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nonexpansive non-self mappings and establish some weak convergence theorems in
the framework of uniformly convex Banach spaces. Our results extend and generalize
several results from the current existing literature.

AMS subject classifications: 47H09, 47H10, 47]25.

Key words: Total asymptotically nonexpansive self and non-self mapping, mixed type iteration
scheme, common fixed point, uniformly convex Banach space, weak convergence.

1 Introduction and preliminaries

Let C be a nonempty subset of a real Banach space E and T: C— C a nonlinear mapping.
F(T) denotes the set of fixed points of the mapping T, that is, F(T) = {x € C: Tx =x},
F=F(S1)NF(S2)NF(T1)NF(T,) denotes the set of common fixed points of the mappings
51, S2, Th and T, and IN denotes the set of all positive integers.

Definition 1.1. A mapping T is said to be total asymptotically nonexpansive [1] if

IT" (%) =T" W < [lx=yll+pap(Ix=yll) +va, (1.1)

for all x,y € C and n €N, where {j, } and {v,} are nonnegative real sequences such that
n—0and v, —0 as n— co and a strictly increasing continuous function ¢: [0,00) —[0,00)
with ¢(0) =0.
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From the definition, we see that the class of total asymptotically nonexpansive map-
pings include the class of asymptotically nonexpansive mappings as a special case; see
also [4] for more details.

Remark 1.1. From the above definition, it is clear that each asymptotically nonexpansive
mapping is a total asymptotically nonexpansive mapping with v, =0, u, =k, —1 for all
n>1,p(t)=t, t>0.

Definition 1.2. A subset C of a Banach space E is said to be a retract of E if there exists a
continuous mapping P: E — C (called a retraction) such that P(x) =x for all x€ C. If, in
addition P is nonexpansive, then P is said to be a nonexpansive retract of E.

If P: E—C is a retraction, then P>=P. A retract of a Hausdorff space must be a closed
subset. Every closed convex subset of a uniformly convex Banach space is a retract.

Definition 1.3. Let C be a nonempty closed convex subset of a Banach space E. A non-
self mapping T: C — E is said to be total asymptotically nonexpansive [18] if there exist
sequences { i, } and {v,, } in [0,00) with p,—0 and v, —0 as n—co and a strictly increasing
continuous function ¥ : [0,00) — [0,00) with ¢(0) =0 such that

IT(PT)" () = T(PT)"" (W) | < lx—yll+putp(lx =) + v, (1.2)
forall x,yeCand n€N.

For the sake of convenience, we restate the following concepts and results.

Let E be a Banach space with its dimension greater than or equal to 2. The modulus
of convexity of E is the function dg(¢): (0,2] — [0,1] defined by

. 1
o () =int {1— | 2ty Jxll =1, Iyl = Le=lx—y1)}.
A Banach space E is uniformly convex if and only if d¢(¢) >0 for all e € (0,2].

Definition 1.4. Let S={x€E: ||x|| =1} and let E* be the dual of E, that is, the space of
all continuous linear functionals f on E. The space E has:

(i) Gateaux differentiable norm if
L eyl ]
t—0 t

exists for each x and y in S.
(ii) Fréchet differentiable norm [14] if for each x in S, the above limit exists and is
attained uniformly for y in S and in this case, it is also well-known that

(1)) + 3 17 < Sl < () [P+bCIeT) ()
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for all x,h € E, where | is the Fréchet derivative of the functional J||.||? at x € E, (..} is
the pairing between E and E*, and b is an increasing function defined on [0,00) such that
lim, o 22 0.

(iii) Opial condition [8] if for any sequence {x,} in E, x,, converges to x weakly it
follows that limsup,, .,  ||x, —x|| <limsup, . ||x,—y|| for all y € E with y # x. Examples
of Banach spaces satisfying Opial condition are Hilbert spaces and all spaces I” (1<p<oo).

