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Abstract. In the present paper, we consider Stancu type generalization of the sum-
mation integral type operators discussed in [15]. We apply hypergeometric series for
obtaining moments of these operators. We also discuss about asymptotic formula and
error estimation in terms of modules of continuity.
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1 Introduction

H. M. Srivastava and V. Gupta [15], proposed a certain family of linear positive operators
defined as

Gn(f,x)=n an,k(xzc) /Ooopn+c,k—1(t)f(t)dt+Pn,O (x,c)f(0), (1.1)
k=1
x €[0,00), where
(X (k
() = (1S ol () 12)

and
e for c=0, ¢,(x) =e"*, we obtain Phillips operators,

e for c€N, ¢,(x) = (1+cx) <, we get the discretely defined Baskakov-Durrmeyer
operators.

The sequence {¢, },en of the function defined on an interval [0,b], b > 0 satisfies the
following properties for every n € N, k€ Ny,
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1. ¢nceC®([a,b]),
2. ¢n,c(0) =1,

3. ¢n,c is completely monotonei.e., (—1)"(])%3 >0,

4. There exist an integer ¢ such that 4)%:”1) (x)= —ngbﬁclc(x), n>max{0,c}.

Remark 1.1. Functions ¢, have many applications in different fields of Science and
Mathematics like potential theory, probability theory, Physics and Numerical Analysis.
A collection of most interesting properties of such functions can be found in [17].

These operators are also termed as Srivastava-Gupta operators (see [2,10,16]). In [7],
authors have considered the Bezier variant of these operators and estimated the rate of
convergence for functions of bounded variation. Motivated by the sequence G, Gupta et
al. [4] also defined a mixed family of summation integral operators with different weight
function. In approximation theory the genuine type of operators are very important,
as they are defined implicitly with values of functions at end points of the interval in
which the operators are defined. In 1954, Phillips [14] introduced such operators and
later Mazhar and Totik [8] discussed these operators in different form.

In [5,11, 12] authors have also studied in this direction and discussed different ap-
proximation properties of various operators.

Based on two parameters a, f and satisfying the condition 0 <« <, motivated by
the recent work on Stancu type of generalization (see [1,9,13]) in the present paper, we
consider the Stancu type generalization of operators (1.1) as

w,p O o0 nt+uw o
G0 =1 Yo pna(0) [ puscons0)f (g Jdtepmn(eef (55 ) 09

where p, ,(x,c) is defined above in (1.2). In this paper, we study simultaneous approxi-
mation for the case c=1 of the operators defined in (1.3) and establish Voronovskaja type
asymptotic formula and error estimation. To obtain moments by using hypergeometric
series, we use the technique developed by [6].

2 Alternate forms

The operators Gﬁf (f,x) for the case c=1 can be written as below. For x € [0,00)

Gibtr0) = [ Katennf (55 )t 210)
USRI JAC), <th§> dt
+(1+x)—nf<nj‘rﬁ>, x € [0,00), (2.1b)
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where the kernel

[ee]

Ku(x,t) = Z Pr,o(X)bpo—1(t)+(14x)""5(t)

v=1

with #(¢) is Dirac delta function and py, »(x) and b, ,(t) are Baskakov and Beta basis func-
tions and are defined as

_( nt+v-1 x? (), xf
Pro(x) = v (1+x)mte ol (14x)n+o’
1 tv—l (n)v tv—l

bn,vfl(t): B(n,v) (1+t)n+v - (v—l)! (1+t)n+v/

where the Pochhammer symbol (1), is defined as
(n)y=n(n+1)(n+2)(n+3)---(n+v—1)

and B(n,v) are Beta functions. The operators (2.1b) can be written as

, o () x° © (), 1
an(f’x):;l 0! (1+x)”+”/0 (v=1)t (14£)"+°

xf <T:++g> df+Pn,0(x)f<ni )

[ f (553 )x £ (1)l
0 [(IT4x)(14+1)] 1 & (v—1)l0!

