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Abstract. In this paper, a mixed tensor analysis for a two-dimensional (2D) manifold
embedded into a three-dimensional (3D) Riemannian space is conducted and its appli-
cations to construct a dimensional splitting method for linear and nonlinear 3D elastic
shells are provided. We establish a semi-geodesic coordinate system based on this
2D manifold, providing the relations between metrics tensors, Christoffel symbols, co-
variant derivatives and differential operators on the 2D manifold and 3D space, and
establish the Gateaux derivatives of metric tensor, curvature tensor and normal vector
and so on, with respect to the surface © along any direction ;j when the deformation of
the surface occurs. Under the assumption that the solution of 3D elastic equations can
be expressed in a Taylor expansion with respect to transverse variable, the boundary
value problems satisfied by the coefficients of the Taylor expansion are given.
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1 Introduction

A shell is a three-dimensional (3D) elastic body that is geometrically characterized by its
middle surface and its small thickness. The middle surface S is a compact surface in R?
that is not a plane (otherwise the shell is a plate), and it may or may not have a boundary.
For instance, the middle surface of a sail has a boundary, whereas that of a basketball has
no boundary.
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At each point s € S, let n(s) denote a unit vector normal to . Then the reference
configuration of the shell, (that is, the subset of > that occupies before forces are applied
to it), is a set of the form {(6+&n(s)) € R3:6€ 3, |¢| <e(6)}, where the function e: I — R is
sufficiently smooth and satisfies 0 < e(é) <e for all s€ J. Additionally, € >0 is thought of
as being ‘small’ compared with the ‘characteristic” length of  (its diameter, for instance).
If e(s) =¢,Vs € S, the shell is said to have a constant thickness of 2¢. If e is not a constant
function, the shell is said to have a variable thickness.

The theory of elastic plates and shells is one of the most important theories of elastic-
ity. Thin shells and plates are widely used in civil engineering projects as well as engi-
neering projects. Examples include aircraft, cars, missiles, orbital launch systems, rockets,
and trains.

Considerable work on the subject was conducted by the Russian scholars A.L. Lurje
(1937), V.Z. Vlasov (1944) and V.V. Novozhilov (1951) after the pioneer idea of Love.
However, now it appears necessary to improve the mathematical understanding of the
classical plate and shell models pioneered by these scholars. The reason for this is that
the precision required in aircraft and spacecraft projects has intensified with the advent
of powerful electronic computers. The goal therein is, on the one hand, to develop better
finite approximations on elements and, on the other hand, to refine theoretical models
when necessary.

A.L. Gol'denveizer (1953) first put forward the ideas of conducting an asymptotic
analysis based on the thickness of a shell or plate. New formulations for shells and plates
were obtained by relaxing the constitutive relations and reinforcing the equilibrium that
must be satisfied. Even in presenting a much more detailed analysis than that offered by
his predecessors, no mathematical justification was given by Gol’denveizer. As such, a
large number of difficulties were still to be overcome. At the same time, the weak for-
mulations of J.L. Lions and mixed formulations of Hellinger-Reissner and Hu-Washizu
(1968) appeared to provide alleviation. Of particular significance was the work of J.L. Li-
ons (1973) on singular perturbation, which provided the tools and explanation for what
happens when the asymptotic method is applied to plates, shells, and beams. The math-
ematical foundation of elasticity can be found in [4,6]. The asymptotic method was revis-
ited in a functional framework proposed by Li, Zhang and Huang [1], P.G. Ciarlet [3,4]
and M. Bernadou [5]. Their work made convergence and error analysis possible therein
for the first time.

The 3D models are derived directly from the principles of equilibrium in classical
mechanics, and are viewed as singular perturbation problems dependent upon the small
parameter ¢ (the half-thickness of the shell). 2D models are obtained by making some
additional hypotheses that are not justified by physical law. Our aim here is to justify
mathematically the assumptions that formulate the basis of a 2D model of elasticity, and
whose solution approaches 3D displacement better than the solution of classical models.

This paper is organized as follows: in Section 2, we present a mixed tensor analysis on
2D manifolds embedded into 3D Euclidian space; in Section 3, we provide the exchange
of tensors and curvature after the deformation of curvatures; in Section 4, we give dif-
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ferential operators in 3D Riemannian space under semi geodesic coordinate system; in
Section 5, asymptotic forms of 3D linear and nonlinear elastic operators with respect to
transverse variable ¢ are derived; in Section 6, a specific shell as an example,is provided.

2 Mixed tensor analysis on a 2D manifold embedded into a 3D
Riemannian space

Tensor analysis in Riemannian space can be found in [2]. Here it presents for mixed
tensor analysis on a 2D manifold embedded into a 3D Riemannian space, in which we
provide basic theorem and formula and gives proof in details.

Let us consider elastic shells, which is assumed to be a St Venant-Kirchhoff material
and homogeneous and isotropic. Hence this material is characterized by its two Lamé
constants A >0 and u >0 which are thus independent of its thickness.

An elastic shell whose reference configuration {Q).} C E3 (3D-Euclidean space) con-
sists of all points within a distance < ¢ from a given surface & C E® and ¢ > 0 which is
thought of being small. The 2D manifold  C E? is called the middle surface of the shell,
and the parameter ¢ is called the semi-thickness of the shell. The surface 3 can be defined
as the image 6 of the closure of a domain w C R?, where 6: @ — E? is a smooth injective
mapping. Let 7i denote an unit normal vector along & and let

Q. =w x (—¢¢).

Hence the set {Q).} is given by {Q);} = O(Q)) where the mapping ©: (), C R® — E3 is
defined by

O(x!,x%,8) =6(x", x?)+&d, V(xL,x%8)eQ, (x'x?)ew. (2.1)

The pair (x!,x?) is usually called Gaussian coordinate on ¥, and (x!,x2,¢) is called semi-
geodesic coordinate system (S-Coordinate System) (if E3 is a Riemmannian space and
S is a 2D manifold). The boundary of shell {€)} consists as follows: e top surface
Ff =3x {+€},

e bottom surface I'y =S x {—¢},

e lateral surface I')=T(NT'1:To="y0 x {—¢,+¢},T1 =71 x{—¢,+¢}, where y=oU7 is the
boundary of w:y =dw.

In what follows, Latin indices and exponent: (i,jk,---) take their values in the set
{1,2,3} whereas Greek indices and exponents («,8,7,---,) take their values in the set
{1,2}. In addition, Einstein’s summation convention with respect to repeated indices
and exponent is used.

It is well known that the covariant and contravariant component of the metric tensors
on the surface 3 are given by

a,xﬁzéZX s and a”‘ﬁumzéi, (2.2)
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where 5“ = aag . The second and third fundamental forms are given by

bup =10 = —T1a0p, Cap=Tiaiip, Cup=a""burbpo- (2.3)
Furthermore, it is well known that the contravariant components of b,g,c,p are given by
bB =g\ aBp, . B =¥ abc,
while the inverse matrices b ,¢*f of bup,Cap can be expressed by
b*Pbgr =05, Fepy =43, (2.4)

which will play important role in the followings. In the same season we have to introduce
permutation tensors in R and on & which are given by

NG ﬁ, (i,7,k): even permutation of (1,2,3),
Eik=9 —V& gik={ — %, (i,j,k): odd permutation of (1,2,3), (2.5)
0, 0, otherwise,

where g =det(g;j) and g;; is metric tensor of R°.

Similarly
\Va, ﬁ, (a,B): even permutation of (1,2),
exp=1< —\4, eP={ — ﬁ, (a,8): odd permutation of (1,2), (2.6)
0, 0, otherwise.

Let H and K denote mean curvature and Gaussian curvature respectively:

1o _ det(bag) b
H= 2" bug, K= det(a.p) a’

Then the determinant of third fundamental tensor ¢, is
c=det(c,p) = det(awbmbﬁg) =a P =DK.
Using permutation tensors in > and on  the following relationships are held

a"‘ﬁamzéi, E‘X'Bbﬁ)\:(sgi, ED“BCﬁ)\:(S;X\,
a*P = eboyg, a=det(a,g),

% N 2.7
bhB — 08“)‘8'3‘717)\0, Kb*B — 80‘/\8'8019)\0, b= det(b,x,g), 27)
P =ae*'efc),,  KEP=e"eblc),, c=det(cup),
and ) )
_ c_
E_K’ a—KI )\ 71 2 2 (2'8)
c:det(caﬁ):det(a UbacAb‘Ba):u b*=bK =aK>*.

The following lemma present fundamental formula concerning many basic tensors of
order two on the surface.



K. Li and X. Shen / J. Math. Study, 51 (2018), pp. 377-458 381

Lemma 2.1. The third fundamental tensor is not independent of the first and second fundamental
tensors aqg,byg. There are following relationships

Kﬂa'B—ZHb(xﬁ‘i‘C(xﬁ:O, K&laﬁ—ZHbD“B—i—C“‘B:O,
a*f —2Hb*P 4 Kc*P =0, (2.9)
Kb*P+b*f —2Ha*f =0, K2c*P+2Hb* —(4H?—K)a*f =0.

Besides, there are relationships between matrices byg,cqop and its inverse matrices DB, as fol-
lows

Kb =e*rePop,,,,  K2p%B =gtreboc,
Tap AP o TaApP & A (2.10)
b*P =c*'bly, c*P=b""D), bﬁ—b CpA-
Furthermore,
[ bapbrc—barbpe =€u€2pbL0Y,
baﬁbAa_baAbﬁa:KeaagﬁA/ (2.11)
eapbtbE =Keny, €eP7byby, =2K, el =2K,
cmbgz—2H1<a“ﬁ+(4H2—I<)b“5:2Hcaﬁ—1<baﬁ,
A _ 2_ 2_
cunch=—K(4H K)aaﬁ—;—ZH(4H 2K)bag, 212)
cﬁza“ﬁcaﬁ:b"‘ﬁbaﬁzélH —2K;
b*Pe,p=8H®—6HK; c*Pc,p=16H*—16H?K+2K>.

Proof. First, we prove (2.11). For the simplicity, let r=6 and n denote the unite normal
vector to surface <. (2.3) shows b,xﬁ = —n,1g, therefore

baﬁb/\g’_ b“Abﬁg = (— (n,x -rﬁ)rA-I- (l‘la -rA)rﬁ)ng.
In terms of formula in vector analysis
Ax(BxC)=(A-C)B—(A-B)C,

it yields that
ba‘Bb/\o'_ba)\b‘BU': (n,x X (I‘A X rﬁ))ng.
On the other hand, applying Weingarten formula
ng= —bgra = —bypr"
and permutation tensor
EupN =Ty XTg, E4p=N(TyXTg), (2.13)
we can obtain
b“‘Bb/\U’ — b“Abﬁg = sw(na X n)ng
:eAﬁbeg(r,, X I‘l)l'y :8A/gbeg (1'14 X I‘V)I‘l:“lyvg)\/gbeg.
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This is the first part of (2.11).
Next we prove last two formula in (2.11). Remember that

1

b= 5

E“/\:",\ﬁgbaﬁb)\g =a SaAg'BUba‘[;b/\g.

N —

Therefore,

b =2K.

ED‘AE‘Bab“‘BbAg =2—-=
a

This is the forth part of (2.11). Using Mg Ap = €yu We derive
E“Agﬁablxﬁb/\ﬁ’ - E“AE‘BUH(XV EH)L‘M b(‘ljl’ - Ey}lgﬁgbgbg == 2K

This is the fifth part of (2.11).
Applying e to contraction of indices of tensor for both sides of above equality

emeweﬁ”bgbﬁ :2K€‘3)L
and using e,eP” =7 we lead to
EvybgbK :2K€‘3A.

This is the third part of (2.11).
Next, we prove second of (2.11). To do that, combing the first and third part of (2.11),
we have
bzxﬁb)w_ ba/\bﬁa = eyve/\ﬁbzbg = 8/\‘31(80((7'

From this it yields the second part of (2.11).
Next we prove (2.9). To do that by contraction of tensor indices for the second part of
(2.11) with a'” we have

a)‘”baﬁbw — a/wbw\b/gg = Kawe,wem.
Because of
a/\aezwgﬁ)\ =0aup, a)wbzxﬁb)\a = ZHbzxﬁ/ a/\aba/\bﬁa =Cup,

we can obtain the first part of (2.9).

Using the trick of tensor indices left leads to the second part of (2.9).

In order to prove the third part of (2.9), multiplying both sides of tensor index of the
first part of (2.9) by e eP7 then using (2.7), we derive

Kat? —2HKb + K26 =0.

This is the third part of (2.9).
Applying trick of tensor index left, the second part of (2.11) can be rewritten as

ba‘BbAa _ b(x/\bﬁtr — Keaaeﬁ/\’
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multiplying both sides of above equality, by b), and using bP = 7 ePAp),, it is easy to
yield R
b*BuAD, , — bbb, = K2DYP. (2.14)

On the other hand, the first part of (2.9) can be rewritten in mixed tensor formulae

K(sg—szngcg —0.

Using this formula and 2H =b}, we claim that

b\by,=c) =2Hb} — K6} =4H? - 2K,
PPy, = bk = b2 (2HBP — K6P) = 2He — Kb*P
=2H(2Hb*F — Ka*P) — Kb*F = (4H? — K)b*P —2HKa"F.

Consequently, we have
bac‘Bb/\U’bAa _ b(X/\ bIBU’b/\U
=(4H%—2K)b*f — [(4H? — K)b*F —2HKa"F) = K(—b"F +-2Ha"F). (2.15)

Combing (2.14) and (2.15), we prove the fourth part of (2.9).
Because of the third and fourth part of (2.9)

K2e%f = K(2Hb*F —a*F) =2H (2Ha*f — b*P) — KaP = (4H? — K)a*F —2HD"F,
it is easy to derive the fifth part of (2.9). Now we prove (2.10). With
ED“Bbﬁ)\ = btxﬁg‘g/\ = (Sgi, /b\a/\bf = aﬁ”@")‘bm = aﬁaél"; = a"‘ﬁ,
Ke“'bP = (2HD™ — a**)bf = 2Ha"f —b*F = KB*F,
it yields the first part of (2.10):
b =0

Similarly,
Kb'B! = (2Ha** —b*")bf = (2HD*P — a*F) = Kc*P.
This is the second part of (2.10).

