastic collocation method, respectively. It is notable that the dimension of the random
parameter space is usually greater than in the temporal-spatial domain. A sparse grid re-
duces the computational cost to obtain statistical moments in high dimensional parameter
space, and works satisfactorily for our nonlinear parabolic equation.

For the application of feedback control procedures to the stochastic Burgers equation,
we presented a suboptimal control and feedback procedure using the well-developed LQR
and LQE theories to build an uncoupled bundle of closed-loop systems. This strategy can be
extended to fairly general cost functions and time-dependent equations, including in partic-
ular stochastic equations. Although not strictly justified even in the deterministic equations,
our approach has shown good numerical performance. The associated application of the
linear feedback controller to the stochastic Burgers equation with random coefficient was
also very successful, and the sparse grid stochastic collocation method helps in computing
statistical moments and drawing a confidence interval with low cost.
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