(xt)o1 o
AP tpeef <n+l3>

% f(’LtiE‘)x © (14+1)(n+1)s
:”2/0 A+ Y 1)

(xt)? o
T e (55

Using the hypergeometric series properties

2Fi(ab,cx) = i:) (2352036”,

we have

. 0o f 1)11t+ac x
Gn,f(f/x):’lz/o [(14—5)(?—1)1‘)]”“

xt u
X Fy <n+1,n+1,2lm> dt+Pn,O(x)f<n+ >'
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on applying Pfaff-Kummar transformation

oFi(a,b,cx)=(1-x)""2F (a,C—b,c; xi1> ’

we get

o~ f(flt-HX)
w,B o n+p
Gua(fx)=n’ /o (14x+t)r+!

X oFj <n+1 1—n;2; %)dt—kpn,o(x)f(niﬁ). (2.2)

This is the alternate form of the operators (2.1b) in terms of hypergeometric function.

3 Auxiliary results

In this section, we present some lemmas, which will be useful for the proof of main
theorem.

Lemma 3.1. For n>0 and r > 1, we have

n—r—1)r!

G (1) = & = nx(1+x)"LF (1 —n,1 _7;2"1%) (3.1)

and
n—r—1)!(n—r—1)! (n+r—=2)!(n—r+1)!
((n=1)!)? ((n=1)!)?

Proof. Taking f(t) =t", using the transformation = (1+x)z and applying Pfaff-Kummar
transformation, we get

Gu1(t',x)= ( +r(r—1)x X 140(n?). (3.2)

Gna(t,x)
L e e e
Z n+1 )v( ©)Px(1+x)" n/om(lér)%dz
i nH )L 2 (—x)?x(14+x)" "B(r+v+1,n—r)
% ”+1 )v(—x)”x(1+x)f—n (V—HJ)!(n—r—l)!/

(n+0)!

=0



P. Maheshwari / Anal. Theory Appl., 34 (2018), pp. 77-91 81

using (n+v)!=n!(n+1),, we get

Gnrl(t’,x)
_ vy 4 Do(A=n)o o0 (=D D!
a U;) @t L) n(n+1)q

==V & (r+1)o(1-n), (—x)?

nl = (2),0!
(n—r—1)!
:ﬁﬂl—kx)“”%zﬂ(1_”'r+1’2;_x)'

=n?x(1+x)

Thus, we complete the proof.

Now using
2F1(a,b,¢c;x) = (1-x) "2 (a,c—b,c; xi 1 > '

we have
(n—r—1)! -
Gna(t,x) :nzx(l—kx)r”% (1+x)" 1R <1 —n,1 —r,2;7i1>

I(n—r—1)! x
=nx(1 S Ut F{1-nl1-r2,——|.
nX( +x) (7’1—1)' 2 1< n, r, /x+1>

Lemma 3.2. For 0<a <, we have
n (n+r—1)l(n—r—1)!
(n+p) ((n=1)1)
_ n (n+r=2)1(n—r—1)!
- e e
n~t (n4r=2)1(n—r)! .
T (e S )
"t (n4r=3)1(n—r)! r(r—1)a?
S U (T V)
n"=2 (n+r-=3)!(n—r+1)! 1
By (D)2 } o(5)
Proof. The relation between the operators (1.1) and the operators (2.2) can be defined as

r jlxr*j )
G (¥ x) = "V EE g
) j;)<l>(n+ﬁ)r n(F%)

r—1

G“’ﬁ(t’,x) =x"

n,1

+ra

n' , n
=G py TG gy

r(r—1)a?> n'=2 . o
5 (Yl—l—,B)’G”(t 2,x)+~-~—|—mGn(1,x),

Gu(t1,x)

+
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by applying (3.2), we get the required result. O

Lemma 3.3 (see [3]). Let me NU{0} and
Z P,o( (— —X> ,

then Uy, 0(x) =1, Uy 1(x) =0 and there holds the recurrence relation

U1 () = X(L42) [y (3) U1 ()]

and Uy (x) = O(nﬂ ), where [«] being the integral part of «.