On the other hand, with (2.10) we derive

KEW\Cﬁ/\ = (ZHHM\ —bW\) <2Hbﬁ/\ _KaﬁA) I4H2bg —2HK% —2Hc%

B B
= ((4H?+K)b} —2HKJ; —2H (2Hbj — Kof) = Kb,

p

—I—Kbg

This is the third part of (2.10).
Next we prove (2.12). Repeatedly using (2.9)

b ch = b (—K 6P +2HDE ) = —Kb*F 4+-2H e = —Kb*+2H (—Ka*f +2HbF)
= —2HKa* + (4H?*— K)b"F =2Hc,p — Kby
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Then, we have

cmcg:cm( K5g+2Hbg) Kcaﬁ-l—ZHbch——Kcaﬁ—i-ZH( 2HKaug+ (4H? —K)bygp)
= —Kcup—4H?*Ka,g+2H(4H? — Kby = K(—2Hb, 2ﬁ+1<a,,¢ﬁ —4H?Kagg
+2H(4H?—K)byp = (K*— 4H2K)a,,¢,g+2H (4H )bagp,
b*Peup=b"F(2Hb,p—Kanp) =2H (4H*—2K) — K2H =8H® — 6HK,
c*Peyg=c*F(2Hbyp —Kayp) =2H(8H® —6HK) — K(4H? —2K) =16 H* — 16 H*K + 2K>.

Those are (2.12), thus, we complete our proof. O

In the following sections, we consider the metric tensor of 3D Euclidean space under
semi-geodesic coordinate (x!,x2,¢&).

Lemma 2.2. Under semi-geodesic coordinate system, the covariant components g;j = C:)iC:)j of
metric tensor of 3D Euclidian space E® are the polynomials of two degree with respect transversal

variable ¢ and can be expressed by means of the first, second and third fundamental form of surface

S

{ Seed) =) 28] 4 ()= (1K (UL gl
83(%,8) =83 (,8) =0, g(x8) =1, g(x¢)=det(g;)=0(Z)%a(x), '

where
6(0)=1-2HZ+K& = (1-18) (1-128), (2.17)

K1, A =1,2 are the principle curvatures of 3.
Its contravariant components g', gj; g/* = 6% are the rational functions of transverse variable

¢ and can be expressed by inverse matrices beE, cp

{g“ﬁ(x,C)ZG2(&“5(96)—2Kb5‘ﬁ<x)é+1<zézc&ﬁ(x))=92(P(€)ﬂ”“5<x)+q<é)b”“5<x)): (2.18)
& (x,8) =g (x,8)=0, g¥(x,¢)=

where x = (x',x?) and
p(§)=1—4HG+(4H* —K)E%,  q(8) =28(1—HE). (219)
In particular, g*F admits a Taylor expansion
P =a"P 4 2p"PE 43P . (2.20)

Proof. LetV(x,¢) € E3
R(x,¢)=1(x)+¢n
and its derivatives

oR
Ry (x,8)= I =1,(x)+¢n,, Rz=n.
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It is obvious that they are independent on (). Hence
8ap= R“(X,C) 'Rﬁ<xl’§) II‘“(X,C) -Iﬁ(x,é) +C{r0¢(x/€) 'nﬁ<xlé) +n0<<x/’§) ~r5(x,§) }
+Czna <x,é) ‘ng (X,C) =daup _2Cbaﬁ +Czca¢ﬁ-
Combing the first part of (2.9), we derive
8up=p0(8)aup+90(5)bap
Since |n|?=1, ny(x,¢) n(x,&) =0, we claim
832 = (1 (%,6) +8np(x,8)) n=0, gz =n(x,¢)n(x,)=0.
Consider determinant

det(g;;) = det(gw)——s“eﬁ Supro =126 sﬁg[aaﬁaw—ZC(aaﬁb)\g-l-aMbw)
+8%(apCro +aroCapt4by ﬁb)w) 283 (bapcro +broCap) + 8 capinr)-

With (2.8)

e NPy, =a"P, e“sﬁ”aaﬁaw = a"‘ﬁaaﬁ =2, 591

Kb* = e¥rebop,  K20%P =gt eboc, (221)
it infers N

g:=det(g;) = [awrga"‘ﬁ 4&(a* by, ) +282(aN cpp +2Kb b))
4(:3 (Kb/\ac/\ ) +C4KZC)\UC/\ )
From (2.8) and (2.9)
aypa®f=2, @by, =2H, a'c),=4H*=2K, Dby =2, My, =2, 2.22)

Kb'cy, = (2HW b)) ey, =2H(4H? —2K) — (8H3 —6HK) =2HK,

we obtain
= 2{2—8HZ+2(4H*+2K)&*—4HKZ®+2KZ* } =ab°.

We complete the proof of (2.16). )
In order to prove (2.18), we observe [g7] = [g;j] !,

87 = 2" Singin,

gzxﬁ E E‘angk Sn

€% &P g3, @ an + € SAm83n]

[ ”‘3)‘853‘73733& _|_€zx3/\€ﬁa3g3ag/\3+€u¢/\3g,33¢7g/\3g30+€u¢/\3€ﬁa3g33g/w]
b]/(z 16)) [ a3A ‘B3¢7g33g/w+€aA3€ﬁ03g33gAa],

1 wA3 o pmn

2
_1
-2
_1
-2
=

and

P — ﬁs“ﬁ =0 1P,
V8
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Then
g P=1[2e"ePr g | =07 2P (), —28bpp +E2Cpp) =a"P —2EKDP +-KZ*P.  (2.23)

Similarly

1 kl A 1.3 1.3A —
30 _ 1.3 g(xmngk Q= 2€3 aeamngAmgan_§83 o 043‘Bg/\3g /5‘1‘ 3o 04,83g/\‘3g03_0,

33 _ % Mg o~ 1Nodbg, o o192 0ebe oo
=1072eMe"P (g —28byr +C2can) (ags—2Ebgs+E2cpo)
=3072M e [ay0a5, — 28 (aa7bpo+aprbar) +E(AurCoo+aprCar +4burbpo)
— 283 (baCpo+bpocar) +E carcpo)]-
With (2.21), we have

4
4

gB=10" [aﬁ”aﬁa—ZC(aﬁ"b'Bg—I—u“/\bM)—I—CZ(aﬁ"cﬁg—l-thCM—l—4Kbﬁ bgo)
—2@3(Kb/5”cﬁ + Kb ey )+ ErK2cP7 ey ).

Using (2.12), we obtain
¢33 =10"2[2—8HZ+2¢?(4H?+2K) —8HKZ +28*K?| =0-262=1.
Making Taylor expansion
0~2=1+4HZ+ (12H?—2K)¢?--
g"f = (1+4Hg+(12H? —2K) ¢ + ‘~)(P(C)ﬂ""5+q<é)b“’5)

(2.24)
=P +2b*PF+3(—Ka*f +-2Hb*Y )& + - - - (appying second of(2.9))
=P 4 2p*BE43cPE2 . =P L 2P E 4 3P
gives (2.20). The proof is completed. O

Since S is as a 2D manifold embedded in 3D Euclidian space E3, we need consider the
mixed tensor, in particular, mixed covariant derivative for the mixed tensor. Lemmas 2.2
and 2.3 provide the relations between the tensors in E3 and those on . What follows, we

* *
consider others relations, for example, let T’ ]k,Vi, and I'* .,V denote Christoffel symbols
and covariant derivative in E2 and on S respectively,

1,98k | 98jk _ 98ij m_ ok
k=2(50 T35 — 3t T =8 Tijk,

1,04 dagy  Oaug
FMM E( a;ﬁA + o a;A )
B

Vil = 4 T 3k Va uﬁ—axa—i-l"ﬁmu
divu:Viu, d1vu:V“u

A Aot )
wp= T Tapo (2.25)

Then we have
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Lemma 2.3. Under S- coordmate system, Christoffel symbols (T% i Lij, x) in E3 can be expressed by

means of Christoffel symbols ( ﬁf\fraﬁ A) of &

{Faﬁ,Anga Tup+C(HE— 1)V/\ bap+25(HG— 1)(F‘TﬁAbaa—bAa
Tap3=—Jup(E), Tazp=T3ap=Jup(Z), Tijx=0, other case,

{ rgﬁ:mﬁcbgﬁ, [hy=T5,=0" 11ﬂ, riﬁ: Jups

T3, =T}, =T%=T%=0,

where
PE=0""RE,, Rfy=(-6,0+(2HS— b“)sﬂ)V/\ 8/

Ig:—ba—FKC(S‘B, ]lxﬁ b(xﬁ CC(Xﬁ, ‘B]ﬁg’ -0~ 11“.

Proof. With Weingarten formula and Gaussian formulae

Iyp :F)‘aﬁ I'/\-i-balgl‘l, aﬁr"‘ =— 1""‘,% r)‘—l-b%n,
ng= —bgra = —Dypr”.

we have
R3;=n,

Rup = (8y — &by )tap—Eopbyra
:FVA[;(5)‘—Cb)‘)rv+bA5(5)‘—Cb)‘)n—§aﬁbf§m
=[[Vap— C(FVAﬁbA+aﬁbV)]rv+]aﬁn
= [[Vap —~E(VpbY +F”a;sb”)]rv+]aﬁn

Therefore,
Rup=[I"ap—C(Vpby+TFupby) |ty + Jupn,
Rac3 = R31x =Ny = _bp/}r)u
R33=0.
Here we used Gadazzi formula and the covariant derivative of b,
WBar & ot T s bor+ T2 baoy Tabpy = 5b
5P =Vpoar+1"apbor+17 g bag,  Vabpr=VpOan.

: _ _ _ 2
Since nry =0, cy, = b;b)w, Sau=0ax; —2¢b), +¢cry, we have

Fapr=RupRy =[5 — C(Vﬁb -|-1"F‘,Xﬁbv)]r,, (07 =867 )xs
(ﬂAu Ebry) [T ap — C(Vﬁb +F”aﬁbv)]

—ﬂ)w Yap— C(VﬁbaA+2F”aﬁbv)+§2<bAuVﬁbv+CAyF”aﬁ)

:rtxﬁ,/\ +QupA(C) =gAu TV ap +Rapa(C),

aﬁ)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)
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where

Qupr: =—§<vﬁbm+zmmﬁ)+é (ba Vbl +cx T ”«ﬁ)

We complete the proof of first part of (2.26).
Similarly,

{ Raﬁ)x(é) :_Clebw\"’_C b)x‘u Vﬁba/

Tap3=Rupn=]u5(%),
T3 p=T3,p=RaRp=—bi1\Rg=—]up(Z),
['330=T353=0.

Next we prove (2.27). In deed, from the first part of (2.26), we derive

Iy =8 Tupo=8""8ov T*Va/s +8" " Rapr :1"*)‘«;3 +@4(8).
We use ¢ ¢, =6, and get
qDQ‘B(C) =g"" Ry
=672(p(8)a" +(£)0) (~E Vpbar i Vi bE))
=072(p(&) (~E Vbl +E) Vpbh) +4(E)(~Eb" Vpbuo+ 226, VD))
As the covariant derivative of metric tensor is vanished, from Godazzi formula, we have
¢,y =—Ké, +2Hbj,
b) Vbl =0 Vg bao =" Vo by,
It can also be expressed by

q> RG] %/5 by + @2 (E)b %/5 bac),
¢1(C):=—C(p(é)+l<§), ¢2(¢):=8(pé—q+2HZq).

Taking (2.19) into account, simply computation shows
91(§)=C(2HE-1)0, a2(2)=—C%.
Therefore,
q) ap— 9_1 (C) (C(ZH‘.:_ 1) Vﬁ ba): - ga/\g Vo buz,B)
=071 (5)[(—0¢+(2HSy, —by)E?) Va b].
This is the first part of (2.27). In addition,
Fg‘[& :g“AF3ﬁ,A — _gac)L]‘B/\ — 6_1 Ig

Other conclusions can be proved easily. O
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As we all know, the covariant derivatives of tensor in E% and < are defined by

* M *
vu —3Z/—|—FZ V'BM’X:%—FI—W‘BWL[Y, Vﬁu3—a” (2.33)
Since S is embedded into E3, there are relations between covariant derivatives of tensor
at different level.

Lemma 2.4. Under S-coordinate system covariant derivative of a vector il in E> can be expressed
by derivatives of its components on the tangent space at S. Furthermore it is a rational function
of transversal variable &

( *
v uﬁ:v“uﬁ—|—9*11£u3+d>fw/‘, V3M3:%—Lg}
\ ”ﬁ—a§;+9*115u"; \v4 u3:%au3+hw}‘;

divu dzvu-l- +dk(C) (2.34)
dy (§) =6~ [—2V«H€+WK€2L d3(§) =0~ (—2H+2KY),
0=1-2HZ+K¢?,
which admit to make Taylor expansion with respect to transversal variable ¢
L0 2
Viwl =ViwW+vVwi+ VWi +
, 0 1 2 (2.35)
divu:%-I—divu-l—divué-l—divu@z-i-
where
( 0 * /S 1 /5 * ‘B
VP :=Vouf —bgd, Vaul:=—(cou’+Vibeu'),
2 *
V(Xu/i::(be—ZHcE)ﬁ—bﬁvngu”
0 * 1
Vau3::Vau3+bﬁauﬁ/ szu?’::_cﬁauﬁ/ sz =, (2.36)
Oﬁ._auﬂ B, A 1/5._ B A 2/5._ B By, A
V3M —a_g_b/\” , VauP:=—ciu", vzuP:= (Kb —-2Hc,)u",
_wd g3 2 3
Vsu =% Vau:=0, Vsu’:=
1 *
divu::divu—2Hu3, divu:=—[(4H? —2K)u’+2u* v, H], (2.37)

2 *
divu:=—[(8H>—6HK)u3+u* Vv, (2H?>—K)].

