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Abstract. In this paper we study the non-relativistic and low Mach number limits of
strong solutions to a full compressible MHD-P1 approximate model arising in radia-
tion magnetohydrodynamics. We prove that, as the parameters go to zero, the solu-
tions of the primitive system converge to that of the classical incompressible magneto-

hydrodynamic equations.
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1 Introduction

In this paper we consider the following full compressible MHD-P1 approximate model

arising in radiation magnetohydrodynamics [2,4,7]:

dip~+div (pu) =0, (1.1a)
at(pu)+div(pu®u)+l2Vp—;4Au—()\-I-y)Vdivuzll-i—rotbxb, (1.1b)
€1

9t(pe) +div (pue) + pdivu — AT

=e? (%\Vu—l—Vuf]Z—i—A(divu)z—i—\rotb\z)+IO—T4, (1.1c)
db+rot(bxu)—Ab=0, divb=0, (1.1d)
€0 lo+divl =T*—1I, (1.1e)
€01+ VIp=—1I; in T3x(0,00), (1.1f)
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where p,u,7,b and I:=Iy+1; -w denote the density, velocity, temperature, magnetic field,
and the radiation intensity of the fluid, respectively. w €S? is the direction vector. The
viscosity coefficients y and A of the fluid satisfy >0 and A+3u >0. € >0 is the (scaled)
Mach number and €, > 0 is the (scaled) light speed. T? is a periodic domain in R®.

When the magnetic field in (1.1) is neglected, i.e. b =0, the system is reduced to the
Navier-Stokes-Fourier-P1 model, and the papers [4, 8,14] established non-relativistic and
low Mach number limits of the problem.

If we ignore the radiation effort in (1.1), the system is reduced to full compressible
magnetohydrodynamic equations and has received many studies, for example, see [3,6,
9-13]. The local strong solution was obtained by Fan-Yu [9]. The global weak solutions
were obtained by Fan-Yu [10], Ducomet-Feireisl [6] and Hu-Wang [11] respectively. The
low Mach number limit problems were studied by Jiang-Ju-Li [12] in T? for well-prepared
initial data, Jiang-Ju-Li-Xin [13] in R? for ill-prepared initial data, and Cui-Ou-Ren [3] in
a bounded domain for well-prepared initial data.

Very recently, Xie and Klingenberg [16] studied the non-relativistic limit for the three-
dimensional ideal compressible radiation magnetohydrodynamics and obtained the lim-
iting problem which is a widely used macroscopic model in radiation magnetohydrody-
namics.

In this paper, we study the non-relativistic and low Mach number limits to the full
compressible MHD-P1 approximate model (1.1) and hence extend the result in [4] to
more general models. For simplicity, we will consider the case that the fluid is a poly-
tropic ideal gas, i.e., the internal energy e and the the pressure p satisfy

e:=CyT,  p:=RpT

with positive constants Cy and R.
In the following, we introduce the new unknowns ¢ and 0 with

p:=1+e10, T:=14¢€16. (1.2)

Then the system (1.1) can be rewritten as

oro+div (ou)+ eldivu =0, (1.3a)
1
posu+pu-Vu+ 65 (Vo+V8)+RV (0b)
1
—puAu—(A+p)Vdivu=I +rotbx b, (1.3b)

Cvp(at(?—l-u-Vf))+R(p9—|—c7)divu+?divu—Af)
1

=€ (g\Vu—l—Vut]Z—l—A(divu)z—l— ]rotb\z) +Io—(1+€10)*, (1.3c)
dtb+rot(bxu)—Ab=0, divb=0, (1.3d)
€0 p+divly = (14+€,0)*— I, (1.3€)
€01 +VIp=—1I; in T°x (0,00). (1.3f)



316 X. Yang / J. Math. Study, 50 (2017), pp. 314-322

We impose the initial conditions to the system (1.3) as following:
(0,1,6,b,10,11) (-,0) = (00,140,00,bo, Ioo, I10) in T°. (1.4)

A local existence result for (1.3)-(1.4) in the following sense can be shown in a similar
way as in [17]. Thus we omit the details of the proof.

Proposition 1.1 (Local existence). Let 0<e7,62 <1 and e:=(¢€1,€2). Suppose that the initial
data (0§, uf,05,b5, IS, 1I5,) satisfy that 1+e€,0§ > m >0 for some positive constant m, and

okc€(0), o¥uc(0), 9k6°(0), aFb<(0), o¥15(0), oI5 (0) € HX¥(T3), k=0,1,2.

Then there exists a positive constant T¢ > 0 such that the problem (1.3)—(1.4) has a
unique solution (¢<,u¢,6¢,b¢,I§,1{), satisfying that 1+€;0° >0 in T3 x (0,T€), and for k=
OI 1121

okoe, oIS, oK If € C([0,T¢); H>F),

okue, ake¢, okbe € C([0,T¢|; HZ*)NL2(0,T¢, H3K).
Remark 1.1. To simplify the statement, we have used 9;u(0) to signify the quantity
0;1t|;—o which is obtained through equation (1.3b), and 9?u(0) is given recursively by us-

ing 9;(1.3b) in the same manner. Similarly, we can define 9;c(0), 9;6(0), 9;b(0), 0:1p(0), ¢ I;
(0),020(0), 926(0), 9?b(0), 921(0) and 9?1 (0).