On the other hand, L?[0,27t] with 1 < p #2 fails to satisfy Opial condition.

Definition 1.5. A mapping T: C— C is said to be demiclosed at zero, if for any sequence
{xn} in C, the condition x, converges weakly to x € C and Tx, converges strongly to 0
imply Tx=0.

Definition 1.6. A Banach space E has the Kadec-Klee property [13] if for every sequence
{x,} in E, x, — x weakly and || x| — ||x|| it follows that ||x, —x|| — 0.

In 2003, Chidume et al. [2] studied the following iteration process for non-self asymp-
totically nonexpansive mappings:

x1=x€C,
Xpi1=P((1—ay)xy+a,T(PT)" x,), n>1, (1.3)

where {«,} is a sequence in (0,1) and proved some strong and weak convergence theo-
rems in the framework of uniformly convex Banach spaces.
In 2004, Chidume et al. [3] studied the following iteration scheme:

x1=x€C(C,
xn+1:P((l_“n)xn'i‘“nT(PT)nilxn)/ n>1, (1.4)

where {«, } is a sequence in (0,1), and C is a nonempty closed convex subset of a real uni-

formly convex Banach space E, P is a nonexpansive retraction of E onto C, and proved

some strong and weak convergence theorems for asymptotically nonexpansive non-self

mappings in the intermediate sense in the framework of uniformly convex Banach spaces.
In 2006, Wang [16] generalized the iteration process (1.4) as follows:

x1=x€C(C,
xn-i—l:P((l_‘xn)xn +“nT1(PTl)n71yn)/
Yn=P((1—B,)xu+BnTo(PT>)"'x,), n>1, (1.5)

where T;,T: C — E are two asymptotically nonexpansive non-self mappings and {«, },
{Bn} are real sequences in [0,1), and proved some strong and weak convergence theo-
rems for asymptotically nonexpansive non-self mappings.

Recently, Guo et al. [7] generalized the iteration process (1.5) as follows:

x1=x€C,
Xp+1=P((1—ay) Txn—l—anﬂ(PTl)”_lyn),
Yn=P((1=Bn)S5xn+PuT2(PT2)" 'xy), n>1, (1.6)
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where S1,5;: C—C are two asymptotically nonexpansive self mappings and T1, T,: C—E
are two asymptotically nonexpansive non-self mappings and {a,}, {B.} are real se-
quences in [0,1), and proved some strong and weak convergence theorems for mixed
type asymptotically nonexpansive mappings.

Now, we define the mixed type iteration scheme.

Let E be a uniformly convex Banach space, C be a nonempty closed convex subset
of E and P: E — C is a nonexpansive retraction of E onto C. Let S1,5,: C — C be two
total asymptotically nonexpansive self mappings and Ty, T>: C — E are two total asymp-
totically nonexpansive non-self mappings. Then the mixed type iteration scheme for the
mentioned mappings is as follows:

x1=x€C,
Xpi1=P((1—a,)STx,+a, Ty (PT) " 1y,),
Yn=P((1=Bn)S5xn+BuT2(PT2)" 'xn), n>1, (1.7)

where {a,} and {B, } are real sequencesin [0,1).
Next we state the following useful lemmas to prove our main results.

Lemma 1.1. ([15]) Let {an}5° 1, {Bn )51 and {ru}5>_, be sequences of nonnegative numbers
satisfying the inequality
an+1§(1+,8n)“n+rn/ Vn21

If Y Bn<ooand } ;> 11y < oo, then
(1) lim,_,cu, exists.

