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Abstract. In the present paper, we establish direct and converse theorems for weight-
ed Bernstein-Durrmeyer operators under weighted LF—norm with Jacobi weight
w(x) =x*(1—x)P. All the results involved have no restriction &, < 1— %, which in-
dicates that the weighted Bernstein-Durrmeyer operators have some better approxi-
mation properties than the usual Bernstein-Durrmeyer operators.
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1 Introduction
Let
wx)=x*(1—-x)f, ap>-1, 0<x<1,

be the classical Jacobi weights. Let

[ e, 1<p<os,

‘{ {F:FE€C(01), timyu_yy o (wf) (x)=0}, p=co.
Set

1/p

(flen@rar) , 1<p<e,
sup,er|(wf) (x)], p=rco.

1f

pw,1 =
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When I = [0,1], we briefly write || f||

norm of L}, spaces.
For any f € LP([0,1]), 1 < p < oo, the corresponding Bernstein-Durrmeyer operators
M, (f,x) are defined as follows:

instead of || f|| Obviously, |/f|[,,, is the

p,w pw,[01]"

Mn(f,x):(n+1)ipn,k(X)/Olpn,k(t)f(t)dt, xe[0,1],
k=0
where

Pn,k(x)=< 1’; >xk(1—x)”k, x€[0,1], k=0,1,---,n.

The approximation properties of M, (f,x) in L}, were also studied by Zhang (see [9]).
Some approximation results were given under the restrictions

1 1
——<a,B<l——
p P p

on the weight parameters. Generally speaking, the restrictions can not be eliminated
for the approximation by M, (f,x). For the weighted approximation by Kantorovich-
Bernstein operators defined by

n k+1

Z n+1 / (u)dupp(x),

n+1

the situation is similar (see [5]). Recently, Della Vecchia, Mastroianni and Szabados
(see [2]) introduced a weighted generalization of the K, (f,x) as follows:

K} (f,x):= Zfl wf m() xe[0,1]. (1.1)

k=0 Ji W

When a=B=0, K* (f,x) reduces to the classical Kantorovich-Bernstein operator K, (f,x).
Della Vecchia, Mastroianni and Szabados obtained the direct and converse theorems and
a Voronovskaya-type relation in [2], and solved the saturation problem of the operator
n [3]. Their results showed that K¥ ( f,x) allows a wider class of functions than the oper-
ator K, (f,x). In fact, they dropped the restrictions a,f <1— % on the weight parameters.
Later, Yu (see [8]) introduced another kind of modified Bernstein-Kantorvich operators,
and established direct and converse results on weighted approximation which also have
no restrictions &, <1— %.

Then, a natural question is: can we modified the Bernstein-Durrmeyer operators
properly such that the restrictions &, f<1— % on weighted approximation can be dropped?
In the present paper, we will show that the weighted Bernstein-Durrmeyer operator
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introduced by Berens and Xu (see [1]) is the one we need. The weighted Bernstein-
Durrmeyer operator is defined as follows:

=Y pue)Coe [ pas(Oldf (), xef01], fell,
k=0

where
1 -1
Cux= </ P (F)w (t)dt) . k=0,1,--- 1.
Define
W=l feLl:f e AC), |¢f|], <o},
where §0( )=+/x(1—x), and AC(I) is the set of all absolutely continuous functions on I.

For f € L}, define the weighted modulus of smoothness by

wf"(f’t)l"f ’_Oi‘;Et{HA ‘p,w,[Chz,l—Chz H f‘prChz H f‘pwl Ch21]}
with
83, f )= (14025 ) 25+ (x-2E),
K2 (x)= f(x+2h)—2f (x+h)+ f(x),
B3f(x) = f(x) ~2f (x—I) + f(x—2h).
Define

Eo(f)pw= WL 1f =Cll

to be the best approximation of f in weighted L}, spaces by constants.
The main results of the present paper are the following:

Theorem 1.1. If f € Lr, 1< p < oo, then

1 Eo(f) w
— M <Clw?( f— — PR, 1.2
1M () < (w(p(f 7i) 12
Theorem 1.2. IffeLZ,,lgpgoo, then

1F =M ()l =0 (17772) S @B (£1),,, =O(HT), 0<7y<2 (1.3)
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2 Auxiliary lemmas

We need the following inequalities:

! 1
| pucdz= -, (see 7,
0

k=0 \
”
ank ——x <Cn 1¢"(x), 720, (see[7]),
1 k*
/ w”(x)q)_Z(x)pn,k(x)|k—nx]2dx§Cw” <;>, (see [2]),
0
where
1, k=0,
K=<k, 1<k<n-1,
n—1, k=n.