Lemma 3.4. For me NU{0}, we define the central moments as
ponn () =G (£ =) )
nt+uo " "
_me / byo—1(t ( "t B x> dt+<Tﬁ_x> Puo(x)

for n> (m+1), following recurrence relation holds

n+p

(1=m=1) (" a3

(1 +2) 5 ()i () (=) | (5557

X (#) —1] Unm—1(X)+ [(nx—l)—k(n—zm—l) (#)

(Tﬁ_x> —|—(m—|—1)} o (%),

fere x(n+p(1—n)+a(n—1)
n n oxin—
pno(x)=1 and p,1(x)= (B (1)

Consequently for each x € [0,00), we have from above recurrence relation that
P, (X) = O(”_[m+”/2)~

Proof. The values of pu,0(x) and p,1(x) easily follow from the definition of operators
(2.1a). To prove the recurrence relation, we apply the following identities

x(14+x) i () = (0—12) pu,o(x),
FA+0)DN (1) = [o— (n+1)Hbuo (1),
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we get
x(14) o (x) = i (0—1X) Py (%) /wbn 0 (nt—i—zx —x> mdt
’ v=1 ’ 0 ’ 1’1—}—’3
af "
_mx(1+x).un,m—1(x)—1’IX(1—|—x) (m_x> ]
Therefore,

— ipnlv(x)/ooo(v—ﬂx)bn,vl(t) (nt+¢x _x> mdt_nx(1+x)_n <—_x>m

v=1 7’l+,3 _|_ﬁ
:ipn,v(x)/ooo[{(v—l)—(n+1)t}+(n+1)t+(1—nx)]

v=1

xm01u><fjg_w> ﬂ_nxu+xyw(5g__x>
_v ® 1) nt+a \" ,
_;Pn,v(X)/o t(1+t)bn,vl(t)<n+ﬁ x> dt+(n+1)

& o0 nt+uo " 0
X;Pn,v(x)/o by,o— 1(t)< oy X> dt+(1—nx ;p

x/ombn,v_l(t)<jlt:g—x>mdt nx(1+x) ”( >

On using the identity

=GR - G

we get
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i <ni ; —x> ilpm(x) JRmG (’::g —x> det]

+(n+1)<nn >§:1an / bio—1( <1:_tg—x>m+ldt
—(n+1) (”:ﬁ (ﬁ—x)vgpn,v(@/ombm—l(ﬂ
x <’::g —x> mdt+(1—nx)[ (%) = (14%) 7"

X <ni’8—x>m] —nx(1+x)™" <anT,3_x>m'

Integrating by parts and rearranging the terms, we get

(1=m=1) (" Y a3

(1) b () r (] (=) x| (35 =0) (122 =1 )
+ [(nx—l)—l—(n—Zm—l) <n:ﬁ> (niﬁ —x> —I—(m—I—l)} Hm(X),

hence the proof is finished. O

Lemma 3.5 (see [3]). There exists the polynomials ¢; ;. (x), independent of n and v such that

T

P2 A pua(x) = L (0= 0150 ()P4,

2i+j<r
1,j>0

4 Main results

In this section, we prove some direct results including asymptotic formula and error es-
timation.

Definition 4.1. Let C,[0,00) be defined as
C,[0,60) = {f € C[0,00): £() =O(t7),7 >0}
then the operators sz (f,x) are said to be well defined for f € C,[0,00).
Theorem 4.1. Let f € C,[0,00) be bounded on every finite subinterval of [0,00), having the
derivatives of order (r+2) at fixed 0 <x <oo.If f(t)=0O(t7) as t — oo, for some v >0, then

lim n[(Gy 1) (f,%) = £V (x)]

n—oo

=r(r—ﬁ)f(r)( )+ [@r+a) +x(Lr—B) FU () x(Lx) x fU) ().
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Proof. We have the Taylor’s expansion for the function f as
r+2 f ( ) .
f =) == (=) +e(tx) (t=x)"",
i=0 !

where €(t,x) —0 as t—x and e(t,x) :o(t—x)‘s as t — oo, for some ¢ > 0. By using Taylor’s
expansion, we have

n[(GyP) D (f,x)— f1(x)]
[ 3 200 Gy (=),3) = )| 4G et 0 (5742 )

1
= !
=:L+1D.
Using Lemma 3.2, we have

r+2 i .
I—ni oM (A ICICH LR RAe)