(ii) In particular, if {a, }_, has a subsequence which converges strongly to zero, then

lim an - O.
n—oo

Lemma 1.2. ([12]) Let E be a uniformly convex Banach space and 0<a<t, < <1 forall n€N.
Suppose further that {x,} and {y,} are sequences of E such that

limsup||x,|| <a, limsup ||y, || <4, nli_r)r;Othxn-l—(l—tn)ynH =q
n—oo n—oo
hold for some a > 0. Then
lim ||x, —y,||=0.
n—oo

Lemma 1.3. ([13]) Let E be a real reflexive Banach space with its dual E* has the Kadec-Klee
property. Let {x,} be a bounded sequence in E and p,q € wy(x,) (where wy,(x,) denotes the
set of all weak subsequential limits of {x,}). Suppose limy,_,c||tx,+ (1—t)p—q|| exists for all
te[0,1]. Then p=q.
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Lemma 1.4. ([13]) Let K be a nonempty convex subset of a uniformly convex Banach space
E. Then there exists a strictly increasing continuous convex function ¢: [0,00) — [0,00) with
¢(0) =0 such that for each Lipschitzian mapping T : C — C with the Lipschitz constant L,

1
4T+ (=) Ty=T(tx+ (1) | < Lo~ (lx—yl| - T | Tx—Ty]))

forall x,y €K and all t €[0,1].

The purpose of this paper is to study newly define mixed type iteration scheme (1.7)
and establish some weak convergence theorems in the setting of uniformly convex Ba-
nach spaces.

2 Main results

In this section, we prove some weak convergence theorems of iteration scheme (1.7) for
two total asymptotically nonexpansive self mappings and two total asymptotically non-
expansive non-self mappings in the framework of uniformly convex Banach spaces. First,
we shall need the following lemmas.

Lemma 2.1. Let E be a uniformly convex Banach space, C be a nonempty closed convex subset
of E. Let 51,52: C — C be two total asymptotically nonexpansive self mappings with sequences
{mw Y A Y Avne }Avar } €10,00) with ey, Vit v —0as n— 0o and Ty, T: C— E are two
total asymptotically nonexpansive non-self mappings with sequences {u, },{tnr },{vw },{var } €
[0,00) with pys, pyn, Vi, Vyr — 0 as n— o0 and

F=F(S)(F(S2)F(T)F(T2) £2.

Let {xy,} be the sequence defined by (1.7), where {a, } and {B,} are real sequences in [0,1) and
the following conditions are satisfied:

(i) 21010:1 .unﬁ <09, Zf:l ]’ln’l’ <09, Zf:l Py <9, 21010:1 Py < 00, 21010:11/71% <09, Z;o:lvn’]’ <o,
Z?:]Vn’ <00, Z;ozlvn” < oo

(ii) there exists a constant M >0 such that p(t) < Mt, t>0.

Then limy,_,c0 || X, —g|| and limy,_,eod(x,,F) both exist for all g€ F.

Proof. Let g € F and let p, =max{p,r, pyr }, pin =max{py, i }, v, =max{vy vy }, vy =
max{ vy, Vyr } with Y 0> 1 sy, <00, Y02 iy <00, Y7 vy, <00 and Y 5o 4V, < oo. Again let
hy =max{ptn,, n } and m, =max{vy,,,v, } forall n €IN with }_;" 1 h, <co and Y, m, < 0.
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From (1.7), we have
lyn—qll =1 P((1=Bn) S xu+BuT2(PT2)"~'xu) — P(q)]|

< H(1_ﬁn)sgxn+ﬁnT2(PT2)n_lxn_QH
= H(1_/371)(5335”_‘1)+5n(T2<PTZ)n_lxn_7)”

< (1=Bu) 1S3 20 =4l +Bn | T2(PT2)" xu —q| (2.1)
< (T=Bu)lllxn —qll+pn @ (10 = qll) +viy ]+ B [l X0 — gl pnp (1|20 = q1]) +vn]

< (1=Bu)llxn —qll +ha Ml xn —q|| +1m00] + Bu[l| 0 — ql| + hn M| 20 — g |+ 111]

< (1=Bu) [(T+ha M) || 20 — gl +mn] +Bu [(1+hn M) || X0 —q|| +11,1]

< (T+hpM) || —q|| -+ (2.2)