Denote

i i
|||“|||k,j = Z(:)Ha;”Hkai(qmz |||“|||k,j<0) = ‘Z(:)Haﬁ‘(o) HH’H’(W)-
1= 1=

The main result of this paper reads as follows.

Theorem 1.1. Assume that (ae,ue,ee,be,lg, If) is the unique solution obtained in Proposition
1.1. Assume further that the initial data (og,ug, 0,05, 15y, 15,) satisfy

||| (‘7617/[61961176/150/1160) |||2,2<0) + H <1+€105)_1 H L= < Dp. (1.5)

Then there exist positive constants Ty and D, independent of €, such that (o€,u€,6°,b¢,I,I5)
satisfy the uniform estimates:

TO 2
sup (10,1854 | (1e105) ) 0+ (10,6 ot )

0<t<Tp

+ sup (@I\(ISIIT)IIHHH(ISJT)HHl+||9t(15,If)|\Lz>(t)

0<t<Ty

To
(7 (108 ) e 10005, 1) B+ 15 ) B2 ) ) <D, (19
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Furthermore, (0¢,u¢,6°,b°,I¢, I ) converge to (o,u,0,b,Ip=1,I; =0) in certain Sobolev space as
€ — 0, and there exists a function 7t(x,t) such that (u,b,7) in C([0,To|; H?) solves the following
problem of the incompressible magnetohydrodynamic system

dtb+rot(bxu)—Ab=0, divb=0, (1.7)

oru+u-Vu+Vr—uAu=0, divu =0,
u(-,0)=up, b(-,0)=by in T?,

where (u,bo) is the weak limit of (u§,b§) in H> with divug=0 in T°.

Denote
ME(8):= sup (1(0%,u,6%,b) () + | (1+€10%) 7 1(s) )
0<s<t
+ sup (V| (619 e+ IS )l i 19I5, )12) 5
<s<t

1 1

! € pE 1,€\((12 2 ! € 7€\ (12 2
(00 s )+ ([ N5 IDI3005) (1.8)
M§:=ME(t=0). (1.8b)

Our next result is

Theorem 1.2. Let T¢ be the maximal time of existence for the problem (1.3)—(1.4) in the sense of
Proposition 1.1. Then for any t € [0,T€), we have

ME(£) < Co(M§)exp | HC(ME(1)) | (L9)

for some given nondecreasing continuous function Co(-) and C(-).

In the remainder of this this paper we will give the proofs of Theorems 1.1 and 1.2.

2 Proofs of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. Below we shall drop the super script
“e” of p¢,0¢,u¢,0¢, etc. for the sake of simplicity; moreover, we write M¢(t) and M¢(0) as
M and M)y, respectively. Since the physical constants Cy, and R do not bring any essential
difficulties in our arguments, we shall take Cy =R =1.

First, by the same calculations as that in [3], we get

(lelllo2+1lo™ =) (£) < Co(Mo)exp(VEC(M)), (2.1)

1(0,0,5) (1122 1114,8,6) [ ) < Col Ma) exp(VIC(M)), 22
(Vo divi, V0, V5)(1)]2+ | (Velivie A0, Ab) 22 g 12) < Co(Mo)exp(VIC(M)). (23
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Lemma 2.1. Forany 0<t<min{T¢,1}, we have
[rotie(t) |2+ rotu | ) < Co(Mo)exp(VEC(M)).
Proof. Let w:=rotu. From (1.3b) we easily derive
p(Oiw~+u-Vw)—puAw=K+rotl, (2.4)
where K:= —(9;00;u; —0;00;u;) — [0; (ptx ) Ok 1t; — 9 (p1ux ) it ;] +rot (roth x b).
Testing (2.4) by w and using (1.1a);, we see that

1
O R .
t t
:CO(MO)—I—/ /Kwdxds—l—/ /rotllwdxds
0 0

<CoMo)exp(VEC(M))+ [ [ ]
<Co(Mp)exp(VtC(M)),

which leads to the lemma, where we used the estimate in [3]:

t
/0 /Kwdxdsg Co(Mp)exp(VtC(M)). 0
Lemma 2.2. For any 0 <t <min(T¢,1), we have that
19¢ (0,1,0,b) (1) [|7, + || (rotdsu,divdsu, V0,0,V 9;b) |\iz(0w)
<Co(Mo)exp(VtC(M)).