=\

_f(’)(x)n SBY () (4 3)— 1 f(”l)(x)n . s
e S (CHILGATRE PRAse L (R ER)

(GO (Ex) + <“ﬁ><><tf“,x>}+f””)(x)n

(r+2)!
S UEDUED) 2600 (7, 2) 4 (742 (-3)

% (szf)(r) (t’“,x) + (G,‘;"f)(f) (t7+2,x)}

= [t £ e g )
T G
><(r+1)!x+r(”l)(nt;()’:iz(nl)l()”) r=2)t,
MRl e =]
ol {2
><< :12*:1 ’; rl 2 ()
N

n+r—1)(n—r— 2) n'(n+r—Dlmn—r-1
o N (I )T AU L W ey (R T >
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2 ((Zj_’;;)_ri)Z((’(/ln_ rl)?)) (7—22)! X2+ (T"f‘l) (T"f‘z)

rez_(n41)H(n—r=3)!
(n+ﬁ)r+2((n—1)!)
()i (n—r-2)!
n+’3)r+2((n—1)')2
8 7rlzJ—:;)ri)z'Ezln__rl_)!2))2'r!+(r+1)(r+2)“2”r
ntr—D!n—r-1)! ;
2(n+ﬁ)f+2((n—1)!)2r‘}+O(n 2).

In the above expression r(r—p), (2r+a)+x(1+r—p) and x(1+x) are the coefficients of
F0)(x), fr+D(x) and f("+2)(x) respectively, which easily follow by using induction hy-
pothesis on r and then taking limit as 7 — co. Therefore in order to complete the proof of
above theorem, it is sufficient to show that I —0 as n — oco. For this using Lemma 3.5, we
have

+

<1 5 (r+1)lx+(r4-2)an

(r+1)lx+r(r+1)(r+2)an"!

—~

X
D

Li<Y xﬂ’i:x Y lo—nxlipuox / bro1(E)|e(t, %)
v=1

2i+j<r

ij>0
nt+a |72 (n+r—1)! ® T
x| dtr ()T T 0,0 | 2
X . x +(-1) o le(0,x)] = x
=:3+14,

as €(t,x) -0 when t— x, hence for a given € >0, there exists a positive number ¢: |e(t,x)| <
€ whenever |t—x| <¢. If A is any integer > max{A,r+2} then for a constant M >0, which
does not depend on t, we have

r+2 A

nt+uw

()|

where |t— x| >J. Hence

Bl=My ¥ 0 fonslipa(0{ [ eboa(t)
—x

nt+uw
n+p

—X ,

2itj<r =1
i,j>0
Tlt"—lx r+2 A }
X —x dt+ Mb,, ,_1(t n+pB—x| dt
n+p t—xlzs 1(t) nt+u B
=:I5+1s,
where
(Pljr
M=
2,;, x" 1+x

i,j>0
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Using Schwarz’s inequality, we have

o ‘ ~ 1/2
|I5| <eM; Z nl+lz|v—nx|]pnlv(x) </0 bnlv_l(t)dt>

2itj<r v=1
ij>0

x (/Ooo buo1(t) <Zt:g —x> 2r+4dt>

- 1/2
geMlzn (Zv nx) an ))

2i+j<r
ij>0

x (;pn,v(x) /0 o (b) <’::g —x> WLdt)

On using Lemma 3.3 and Lemma 3.4, we have

1/2

1/2

5| <eMy Y, n'Tlo(n’?)-0(n~ 2/2) <eo (1)
2;7§%r
and as € is arbitrary, it implies that Is=o0(1).
Again applying Schwarz’s inequality for summation and integration and then apply-
ing Lemma 3.3 and Lemma 3.4, we have

00 A
. ; t+uo

I| <M Y lo—nx) x/ by o1() x | 2 —x| dt
|Is| < Zzér Z;| |pn,v( ) 2|25 n,0 1(t) n+p

1j>0

. 1/2
<My Y 0" Y puo(x) (v—nx)?
2isjr =1
i,j>

1/2

x @pm(x) [ om0 (5 ) Mdt)

— } : ni+l_o(nj/2).o(n—/\/2)
2i+j<r
i,j>0

:O(n(r+2—/\)/2) :0(1)‘

Hence I3 — 0 as n — o0. Since it is clear that Iy — 0 as n — oo, we get I =0(1). Combining
the estimates of I; and I, we get the required result.