Again using (1.7), we have

%n+1 =4l = [IP((1—an) S % +an T (PT1)" ) —P(q)|
< [[(1—an) ;11xn+“nTl(PT1)n_lyn_QH
= [|(1—an) (ST —4) +aa (Ti (PT1)" "y —q) |
(1—an) |70 =4l +aul| T (PT2)" 'y —4]|
(T—an) [llxn = qll+pny ({120 —=qI) + Vi, ]+ [y —qll + st (lyn —aqll) +va]
(T—an) [l|xn = qll+hu Ml x0 — Il 0] +n [[|yn — gl + T M|y — q|| + 1]
)

IN N IA

= (I—an) [(1+haM)||xy —ql| +mp ]+, [(1+y M) X ||y —q || +1m1,1]
= (1—an)(1+h,M) ||x0 —q|| +an (1 +h, M) || yn —q]| + 1m0 (2.3)

Using equation (2.2) in (2.3), we obtain

[xn41 =4l < (1=a ) (T+hu M) [ xn = ql[ 42 (1 +hu M)[(1+ iy M) || 0 — || 4110 ] + 112
< 1k M) |20 =gl + (2R M),
= (L+tn)|xn =gl +5n, (24)

where t, =2h, M+h2M? and s, = (2+h,M)m,. Since Y0° 1h, <oco and Y oo m, < oo, it
follows that }, 1t, < oo and Y}, s, < oo. Hence from Lemma 1.1 that lim,_c || X, — ]|
exists.

Now, taking the infimum over all g € F in (2.4), we have

d(xp41,F) < (14+t,)d(xy, F) +sy (2.5)

for all n €N, it follows from Y, £, <00, Y 15, <oo and Lemma 1.1 that lim,,_,cod(xy,, F)
exists. This completes the proof. O

Lemma 2.2. Let E be a uniformly convex Banach space, C be a nonempty closed convex subset
of E. Let 51,52: C— C be two total asymptotically nonexpansive self mappings with sequences
{mw Y Ay Y v b Avar } €[0,00) with py, o Vi Vr — 0 as n— 0o and Ty, To: C— E be two
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total asymptotically nonexpansive non-self mappings with sequences {u, },{ttnr },{vw },{var } €
[0,00) with pys, pyn, Vi, Vyr — 0 as n— o0 and

F=F(S)(F(S2)F(T)F(T2) £2.

Let {x, } be the sequence defined by (1.7). If the following conditions hold:

(i) {an } and {B,} are real sequences in [a,b] for all n € N and for some a,b € (0,1);

(i) Hay = Xty b, i = M@ pr i}, Vi, = M0y i}, Vo = max {1,V }
With Y 57 1 tn, <00, Yoot 1y <00, Y07 1V, <00 and Y ;0 v, < 00, hy =max{pn,, Un} and
My =max{vy,, Vv, } forall n €N with Y 5" 1h, <o and Y .1, <00,

(iii) Forall x,y € C, ||x— Ty (PTy)" y|| <||Six—T1(PTh)" ty|| and ||x— T (PT)" x| <
Hsgx— Tz(PTz)nflx ,

(iv) there exists a constant M > 0 such that (t) < Mt, t >0.

Then

lim ||x,, — Sixy || = lim ||x, — Tix,|| =0 for i=1,2.
n—oo n—oo

Proof. By Lemma 2.1, lim,,_,c || x, —¢|| exists for all g € F and therefore {x,} is bounded.
Thus there exists a real number ¢ >0 such that {x, } CC’'=B.(0)NC, so that C’ is a closed
convex subset of C. Let lim,_,c0||x, —¢|| =7. Then r >0 otherwise there is nothing to

prove.