It should be noted that (2.1d) is contained in the first inequality of [2, pp. 9].

Lemma 2.1. For 1<p<oo, 0<k<n and n >3, we have

/Olw”(x)pnk( Ydx ~n~twP <I:>,

where k* is defined by (2.2).

Proof. By the fact that (see [3])

I'(n+u) 1
Sl - 1
7T (n) +O<n>, a>—1,

we deduce that

xk+acp 1— x)n k+/3pdx

n

k

n (k+txp+1 I'(n—k+pBp+1)
k I'(n+ap+pBp+2)

_ (n+ 1) PPIT(n+1) T(k+ap+1)
I(n+ap+pp+2) (k+1)*PT(k+1)

) o
)

i(ﬁ) B <1_kﬁ*> pui(x)<Cx *(1—x)"%, u,v>0, (see8]),

(2.1a)

(2.1b)

(2.10)

(2.1d)

(2.2)

(2.3)
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T(n—k+Bp+1)  (k+1)%P(n—k+1)PP

“ =k 1)PT(n—k+1)  (n+1)wiBril
<1+o<n>> (k+1)*P (n—k+1)PP

(n+1)ap+ﬁp+l
k*
~ p
(5.

Thus, we complete the proof.

Especially, by taking p=1in (2.3), we get

1 *
C;;:/ w(x)pn,k(x)dan_1w<k—>, k=0,1,---
*Jo

n
Lemma 2.2. Forany f € L}, 1< p < oo, we have

M5 () llp0 <Cl fllpo-
Proof. When p=c0, by (2.1a), (2.4) and (2.1b), we get

()M £,9] <03) L ps()Co [ sl

)|dt

1
< llna(3) Y- pas(00Cos [ s
k=0

< flleoow(x) k;) Pl <k7>

:CHfHoo,w-

When 1 < p <00, by using Holder’s inequality, (2.4) and (2.3), we have

1 n
IM; () < [ 0P () (;pn,k Ch
=0

/pnk

<
(n+1) =

<an</ X) P e(x)d > < >/Pnk (#)|w(t)

<cy [ ol

:CHfH;;;,w-

By a similar and more simpler deduction, we see that (2.6) also holds for p=1.

Combining (2.5) and (2.6), Lemma 2.2 is proved.

(2.4)

(2.5)

P n p-1
> (an,k(x)> dx
k=0

’ 1/1“”( )Y pas()C / Pu(8) [w (1) f (1) |P dtdx

(2.6)
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Lemma 2.3. If f € Wa?, then
19> M5 ()l po <ClQ* Nl 1< p< 0.
Proof. Direct calculations yield that (see [4, pp. 331-332]),

M*//(f x)
n—2+j

(nn'Z) Z( ) Z Pn—2k- ] 1)2an,k/olpn,k(t)w(t)f(t)dt

= Zvn e / ( ) (D2 IC s (ot ()

_ nll(ntatptl) ¢ Vdpyopaa(t)
T (n— 2)'F(n+oc+/3+3 an 2k(x n+2,k+2/0 Tw(t)f(t)dt' (2.7)

Therefore,

n—2 1
1> M5 ()l po <C|| Y Prgs1 (¥)Cryaisa /0 Prjs1(Hw(t)@?(8) f (t)dt
k=0

p,w

n—2
<C|[E puies00Casn [ P (o0l ()0
k=0

p,w

<C | pax(ICor [ Pas(t(Blg? )" 1)t
k=0

p,w
For p=c0, by (2.1a), (2.1b) and (2.1c), we have

() g ()M (1] S0005) L pie(3)Ca | pos(tlt) | o211 (0]

< Jwg? " [w(x) Y- pus(x) ! <k_>

k=0 n
<Cl|@*f" || oo o- (2.8)

For 1 <p < oo (for p=1, it can be treated similarly and more simpler), by using Holder’s
inequality, (2.1a), (2.3) and (2.4), we have

||§02M*Nf||p w

<C /0 kzpn,k(x)c};,k
=0
n p—1
SC/OlkZ%)p”'k(x)Cz,k/olpn/k(t)‘w(t)q’z(f)f"(t)‘pdt</01Pn,k(t)dt> WP (x)dx

p
[ pasteyole) 20" 0) ] (o)
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<G L () o @)l [ st g o) a
<CY [\ s w9 ()]t
=Cllo*f" I 2.9)
We finish Lemma 2.3 by combining (2.8) and (2.9). O
Lemma 2.4. If f€ L}, then
19> M5 ()l paw < Crl fllp, 1< p<oo.
Proof. We prove the result by estimating the integral on two intervals E, = [2,1—1] and

n
ES=10,1] E, respectively.
Simple calculation leads to

¢* ()M, (f.x)

i ZPnk <——x> nk/ Puj(t)w(t) f(t)dt—nM (f,x)

