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Abstract. In this paper, first, we consider closed convex and bounded subsets of
infinite-dimensional unital Banach algebras and show with regard to the general con-
ditions that these sets are not quasi-Chebyshev and pseudo-Chebyshev. Examples of
those algebras are given including the algebras of continuous functions on compact
sets. We also see some results in C*-algebras and Hilbert C*-modules. Next, by con-
sidering some conditions, we study Chebyshev of subalgebras in C*-algebras.
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1 Introduction

The subject of approximation theory is an old branch of analysis and has attracted the
attention of several mathematicians during last years. This theory which has many im-
portant applications in mathematics and some other sciences has been studied by many
authors, e.g., [4,15]. A basic problem in the theory is “Given a point x and a set W in
normed space X, determine a point wy of W which is at a minimum distance from x” i.e.
to find wy € W such that

|x—wol| =dw(x)= inf [lx—w]. (11
weW
The set of all best approximations to x from W is denoted by Z(x). Thus
Py (x):={weW|[|x—w||=dw(x)}. (12)
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If each x € X has at least one best approximation in W, then W is called a proximinal set
and W is said to be non-proximinal if 2y (x) =& for some x € X\W. A problem which
has been intensively studied is to check whether a Banach space X does or does not con-
tain bounded closed non-proximinal sets. The results in general Banach spaces can be
found in [1,5,6]. A subset W of a Banach space X is called quasi-Chebyshev if 2y (x) is
a non-empty and compact set in X for every x € X (see [10]). Some results on characteri-
zations of quasi-Chebyshev subspaces in Banach spaces can be found in [9,10]. In the pa-
per, we introduce the problem exist non-quasi-Chebyshev and non-pseudo -Chebyshev
sets in unital Banach algebras. All this works done by applying the related fixed point
and approximation theory results. We give characterizations of quasi-Chebyshev sub-
algebras in C*-algebras in terms of substate function. The structure of this paper is as
follows. In Section 2 we records some facts about Banach algebras, spectral properties
of C*-algebras A and Hilbert C*-modules. In Section 3, we approach the question on
the existence of non-quasi-Chebyshev sets in unital abelian Banach algebras by using the
related fixed points and invariant approximation results. As a consequence, we obtain
some results on the algebra of continuous functions C(S), where S is a compact set. We
show that every closed bounded convex set in a C*-algebra A is quasi-Chebyshev if and
only if A be finite dimensional. Similarly, we get some results for Hilbert C*-modules.
Best approximation and quasi-Chebyshev of subalgebra in C*-algebras, is discussed and
characterized in Section 4.

2 Preliminaries

Let us start with some basic definitions, which will be used later. Consider A as a unital
algebra with the unit e. If A is a Banach space with respect to a norm which satisfies the
multiplicative inequality

lxyll < llxllllyll (xy € A), 1)

then the pair (A, ||-]|) is called a normed algebra. A complete unital normed algebra is
called unital Banach algebra. a € A is said to be invertible if there is an element b in A
such that ab=ba =e. The fields of real and complex numbers are denoted by R and C,
respectively. The symbol F denotes a field that can be either R or C. The spectrum of an
element x of a unital algebra A over F is the set

o(x)={A€F:x—Ais non-invertible}. (2.2)
The spectral radius of x is defined by

r(x)= sup |A|. (2.3)
Aeo(x)

A nonzero homomorphism 7: A — F, where A is a unital algebra over F, is called
a character. We denote by (Q(A) the set of all characters on A. If A is a unital abelian
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Banach algebra and x € A, we define a continuous function X by
x:Q(A)—F, t—1(x). (24)

We call x the Gelfand transform of x. We denote by A the set {¥:x€ A}. Itis easy to see
that A is is self-adjoint if and only if for each x € A, there exists an element y € A such that
7(x)=7(y) for each T€Q(A). If A is a unital abelian complex Banach algebra, Q(A)#®
and o(a)={t(a):T€Q(A)} forallac A. If A is a unital Banach algebra, then Q)(A) is
compact (see [11]). We follwed with the concept of C*-algebras. An involution * on an
algebra A is a mapping x— x* from A onto A such that (Ax+y)*=Ax*+y*,(xy)* =y*x*
and (x*)*=u, for all x,y € A and A € C. An involutive Banach algebra is called a Banach
x-algebra. A Banach *-algebra A is said to be a C*-algebra if || xx*||=||x||?, for each x€ A.
Clearly under the norm topology on B(H), the set of all bounded linear operators on a
Hilbert space H is a C*-algebra relative to involution T — T*, which is defined by

(x,Ty)=(T"x,y), Vx,yc€H.