Now (2.2) implies that
limsup ||y, —q|| < 7. (2.6)
n—oo
Also, we have
153260 —ql| < (1+hu M) ||x —q|| + 112, VneN,
IT2(PTo)" =gl < (1R M)|| 2 =g +my,  Vn€EN,
15120 —ql| < (1+hu M) ||xn —q|| + 12, VneN.
Hence
limsup ||S5x, —q]| <7, (2.7)
n—oo
limsup || To(PT2)" tx, —q|| <7, (2.8)
n—oo
limsup || S x, —q]| <r. (2.9)
n—oo
Next,

ITL(PT)" yn—qll < (1+huM) | yn—q]| 412
gives by virtue of (2.6) that
limsup || Ty (PTy)" ty, —q| < 7. (2.10)

n—oo
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Also, it follows from
r=lim |51 —q]

:nh_{{}o|‘(1_“n)5711xn+“nTl (PTl)n_lyn_QH

= lim |(1~,) [S{xu — 4]+ T2 (PT))" )|
and Lemma 1.2 that

lim [|S7x, — T3 (PT3)" "y | =0

By condition (iv), it follows that

10 = Ta (PT2)" Yyl < 1|87 — T2 (PT1)" |
and so, from (2.11), we have

gg{}o”xn_Tl(PTl)n_lynH =0.

From (1.7) and (2.11), we have

1241 = S7 2 [| < oa]| ST 20 = T1 (PT1)" |
< b||Sx, — Ty (PTy)" 1y,|| — 0asn— co.

Hence from (2.11) and (2.13), we have

xn41—T1(PT1)" ya|
< X1 — STl + |87 2, — TL(PT) " Ly,|| — 0asn— co.

Now

xn41 =gl < xns1 = To(PT)" 'y |+ | Ty (PT1)™ yn —q|
< Hxn+1_Tl(PTl)n_lynH+(1+hnM)Hyn_QH+mnr

which gives from (2.14) that
r < liminf ||y, —q[.
From (2.6) and (2.16), we obtain
r=yn—ql = (1—Bu) (S5 x4 —4) +Bu(T2(PT2)" 2y —q)].
It follows from Lemma 1.2 that

lim ||S5x, —To(PT2)" x,|| =0.

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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By condition (iv), it follows that
1262 = Ta(PT2)" || < [[ S50 — To(PT2)" |
and so, from (2.18), we have
Tim [|xy —T2(PT2)" x| =0. (2.19)
Again note that

[Yn—ull = [IP((1—=B1)S5xu+BuTa(PT2)"  2) = P(x) |
< H(1—,3,1)572136”—I—ﬁnT2<PT2)"_lxn—an
= Bul| T2(PT2)" ' xy — S5 x|
< BT (PT2)" = Shxal|.

Hence from (2.18), we obtain

lim ||y, —x,||=0. (2.20)

n—oo

Now, note that
18320 — 26| < 1720 = T2 (PT2)" ™y |+ T1 (PT1)" ™ty — 0.
Hence from (2.11) and (2.12), we obtain
lim ||S}x, —x,||=0. (2.21)
n—oo
Also note that

i1 = | = 1P((1 =) Y a0 T (PT1)" ) — P2t |
< (1 =) St xn a0 T1 (PT1)" ™y — x|
= 118720 =)+ (S7200 = TL(PT1)" ) |
< 1187 %0 = xull || S — Ty (PT1)" ™y
< 18120 — x| 4B ST xy — T (PT1)" Ly, || — 0as n— oo, (2.22)

so that
[2n11=Ynll < [[xXn41 = xn ||+ |20 —yn | — 0asn— co. (2.23)
Since ||x, —T1 (PT1)" Yy, <||Stx,—T1(PT1)" 'y, | by condition (iv) and