O =
‘E(g"z(x))qo;(lmz’””"( ("") ”"/ P

=:L(n,x)+L(nx)+1x(n,x). (2.10)

For I1(n,x), when p=oo, by applying (2.1a)-(2.1c), (2.4) and Cauchy’s inequality, we have

/ Pk (t )dt'

1

SI’IZHfHoo,w Z{)Z(J;)) kzn:pnk <E_.x> Cn,k 0 pn,k(t)df
0
n 2 *
SC?’I2HfHoowg02((3;))kZOPn,k(x) <§_x> wil <%>

n? w(x) ; X E—x 2% Y x)w ™2 k—* :
<CH| fllon i (gpn,k< )(; )) (gpn,k<> ())
w

SC”2HfHoo,w

[w(x) I (n,x) ’<” wix) ipnk <——x> nk

=Cn|| f]oo - (2.11)
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When 1< p < co, by using Holder’s inequality twice for p>1 (p=1 is more direct), (2.1c),
(2.1d), (2.4) and (2.1a),

/]w VI (n,x)|Pdx
S/O i(ZPnk (E—x>2>p ank <——x>zcﬁk
(/ pra(tla() >rdt) i

gc;qpﬂ/ ank <——x> ijk</ Pt ()f(t)dt)pdx

<y, / 0 (x)9~2(x) o >(§—x) axcl ([ sttt o)
<o ("_) ([ puatey )

<Cnr- kzo [ pstooswra [ o) "
<Cn||fl| - (2.12)
For I(n,x), by Lemma 2.2, we have
Lllpw <Crllfllpw, 1<p<eco. (2.13)

For I3(n,x), when p=o0, by (2.1a)-(2.1d) and (2.4), we have

n

w <>13<nx|<n L) zpnk

x

nk/ pnk ’ZU )|dt

— —x Cn,k

x
<l flleo,w 2(x ank

<

. b/ %
<Iflle (ank (——x)) (k_zopn,k<x>cﬁ,k>
<Cl ooy < ol s (214)

where in the last inequality, we used the fact 1/ ne p(x)<C,x€E,.
When 1 < p < oo, by using Holder’s inequality, (2.1a), (2.1c), (2.1d), (2.4), and the fact
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1/n2 ¢(x) <C, x € E, again, we deduce that

/ |w(x)I3(n,x)|Pdx

S/En ipnk ( ) nk/ Pk (t)w(t) f(t)dt
S/Enwp(x)%&iopn,k(x —X )p
sznk / Py (t)w(t) f(t)dt

< Px) b —3(p=1) yp— L
_C/Enw (x)q)zp(x)n 2 (P ank

p—1
<Cl [ pustol ) pn,ku)) i
<C/ (Pp+f+§ Zn%)pn,k(x) %—x

dx (2.15)

p
p
——x an dx

——x

1
Cﬁ,k/O Puk(E)|w(t) f(¢)|Pdtdx

2

<cnf ([ wron st (4
(w2t ) [ pustonso v
<on23cly (irr () ) ([ @)’ [ patopuesora
<cn' Y [ el ()0 P
k=0

=CnP|| fllp- (2.16)
By combining (2.10)-(2.15), we already have
H(PZMZN(J[)Hp,w,En <Cnllfllpw, 1<p<oco. (2.17)

Now, we estimate the integral on Ef,. By (2.7), we have

R an o) [ Z o P (O ()£ (D).

When 1< p < oo, noting that n¢?(x) < C for x € ES, by Holder’s inequality, (2.3) and (2.4),
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we have