Let A be an algebra then M, (A) denotes the algebra of all n x n-matrices a = [a;;]
with entries a;; in A. If A is a C*-algebra, so M, (A), where the involution is given by
la;i]* = [a]’fi]. If A and B be two C*-algebras, we denote by A®B their algebraic tensor
product. Note that for any C*-algebra one can identify the space M, (A) with the tensor
product M,,(C)® A.

A (right) Hilbert C*-module V over a C*-algebra A is a linear space which is a right
A-module equipped with an A-valued inner-product (-,-):V x V — A that is sesquilinear,
positive definite and respects the module action, i.e.,

(1) (x,ay+pBz) =a(x,y)+p(x,z) for x,y,z€V, a,€C,
(2) (x,ya)=(x,y)aforx,yecV,acA,
3) (x,y)*=(yx) forx,yeV,

)

(4) (x,x)>0for xeV;if (x,x) =0 then x=0,
and V is complete with respect to the norm defined by ||x|| =|| (x,x) || 2, for each x€ V.

Lemma 2.1 (see [3]). Let E be a C*-module over a C*-algebra A. Then E can be isometrically
embedded in B(H,K), where H,K are Hilbert spaces.

In the following, we recall some useful lemmas in fixed point theory that will be
needed in the sequel. Let (X,-||) be a Banach space, A mapping T:E C X — X is non-
expansive if ||Tx—Ty|| < |x—y| for each x,y € E. The fixed point set of mapping T is
denoted by .Z(T)={xe X:T(x)=x}.

Lemma 2.2 (see [14]). Let X be a Banach space, C a compact convex subset of X and T:C —C
a continuous map. Then T has at least one fixed point in C.
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Definition 2.1 (see [8]). Let K be a convex subset of a Banach space X. Amap V:K—X
is called convex if ||V (532) || <L [||[V(x) |+ V(y)|] for x,y €K.

Lemma 2.3 (see [8]). Let K be a non-empty weakly compact convex subset of a Banach space X
and let T: K — X be non-expansive and suppose I —T is convex on K. Then T has a fixed point.

3 A non-quasi-Chebyshev sets of Banach algebras

In this section, we consider closed, convex and bounded subsets of infinite dimensional
unital Banach algebras and show with regard to the general conditions that these sets are
not quasi-Chebyshev and pseudo- Chebyshev.

Definition 3.1. A closed subset W of a normed linear space X is called non-quasi-
Chebyshev if it is not quasi-Chebyshev.

Definition 3.2. Let U be a closed subset of a normed linear space X. Then U is called
w-quasi-Chebyshev if the set Z7;(x) is non-empty and weakly compact for all x € X\ U.
And U is w-non-quasi-Chebyshev if it is not w-quasi-Chebyshev.

Definition 3.3. Let X be a Banach algebra, we say X has property (N) if Q(X) # @ and
for x,ye X, |t(x)|<|t(y)| for each T € O(X) implies that ||x| <|y||-

Fupinwong and Dhompongsa studied the fixed-point property of unital commutative
Banach algebras over a field F (see [7]). They obtained the following results.

Consider X as an infinite-dimensional unital abelian Banach algebra, which has prop-
erty (N) such that X is self-adjoint and

inf{r(x):xeA, ||x||=1}>0, (3.1)

then
(1) there exists a sequence {x,, } € X such that

{t(xn):T€Q(X)} C[0,1].

— -1

ForeachneN,and A,={(x,) {1} isasequence of non-empty pairwise disjoint subsets
of O(X).