HS;11xn_T1(PT1)n_1an
< |IS1x,—To(PTy)" yu ||+ | TL (PTy)" Yy — Ta (PT1)™ |
< HS;fxn_Tl(PTl)n_lynH+(1+hnM)Hyn_an“‘mn-
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Using (2.11), (2.20) and m,, — 0 as n — o0, we have
Tim 872, T3 (PTy)" ", || =0. (2.24)
Now, we have
20 = To(PT1)" || < 126 = ST 0|41 20— Ta (PT1)" x|
Hence from (2.21) and (2.24), we obtain
Tim [|xy —T1(PTy)" x| =0. (2.25)
In addition, we have
%1 =Ta (PT)" Yyl < [ 2n1 = ST ||+ (1S 200 = Ta (PT1)" M.
Using (2.11) and (2.13), we have
Tim [l 11 —Ty(PT1)" tya| =0. (2.26)
It follows from (2.19), (2.21) and the inequality
130 = T2(PT2)" " e} < (1S5 20 — 20 | + [ 200 = T2 (PT2)"~ x|
that
Tim [|S7 2, = T2 (PT2)" x| =0. (227)
Since

%541 —T2(PT2)" ya |
< 21— ST x|+ 1S 20— T2 (PT)" x|+ | T2 (PT2)" 20y — T2 (PT2)" |
< Han—S{lan—1—HS’fxn—Tz(PTz)”*lxnH—I—(l—l—hnM)Hxn—ynH—l—mn,

from (2.13), (2.20), (2.27) and m, — 0 as n — oo, it follows that

Tim |21 = To(PT2)" 'y | =0. (2.28)

Since T; for i =1,2 is continuous and P is nonexpansive retraction, it follows from (2.27)
that

T (PT)""yn—1—Tixn||
= | T:[(PT,)(PT)" ?)y,_1] — T:(Px,)|| = 0asn— oo, (2.29)
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for i=1,2. In addition, we have

%0 = Trxul| < {20 = To(PT1)" ||+ | T2 (PT1)" ot = Ta (PT1) "y |
+{I T (PT1)" My 1= Tl
< laen =T (PT)" Yy |4 (1 hy M) || %0 — Y1 || 1121
+ T2 (PTy)" Yyt — Tixa||.

Thus, it follows from (2.23), (2.25), (2.29) and m,, — 0 as n — oo, that
lim ||x, — Ty x,|| =0. (2.30)
n—oo

Similarly, we can prove that
lim ||x, — Tox,|| =0. (2.31)
n—oo

Finally, by using cond. (iv), we have

260 —S12u ]| < ”xn_Tl(PTl)n_lan+”Slxn_T1(PT1)n_lan
< Jxu=T1(PTa)" x|+ ST 0 — T (PT1)"

Thus, it follows from (2.24) and (2.25) that

lim ||x, —S1x,]| =0. (2.32)
n—oo

Similarly, we can prove that
n—oo

This completes the proof. O

Lemma 2.3. Under the assumptions of Lemma 2.1, for all p1,p» € F=F(S1)NF(S2)NF(T1)N
F(Ty), the limit
lim [|t2,+ (1~ £)pr —pa

exists for all t € [0,1], where {x,,} is the sequence defined by (1.7).

Proof. By Lemma 2.1, lim,,_,c || X, —z|| exists for all z € F and therefore {x,} is bounded.
Let

an(t) = [[txn+(1=t)p1 —p2||
for all t € [0,1]. Then lim, c0a,(0) = ||p1—p2|| and lim, e, (1) = ||x, — p2|| exists by
Lemma 2.1. It, therefore, remains to prove the Lemma 2.3 for t € (0,1). For all x€ C, we
define the mapping W,,: C— C by:

Ry(x) :P((l—,Bn)S’Zx—I—,BnTz(PTz)”_lx),
W, (x)=P((1—a,)Six+a,T1(PTy)" 'R, (x)).
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Then it follows that x,,11=W,x,, W,p=p for all pc F. Now from (2.2) and (2.4) of Lemma
2.1, we see that