Proof. Note that (2.34) can be easly derived from (2.33) and (2.27). In order to consider
Taylor expansion, it is value to mention that when ¢ is small enough, function §~! can
be made Taylor expansion

0 ' =14+2HE&+ (4H?> —K) &% +---. (2.38)
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Since

0~ 1+ @t =07 [ bffu’ - (Vo bEur —KoPud) e+ (2H %iﬁ b — P77 by ur 2
= bR — (Rud+ Vo bEuM) &+ (—2Hck + KR )ud —bP7 7, by out )2 +0(|E]),
6711 = b —chi+ (—2Heg +Kby)E2 (),

it immediately yields (2.35) and (2.36). Remind that we have to compute divergence. In
fact,

o

o +@ ()t +07 I () +o(IE).

divu=divu+
Applying Godazzi formula and Lemma 2.1,

Vabio=Vabas, b*bys=4H?—2K,
2N N o bre =V (1"b10) =V (4H2 —2K), (2.39)

we have
[% = — b+ KE6% = —2H+2KE, @ (£)=0"1(—2V, HE+ &V, K). (2.40)

Combining above results, it is easy to obtain (2.35)—(2.37). The proof is completed. O

Following lemma is very useful throughout this paper which indicates the relations
between ]Mg,lg,RgA and so on.

Lemma 2.5. The following formulae are valid

gl =—0luo; Juplf=—0car; &Flr=—0"11F;

Zup®F | = —EVabor+Eboy Vo bl;  Jup®F, = —Ebey Vo b;

8up @@=y Vb Vbl (241)
Sl 15 =cupb?  gacl) P =30byy V. * *

gPrdy =03{((2HE* - &) —Z*bM') (2p() +4Hq(&) V H—q(8) V. (K)) }.




K. Li and X. Shen / J. Math. Study, 51 (2018), pp. 377-458 391

Proof. Repeatedly using Lemma 2.1, we have

Supllt = (80p—28bup+E2cup) (— b5 +KESE)
= —buo+2Cag — B2 Cop+ KEano — 282 Kbyo+ Ky
= —buo+&(Cao+Kang) +Ecao — 8 (—2HKayo + (4H? = K)bag) — 262 Kb o+ & Kego
= —buo+2HEbyy — K& byg +8cne — &7 (—2HKays + (4H?)byy ) +E Keno
= —0buo +CCao — E2Hewo + 8 Kear = —0bao + £0Cae = —0]ac,
Jup1 = (bup—Eup) (— b+ KE0E) = —Cap+E(Cupbb+ Kbag) — Ko &
= —Cao+&(—2HKays +(4H? = K)bag+Kbag) — Kcao G
= —Cyo+2HE(2Hbyo — Kaye ) — Ko & = —0cy,
8% Jur =072(a"F —2Kb*PE+ K28 ) (b — Ecap)
—072(bF —(ch +2K8P ) + 22 (2K Peyp + K26 by ) — K265 E3).

A
Since R ~
2Kb*Pe, ) + K2E%b, 5 = K20 +-2KbE =2HK 6! + Kb,
ch +2KsP =2HVE + K6,
we have,

9% i =07 2(bP —Z(2HDE + KP ) + 22 (2HKsP + KbP ) — K255 23)
— 601 (Hb, —Kzsh)=—6-11F,

Next, we compute

8Aa¢§,g =61 [<2H§2 —C)8w — ng/wb(ﬂ Vg by
Since
g)\abg = bg(a)w - Zgb/\a + gzc/\a) = b/\a - ZCC)\U + gzbgc/\al
this follows from the first part of (2.12) that

Wy = —2HKay, + (4H?>—K)by,,

we obtain

g)xabg = _ZHKCZ‘Z/\V + <1+ <4H2 _K)Cz)b)w _ZCC/\V/

(2HE* —¢)gav —&%8acb
= (—G+2HG*+2HKE Jan, + (8> —2HE + (K—4H?)¢* )by, + (2HE +8% )
=0(8%bry—Cary+(1+2HE) % (Kay, —2Hbyy +cpy ) =0(8%bpy —Cary ).

Combining above results we get the forth part of (2.41).
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Taking the first and second part of (2.41) into account,
15 = (=0]10) 1 = —(8)(—0)cup = B2cop.
It yields seventh of (2.41)
gMIQIg =0%cyp.
Next we prove the fifth part of (2.41). Note that
Jro®35(8) =0 {(E(2HE ~1) 1007 — 82 1ob7 } Vg bY
=071 {(§2HE 1) (bry —Gen) — 2 (b7brc — 8 o)} Vg b

By (2.12)
bicy, =—2HKay, + (4H*>—k)by,,

and 0 =1-2H¢+KZ? and (2.9)
Kay, — 2Hb)u/ +can =0,

simple calculation shows that

Troe®gs(8) =01 {~C0b —2H53<KHAV—2HbAv+CAv)}Vﬁbv——Cb/\vVﬁbZ-

This is the fifth part of (2.41).
In order to prove the eighth part of (2.41), by g, I} = —0],, we obtain

1o 1A, = —0],, P74 (using fifth parts of (2.41)) =62b, Vs b
Next, we prove sixth of (2.41). Indeed, from fourth of (2.41) it gives that
Gup 2, Db, =(—Cap, +Ebg,) VAbLO T (=05 + (2HSE —bE) &) v, b]
—01{&a,, — & (2Hay, —byy) —Ebyy+E (2Hbyy —cyy) } VALV, b
=071 ((1=2HE) @y +2Hbyy — @) VA bV, b
(owing to —c,,; =Ka,, —2Hb.,)

=0""a,, (1-2HE+KE) Vbl Vb =04, VA bs Vo D).

This is sixth of (2.41).
Finally, we have to prove the night part of (2.41). From (2.18), (2.28) and Godazzi

formula %a bgr :%A byg, it leads to
g =072(p()a" +q(§)b),
<I>A =0 1{ Ca)‘avabﬁa—i—(fz(ZH(S)‘ b)‘) ”?‘V,X Hﬁ}
= (Godazzi) =6 1{—Ca/“7vg *,Xﬁ—l—éz(ZHéé—bg) a’t Vyb,xﬁ}
:6_1((2HCZ_§)0/\V—CZI7A‘H)V;tbuz‘B-
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Therefore,

8P}, =073 ((2HE &) =20 (p(§)aP +(2)b%) ¥, by .

Since covariant derivative of metric tensor is vanished, from Lemma 2.1, with bﬁ”bﬁa =

cg =4H? 2K, it is not difficult to obtain
PN bpr =2V, (H), PV, bgo =V, (2H*—K).
Indeed,
a‘Ba VF‘ bﬁ” :VV (aﬁab,ﬁa) :V;l (ZH), bﬁavy bﬁa :V;l (bﬁabﬁa) _bﬁa Vy bﬁal
but . .
b'BU v‘u bﬁa = b,B(T Vy b‘Ba/
hence

b'BUV‘u bﬁU: Vy <b‘Babﬁg’:V],[ <2H2 —K).

1
2
Finally we obtain
8P}, =07 (2HE ~0)a ~E20™) (2p(&) V., H+4(0) V, (2H2 - K)))
=07 {((2H? = &)a™ = 2b") (2p(8) +4Hq(5) v H—q(2) V. (K)) }.
The proof is completed. O

In what follows, we consider strain tensor e;;(u) in E3 associated with displacement
vector u

1 1
eij(u) = 2 (Viuj+Vju;) = 5 (gik Vi +gs V ub). (2.42)
We use derivative of metric tensor being vanished
Vigik=0, Vaags=0, (2.43)

which will be frequently used throughout this paper.
The contravariant component of vector u: u* = gk u; instead of covariant component
of vector. The strain tensor on & associated with displacement vector u:

eap (1) = 5 (Vaup+Vpuy)= > (apa Vot +a, Veu™). (2.44)
The contravariant components of strain tensor are defined by
el (1) =g* e (1), e (1) =a"*aP" er, ().

We also consider Green St.Vennant strain tensor E;;(u) of the displacement u for non-
linear elastic case

Eij(u)=e;j(u)+Dij(u), Dij(u)=3guViu*Vu!, Ei(u)=g*g"Ey(u). (2.45)
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Lemma 2.6. Under S-coordinate system the strain tensor and Green St.Vennant strain tensor
are the polynomials of degree two with respect to transverse variable &

2
{aﬁ) 7y (0)+ Ty (E Ty (02, 246
Eij(u) =ey;(u) +Dij(u) = Yi_o Eij ()&,

where
* 3_ 1 0 A 0 A
'y,xﬁ(u) =eup (u)—b,xﬁu :E[umv“u —|-Ela/\VﬁM ],
1 * A * A 3 * A
Vap (1) = —(bapr Vpu' +bpy Vot ) 4-Coptt” — V1 baptt
0 0 *
—[bpr Vatr +bup Vpu']| —capu® =V bugtt”,
2 1 * * * 1 * *
Vap (1) = E(Cm Vput+cpy Vatia+ Vi cuptt) = 5 [bpr Ve (bou”) +baa Vg (bou”)],

1, oufP = 1 ouf 2 1 ouP
7&3(”):§(atxﬁ¥+ku3)/ 7&3(”):_baﬁ¥/ 7a3(”):§f3aﬁ¥,

ou’ ! 2 afB av Bo
733(”)=¥/ Va3 (u) =733 () =0, " (u)=a""a" v, (u), (2.47)

Eij (u,u) ':]%ij (u,u)="yj(u)+@ij(u,u),
Eij (1t,0) = () + @ (at,0), i (1) =, () + 2 (1,10,
Dyj(11,0) = @i (10,0) + L (1,0)E+ 9 (1,0)2, (2.48)

where the strain tensors on the two-dimensional manifold S are given as:

(2.49)

zaﬁ (u) %(aaA5g+aﬁA(SZ) Vo uA/
eaﬁ (u)

1 * 2 *
—(bar 0 +bprd7) Vo ut, egp(u)=3% (wasf;‘ +cpedy) Vau’,
)

0 .0 .
Pup(u) = %aij Vat' Vi,

* 0 0 * 0 0
QDDI(‘B(M) = _% \Z (b/\auA) Vg u’+Va u’ Vg (brou”) + (cav Vg M3+Cﬁv Va u3)uv], (2.50)
92p(1) =3[V (Do) Vg (B7u") +CD¢/\CﬁUM/\Ma],

93 (1) = 3[(a20 % —b2,) Vet + Ve W],
qvé,x(u):—%[bm%auu%abmm]a—g+icwu0<—50¢%—‘§+%auﬂ, (2.51)
P (1) = $ory Vo bA B

([ oty hperif et £ 2
4’%3(”):[%5%-1—%5#]3—5], @3 (u )_Caﬁaa% aa”;, :
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where
aij = &ij ’520 = (a,x/g,ag,a =a,3=0,a33= 1). (2.53)
Remark 2.1. Since displacement vector u°>=0 and gg =0 at tangent space of 2D manifold

$, the strain tensor is given by Z,x/g (u) while displacement vector are in 3D space, the
strain tensor of displacement vector restrict on the 3 will be given by ,p(1).

Proof.

(gchVﬁ” +gﬁAva )

[gMVﬁu +gﬁAV ut+071 (gua I5 +8p2 10 )1’ + (8un @, +8pa P2, 1]
<go</\Vﬁu —I-gmvau ) §<_2Lxﬁu3)

L (= (Va bpyt V g ban) & (bay Vg bl +bgy Vo bl ).

eaﬁ(”)

NI= NI= NI=

Since of Godazzi formula and vanishing of covariant derivatives of metric tensor, we get
th}l Vg b]‘l/l +bﬁ;4 Va b]‘l/l = th}l Vv bg +bﬁ;4 Vv bg =Vv (bgbzxy) =V Cap,

<g(x/\Vﬁu +g,8/\v« ) Lx,Bu3+(_VI/b(x,BC"i‘CZVvCa‘B)uV

(amVﬁM +aﬁAVu¢ M) = bapt® +E[— (bar Vput +bpr Vo) +copi® — Wy bogut]
* 1 2

+E23[(can Vg1 +pr Vo )+ Vo Captt?] =Yg (1) + Vg (1) E+ Vg (1) E2.

eaﬁ( u)=

NI»—\ NI»—\

Similarly, using Ju\ +60~'gusl f =0, we have

e3a (1) = %(ga;svsu“rva %)
wb | &
%(gacﬁ oF +9 1g(xﬁI‘B /\‘i‘Vacu +]1x/\u ) %(gacﬁaa_g‘i‘leug))/
633< ) V3u3—aai§.