HGOZM*Hprw Es

P
<. | Zan i) [ Z TCs s (O(B)f(1)dt| dx
_ p
<cry; | o) 3 sk (1)Coi / P (Dot f(1)dt| dx
j=0"Ex k=0 0
2 n—2 1 P
<C?Y. [ w0 ()97 (1) Y pu-2a(0)C | [ pusc (D) (00| dx
j=0"Ex k=0 0
2 n—2 k*
<oy [ @@L prasinar (£)
j=07Eq k=0 h
1 ) 1 p-1
< [} s O OFOF [ pusesrie) ax
1
<crt T w0 (5 [ wrmantai [ posei 0 £ vt
j=0k=0 z 0
<Cn”“22nlw”( )t (£ [ puseoletspa
j=0k=0 —2 n 0 S
1 2 n—
<cn’ | Y5 puse (Ol £(0) P
j=0k=0
<Cr?|f e 2.18)
When p =00, for x € E{,, by (2.1a) and (2.1b),
o) (M (£.3)
1
<C”2HfHoowZZw X)Pn—2x(x) n,k+j/0 Pujrj(t)dt
j=0k=0
<CHfHoowzzw X) Py 2k Cn,k+j
j=0k=0
n—2 . k*
<Cl () L po-astpm? ()
k=0
<Cn|| f||co,0- (2.19)

By (2.18) and (2.19), we see that

HQDZM;;N(J[) Hp,w,E,i < C”Hf”p,w/ 1<p<co. (2.20)
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By (2.17) and (2.20), we complete the proof of Lemma 2.4. O

Lemma 2.5. For any nonnegative integer m, set

1
Ty () := M2 (( ank Cos /0 Pk () (£) (x— )" dt.
Then .
- ¢2(x) " —2i
Tnom= Zpi,m,n,a,ﬁ(x) <T> n (2.21)
i=0
and -
m—1 2 X m—i— Y
Tn,2mfl: Z (]i,m,n,a,ﬁ(x) <¢T()> n 21+1/ (2.22)
i=0

where pj imn,a,p(x) are polynomials in x of fixed degree with coefficients that are bounded uniform-
Ly for all n.

Proof. Analogue to [4], we have the recursion relation:

(14 11+2) Ty 1 () = (1= ) (21T 1 ()~ Thy ()
—(1-2x) (m+1) Ty (x). (2.23)

Direct calculations yield that
T (x) =1, (2.24)

and

n 1
x) :kg;,)f’nk (x) Cn,k/o W (t) pur () tdt —x

::f:B«k+a+1y+Ln—k+ﬁ+1)
=  B(kta+1ln—k+p+1)

" k+a+1
_Zn+a+,8+2 k()
_ nx+a+l
Tntatpr2
at+1—(a+B+2)x
 nta+p+2

Pk (X) =X

, (2.25)

where B(p,q) f xP~1(1—x)""tdx, p,g>0.
By (2.23)- (2 25) and a simple induction process, we obtain (2.21) and (2.22). O

By (2.21), we have
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Lemma 2.6. For any given m, it holds that

Ty om (x) < Cn ™ <§,,z (0)+ %) " (2.26)

Lemma 2.7. For 1<p<oo, f€ sz(,’p, there is a positive constant C such that

M (Ra(f4,%),2) | pwo,, < H§0( )" .o (2.27)

where

Ra(f,t,x),x):= /xt(t—v)f”(v)dv.

Proof. Firstly, we consider the case p=1. Set g(v) =w(v)¢*(v)f’(v). By the inequality
(see [5]):

t—u| _|t—x]
o) = ¢7(x)

for any u between x and f,

we have
M; (R (f 1), %) |dx

J w)|
S/Ef"( Pua3)Co [ P \/rt ollf" (o)ldo

—0

w(x) & 1 1

x),;)p”k nk/ Pkt g(v)dv |t—x]| <w+m>dtdx
|t—x|dtdx

/ 0720 L sl | pn,ku)w(t)\ [ stoyto

n 1 £
w0070 L pus)Cos [ pus(t)] [ stode

=:I1+D. (2.28)

dtdx

|t —x|dtdx

Set

D(I,n,x):= {t:ln*% p(x) <|t—x|< (l—l—l)n_%go(x)},
F(l,x):={0:0€(0,1), [o—x| < (I+1)n 2¢(x)},
G(l,v):={x:x€E,, veF(l,x)}.
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For [>1, by (2.1b), (2.4), and (2.26) with w=1, we deduce that

an,k<x>cn,k / g Pt (D=
ank 1<E>/ P (t) [E—x ] dt
_Z4 n D(Lnx)"
3 1
Cn’ 4 Lk 1 - \2\?
STioix) - f—x[dt
_14(P4(x) <1§Pn,k(X)w ( " )) (k;)pn/k(x) </0 pn,k(t)| x| )