(2) Consider the mapping T, on X by

T,: X—X, x—x,x, (3.2)

and sets
E,={xeX:0<t(x)<1l,7€eQ(X) and 7(x)=1fort€ A,}. (3.3)

Then T, hasn’t any fixed-point in E,,.
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Theorem 3.1. Let X be an infinite dimensional unital abelian Banach algebra with property (N)
such that X is self-adjoint and satisfying (3.1), then X contains a non-quasi-Chebyshev subset
(Moreover, X contains a non-w-quasi-Chebyshev set).

Proof. Assume on the contrary X and every of its closed subsets be quasi-Chebyshev (w-
quasi-Chebyshev). Let T, and E, defined by (3.2) and (3.3). Since X has property (N)
and |7(x,)| <1=1(e) then ||x,|| <1 for n€ N. For x,y € X, we have

1T (%) = Tu W) = l[xn (x =) | < |2 |l =yl < lx =yl

Then T, is non-expansive on X. For n € N, E, is a T,-invariant convex set of X, then for
xe X, Pg,(x) is convex and by assumption is non-empty compact (weakly compact) set.
We show that for x=0, Z, (0) is T,-invariant so. Let y € Z¢, (0), further y € E, and then
Ty is in E, since T,,(E,) C E,. As T, is non-expansive, it follows that for g € E,,,

ITay =0l =[|Tay —T,0[| < [ly—0[l < llg—0l|,

and therefore T,y is in P, (0). Thus T, maps Z,(0) into itself. On the other hand,
since the multiplication operation (a,b) — ab is jointly continuous in Banach algebras.
Then T}, is a continuous map. As [ —T,, is convex by applying Lemma 2.2 and Lemma 2.3
there exist p, € Z¢,(0)N.Z (T,) for each n € N. Therefore p, € E,N.%#(T,). But this is a
contradiction by part (2) of the results of Fupinwong and Dhompongsa. O

Definition 3.4. A closed subset W of a normed linear space X is called pseudo-Chebyshev,
if the set 2 (x) be a non-empty and finite-dimensional subset of X for all x € X\ W.

A closed subset W of a normed linear space X is non-pseudo-Chebyshev if it is not
pseudo-Chebyshev.

Theorem 3.2. Let X be an infinite dimensional unital abelian Banach algebra with property (N)
such that X is self-adjoint and satisfying (3.1). Then X has an non-pseudo-Chebyshev subset.

Proof. Assume on the contrary that X and every of its closed subsets are pseudo-
Chebyshev. Let T), and E,, be in such as (3.2) and (3.3). First we show that E, is a bounded
set foreachn € N. For x€ E,,,

W sup IT( )= W sup !T( )|

TeQ(X TeQ)(X

=suplT(Iy H)" (7m)
>inf{r(y):yeX,|yll=1}=p.

Since ((X) is compact there is a character 7 on X such that sup_x[T(x)| = |10 (x)].
Thus

o < 20,

p
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Hence E, is bounded. Moreover, &, (x) is bounded for x € X. Since a closed, bounded
and finite dimensional subset of a normed space is compact, so by Bolzano Weierstrass
theorem ¢, (x) is a compact set. Similar to the proof of Theorem 3.1 we can show a
contradiction under this assumption. O

We denoted by Cr(S) the Banach algebra of continuous functions from a topological
space S to F, with the supremom norm. By results in [7], for each x € C(S), o(x) =x(S)
and

r(x)= sup |A[=sup|x(s)|=|x[|, (34)

A€o(x) seS
therefore if x,y € Cp(S) and |x(s)| <|y(s)| for each s€ S, then ||x|| <|y]|.

Corollary 3.1. Let S be a compact Hausdorff topological space. If Cp(S) is infinite-
dimensional then Cr(S) has a closed convex non-quasi and a closed convex non-pseudo-
Chebyshev subset.

Proof. Clearly Cp(S) has property (N). By (3.4) we have inf{r(x):x € X,||x||=1}=1>0.
Since Cp(S) satisfies the conditions of Theorem 3.1, will get that C(S) has a closed convex
non-quasi- Chebyshev subset.

Also as a consequence of Theorem 3.2, we conclude that C¢(S) has a closed convex
non-pseudo-Chebyshev subset. O

In the following, we prove some results on C*-algebras. This will done by using
Gelfand theorem.

Theorem 3.3. Let A be a C*-algebra, then dim(A) = oo if and only if A has a bounded non-
quasi-Chebyshev subset.