Next, we prove the second part of (2.46). With (2.41) and Godazzi formula, we have

Fap (&) = 810 P5(8) = (— G0 +8205) Va o, (2.54)
It infers that
D,x,g(u):%(ngfu)‘vﬁu”-l—vaus‘vﬁﬁ) *
=318 (Vo +0 7 1P+ @3, u’) (VpuT+6 Igu’ + &, u")
(Vs “ JMuV)<%ﬁ*u3+1ﬁvuV>1 *
=g Vau Vi = (ae Vpu” +Jge Va i) 1P+ (¥ pyp Vo
+‘I’W7Vﬁu YuV +‘I’MU<I>W uﬂ+%au3%ﬁu3
a0+ Tpu8S) Vot + Jau [t 1} = @ () + &l g (1) + 82925 (u).
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In what follows, we prove

vaﬂ(é)q)gy (g) = CZ Va bv/\ Vﬁ b;}
(\F,Bv)\ Ve uA+1FaVU Vﬁ ua)uv = (—5(5252 +5Z‘SZ) _1_62(17%52 +b,§f5g)) Ve b/\v Vr] u/\uv‘
Indeed, by (2.28) we derive

Yo (§), (8) =071 (—50) +2b3) (2HE — )85 — &2b5) Va bur Vbl

=01 [¢(§—2HE)5) +5°) +E2 (2HE —&)b} —&*c}] Vabua Vb,
Eb}+E (2HE - )b} — i) =2 (2Hb) —c}) =E*Ko) (see(2.9)),

Yo (§) PG, (§) =071 (8% (1-2HE+KE?)) Vabua Vpbji =G> Vabua Vi by.
Taking into account of
<TﬁvA Va uA+Tava Vﬁ ua)uv = (T,BvAéz +Ta¢w\(SZ)uv V;y uA/
and (2.54), we immediately obtain our conclusion. By above discussion, it infers that

Dup(1t) = H{ghe Vit Vg + (& (8560 +676%) + 2 (0551 +5I80)) Vi by Vit u?
+(¢&? Vabua %[5 by + Ja Ty ) 1"l + Vati3 %[5 u’
w85+ Tpu89) (Vo 0" = Vo ' 1%) } = pup (1) + 9l g (w)E+ 925 ()22,

where
Pap () = 30y Vot V g0/ 4+ 950 10107 + 9%, (Vo tP0d = Vo),
9L(10) = b Va i Vg 4+l M+ g, V' + 9l (Vo= Vouhis?),
9”34[5(”) = o Vit %ﬁ u’+ ¢iﬁAauAua+ 4’igmr %v utu’,
with
(Pgﬁ/\(r: 2barbpo, 9"%% = %(bm5g+bm55€), (Pimg: —3(canbpo+Carbuc),
qoi’ém == % (‘%52 +5Z5Z) %a bav, 4’3‘%3/\ == % (CM‘SE"‘CW\‘S@/
9200 = 7 (Cancpot Vabur 6ﬁ by), GOiZAa = 5 (ol +b30%) Vibao-

Applying (2.36) immediately derive formula (2.50).
By similar manner, the Calculations show that

Daw(#) = Daa(u) = %gkmv"‘ukv3”m = %g/\avw”/\vﬂla'i' %Vau3V3u3
= Lo (Ve + (07 e+, ) (% 467 ISu)
+%%—”§(§a 13+ Jaott”) = L [gr0 Vit — Jagt®+ ¥ utt] a
—2)e Vi WM+ 5ot u” +58byy Va blutut

T35 (Vat+ Jaot”) = 93 (0) + @hy (W) 9B, ()8,



K. Li and X. Shen / J. Math. Study, 51 (2018), pp. 377-458 397

where
0
?&(“)Z%[ﬂmvau““ +sz“ u ) b/\U’Vﬂ(” u’l,
0
Q%a(u)_ l[bAaVacu +V(xba/\u ] 9 —|-EC/\U-M <V(x 5288%)
Q%ag(u) %(Q\UV(X“ +b'y)Lszb’y A) ag/
Dis (1) = 3gin Vat* Vau' =3 [gup (45 61 5t ) (%5 461 1fu”) + 42 92).

Furthermore, from (2.4) and (2.34) we have

Das(u) = [gﬂﬁaabg aau; —2]pu" % +C,x/51/l ”ﬁ‘i'aa'gaa—?]
= @33 (u) + i (u) +¢ 9”33( i),

where
933 (11) = 3 ap 5 % — Dby Bie + copuul + 4L %],
@33 (1) =—[bap auga aé‘; +capu® ag] 933 (1) =cap aa’% aé‘;
Our proof is completed. O

We assume that the elastic material constituting the shell are isotropic and homoge-
nous. The contravariant components of elasticity tensor are given by

Aijkl :Agijgkl+,u(gikgﬂ+gilgjk)/ (255)
where (A >0, >0) are the elastic coefficient constants. Let

atBoT — N q*B a0t —|—,u(a"“7a57 +aaruﬁa),
BT = AB PB4y (bR DET 4 bR THET), (2.56)
cMBIT — A(azxﬁbtrr +aarbaﬁ) +;4(a‘wbﬁT +aﬁrbaa+aarbﬁa+aﬁ0bar)‘

Lemma 2.7. The elasticity tensor are a rational polynomials with respect to ¢ in the S-coordinate
system:

Axpot —g—4 [aa‘BaT _1_2% . A’(X,Btfrgk] Z Aac,BUTCk

k=
AXB33 — A33ap — Agocﬁ, A3333 — )\+2;ll A%3B3 — A3a3B — Aa33p _ A3ap3 _ Hgocﬁ (2‘57)
AxPU3 — pAaB30 — pAa3po — A3apo — 0, AX333 _ A3a33 _ A3303 _ A333a _ 0,
where
gi‘ﬁ”'f —Dc*BoT _ SHHtXﬁUT’
Agﬁar _ 2(12H2 _ K)aaﬁar —10H Yo7 4 4p*BoT (258)

gacﬁar _ SH(K 4H2)a(xﬁgr + (8H2 _ ZK)C‘Xﬁ‘TT _ 8Hbacﬁarl
Ajjﬁ” (4H2—K)2a*Po7 4 2H (K —4H?2)c®PoT 4 4H2 PO,

AN =qtBr - APAT —peabot ASPAT = 6KatPOT L 6HCYT —4ptPTT. (2.59)
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Proof. From (2.55) and (2.18), simple calculation show our results. The proof is complete.

O
In what follows, we introduce following invariant scale function
Yo(u) =a"Pry,p(u) =divu—2Hu?,
1
Y1(1) =a" Yop (u) = —b Vaub+ (41712 2K)ud—2uM Vo H, (2.60)

(
2
| 72(u) =a"F 7,5 (u)=c Ve ttP+ 1t VA (2H?—K),

7

ﬁo(u)=b"‘ﬁm(u)=bf§%auﬁ—(4H2—21<)u3
1 * *
B1(u) =b*F Yy (u) = —c§ Vo uf + (8H? —6HK)u?+ v, (4H? —2K)u?, (2.61)
2
\ ‘Bz(u):b“ﬁ'}’aﬁ (M)Z(ZHC Kba)Vuzuﬁ‘F b* ‘BVAC /gu

3 The metric tensors after deformation of the surface in i3

In this section, we have to study the exchange of geometry of the surface in **> when the
surface occurs deformation. We will give the formula for the exchange of metric tensor,
curvatures tensor and normal vector to the surface.

Let w C R2 be a compact domain and a immersion @ : w — R is smooth enough, the
middle surface S of shell defined as the image ®. The deformation of a surface means
that at each point on the surface bears a small displacement 7; and new surface after

deformation denote (i) as the image @ =@ +17.
For simplicity, later on, we denote the Gateaux derivative of a geometric tensor (for
example, metric tensor) with respect to surface ® along director 7j

CLAS ® ®
& 1= mlaws (O+H]) —a45(0)].

Theorem 3.1. Assume that surface S is burned a deformation © = o= O+ij. Then following
formulae hold

0 a
aup(1) —Aup= ZErxﬁ(’?)/ g—ﬁ@(”)nﬂw 1),

a(y) =a(1+2E () +2det(Eys (1)), Wi =2av0(n), (3.1)
Da"‘ﬁ()

7= 2(e &P —a®Bar ) (1), ﬁzl—v o(m)+o(lnl?),

0
gg),?:_awv”aem
(

0 0 0 0
n(n)= /5 l(1+70(n)+det(VanP))nt+a'1 (ePers V" Vo= Vai)e,),

(3.2)

—
)
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* 0 0
bap (1) =\ / 7ty [(Pap+pup (1) + TigVan®) (1+70(n) +detVayP)
* 0 * 0 0 0
+(075 () + T Van+T5) (e ew Vot Vi = Vo )],
Pap (1),
B (17) +2( (Vb + PV )eM —26%P 0¥ )y, (i),
paﬁ(n)b“ﬁ+pA ()b =bb*Ppag(17) =bpy(17),

(3.3)

>}
IS

>}
<
=2
‘m®l
Ql
||

1
Ql
||

Q
"

NIH

D@

%ﬁ =p0(17) +4Hy0(17) +2Kb*F ,45(17),
257 =Kpu(11) —2K70(1), (34)
o) =a"Pyap(17),  vo(17) =b"Pyap(n).

The Gateaux derivative of Riemann curvature with respect to surface S along direction ij is given
by

DR%jg(ﬂ) =baoppr (11) +0uc (1)bpr —barppe (1) — Pur (17)bpo,s (35)
where
( % 0
’())’zxﬁ(ﬂ) =Cup 517) —bugt®,  Eap (1) =Yap (1) +@up(n.1),
Eo (1) =a*P Eag (1), v0(17) =a*Pyap(n), (Po(ﬂ)ja"‘ﬁ%ﬁ(n)/ 5.6)

Paﬁ(ﬂ):%(%a%ﬁ’f"ﬁ‘%zx%‘[ﬂf))+baa%ﬁﬂa+bﬁ¢7vw70_caﬁ773+%/\baﬁﬂ)\,
0=1-2HC+KE*, p(f)=1-4HZ+(4H*—K)Z?, q(¢)=2{—2HZ?,
L o6(1) =0%pap(nr),  po(17) =a*Ppup ().

Proof. (i) Preliminary
Assume that the displacement vector and base vectors of S-coordinate system at

e Xep
le1 X e3]

ﬁ:WAeA"i_WBn/ ea:aagz n= zeaﬁ(eaxeﬁ)

are given. Then

Proposition 3.1. The followings on the 3 are valid

.0 0
0a] =VanPes+ Varpn,
0 0
'erﬁ(’?)—z(aa’?eﬁ+aﬁ’7€a):%<”ﬁAVa77A+”MVﬁ77A)I
awam—auvw V,BW] 2¢45(1,1),

(3.7)

o 0 AQ oo do, (& 4 3 O 3
0uT] X 0l =€ro Va1 Vg1’ 0+" a5y (Vo] " V11" = Vait> V17 )en. (3-8)
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Proof. Indeed, using Gaussian and Weingarten’s formula, reads
04 =0u (" er) =0un" s+ 11t ern +0uPnt17°n,

= a1 )+ (TV agey +baen) +3,7°n 4172 (—bhe,)

(aanV—I—FVM17A)ev+(bmn)‘—l—ams)n—bzn%v
:(Vaﬂv_bZ’f)eﬁ‘(Vw773+brx)\’7A)n
0o 0 4
IVaW e,+ Vaﬂ n,
L 0o 0 0 L0 . 0o ;0 .
0uijOpif =ayu Vu )" Vpn'+Van’ Vi’ =a;j Vatl' Vi =2¢up(if).

From above formula (3.7) is obtained.
What follows that we prove (3.8), In fact, by virtue of Weingarten’s and Gaussian
formula

€y :FAaﬁeA—i—b“ﬁn, n“:—bfeﬁ:—baﬁeﬁ, (3.9)
and (see [2])

e, X eg=¢ypN, nxea:eaﬁeﬁ, e“eg=03, nxn=0, (3.10)

axb= sijkaibfek,
e"Peg, =08,

Therefore,

9] x 9pi] = €7 (94Tf)i (9pT) 18 = €7 (3uT]) i (B 8+ €7 (9uif) i (35T 7
(by properties of permutation tensor)
_ 830/\((3“7—7*)3(3[%;‘7’)(7_ (aaﬁ)g(aﬁﬁ)g)a+g/\‘73<aaﬁ),\<aﬁﬁ)gfi
= 83‘7/\&77((8“17)3(8517)7— (aaﬁ)7(8ﬁﬁ)3)5\+€M3g)wgya (awﬁ)v(aﬁﬁ)yﬁ'

Observe that

3ap __ Eaﬁ_e—l «p d —*'y_o ¥

P = gs =0""e", (9p7])"=Vpn".

S = a-1.0A 0 32 0 0 3\ g-1.Ac R N R
amxaﬁn:9 € gm(Vm V,BUW_Vaﬂ?ryv‘Bﬂ )6A+9 € g/\vg(T‘uVaﬂ? VM i. (3.11)
Taking into account of

gtxﬁ|(\s“:azxﬁ/ fls=1, 8/\0‘1)\1/‘1(7;4:81/;4,

from (3.11) it infers (3.8) immediately. O

(ii) Metric tensor and its determinant a(7)=det(a,3(77)).
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Proposition 3.2. The Gateaux derivatives for metric tensors and its determinant with
respect to & along director 77 are given by the followings

0 Da,
(1) — 245 =2 Eag (1), g—%('”WZZ'ms(n),
a(n) =a(1+2E (1)) +2det(Eup (7)), Zalij=2a70(y), (312)
Daf(yy

)2 (e -t )y (), o =10 +o(n?),
0
where E, (17) are leading term of Green St.Venant strain tensor E,g(77) and

E() =100 +o(n), 10(1) =a%7p(7),  po() =apup(n).

Furthermore,
a(n)>0

if vector 7 is small enough.
Proof. The deformed surface (1) define as the image O (1) =©+7. Assume vectors
e(17) :=0,0(17) = 0,0+ 0477 = e +duff

are linearly independent at all points of @ C R?. It is obvious that if the vector 7 is
small enough, e(#) can be as base vectors of two dimensional manifold (7). So that
aqp(17) = e (17)ep(17) are covariant components of metric tensor of 3(#) which is nonsin-
gular matrix. Indeed

a35(17) =00 (O +17)05(O+1]) =, +duifep +dpijes +uijdgi.