[Rn(x) =Ru(y) || < (1+ha M) || x =y +m,

Wi (x) = Wi () | < [T+ tu]llx =yl +50 = full x =y +5n, (2.34)
where t, = 2h, M+h2M? and s, = (2+h,M)m, with Y3 ;t, <o and Y5 15, < o and
fn=1+t,. Since Y 1 t, < oo, it follows that f,, —1 as n— oco. Set

Sum=Wuim-1Waim—2...Wy, meN (2.35)
b, = | Sn,m (Exn+ (1 —=)p1) — ((Su,mxXn + (L =) Sump2) |-
From (2.34) and (2.35), we have
1Su,m (%) = Sn,m)|
= Hmh+mflmh+m—2n-mh<x)_JA%+m71MM+m—2~-M&<y)H+Sn+m71
fn+m71fn+m72”Wn+m73~‘wn (x)_WnerfB‘uWn (]/)H +Sn+m—1+Sn+m—2

IA

n+m—1 n+m—1

< (11 £)lx=vll+ ¥ s
1=n 1=n
n+m—1
= Gullx—yll+ ) s (2.36)

i=n
for all x,y € C, where G, :]_[?:*nm’lﬁ and S, Xy =Xp+m and S, ,p=p for all p€ F. Thus

o (8) = [0+ (1 =) pr = pa|

< bu,m+|Sn,m (txn +(1—1) p1) — p2|
n+m—1
< bum+Guan(t)+ Y si. (2.37)

By using Theorem 2.3 in [5], we have

b < @ (1w —ull = | Snm%n =S mu]])
< @7 (lloen — 1l = [ n o — 10 +10 = St ]])
< @7 (lloen =2l = (Ul —al| = | St — 1))
and so the sequence {b,,} converges uniformly to 0, i.e., b, ,, — 0 as n — co. Since

lim,, 0 G, =1 and lim,,_,«5,, =0, therefore from (2.37), we have

limsupa,(t) < lim b, ,+liminfa, (t) =liminfa,(t).
n—o00 n,m—00 n—o0 n—00

This shows that lim,,_,ca, (f) exists, that is, lim,_,c ||tx,, + (1 —t) p1 — p2|| exists for all t €
[0,1]. This completes the proof. O
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Lemma 2.4. Under the assumptions of Lemma 2.1, if E has a Fréchet differentiable norm, then
for all p1,p2 € F=F(S1)NF(S2)NF(Ty)NF(Ty), the limit

lim (5] (p1—p2)

exists, where {xy} is the sequence defined by (1.7), if Wy, ({x,, } ) denotes the set of all weak sub-
sequential limits of {x, }, then

(q1—q2,](p1—p2)) =0
forall py1,p2 € F and q1,q2 € Wy ({x }).
Proof. Suppose that x=p; —p with p; # p2 and h=t(x, —p1) in inequality (*). Then, we
get

I

—~

1
Xu=pr ) (pr=p2))+5llpr1—p2

< St +(1=t)p1—p2|?

N —

1
<t —p1J(pr=p2))+5 pr = p2 P +b(tlxn = pr]).
Since sup,, -1 [|x, — p1]| < K* for some K* >0, we have

) 1
limsup (x, —p1,J(p1 —P2)>+§ Ip1—pal®

n—oo

1..
< Egggo!!fxn+(1—f)P1—P2!!2

. 1 .
< tliminf (x, —p1, J(p1 = p2)) + 5 1 = pa >+ D (EK7).

That s,
limsup (x, —p1,J(p1—p2))
n—oo
o b(tK*) .
< liminf(x, —p1,J(p1—p2))+ ( )K'

n—o0 tK*

If t — 0, then lim, o (x, —p1,J(p1 —p2)) exists for all py,ps € F; in particular, we have
(1—92,J(p1—p2)) =0 for all 1,42 € Wy ({x,, } ). This completes the proof. O

Theorem 2.1. Under the assumptions of Lemma 2.2, if E has Fréchet differentiable norm, then
the sequence { x, } defined by (1.7) converges weakly to a common fixed point of S1, So, Ty and T,.