Cn? n 1 2
SW <gpn,k(x)(n+1)/ pn,k(t)|t—x|10dt>

Cn? _1 5 Cn2 ¢(x)
<rigiters (0 =iyt

For =0, by (2.1b) and (2.4),

n k* n=1¢(x)
) cn/ (D)t —x|dE<Cn } “V<c .
S B R C) L (S R
Therefore,
12§/ w(x)92(x) ) Y pui( )an/ P ‘/ do| |t —x|dtdx
En 1=0k=0 (Ln
ad 1 n?
<Cn~! / / dudx
LT Je, 900 Jran®
ad 1 1 1
<Cn! / {/ d }d
=N l;()(l+1>4n2 Og(v) G(lv)q) (x)dx pdo

Noting that G(I,v) CE, C [0,1] for I >nt and f ¢ 1(x)dx<C, we have

(I+1)* /01g(v) {/G(l,v) q)_l(X)dx} do<Cl q)Zf//Hl'w'

Since (see [5])

“1(x)dx<Ch,
[{JCZUXIS’“P(X)}GD )

then (by taking h = (l+1)n%)

N\'—‘

/G(m(p (x)dx < C(I+1)n

13
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Therefore,

(I+1)* /Olg(v) {/G(l,v) (P_l(X)dx} do=cl (PZf//Hl'w.

Thus, we can conclude that

1
0<I<ni

C
<162 229)

Now, we begin to prove the following

C
<9l (2.30)

For[>1, by (2.4), and (2.26), we deduce that

Cn/ aw(t) |t—x|dt
kg(:)pn,k(x) K D, )Pn,k( )w()’ x’

1’12 n 5
< Z4(P4(x) I;)pn,k nk/ Pnk ’f x! dt

2 [ 272
< T4 A7\ —
—Cl4(p4(x) _k;)pn,k nk</ pnk |t x| dt) ]

1’12 [ n %
<C—rr— t 10 ¢
—Cl4q)4(x) J;)Pn,k nk/ Pnk (t)|t—x]| d]

2 1 _1

s < ()

—Cl4¢4(x) (” ¢ (x)) STIFiE

For I=0, by (2.1b), (2.3) and (2.4), we have

an,k(x)cn,k/ pui()w(t)|t—x|dt
=0 D(inx)

Then, we can derive (2.30) in a similar way to the proof of (2.29).
By combining (2.28)-(2.30), we obtain Lemma 2.7 for p=1.
Finally, we prove Lemma 2.7 for 1 < p <co.

Set

t
G(g,x)=sup L/ g(v)do|.
e E—xJx
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The following maximal function inequality are well known

1G (@) I, <Cligllp-

Since 1/w(v) <C(1/w(t)4+1/w(x)) for any v between x and f, by the maximal function
inequality, we have

1M (Ra(f,£,%),%) [l p,w

_ 1 t
<oz (141 (545 >>/ s o)
- 1
SCH¢’ i (=2 (557 a7 ) o ) P
* 2 1
( )M <( ) <m+ (x)>,x> oo,w,Ey
Therefore, we only need to prove that
Kl = | 25 ags (2 (L L <<, 231
Wl =[2G N om T am) ), o @3
where [|K]|, ¢ is the usual supremum norm of K on E,, and
_ 1 2y, W) ((E=x)?
K—WMH((t—x) 'x)+(p2(x)M”< (1) ,x). (2.32)
For the first part of K, by (2.26),
1 . C
mMn((t—x)z,x)gg x€E,. (2.33)
For the second part of K, by (2.4), (2.1b) and (2.26) (with w=1),
w(x) o ((E=%)?
s (i)
n 1
=30y L pos()Co [ Pt
[ n k* n 1 2 %
<00 e () Lpont ([ pustr 27 ]
1 [ ! %
< G [ Sy | pn,k<t><t—x>4dt]
1 1 2 _C
= 92(x) <” 2(P(x)) Sg- (2.34)

By (2.33) and (2.34), we get (2.31), and thus Lemma 2.7 is valid for 1 < p <oco. O
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3 Proofs of theorems

Proof of Theorem 1.1. It is sufficient to prove that

IM ()~ Fllyo < = (ll62F"] o) 6.

p,w+ Hf/

for 2 f" € Ll,. By the Taylor’s formula

FO=F @)+ @ =0+ [ (=) f" @)do,

we have
w (x) (M, (f,x) = f (x)) =w (x) f (x) My (£ —x),x) +w (x) My (Ra (,£,x), ).
Then, by (2.25) and (2.27), we get (3.1) immediately. O

Proof of Theorem 1.2. The ”"<=" part follows from Theorem 1.1. The "=" part can be
done by using the argument of proof of Theorem 9.3.2 in [5], we omit the details here. []
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