Proof. If dim(A) = oo then by a result of Ogasawara theorem (Theorem 1 in [12]) A con-
tains an infinite dimensional commutative C*-subalgebra B. Then by Gelfand Theorem
(see [11]) B~ C(Q)(A)) hence as a consequence of Corollary 3.1, B has an non-quasi-
Chebyshev subset This is true also for A.

For the inverse let dim(A) < oo and W be a closed and bounded subset of A. By
Bolzano Weierstrass Theorem, W is compact. Thus for each a € A, Py (a) is non-empty
and compact, which make a contradiction. Thus dim(A) = co. O

Theorem 3.4. Let A be a C*-algebra then dim(A) = oo if and only if A has a non-pseudo-
Chebyshev subset.

Proof. The proof is similar to the that of Theorem 3.3. O

Corollary 3.2. Let E be a C*-module over a C*-algebra A, then dim(E) = oo if and only if
E has an non-quasi-Chebyshev subset.
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Proof. By Lemma 2.1, E is isometrically embedded in C*-subalgebra B(H,K), where H, K
are Hilbert spaces. Now, it is a consequence of Theorem 3.3. O

Corollary 3.3. Let E be a C*-module over a C*-algebra A then dim(E) = oo if and only if
E has a non-pseudo-Chebyshev subset.

Proof. 1t is a consequence of Theorem 3.4. O

4 Characterizations of quasi-Chebyshev in C*-algebras

In this section, we give some characterizations of best approximations and quasi-Chebyshev
subalgebras in C*-algebras.

Definition 4.1. Let A be a Banach space and B be a proper closed subspace of A. An
element Z € A is called B-minimal if 0 is the best approximation to Z in B.

Definition 4.2. The mapping p: A — R is substate function if for h,g€ A and a € R,
) [Ipl=1.
ii) p(h+g)=p(h)+p(g) and p(ah)=ap(h).
iii) p be a positive function i.e., p(h) >0, for h > 0.

In Definition 4.2 if P be a linear function then p is called a state.
Let A be a C*-algebra, an element x € A is hermitian if x =x*, we denote by Ay, the
set of all hermitian element of A. in fact

Ap={xeA:x=x"}. 4.1)
By the above assumptions, we have the following lemmas.

Lemma 4.1 (see [13]). Let A be a unital C*-algebra, B a unital C*-subalgebra of A and ac Ay,
If a is B-minimal, then there exists a state ¢ of A such that ¢(a®) = ||a||*> and ¢(ab+b*a)=0 for
all be B.

Let x, y be two elements of a normed linear space X, then x is orthogonal to y in the
Birkhoff-James sense [2] if ||x|| < |[x+Ay|| for all A € C. If x be Birkhoff-James orthogonal
to y, we write x L py. Let G be a subset of X and x € X. Then x is said to be orthogonal to
G (x LpG) whenever x 1 pg, Vg€ G.

Lemma 4.2 (see [2]). Let A be a C*-algebra, a,b € A. Then a Lgb if and only if there exists a
state ¢ on A that ¢(a*a)=||a||? and ¢(a*b) =0.

Lemma 4.3. Let M be a subalgebra of C*-algebra A and a€ Ay,. If | P\ (a)| > 1 then there exist
Q0 € Pum(a) is hermitian.
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Proof. Suppose my € Py (a), we show the real part of representation =
is sightly element. We have for me M,

mo+mgy | .mo—my
7 Tl

mo+my a+a*  mo+m
o ) o AL TG
a—my a*—mp
<|| [[+1] ll
2 2
<lla—m].
Hence m € Zp(a)NAy,. O

Theorem 4.1. Let M be a subalgebra of A, mo€ M and ac A\ M. Then the following statements
are equivalent.

i) mgy€ L@M(ﬂ).
ii) There exists a substate ¢ on A such that for me M

¢((a—mp)*(a—mo)) = |la—mo|?, (4.22)
¢(m* (a—mq)) <O0. (4.2b)

Proof. i)—ii). Let mg€ Pp(a) so a—myLpgm, for m € M then by Lemma 4.2 there exists a
state @™ such that @™ ((a—mg)*(a—myg)) =||a—my||* and ¢™(m*(a—my)) =0.