Hence the proof of the theorem is completed. O
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Theorem 4.2. For f € C,[0,00), for some >0 and r <k <r+2. If fX) exists and is continuous
on (a—n,b+n) C (0,00), where n >0, then for sufficiently large n

HGEYD(f,x) = FT (x) | clagy

1& _ -
§M1;Z||f(l)||c[a,b}+M2” 20(F 0, n=12)10(1/n?),

where My and M, are constants independent of f and n, w(f,d) is the modulus of continuity of
fon (a—n,b+1n)and ||-||cjap denotes the sup-norm on the interval [a,b].

Proof. Using Taylor’s expansion on function f, we have

k£() (4 . fk) gy = £b)
£ =32 L0 (i SO LI e )-4ne w100,

| |
— K

where 0 lies between t and x, and {(t) is the characteristic function on the interval (a—
1,b+1). Therefore

(GO ((t,x) (1-E(8)),x)
=:L1+Ly+Ls.

Using Lemma 3.2, we have

e AN dx’ [ (n+p)/(I'n)?
. T(n+i—DI(n—j) . ._
+ (-0 e

Tt j—DT(n— 1)\ oy [0 . ~

X (n+p)i (Tn)? )x] 1+<](]—1)(]—2)“”] !

T(n+j—2)T(n—j+1)
(1= B ()2

LD Y w20 (1) ] -0

+i(j—Datnl2
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Hence .
1 Z. 1
ILallcon <My 1l +0 (53 ) - on lnd]

To estimate L,, we follow

= ) fOO) O ||ntta [
Lal< [ 1K <x,t>|{‘ . g Y o pa
w(f®,8) e (r) 'ﬁé‘—x‘ nt+u k
S el 1 S -

nt+u k

Sw(fk,) [ Prz); ’/ no—1( <n+,8_
—x k+1>dt+r(n r) (142x)~ 47

ot )

By applying Schwarz’s inequality for summation and integral, we have

nt—Hx

—X

n+ﬁ

k

t
nt+uo x| at

n+p
<Y ()0 nx|]</ B )dt)l/z

e nt+uw 2k 2
/0 bn,v_l(t)<n+ﬁ —x> dt)

ad nt+u 2k 1z
X v / bnv < —x> di’
(Bt [T (552) )

89

(4.1)
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0o ni|¢ij7(x)| 0o nt+a k
< PN j b (¢ B 5
_7;12;;r xr(1+x)r |U le| an(x) no 1( )X n_|_ﬁ X
i,j>0
¢, ()] :
<| sup >~ nt
B (27+]}<)r X" (14x)" zlér
120 1j>0
3 ‘ * nt+uo k
<z;’  pno(x) ) 1(t) Wt p )
=M Z 7’11{‘)(71%]())
2i+j<r
i,j>0
—o(n' ), w2
on [a,b], where
il X

szf%fxe[a,b} xr(1+x)r .
ij>
If we choose 6 =1/+/n and apply (4.2) we have

w(f(k)’ﬁ) (r—k)/2 (r—k-1)/2 m
| L2llcjo S [0(n972) 4 V/nO (n )+0(1/n™)]

SMZn_(r_k)/zw(f(k),lx/ﬁ).

Since t € [0,00)\ (a—1,b+1), here we opt d such that |f—x| > for all x € [a,b]. Hence by
Lemma 3.5

Lol=M ¥ ' Y fomalipno®) [ bnaa(8)h(e0)
v=1 -

2itj<r x|>6
ij>0
—1)!
+7(n+r )(1+x)7(”+r)|h(0,x)|

(n—r)!
for |t—x| >4, we find a constant K such that

nt+aw B

< —
|h(t,x)| <K e X

7

where > {v,k} is an integer. Therefore by using Schwarz’s inequality for summation
and integration and using Lemma 3.3 as well as Lemma 3.4, we follow that L3 =0(1/n?),
for any s >0 uniformly on [a,b].

Combining the estimates of L1, L, and L3, we get the required result. O
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