By (3.7),

0 . 0 ,
uﬂcﬁ(ﬂ) =aup +2')’acﬁ<77) +Eli]‘ Vi 771 Vﬁ 77]
0
=a0p+2(Yap(1)+ Pap(11)) =aap+2Eap (17)- (3.13)

According to the calculation’s principle of the determinant for a matrix

—_

det(Anp) = SEPEVANAp;, €=

N

and the formula

0P = eP7ay,,  aa®P =y, yo(n)=a"yus(n),  @o(n) =a"fpup(n),
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we assert

a(n) = det(“aﬁ (1)) = 38PN ag) () agy (17) = 3ae*f e’ an (17)ags (17)
zas“ﬁsw(amﬂ(’m(ﬂ)+¢m( IN(ape+2(vpe (1) +@po(17)))
= a{ea'BeAaaa/\aﬁ +2e*Pe a{azx)\(’)’ﬁa(ﬂ)'i'qoﬁa( ))+aﬁa(’)’zx)\(77)+§0a/\(77))}
+4agPer (yop (1) + @ar (1)) (vpo (1) +@po (17)) }
:“‘1“1/50(7[%0(77)+§9ﬁv<’7))+‘1m Yar (1) +@ar(17)) +2adetyap (1) + @ap ()
(if

0 0
=a+2aF (n)+2adet(Eqnps (7)) >0, (if 77 is small enough).

Therefor there exist contravariant components of metric tensor

a"P(n)ags(n) =53, a*F (1) =" (n)eP (in)ars (1),

where the permutation tensor is defined by

a(n), %, (a,B): even permutation of (1,2),
eap(n)=191 —+/a(n), eP(n)= —ﬁ, (a,8): odd permutation of (1,2),
0, 0, otherwise.

Let the normal unite vector be

and the contravariant base vector

e“(n)=a"Peg(y7), e*(n)ep(n) =03, a"F(11)=e"(y)ef ().

From this, of course, it infers

0
a(i7) —a=2ay0(17)+2a¢o (1) +2adet(Exp (17)).
The second and third terms of the above equality are two degree of 7, so that with (3.13)

Daij=2a70(1), ().
On the other hand ,
aP () =& (7)€ (1) ar, = WW@%MW’

5, . -
Da® W:@Agﬁa(le _ A Da )

N a DO U 17@17 2
=ENPL(yro (1) —aroro () =2(e* Py r0 (17) —a*Pyo (7).

The proof of Proposition 3.2 is complete. O
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(iii) Second fundamental form and unit normal vectorn(7) to ()

Proposition 3.3. The Gateaux derivatives for unit normal vector with respect to 3 along
director 7j are given by the followings

0 0
nga)’?— V) e,
. 0 g, O S0 40 (3.14)
n(n) =, /75 [(1+7007) +det(Va P ) )n+a™(e¥ers V" Vi’ = Van’)ey

Proof. Firstly, assume that a(r) # 0 by (3.10),

n(y) = 36" ()ew(n) xep(1) = 3, / ;e (en+4]) x (ep+0p17)
=1q(c"Pe, x eg+eP (e x 07 +047] X ) + %P0, 7] X Dpif) (3.15)
= q(n+e*Pe, x 7+ 1%P, 17 x 9pif ).

From (3.7), (3.10) and the formula

1 0
det(Var®) = (”’*smw V"), 2000 =VanP=abye(y),

it infers

0 0 0 0
e*Pe, x gl =e*Pey x (Vg1 + Vpn’n) =e*F (Vgn'es X ex+ VpiPe, xn)
0 0
=e"Pe ) (Vpn'n—vgnleh).
Here we used formula

ey xXey =N, e;xn=—¢ e =—a", e,

Owing to ePe, )= 5&, we have

0 0 0
ePe, x dpif =V nPn— Vs n3ef =o(n)n— Vs n3eP.
In a similar manner, using (3.8) gives

0
”‘ﬁamxaﬁn—é"ﬁmown VM n+€”‘5sm(van VM —Valp? Vﬁn 7)et

—S“ﬁSAan VM n+2£"‘ﬁemwn V,Bﬂ et
:2det(vanﬁ)n+2£“5eAaV“n Vﬁ’?

Substituting above equalities into (3.15) leads to sixth formula of (3.14).
Using sixth formula of (3.14),

0 0 0 0
V[T 700) +det(VanP)n+ a7 (Fero Van” Ve = Vand)e,)

:(1—vo(g)+0<!77!2))[(1+vo<f7)+0(\17\2))n—u”%w3ev]
—n—a"7 Ve, ol ).
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Hence we assert

Dn(y) . 1,0 5
o8 1= Vanle,.

& Curvature Tensor

Proposition 3.4. The Gateaux derivatives for curvature tensors and its determinant with

respect to § along director 7j are given by the followings

y

* 0 0
wp(1) = \/ 755 [(bap+0ap (1) + T Varr®) (14 70(17) + det Vo)

* 0 * 0 0 0
+ (075 + T3V an +T7) (e eay Vo 1" Vil = Vo)),

Dby (1) =

g i=pap(1n),
DU 2 (670} + b4 ) — 260 )y (1),
D)7 — 100 ()% 420 (11)67 = BB, (17) = bpy 1),

where the tensors of order two are defined by
x 0 3 0 o o « 0 o o 0 3
{ Pap(11) =V V1" +bac V17, paa(11):=VaVpn’—bgVpn’,
oo(n)=a"Ppap(n7), 0(17) =b"Ppug(1).

Proof. According to the Gaussian formula

*

9050 =T, 0,0 +bugn,  3:dp0(17) =I"up (17)920(17) +bagp (1) (1),

we have
bap (17) =098 (1)1(17) = eap (17)n1(17) = (€ap + a0 ) (7).
On the other hand, the following formula is held

0 10
00571 = (055 1)+ ToVan” )eot+ (pup () + ThsVan? ).

Indeed, by the Weingarten’s and Gaussian formula (3.9)
= 0 [ 0 3 0 [ 0 [ t\
azxaﬁﬂ =0y (Vﬁ ne.+Vpn 1‘1) =0, Vi es+Vgi (FM, €\ +bzwn)

0 0
0 Ve’ nt Vgl *(—byer)
0 0 0
(a vﬁﬂg—i-ra)\vﬁﬂ _bavﬁﬂ?))eﬂ'i'(a V,B773+bszﬁ77U)n

(3.16)

(3.17)

(3.18)

(3.19)

0
(wwn‘%ﬂﬁvm BV )er+(VaVp P +T0 van3+bwvm")n.
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Hence, we conclude (3.19) by virtue of (3.17). Using the Weingarten’s formula (3.9) with
(3.19), we assert
* * *
eup+020p1 =I"aper+bupn+(075(1)+ T3 Van)es+ (0ap(1)+TosVan’)n
* 0 0
= (075 (1) +T a5 (65+Van))eo+ (bap+0up (1) +Tag Va1 )n.
Coming back (3.18) with (3.7) and (3.9) shows

* 0 * 0
bap(17) = /2o (055 1)+ Tag (65 +Va11))eo + (Bap+pup (1) +Ts Va7 )n]
0 0 0 0
[(1470(n)+det(Va P )n+ar7 (eere V" VP — Van®)e, .

Since a7e,e, =3}, we have

b ) =0 (5 1)+ T2 05 V1)) e Vot Vo= Vi)
+<baﬁ+pw<n>+ﬂﬁw )(1+70() +det(Va )]
=100 (g ong(0) + TV )1+ 0l >+det<%mﬁ>>

+(PZ,3(’7)+T ,BVAWU‘HW ) (& EMVV’YWVW? _V077 )
=4 (1) [Pap(1)do (1) + 5 (7)o (17)]-

It can be rewritten in

;

=q(17) [bap+pa (1) +Pap(n)d(17) + 915 (1) me (17) — (055 (1) + aﬁvw)vaﬂ
wﬁ"‘Pw[ﬂ(W)"‘o(”?’z)r

S
2
=
—~
=
~— —
@‘Q

0
q(71) =/ 767 =1+—70(1) — Po(17) +2a~" det(Eap (7)) +
These are the first second of (3.16). Next we consider the contravariant component
b (i7) = a** (1)aP? (1) bac (17).

Using above, (3.12) and (3.16), and link chain of derivative

Db“ﬁ( )

= a7 g )+ 2( (€846 —a®ha )b+ (P67 — aP7a¥ )b o ()
— B2 (e P )M — 2B )y,

Note that )
b(1) =58 b (1)bac ().
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If b=det(b,p) #0 then
b () =b~1 (1)e e b ().

Hence D D 1repo
17 7€ <pac,3b/\£7+baﬁp/\a)
1b(paﬁ(11)b”‘5+pw(17)b“ = bb*Poup(17) =bpy (1)-
To sum up, it completes our proof. O

Proposition 3.5. The Gateaux derivatives for (H,K,c,s) with respect to & along director
ij are given by the followings

(1) +4H0(17) +2Kb"y,4(1),
pu(17) —2Ky0 (1), (3:20)
70(17)— ﬁ'yaﬁ(n), v (1) =Py (7).

Proof. Since H(17)=a"F (17)bug, K=2, cup(17) =—Kaug(17)+2Hbug(17), applying Propositions
3.3-3.5, we can derive (3.20) directly. O

3\@)

Proposition 3.6. The Gateaux derivative of Riemannian curvature tensor with respect to
surface (1) is give by

DR
Rgéa ) _ buoppa (1) +Pw(77)bm - bMPﬁU(’?) —Pal (U)bﬁa‘

Indeed, the Riemannian curvature tensor of surface 3(7) is given by

(3.21)

Raparo (1) =bac (17)bpa(17) = bar (1) Do (17)-
Applying Proposition 3.4 immediately yields to (3.21).

(iv) Symmetry of indices for p,s(77) and piﬁ(iy)

Let us define the tensor p,p(77) of order two and pg,(1) of order three generated by
the displacement vector 7.

Proposition 3.7. The tensors p,p(17) and pg4(17) are symmetric tensors with respect to
index («,B):
Pap(11) =ppa (1), Pap(11) =pga (1)

and have equivalent form
1 x = x ok * * *
Pap (1) =5 (Va1 + VpVar) +bas V1" +bpe Va " = capil’+ Vo bagt]”
1
= (Va VP + VVat®) = Yup (1), (3.22)

Pap(n):=

I\JIHNIP—‘

1 o
(VeVan + VpVarn 7) =5 (bagh{ +brubg) "

— (b5 VatP+bI VP +a" V) bugn®). (3.23)
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Proof. First, we prove (3.22) and (3.23). Indeed, by virtue of (2.36) and (3.17),

x* 0 0 * * *
O (1) =VaVp 7 o V" =V (Vy 1 +bpe”) +bao (Vp11” —b51%)
:VacVﬁ 773+ Va <b,8(7770) + by Vﬁ Wa_bmrbgﬂ?)
=Va V1 +bao V11" +bps Va1 + Va bpet]” —caphf®,

since 72 is looked as a scale function define on & and Goddazi formula we claim

%(x%‘[ﬂ’lg) :%IB%“T]?); %(x%ﬁrl?):%(VaVﬁT] +V'BV(X77 )/
Va bﬁa =V buz‘B/ bﬁabg =Cup-
From this and (2.47), it implies (3.22). Next we prove (3.23). In fact, by (2.29), we claim
x* 0 - o 0 3
VNM —by V1
= Va1~ g — (b5 Va P+ 00 V11 + Vab).

Since the Godazzi formula and the covariant derivative of metric tensor being vanishing,
Va bﬁ/\ =Vg bur, Vaare=0 =V, bg773 =a'’ Va bzxﬁ773~
In addition, by virtue of the Ricci formula

VeVpil"—VpVan” =R, (3.24)

where RY, 8 is Riemann tensor of the 2D manifold <, and it can be expressed in terms of
curvature tensor b,g (see in [2]):

R p=bAgbd —brabf. (3.25)

%(wwn +wvw Nt L (VaV 17— VpVan®) —bbpa
Z%(VaVM +V5Va17 7)+3(baghl —bAab”)W —bSbpan?
= 3 (Va V17 + VpVal®) = 5 (baght + e .

Finally, we end our proof for Theorem 3.1. O
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4 Differential operator in the S-coordinate system

Hoge-Laplave operator under S- coordinate system

It is well known that for the Navier-Stokes equations in fluid mechanics or the Lamee-
Navier equations in elastic mechanics, their principle part contain the divergence of the
strain tensor for velocity vector or displacement vector. In the Riemannian space, they do
not have interchangeability with Leray projector on the divergence free subspace Kerdiv,
but it is possible to make interchange with the Hoge-Laplave operator. In order to make
mix with either self, denote Ay by

Ay = (d6+6d), (4.1)

where d and J are the exterior differential operator and the supper differential operator,
respectively. According to the Weitzenbock formula, it is equal to Bochner-Laplace (traci-
Laplace) plus Ricci operator when it acts on vector field, i.e

Apu' = (d6+6d)u' = Agu' + (Ric-u)’, (4.2)
where Bochner-Laplace operator is defined by
Ap=V*V=—-¢1V;V;=—A. (4.3)

It is well known that the conservation of the energy-momentum in physics concern
divergence of enrgy-momentum tensor, the constitutive equation in continuum also con-
tain the relationship between strain tensor and stress tensor. It is natural that the diver-
gence of strain tensor play important role. The relationship of strain tensor, Bochner-
Lpalace operator and Ricci operator in Riemannian space are given by

Vel (u)=— %ABuH— %gjkvkdivu + %gijicmkum. (4.4)

Combining above notations, the divergence of the strain tensor in higher space and two
dimensional surface are given by

{ dive(u) = 3 (—Apu+Vdiv(u)+Ric-u) = 1 (—Ayu+2Ric-u+ Vdivu), @5)

* * * *
dive(u) =% (Au+ Vdivu+Ku),
respectively. It is obvious that it is enough to compute the Bochner-Laplace operator
when we have to compute the divergence of strain tensor.