Proof. Applying the operator o; to (1.3), we find that

a%a+€ldivatu: —divo;(ou), (2.5)
1

p<a%u+u.vatu)+f—l(vata+vat9) — AU — (A+3) Vdiva,u

= —0p0iu—9;(pu)-Vu—RV0(00)+0: 14, (2.6)
ch(a$9+u.vat9)+§1divatu—mat9

— 10 (§|Vu+Vuf|2+A(divu)2+ |rotb[2> — Cyd:p0:0

—Cyd:(ou)-VO—Ro; ((00+0)divu) +3;:(Ip— (1+€10)*), 2.7)
02b+9rot (b x u) — Ab; =0. (2.8)

Testing (2.5)—-(2.8) by Ro;c,0:u,0:0 and 9:b respectively, then doing as same as that
in [3], we reach the lemma. O
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By carrying out the very similar calculations to that in [3], we get

1(Vdivi,A8,8D) (1) |72+ 19V (0,6,6) [ 72 112) < Co(Mo)exp(VIC(M)).  (2.9)

Lemma 2.3. Forany 0<t<min{T¢,1}, we have
[rot?u(t)||2, + || Arotul|2, (0,412) < Co(Mo)exp(VC(M)).
Proof. Testing (2.4) by —Aw, we obtain that
S IV/Brot 2 (6)-+ A 32 g 02
§C0(M0)—/Ot/KAwdxds+/0 /pw(V\rotw\z—i—AwVw)dxds
_ /0 t / rotl Awdxds —: Ky +Ko+Ks+Ks. (2.10)

It has been proven in [3] that

Ki+Ky+K3< CO(MO)GXP(\/EC(M)).

We bound K} as follows.
t _
Ki< / Irot Ly || 2 | Aw]| 2 ds < VEC(M).
0
Inserting the above estimates into (2.10) gives the lemma. O
Lemma 2.4. Forany 0<t<min{T¢,1}, we have

/Ot |[rotdsw || grds < Co(Mo)exp(VIC(M)).

Proof. Applying the operator o; to Eq. (2.4), we deduce that

p(a%w—l—wvatw)—ptAatw:Q—l—atrotll, (2.11)
where
Q:=0;K—09¢(pu)-Vw—0ip0sw.
Then by the very similar calculations as that in [3], we reach the lemma. O

Lemma 2.5. For any 0<t<min{T¢,1}, we have

[0t ( )HLZ—I_HatVWHLZ 0,512) <C0(M0)exp(\/EC(M)).
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Proof. Testing Eq. (2.11) by d;w and using Eq. (1.1a), we observe that

1
QH\/ﬁathZ () +ulIVorwl| 2o 12
:CO(MO)—i—/ /Qatwdxds—l—/ /atrotllatwdxds. (2.12)
0 0

It has been proved in [3] that

/0 t / Qcwdxds < Co(Mo)exp(VIC(M)).

We bound the third term of right hand side of Eq. (2.12) as

t t
//atrotllatwdxdsg/ ||9srotly || ;2 ||0sw]| 2ds
0 0
t
M) / |9irot T, || 2ds < VEC(M).
0

Substituting the above estimates into Eq. (2.12) yields the lemma. O
Now, by the very similar calculations to that in [3], we conclude that
19¢(Vo,divi, V8,V b) (1)][72+110: (Vdivi, A8,Ab) 12 g 1.2
< Co(Mo)exp (HC(M)),
V20 (1) |22+ V2 diva|[f2 g 112) < Co(Mo) exp(VC(M)),
1(40,85) 2051 < Co(Mo)exp (£C(M)),
12 (,1,,5) (1) 122+ 132 1,0,6) 22 1) < ColMo)exp (1 C(M) ).

Finally, we estimate Iy and I; in order to close the energy estimate.

Lemma 2.6. Forany 0<t<min{T¢,1}, we have

V(o 1) (1) e+ 1o, 1) (1) [+ 94 (1o, 1) ()]
+ [ 10,1135 < Co(Mo)exp(VEC (M),

Proof. By the very same calculations as that in [8], we can prove the lemma and thus we
omit the details here. O

By collecting all the above results together, we completes the proof of (1.9).
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3 Proof of Theorem 1.1

The proof of Theorem 1.1 is based on some ideas developed in [1,5,15]. Assume that
Theorem 1.2 holds and T, < oo is the maximal life time of existence for the solution ob-
tained in Proposition 1.1. Then for any 0 <t <min{T,1}, we have (1.9), where M, < Dy
for 0 <e <1. In the sequence, we choose D > Cy(Dy) and next T; <1 such that

Co(Do)exp(TiC(D)) < D.

Let t <min{T,, T; }. By combining the inequalities (1.9) and the above inequality, we
have that M(t) # D. Besides, we can assume without restriction that Dy < D, so that
M < D. Since the function M() is continuous, we obtain

M(t)<D for t<min{T.,T1} and 0<e<I.

Then T, > T for 0 <e <1. Otherwise, by using the above uniform estimates and ap-
plying Proposition 1.1 repeatedly, one can extend the time interval of existence to [0,T1],
which contradicts to the maximality of Te. Therefore, M(t) <D for any t€[0,T;] where T;
is independent of 0 <€ <1. Clearly, the conclusion is also true for T, = o by applying the
same argument. Thus we obtain (1.6). The convergence part is just an easy application
of the uniform estimates and Arzela-Ascoli’s theorem. Hence we omit the details here.
Thus the proof is completed. O
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