Define ¢: A— R, by ¢(h)=inf,cpRe ¢™(h). We show that it is a substate. For a € R ™"
and he A

¢(ah) W}g}wae(p (ah) ocmlg]{ARego (h)=a¢(h),

and for each I,k € A we have
h+k)= inf Reop™ (h+k
¢(h+k)= inf Reg™ (h+k)
= inf Re@™(h)+ inf Re3(k
inf Reg™(h)+ inf Reg®(k)
= inf Reg™ (h)+ inf Reg™ (k) =¢(h)+¢(k)

Since ¢™ is positive function and || ¢™| =1= ¢"(e) (see Corollary 3.3.4 [11]) then ¢ is
positive and ||¢||=1. Also

p((a—mo)*(a—mp)) = |la—mo||?,
and for m € M, we have
p(m*(a—my)) < @™ (m*(a—mo))=0.

This completes the proof of this part.
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ii) —1i). Suppose that such a substate exists. By the Cauchy-Schwartz inequality for
me M we get,

la—mo |2 =¢((a—mo)* (a—my))

<—@((m—mg)*(a—mo))+¢((a—mp)*(a—mo))
<—¢@((m—a)*(a—mo))—p((a—mo)*(a—my))
+@(a—mp)*(a—my))
=—g¢((m—a)*(a—mp))
)

<|=¢((m—a)*(a—mq
<[la—m|l[la—mol|

)<l (m—a)*|[lla—mo)]

Hence ||[a—my|| <||la—m]||, i.e., mo€ Pp(a), which completes the proof. O

Theorem 4.2. Let M be a unital proximinal *-subalgebra of A. Then the following statements
are equivalent.

i) M is a quasi-Chebyshev subalgebra.

ii) There do not exist substate ¢ on A, xo € A and a sequence x, € A without a convergent
subsequence with xo—x, € M (n=1,2,---) such that for me M,

@(x5xn) = |||, (4.3a)
p(m*x,) <0. (4.3b)

Proof. i)=>ii) Suppose that (ii) does not hold, then there is i on A, xo € A and a sequence
x, € A without a convergent subsequence and xy—x, € M, sataisfid conditions (4.3a),
(4.3b). Put g, = xp—x,, by Theorem 4.1, g, € Zp(x0), without a convergent subsequence,
this is a contradiction.

ii) =1i). Assume if possible that M is not quasi-Chebyshev in A. Since M is proxim-
inal in A, for x € A, Zp(x) #Q, let a € A such that g, € Zy(a) without a convergent
subsequence. We assume that 4 is a hermitian element of A, also by Lemma 4.3, {g,, } is
”0] in Mz (A).
If this element has a best approximation in IM,(M) then it is easy to see that it has a

. . - 0
hermitian (If a # a*, then we can consider the Hermitian element X = [a

best approximation in M, (M) with the form My = []?1 ng) } where m € M). By applying

Lemma 4.1 there exist state function ¢, such that

¢n((“_8n)2) = H“_gn HZ/
Pn((a—gn)(8)" +g(a—gn))=
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Now we define ¢(h) =inf,cnRe@,(h), similar to the proof of the pervious theorem we
can show that it is a substate. Also for i,n €N, ¢,,((a—g;)?) = ||a—g;||> because

Pn((a—8i)* =¢pu((a—8n+8n—8i) (a—gn+8n—8i)")
=¢n((a—8n)(a—8n)") +Pn((a—gn)(gn—8&i)"
+(8gn— gl)( 8n)")+Pn((gn—8i)(gn—8i)")

>¢u((a—gn)(a—gn)*) =la—gnll*=la—gi|*.

On the other hand, we have

¢n((a—8i)?) < |l pulllla—gill* = lla—gil.
Hence ¢, ((a—gi)?) =||a—gi|*. Therefore for n €N we have

9((a—gn)(a—gn)") =((a—gn)*) = lla—gull*.

But ¢(g*(a—8n)) < Re@u(g*(a—gn)) =5 (¢u((a—gn)g* +8(a—gn)) =0. Hence

¢(g"(a—gn)) <0,

which is a contraction by part (ii). O
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