By the way in 3D-Euclidean space E?, following is given in terms of the operator
rotrot to compute divergence of strain tensor

Au = graddivu —rotrotu.

The following theorem gives the expansion with respect to the transverse variable ¢
for the Riemmannian curvature and the Ricci curvature tensors.
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Theorem 4.1. Under S-coordinate in the 3D-Riemmannian space, the Riemannian curvature
tensor is a polynomial of degree two with respect to the transverse variable ¢

Rupro=Rupro(1)E+Rapro(2)8%,  Raapr = Raupr(1)&+ Raapa (2)E2,

Rprsa =Raapr,  Ruzpr=Rpraz = —Raapa, (4.6)
R33ap = Rup3z = Rauzp = Ranps = Ruzzp =0, '
R3330 = R3303 = R3433 = Ra333 =0, Rs3333=0,

where
25 ?bg, 9%b 2y,
R(X,B/\U’<1) = _(aiﬁbab‘;(\a + Bx“;x/\ axrxgﬁ?o - aiﬁ%;A) <CacAb,BU+Cﬁab AT b,B/\CMf
_CﬁAbaa) [ Bo (V:x b/\v‘i‘rya)\byv)'i‘r aA (Vﬁ bav‘i‘l—wﬁabyv)
_FV‘B/\ <Vac bU’V+ ryaab‘uv) Mr <Vﬁ b/\v+ I‘]‘»‘B/\ byv)] (4 7)
¢, P cpo >’ e .
szﬁ)w(z) (ax/jca;‘a + axach)\ axzxcésia - a?cﬁCaxA) (C‘BUClX}\ _Cﬁ/\caa)
(bVVab)\;ﬂ‘ry /\Cv;t)r Bor — (b Vuzb ;4‘|‘FH acv;t)rvﬁ/\
\ +V,Bb(7‘u<Vab +rvac)xb1/)_V,Bb)x‘u(Vabg‘i‘rvmr)/
{ Raapr(1) = VﬁCaA Va Cup 48)
R3(X,B/\(2) b Vac blBy b‘B‘u Vacb

Proof. At the first, we give the expression for the Riemann curvature tensor of four order
covariant components under S-coordinate. To do that, according to

Rklz] =0; 1—‘l] k —0; 1—‘lz k— 1—‘111—‘k] p +rl]rzk p

1 02 ik 9 8jl 02 gil . 9 8k
oxiox! ' 9xioxk 9xiaxk  oxiox!

(4.9)

p p
> T ik p =T ik ps

and (2.16)—(2.17), we have

;

10 Pga |, P Pgpr g q rp q Py _
Rapro=7 (Bxﬂ'sx‘f + E)x"‘a;\ T oxfox® Bxﬁg;/\ )+8 rq (rﬁarm F,B/\FW) = Laprot+apros
Lgro=3( Pgur Pgpr g Pguc ),
apAc— 3 ax/jax‘f ax"‘ax)‘ T Ox%9x% ~ 9xPoxr /)’

apro=8pq <rﬁara/\ I %AFZU) =gl T ) rbrga)
+ <I—%¢7r03¢/\ F%Aria) = 110(4,8)/\0+ IIa(cﬁ)Aa’

IIo(clB)/\(r gun(T'g pol " F%/\FZU)'

11 =r3, 13, —T3, T3

Bo™ aA

(4.10)
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By applying
2
gw/\:azx)\_ZCbtm +C Cas
2 *
Ty, ST+ = TV, - —EVL DY+ (2H6y —by) Va b},
1 o
3“:6 IEK’ (Xﬁ:]ﬂ‘B’ F3A:F33:O,
__7a b 27C
Lapro = I(X,B/\U’ ~20Lpr0+6 Lapror
17 ( ag) + azaﬁﬂ _ azaﬁ)\ _ Py )
apAo — 2\ gxPox? axz"‘axfL sz"‘ax” dxBoxr /7 411)
v, =1 %bar + Pbgr gy Py, ) .
aBro — 2\ gxPoxc axz"‘axfL sz"‘ax” 9xPoxA /7
Ic __(acm_i_ac/io_a‘:ﬁ?\_azcw)
aBAo T 2\9xBoxe ' 9x%oxA  dx%dx’  gxPoxAr/’
we have

IIv(cﬁ))\U rﬁ0r3)\ r)\raca ],B(T]ac)x ]ﬁ)\]ﬂ((f
= bgobar —bpabae +E (Cpocar —Cprcac) — E{(Carbpo+Cpobur —bprCar —Cprbac) }-

According to the formula for the Riemann curvature in 2D Surface ([1])

Rapor="bpobur —bprbuc- (4.12)
Therefore
II(,(‘;)/\U’ :R(X'BU’A —|—CZ (C‘Baca/\ - C‘B)\C(XU’) - C(C(X/\bﬁo’—i_cﬁo’ba)x — b,B/\CMI — C'B/\b“a)_ (413)

Next we compute I1 ilﬁ)A - By (2.27)

IIa(c‘B)Aa 8vp (FEUFZA rfmrzv)
—gmr ,ga+<1>z,><rm+<1> )~ ([0 +@%, ) (T + DLy}
ngy(r ﬁaF”aA—T ﬁAF”w)‘i‘gvu(q’ﬁaq’ZA q’mq) o)
o (T o @ - T By — TV Dl — T D).
By appling (2.27) and (2.28)
{gw @ = (<G Vabry, @ =(~80l+E0) Vboy, i
gv;,@Za:(—C&ZJrCZbZ)vabm, Suu [M_( &6} +¢2b) )V,Bb/\;y/

it yields

gl/y{r Bo W\"'Fytx)\q)g _rvﬁ)\q)tw F ar ﬁ/\}
=(—&6) + Czb”)T”ﬁawa (=gop+ Czb”)ﬂ‘mwbm
( C(Sﬂ (:Zbﬂ)rvﬁ/\v“ (717 < ’5517 Czbﬂ)rymrvgb)m

*

( ‘3517 gzb )( ﬁaVr]ba)\+F aAVr]bﬁa_r ﬁAanaa_r szr]bﬁA)
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Using
O =071 (Vb +E*(2HS) — b)) v bl)
and (4.14), we have

PPy = (=8 Vpbou+E20) Vpbey) -0 (=8 Vaby +E2 (2HE) — b)) Va b])
=6~ 1{52vabﬁvﬁbaf—@[(*ZH&,?—b,’;)vﬁbg},vabzw,’ivﬁ*bmvibﬁ]
+GH((2HST —br)bji Vpboy Vab})} =078 (1-2HE +KE?) Vo by Vi oy
:CZVabKV‘BbUW

§un P Pho = (—C Vpbau+82b; Vpbay)0~ 1 (—C Va by +¢*(2HE) —by) V by)
:Q_l{CZszbgVﬁb/\y 53[(2H5’4 by)Vﬁb)\yVab +b}, Vg bay Ve bl]
+E4((2HSY — b))% Vg bae Va ) } =8 Va b Vo,

where we have used the following two equalities

—b}y Vbru Vabe+b} Vg b/\ﬂ Va by =0,
(2H6y — b)) )b%, = 2HbT —cr =Ko,
Finally,
gV,ll (CDEUCDZ/\ qu)\cD‘u ) é’Zuvy (Vl/ b(x/\ v‘u bﬁa_ Vl/ bmr Vy b,B/\)/ (415)

it still possess anti-symmetric of indices. Combing (4.14) and (4.15) with (4.12) yields
Ho(cz)/\a = <llvy - Zébv}t + CZCVV) (FV,BUFV«A - rvﬁ)try“ff) + é’za‘/ﬂ (VV bax Vi bﬁ”_ Vi bao Vi er’\)

+ (_553 +Czb3) (rvﬁUVn buz/\"‘ rvaAVn bﬁa_ FV/S)\V?] buo— FV{XUVU bﬁA)- (4‘16)
Substituting (4.11), (4.12) and (4.16) into (4.9) leads to

Rapro :ﬁf"ﬁm +3( aizﬂaéxﬁv T aig;A aizfzﬁo - a&});% )+ (F* Awﬁa - F twﬂ 2y
+e{=( a?:ﬁ%ﬁo + aiabaﬁiA aizwbésﬁv - ai;%ﬁ ) _2b1/;4( ﬁaF” =T mr"w)
~(canbo+cpobun ~bpacao—cprbar) } 6 {3 (s + a?cﬂcca;A aizfxcaﬁ;v — )
+eu (T * ﬁaﬁl A Evﬁ/\ﬁ‘w) (CﬁUCaA_CﬁACaa)}
(=01 + W) (Mg Ve bA,7+r AV g boy— T pa Vi by — T eV by
82 (Vo b Vg boy— Va bl Vpbay)-

(4.17)
Owing to the anti-symmetric of index of Riemann curvature tensor

Ra‘BAa: - Rac‘Ba/\/
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the sum of first three terms in (4.17) equal to zero

l(azaa)»_i_aa‘f aa/j/\_aﬂaa)
2\ 9xPox“ E)x‘*E)x’L Bx"‘ax” axﬁax)\

+ayy (F Af”ﬁg _y wF”ﬁA)—I- sz,B(TA sz,B/\U + sz,BUA 0.
Then (4.17) becomes

= (Dl T Tl ey 0 <r T — T TP o)
ac‘BAa axﬁax” 9xtoxr  0x*ox’  9xPax) v Bo (x/\ BAL T ao

<CacAbﬁa+CﬁabaA bﬁACMT cprbuc) — (F ,BaVachu+r acAVﬁbm/
Y mw bav—T aaVﬁ b))} +E%{3 (aiﬁcﬁﬁo'i'ai;% aiwcésiv _ai;c%)
+Cv;4(r ﬁarytx)\ T ﬁAF”w) (Cﬁaca/\ CﬁAca0)+b (T ﬁava bA17+r mVﬁ by
v ﬁAVacb(m aUVﬁb/\q) (VabAVﬁbay—VabaV[;bAy)}-

It can be also expressed by

C{ ( 9%b,z azbﬁg szﬁ)‘ by )
E)xﬁ'ax” ax“axA T 9xoxT E)xﬂ'ax?\

[r Bo (V:x b/\v"‘ r‘utX)L b;w)+ F aA (Vﬁ bav+ F Bo b;w) FV‘B/\ (Vuz bav+ Iy b;w)
9 o & 2 ag
— F xo <V'B b)u/‘i‘ FV‘B)\ b‘m/)] } +CZ{ ai;g)?g + axacaﬁxA axacésjc\o - aiﬁcax)‘) §
+<C,BUCacA_Cﬁ/\CM7) <b Va b)xy"i_ry /\va)r Bo — <b Va bau+r acvy)r BA
+ Vﬁ ba;t (V:x bK"‘ thx)\ bv ) - Vﬁ b)\y (Vuz ba+ rvaa) }

Rypro= (CaAbﬁa+cﬁabaA —bgaCur —Cprbac)

(4.18)
Let us define a tensor of four order covariant components

Rapro(1) = (ainga’"QU aiabaﬁ; aif’aﬁ,ﬁg—aiﬁ%‘;) <CacAb,BU+CﬁabacA bprcac—Ccprbac)
[ ﬁa(VabAv+F"aAb;¢u)+r aA(V,Bbav+r pobuv)
v ﬁA(Vabav-l-F”wbyv) rv w(Vﬁb/\v-l-T”ﬁAbyv)]
Ruprc(2) =5( ai;g‘;g + aifaﬁ;A aiacaﬁ,?a - aiﬁ%*; )+ (CprCar —CpaCac)
(b Vacb/\y‘i‘ryac)xcvy)ﬁvﬁa (b} Vabgy—I-F"vay)fﬁﬁ
+v,gba;4(wa+F aabl)— vgbw(wb +ma)

(4.19)
Then (4.17) becomes

Rupro=Rapro(1)E+Rapro (2)G% (4.20)
The remaining is to prove formula (4.8)

_1,9% Pgur _ Pgup P p 3
Raapr =5 (5e50r + agngﬁ - agaxi — o) T 8w (FS/SFaﬁ Tsl50) +833 (T3 0, —ThI50)

:(used(2.16)(2.27)){85(—bM—l—CcM) ( Mg—i—é@m)}
+gup (07 I (TF o + @, ) —6~ 11”(rvaﬁ+q> 5)-

(4.21)
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Using
%ﬁ baA:aﬁbaA—fk”ﬁa byA—E"ﬁA bay, Va baﬁIaAbaﬁ—ﬁ‘M b‘u,B_IjV/\ﬁ by,
a,BbacA_a/\bacﬁ:%ﬁ bur— V2 balB‘i‘Ij}lﬁac byA-I-I:k"ﬁA bay—r*”M byﬁ—ﬁ‘w bay
:%ﬁ bar— V2 baﬁ-i-lj”ﬁabw\—lj”/m bug,

0pCar —97Cap =V pCar— VA Capt T gacur—THracpp,

and the Godazzi formula

Va baﬁ :Vﬁ ban, (4.22)
we obtain
dp(— M'FCCM) 9 (- zxﬁ'i'gcaﬁ) = _{aﬁbaA_aAbaﬁ G(9pcar—0rCap) }
(4.23)
—C(Vﬁ cxr—Va Caﬁ)'i'r"/m Jup— T”ﬁa Jun-
On the other hand, by (2.41)
gvyg_lIE:_]ﬁ;u gvye_llil:_]/\vl (4.24)
],Byq)ZA = _‘§VA ba‘[&‘f‘gzbg Va buqu ]/\vq)Zﬁ = _‘§Vﬁ bzx)\"'gzbil\ Vﬁ bzx;v ‘

Substituting into (4.24) leads to

*

Suu (0 _1IE(F”W\+CDV )_9_1IV(FVa/S+CD )= ])u/ Wp— ],rsvr"m-l-‘f(VA wp— VﬁbaA)
—|—§2(b V,Xbﬁy bﬁVAb,XH) (Godazzi formula(4.24))
—])u/ xp ]ﬁvr“m'ﬂf (b Vuzbﬁy b VAbay)

(4.25)
Combining (4.22), (4.24) and (4.25) yields

Raupr =E(VpCar— VaCap) +E2 (V) Va by —bpy Va b)) (4.26)

By symmetry and anti-symmetry of indices for Rimemann curture tensor, we obtain

Rprsa =Raupr, Ruzpr=—Rsupr,  Rprus = —Raapa- (4.27)
In what follows,
Razap=3{0%(g3:)3p+07(3p)30 —0%(g32)35 —0%(838)3a } + Spg (r3ﬁrga rgﬁrga) =0,
Rupsz= (l),
Raasp = 51{0%(833)ap+0° (8up)33— 0 (8a3)ap — 92 (83p) a3 } +8pqg (Lo s — 36T 3)
92 (05— 28bus+E26, v
= 2Rt o) g, (007 0 ) + (T30S~ TT3,)
= C,x/g — Ca‘B 0,
Ru33=0, Rzup3=0, Rsz330=Ra3:3=R3a33=Ru333=0, Rs333=0.