Proof. By Lemma 2.4, (q1 —q2,](p1—p2)) =0 for all g1,92 € Wy, ({x, }). Therefore
lg"=p"IIP=(a"—p" ) (q"—p")) =0

implies g* = p*. Consequently, {x,} converges weakly to a common fixed point in F =
F(S1)NF(S2)NE(T1)NF(T,). This completes the proof. O
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Theorem 2.2. Under the assumptions of Lemma 2.2, if the dual space E* of E has the Kadec-
Klee (KK) property and the mappings 1—S; and 1—T; for i =1,2, where I denotes the identity
mapping, are demiclosed at zero, then the sequence {x,} defined by (1.7) converges weakly to a
common fixed point of S1, Sz, Ty and T.

Proof. By Lemma 2.1, {x, } is bounded and since E is reflexive, there exists a subsequence
{xn,} of {x,} which converges weakly to some g, € C. By Lemma 2.2, we have

k—o0 k—o00

for i=1,2. Since by hypothesis the mappings I—S; and I —T; for i =1,2 are demiclosed
at zero, therefore S;q. =g, and T;q. =q. for i=1,2, which means q. € F=F(S1)NF(S2)N
F(T1)NF(T2). Now, we show that {x, } converges weakly to g.. Suppose {x;, } is another
subsequence of {x, } converges weakly to some p. € C. By the same method as above, we
have p, € F and g, p« € Wy ({x,,}). By Lemma 2.3, the limit

Jim x4+ (1= £)g. |

exists for all ¢t € [0,1] and so q. = p. by Lemma 1.3. Thus, the sequence {x,} converges
weakly to g, € F. This completes the proof. O

Theorem 2.3. Under the assumptions of Lemma 2.2, if E satisfies Opial’s condition and the
mappings 1—S; and I —T; for i =1,2, where I denotes the identity mapping, are demiclosed at
zero, then the sequence {x, } defined by (1.7) converges weakly to a common fixed point of S1, Sy,
T1 and Tz.

Proof. Let u, € F, from Lemma 2.1 the sequence {||x, —u.||} is convergent and hence
bounded. Since E is uniformly convex, every bounded subset of E is weakly compact.

Thus there exists a subsequence {x,, } C {x,} such that {x,, } converges weakly to f*€C.
From Lemma 2.2, we have

kh—>nolo Hx”k —SiXp, H =0and kh—>nolo Hx”k —Tixy, H =0
for i=1,2. Since the mappings I—S; and I —T; for i=1,2 are demiclosed at zero, therefore
Sif*=f*and T;f* = f* for i =1,2, which means f* € F. Finally, let us prove that {x,}
converges weakly to f*. Suppose on contrary that there is a subsequence {x;,} C {x,}
such that {x,;} converges weakly to ¢* € C and f* # g¢"*. Then by the same method as

given above, we can also prove that ¢* € F. From Lemma 2.1 the limits lim, e || X, — f*||
and lim,_,« ||x, —g*|| exist. By virtue of the Opial condition of E, we obtain

Jon [|xy — | = lm oy — £ < Lim [, — g7
B _ o= Ti _o*

= lim |lx, —g" n{_gr;ollxnj Ll
. P .

< Jim [l = £ = lim Jlen = £

which is a contradiction, so f*=g¢*. Thus {x,} converges weakly to a common fixed
point of 51, S, T1 and T>. This completes the proof. O
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3 Concluding remarks

In this paper, we study mixed type iteration scheme for two total asymptotically non-
expansive self mappings and two total asymptotically nonexpansive non-self mappings
and establish some weak convergence theorems using the following conditions: (a) the
space E has a Fréchet differentiable norm (b) dual space E* of E has the Kadec-Klee (KK)
property (c) the space E satisfies Opial’s condition. Our results extend and generalize
the corresponding results of [2,6,7,9-12,15-17] and many others.
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