(4.28)
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This gives I} =I3,=0, gux I Iy =02c,p. From this we complete proof of Theorem 4.1. [

Theorem 4.2. Under the S-coordinate in the 3D-Riemmannian space, the Ricci curvature tensor

is a rational polynomial of degree two with respect to the transverse variable ¢ whose Taylor
expansion is given by

+%i(<2H(SA—b3)ﬁvabg)
—[(2H8} —b}) (T2 Va by+T7 2 Vbl )+ Va b Vo b3],

R3ﬁ(o):4%ﬁH—2b3r”w,

Rgﬁ(l): '3<8H2 2K)—|—2Kv‘gln\/_ 4HbAFUA5,

Rsp(2) =8(6H? —K) Vs H— (4H6} +2b%) Vg K+4HK Vglny/a— (8H2 —2K)b) T 5,
R33=0,
\

(4.29)
where Hy =9y H, Hyp :aiﬁH.

Proof. Applying Lemmas 2.2, 2.3 and 2.5, and g=6%a, we have

— 02 1 0 A 1 9 /\ A
Rup=—gu5aInV8+ 5 axA (\/_1" )+ zae(VE RS VA S PES VR BPES vl KPR W Y
__ ®mo 2 ln\/_ A 9lng
R"‘ﬁ - Bx“ax/j + 9x*9xP \f gx)‘ (\/71—‘ ) FDé‘B oxA
+= \/E 85 \/_ri ) 2ﬁ g&e FQUFK‘B <]ac)\1‘[/;\+]ﬁalg)-

On the other hand,

e (VT ):%%(\/ar/\aﬁ)+\%%(\/a®iﬁ),
T2 =6 (mﬁ+<b p) (= 2HA5+1<A52)
=0 1{— 2VAHrAaﬁC+(VAKF/\aﬁ+2V)\HVab/\)CZ
(VV(K+2H2)+b§VAH)Va bye+ (2H53—b3)w1<vabgg4},

ﬁai(\fraﬁ)— o~
I % = Jupd ™ (—2H+2KZ) =071 { —2Hbqp+2(Kbap+ Hewp) T —2Kewp3?},
-0~ UMI +]ﬁa ] 2Ct’¢ﬁ’
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Tl :kawa”A,ﬁr*Aw §ﬁ+<1>A E“Aﬁﬂﬂ&
_F aaraAﬁ+( aaVAbg+f‘7ﬁAVab )G
+[(2HE} — b)) ([ AV b4 T 0V B2)+ W B Vi b2
—(2HB} =) (Va b Vbt Vb Vabt)E
+(2H6) — b)) (2HS;, —bY,) Vo by Vp U E*.

Similarly,

Ryp=— 206, - FIE| 4 0 (/aTp) + s (VA)
—r/‘wr Aﬁ+caﬁ+9 1(— 2Hb“ﬁ+(2Hc,Xﬁ+2I<baﬁ)§ 2Kcaﬁgz)
+(T UVAbU+FUﬁAVJbA)C+[(2H(SA b)‘)(ra ﬁvab”rr )uxVﬁb)
+vagv0bg]gZ (2H8} —b}) (2H5; ) Vi by Vb
— (2H8) —b) (Vo b V b+ Vb Vo bi)EP.

Note that
I (VAT ) Tl =R
ox%0xP \[ax)\ ap uza AB—Rapf/
Cap=— K&la'B—FZHb(Xﬁ,
we have
R(Xﬁ —Klla‘BIO.
Furthermore,
21’1 _
Ryp= ax;afﬁT%(fch )+2Hbyp+0 l(—ZHba‘B-FZ(HC,Xﬁ+Kba‘3)(§—2KCMgCZ)

(F VA G +F”mvabA)c+[(2H5A bA)(F”Mswb L Te Mvﬁb”)+w”vabﬂ€2
+(2H&) — b)) (2H6;, —b7) VM%W’?AC‘*—(2H(5£‘—b9)<vabivﬁb3+ Vﬁbivabff)?-

Thanks to

0, — 9=2(—2H,p&+ (Kup+4HHyp —4H, Hp )& + (2H, Kg +2HpKy —2HK i
—21<Hp45)<'§3 (KaKﬁ+Kszﬁ)C):_2Haﬁ‘§+( ap—4HHup—4H Hp) G+,
Tt (Vadl) = L2 (Vavab))i+ & sk (Va(2Ho b)) Vab) &,
2Hbyp+6~ ( 2Hb ﬁ+2(Hcaﬁ+1<bw)§ 2Kcpl?)
=2[Hcup+ (K—2H?)bop)E+K((K—4H?)a,5+4Hb,g) 2+
=K(byg—Hanp)E+K((K—4H?)a,p+4Hbup)E2 4+
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Finally

< ) \/—axA \/7V(xb)\)+2K(baﬁ Haa,B)+2Hacﬁ+r MrVAbU‘i‘rUﬁ/\VUba/
Rop(2) = (4HH, 5 +4H Hp— K,x/g)-l-K((K 4H2)aw+4ﬂbw)

+s aor (2HS) — b)‘)\fv,xbv) [(2HS) — bA)(r%ﬁwburanﬁb )+ Vabg vabg]
In addition

Rop =~ InVE + Jetr (VETHp) + et (VBTSy)

- 1;.{3\(71—‘ AB 1—‘331—‘ AB R F3Ur 3B 1—‘3_’«31—‘3‘8’
Ryz=— aag;e _r3argA Bag;G —0- 21/\ Ia

=0"2{—(2K—4H?+4HK¢— ZKZCZ) (4H?—2K—4HKZ+2K?)} =0,
where we have used b}bf =c} =4H?—2K,

Rap=— agaxﬁln9+aga ﬁln\/_+fa w(vals,)+ gﬁ%l;A9+F§arKﬁ rgtrr_%ﬁ [303
~T3,I3=—-% ‘2H+ZK5+(3§{+§;§’)rgﬁ 0TI (I DY),
alaj’cﬁ;wgm 6~ (2vﬁH—2vﬁK§+(2HvﬁK—2f<vﬁH)§2),
(%5 + 3T =0} (~bjoaln/a+KogIn /ag)
+6~ <2bAVAH§+( bAvAK 2KvﬁH)gz+KvﬁK§3)
81"
SE=5%(6" 3 =671 (—a,by +9K?)
+072(=2by VAHG+ (2K Vg H—by VA K)G* + KV KE?),
I)‘CD‘Tﬁ:Q_l(V,g(ZHZ K)Z+KVpKe?),
6~ 11A(rqﬁ+q>w) 61 (— bArUAﬁJrKah‘fg)Jre 2(V g (2H2—K)E+KVKE),
R3/5:9_ (—bga/\h’l\/_—a)\bg—béra)\ﬁ+(2KV‘311’1\/E+8‘3K)C)
+9—2{(2vﬁH—zvﬁKCJr(szﬁK—szﬁH)gz) (Zb)‘VAHC
+(~by VAK—2K Vg H)E2+K VpKE®) +(~2b} Vo HE+ (2K Vg H
—bgvAK)CZ+KvﬁK€3)+(vﬁ(ZHZ—K)C+KWK§3)}-

It follows from .
a/\bg:2V'BH—b'/B\V/\1n\/E+b§FU)L‘B,
that
Rag=0"1(2V H—26} T35 +(2K VyIny/a+VK)E) +02{ 2V H
+Vp (2H2~3K)Z+ (2(H8) —b}) VA K—2K Vg H)E+3K V5 K.
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Since

01 =142HF+ (4H?—K)&+---, 0 2=14+4HF+(12H?—2K)&+

we obtain

Rap(0) =4V 5 H—2bAT7
Rap(1) =V (8H2 —2K) +2K VIny/a—4HbAT7 5,

417

Rsp(2) =8(6H2 —K) Vg H— (4H5) +26)) Vs K+4HK Vg In/a— (8H? —2K)bA T 5.

B B

The proof is complete.

O

Next we consider the relationships of covariant derivatives of order two in 3D-space
and on the two dimensional manifolds which are necessary for studying differential op-

erators on the manifolds.

Lemma 4.1. There are relationships between the covariant derivatives of two order of the vectors

in 3D space and on two dimensional manifold

Vavﬁui:VaVﬁui Jap e +11)5 (&) Vy k41T

V3Vaul = 24 e ()%,

ViV —Vﬁ 9 +Hﬁ3k(€) +Hﬁ3k(5) Vu“ +Hﬁ3k(€) u*

where

o
Vg
Haﬁ 3

(
(
(

Iy (

(
(
(

vosH .” 7 ’Y

¢
5=
5 =6" (175"—1—175")
),

B/’
¢
¢
(X,Bl/ C
IT5,(8) =V
73 ¥ 73 —17Y
Hg%a< ) <I>ﬁla, I;Iﬁ%3_z497 Iﬁ TH
T (8) =0~ (=)ol +bpol), TIgk,=0,
( (
(

0
HZ/S 3

)=
)
)
)
) ( ),
)=

0
0
Hggg C) R (7 g)’
H§33 &)= 1(cg 2Kb7§+1<257§2)
IT
H%%kzﬂfg%kzo
p

B
B(E)=l=1=0,

a‘Bk )+Hp¢‘3k( )C—i_np(‘[-}k( )Cz—i_

,Bv qDZ‘Bq)IYV—i_Gil (IZ]/SV - IJLX/S)"" Vi quv’

3
] 5 +]m/ H(XZQ,(C) —@Zﬁ,
o Jpy +q)0cu][5v Zﬁjvw Haﬁ,B = ~Cups

3
53A_0 Hﬁg3(€)_ —0” ”EU H%%g Jgo

lg(g)(g) 207114 ——Zb%—Zc%C-i-Z(Kb"‘—ZHc%

(4.30)

(4.31)

(4.32)
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and

R, (0):=Vp (071 g) +07 (I3 @, — [30,) =072(= Vpbi— Vo gl +74,6),
74y =V (2H(KOE — b))+ (2H8; —b3) Vo ¢y —2H Vg ci+cg V).
Proof. In order to prove Lemma 4.1, we repeatedly and alternately to apply Lemmas 2.1-

2.7. Indeed, for example, according to the definition of covariant derivative of second
order tensor

VaVout =505 Vou + T4, Vouk —TK Vju
=5V, u" —I—Fﬁyvgu” +F”/‘\3Vgu3 I, Vyu"— F%V3u"‘

~ ot

= (by Lemma 2.3) = %Vgu"‘—k I:k"‘)m Vout— I:k")w Vu®
+ @4, Vol + T4, Vou® — B, Vyut — T3, Vau

=V Vottt+ (B 8 — Y, 03) Vot +0 5Vt — oo Vau

= (by Lemma 2.4) %A (%g u” +9_1I§u3+<b‘ﬁ,‘yu”)
(D, 05— B4,88) (Vyul +67 TP+ Dl u)
O I (Vo4 Joqu?) — n (2561 1807).

Making rearrangement to obtain
VAVttt =V AVttt (O, 5 — Y 58) Vi ul 87 5 V1 — o 2 V7 (671 1805+ D8

(P4, 08— P, 00) (07 L P + D7) +07 (I oy — a1y )7,

VAV ottt =V 2V 4 (D 58 — Y 55+ B, 38) Vi ul+ 0= (1858 + 1863 V1
—Jro 2 +{ DY, Pl — DY, P+ VAP, 40 (13— aoT) b (433)
+{V (07112 +0 1 (1Y, — 1) ) Y
Next we consider
VoV’ = 55 Vpul + T3,V guf I, Vjar®

= (by (2.27)) 52 VtP+ T3, V gl =TtV 03+ oy, V gl — Jp B

=V (V18 + Jpyth) = Pl (Vo 1+ ")+ Jage (Vb 0 I3+l ") — g 2

=VaVp >+ g8+ Jaud) Vi — Dl V10— Jup 22

(VT Pl — Jou®l ) ul +6~ oy I,

Below we prove

0 1 It =—cup,
{ TP (4.34)

Va ]ﬁy +]zxvq)%y _]qu)xﬁ :Vy ]zxﬁ‘



K. Li and X. Shen / J. Math. Study, 51 (2018), pp. 377-458 419

In fact, in view of (2.41)
0 Iy =071 (—6cup) = —Cap-

In addition, we have

{ Jar®lgy = —=Cbay Vpbyi,  Juu®iip = —Ebuy Vb, (4.35)

Ve Tt @l — oy =V by — & VaCpy+-E(—bay Vbl by Vi b).
Using the Godazzi formula
Vpbey =Vabpy
we assert
—bay %ﬁ by +byy Va bE =—buy %ﬁ b+ Va Cpu— bE Va by
=—buyy %y bg - bg 6;1 buy+ Ve Cpu=— %‘u Capt Ve Cpy-

Substituting above formula into (4.35) leads to

VDL]ﬁy"l‘]txvq)‘By ]WCI)MS—VMW vacﬁy-i—g( mvﬁbZ'i‘meabg)
_vab‘B‘u CV&QB;{‘FC( VHC«[H‘V“CW )
_fobﬁu Cvucaﬁ Vﬂ(aﬁ Ccaﬁ) V;,]M;.

From this it yields (4.34). Finally we obtain

\V4 V'Bu3 = %V‘Bu:;—I—FB Vﬁuk —FI;‘BVku3 :%a%ﬁ M3

4 (Jgu6! =+ Jad )v WD T B [ s g st — gt (4.36)
Bu ap v ,x/g u ap e wlap wpll’.

Combing (4.33) and (4.36) we claim

. ¥ % . aui
VoVl =VaVpu' = Japgz +11 b (0 VT (4.37)

( CDZV(SE D00 + Py, i=7k=v
0~ (Idop+ I[gé" i=v,k=3,
],Bvé‘u‘i‘]avé} i=3k=v,

| @, i=3,k=3,

%% @Zﬁb%va A0 I Jupld), i=7,k=v,

Vv]ocﬁ/ i:3/k:V/
—cupy  i=3k=3.

I (8) =
(4.38)

0
gk
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Next we consider

d
V3V3u - gv:}uo‘ +rng3uk - F§3Vku“.

Owing to (2.27):
T4, =I5 =I%=0, k=123, (4.39)

it infers

V3 Vaut = azvguurgﬁvguﬁ (5g§§+9;11“)v3uﬁ (52 +07115) (L8 +0~ 1fu)
Bagz +B§(6_1I“ /\)-1-6 11'8(814 10 lI.B A)

= 01+ 20 AU 4 (2 (071 15) 46" ZI"‘If)

B aZ B
(4.40)
The following equality is very useful later on
o]
3@ L) +072 1815 =o0. (4.41)
To obtain that, we first show that
3E(07115) =072(2H —2Kg)I§ +0K5})
=0"2{(2H—2K{)(—b5 +K&0%)+Ké%(1—2HZ+KE?) }
=0"2(Ké5—2Hb —|—2Kb 8C— KZ(Sﬁ‘LCZ)
On the other hand,
1817 = (—b% +K20%) (— bk + K20} ) = bbh —2KB4 &+ K203
(by Lemma 2.1 K6§ —2Hb% +¢% =0) =c} —2Kb5 +K?64¢2,
so that 5
7 (671 I3) +07 21815 =072 (c"wy —2HBS +Ko%) =O0.
This infers (4.41). Coming back to (4.40)
V3 V3u® = 32 ¢ 2071159 (4.42)
In addition, in view of (4.39) we have
V3Vaud = 2 Vaud + T3, Vauk — T4, Vil = aaz—gj (4.43)

Combining (4.42) and (4.43) gives

323

VaVsul =98 +1(0) %,
p[ 27D i=wj=p, (449
0, otherwise.
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Next we compute

Vng,u = V3u —I-F”‘nguk— ﬁ?’vkuﬁ(by (6.15))
V3M +F V3M —|—F V3u V/\M

2 Vau® +<rwm+q> A Vaut+6- 11533% —0 (VA u+6" gl + D u”)
_vﬁvgu +8, Vo +67 1152 9 113%%@30.

Finally we find

VgVt =Vp 5+ @ A 191820 4 g1 (1855 — 156%) Vo

: (4.45)
+(Vp (07 13) +07 (1[4, — [O5,))u” — 0~ I Iu’.

Straightforward calculasions show

OIS I} =02 (—b% +KaSE) (—b) + Koje) =071 (bibh+ 25522 — 2Kb3E)

=0""(cj +I<25 (67— 21<b“<§)

i1~ 3 P5,) =0"2{(—b5 +K&;0) (= VpbiE+ (2H8, — b)) Vg by ?)
— (b +Kog) (— VABLE+ (2HSS %) VA b))

=0 2{(13%19“ IAvﬁbﬂ)ng(zH(s“ bﬂ)(ﬂvﬁb” Igmb”)gz}

=0"%( 5wb?—lgvﬁbﬁ){(sgg—(2H5g—b;;)g2}.

LI} %, — I~

Howerver

(I VA b~ IAVﬁb"‘) (bA%Ab“ b} Vg bY) +K (6 Vbt~ 62 Vb2,
((5"va“ (5"vﬁb“):vﬁb —vﬁb =0,
b} VA b% —b) Vb = (by Godazzi formula)b} v, b§ —b) Vg b

Vo (cg)—b3 Vo b/ﬁ‘ —b} Y p b} (using Godazzi formula again)

=V (ch) b5 Vpby —by Vpb§ =V (cf)— Vg (c5).
Therefore
0 I35 =07 (—D§ +KO5E) (— by +KOpE) =07 (cf + K055 —2Kby(),
Iy VAbh =12 Vbl =~V (ch)+Vp(ch), (4.46)

0 (130, — IN,) =672(Vp (ch) — Vo (ch)) {852 — (2H8, — b2}
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On the other hand

Vg (071 18) =072{60(~ Vpbi-+ VpKES) +(2V HE - VKE) I}
=072{— vﬁb‘" (vﬁK(S‘" 2Hv5b“ 2b“vﬁH)g
(2Hvﬁ1< KvﬁbuvﬁHK(sub“vﬁK)gz} (4.47)
=02{— vﬁb“+vﬁ(K5“—2Hb“)§+(v,g(2HI<)5“+b“vﬁI< Kvﬁb“)gz}
=672~ Vb~ Vi + (Vs (HK)OE b5 Vs K—KV5b3)E ).

Combining (4.46) and (4.47) leads to

Vg (07118) +67 (I3, — [3D5,) =6 2{~ vﬁb“—va gl

. (4.48)
+(Vp (2H(KS§ —c3)) + (2HS, — b"‘)va 2Hvﬁc +c0vﬁb )&}

Owing to
[36g — 1563 = bgoy — b3 o

and applying (4.46), (4.45) becomes

VgVt =Vp 8+ @ W11 [52 4 671 (365 — b3 6%) Vo ut
02— Vb= Vo e+ (V (2H (KOS — b))+ (2HEE —b) Vi ¢
—2H Ve 4ch Vpbt) & hut — 0 (cf —2KBAE + K26562)u. (4.49)
By a similar manner, we find

VVau® = V3u +FﬁkV3u —F Vs = axﬁag V31/l —F SVl
axﬁagJF]ﬁA( 9 N T 11§(VA/\u +Jrot”)
=% Vpu +fm%—9’112%u3+9*1(1m13—halg)u"
Note that
Jorlg = —6cpe = —0cop=Jrol5,
we have
VﬁV3u3:%ﬁ%‘g+]ﬁA%—9*11£%Au3_

With (4.45) we assert

;X i k j *
VpVaul =V 5 +T15 () G+ () Vb + 110, (§)uF, (4.50)
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where

D5, (8), i=a k=A,
, [ i=ua, k=3
H13 — 'B/ 7 7
g3k(8) on =3 k=
> 0, i=3, k=3,
9*1(1552‘—1;;55‘), i=ua, k=v,
j 0 i=a, k=3
1y _ ’ ’ .
Mgsi(@)=19 ¢ i=3 k=v,
—9*115, i=3,k=3,

( *
vg((lal-:llf)Jre—l(m@gA—I%(@ .
HZO (g): - A ‘B, Z:lx, =9,
pak 0, i=3, k=v,
0, i=3, k=3.

To sum up we verify (4.30).

8,), i=a, k=v

423

(4.51)

Theorem 4.3. Under the S-coordinate system in the 3D Riemannian space, the Bochner-Lplace
operator acting on a vector field can be expressed in a rational polynomial with respect to the

transverse variable (the length of geodesic curve) ¢.

Aui:gtxﬁ VQV‘BL‘Z—F%—I_H?(C)%_%—I_H;”(?) Vyuk‘i‘n;?(é)uk/

where
0~ (—2b}+2KZ5y), i=a, j=B,
M3(&)=1{ 6 (~2H+2KE), i=3,j=3,
0, otherwise,
2g"‘VCI>ZV—g“5<I>Zﬁ53, i=v, k=v
' 20~ 1gar Y i=v k=3
1y _ g nrs 7/ y
e (€)= —20711, i=3,k=v,
—g*h,, i=3, k=3,
( ) .
&P (Phify @)y, — @, @+ Vo P, ) +67 1K,
(&) = 8PR(8), i=7, k=3,
g“‘BVvaﬁ/ i:3,k:1/,
{ —g*Peyp, i=3, k=3.

(4.52)

(4.53)
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Remark 4.1. The Taylor expansions in (4.53) are given by

((T153(G) = —20% —2ch¢ — (Kbg +4Hch )3+
[133(8)=—2H+ (2K—4H?)g+2H (3K —4H?)&*+

TP (&) = j (V0 b — 26%0aPN 7y H)E+ 201 (02 Vo bPY — 52bP1 7, H
+2bPA 7\ b —btaPr 7, (2H? — K)) &%+

157 (&) = —2b*F —6c*FZ+6(—2Hc* + Kb*P) g%+

L) (&) =20 +-2cE+ (4Hcl — 2Kbl) 22 +

TTH (&) =20M v HE+ (26 7, H—2aM 7, (2H2—K)) &2+
11° (&) = K6] + (2HKS] — Ab] )&+ (K(4H? — K)8] —26%F /o V s by

—b) AL —2aM 7, 0T VA H)E+

I1}°(8) = ~2a" v, H— (27 V7, (2H? — K) + 0% Vo €} + 8Ha " v, H)E
+{2(K—2H2)a" v H—4Ha* Vo ¢y +a*Fr),
—2bB(Vyc +4HVﬁb7) —3c"B 5 bY } &2+

130(¢) =2V, H+ (24H2 vV, H— 6V, (HK) —2b°F v, Cap)C24-,
I13°(%) =2K—4H?+ (6 HK—8H?)¢ + (16 H*K— 16 H* —2K?)xi*+---.

Proof. Applying Lemma 2.2 and Lemma 4.1

Aui:g’meV;ui:g"‘ﬁvavﬁui+V3V3ui
_gtxﬁ<V0cvﬁu ]acﬁ +Ha¢ﬁ k(é) Vy uk+HZu¢0‘B k(é) )+ agz +lz<§) o
=8 Vo Vpui+ 38 +T17(8) % + 1T (8) v, +TT0(2) sk

Since g*fJ,5=—07'1%, we obtain

I13(8) =11(8) — 8" JupO}
0~ 1( Zb”‘—i—ZKC(S”‘) i=wa, j=6,
{ ~1(— 2H+2KC) i=3,j=3,
0, otherwise,

I1(&) =" (8), TI(E) =11, (0).

(4.54)

(4.55)
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By virtue (4.31) and Lemma 2.5

Applying (4.46) and Lemma 2.1 Ko§ —2Hby +cg =0, it yield

IJI* —IJI* =2Hb) —c] —2HK6) + K25 & = K5, —2HKS] + K26 & = 0K4,).
Hence, we obtain the 2nd and 3rd parts of (4.53).

( Zg“?‘d)ZV—g"‘ﬁCDZﬁ(SJ, i=v, k=
20 1g*H ) i= k:
zxﬁ ZV _ g o ’)’ /
8P Mg (€)=9 _pp51p i=3, k=v,
—gP oLy, i=3,k=3,
&P (P @y, — PP+ Vo ®p ) HO (LT - L), i=7, k=
gaﬁnzéoﬁk@r) gtx,BIiZﬁ(g) 1_’)’/k 3,
glxﬁvl/]lxﬁl Z‘:3/k:1//
\ \ _ga'Bszﬁ/ i:3,k:3.

425

v,

(4.56)

O

Theorem 4.4. Under the S-cooedinate system in the 3D Riemann space, the Betrimi-Laplace
operator A = g'N/;V; is a polynomial with respect to transfers variable ¢, which can be made

Taylor expansion with respect to ¢, i.e. for a two times differential function ¢,
( Aqozg“ﬁ%a%ngrg"‘ﬁ@ﬁ%w 20~ (KC—H)B—E’+%’
352 —(2H+ (4H? —2K) &+ (8H® —6HK)&?) §+ggo+igoc+igo§2+
XQOIA(P::ﬂaﬁVaVﬁ(P/
éq)sz"‘ﬁ?a?ﬁq)—Z(a)‘”%*UH) %Aq),* *
A9=3c"¥V,Vp9—2[(b" Ve H+a" v, (2H?—K))] V1 9.
Proof. Indeed, by (2.34),
Ap=g"VV;p=g"(0:0;9—T}idrp) =8 (9 ¢—T}0,9—T}9:¢)
=" (0350~ T2 T3 3540)"‘833(9%34) FsaaAG” rasaéfl))
:glxﬁ(azﬁq’ (r)ta[ﬁ_q) )orp— raﬁa§¢)+a€2
—g"‘ﬁ<wvﬁ (p+d>aﬁvw Jup ag)+a§2
=8P VaVp 9+ PR Vg8 Lup 3 + 55

Since
a*Pb=2H, a*Pc,3=4H?>-2K, b*Pbyz=4H>—-2K, b*fc,z=8H>—6HK,

a*b Vo by=a""Ve (2H), b Vobyp=1% Vo (0bes) =V (2H>~K),
DB by =P Vo by =} Vg (bbeg) =0V ¥y (2H2 — K),

(4.57)
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it is not difficult to prove that

gwﬁ =a*P 42 BE 43¢ BE2 ..
§*FJp=0"1(2H—2K&) =2H+ (4H? —2K){+ (8H®* —6HK) &>+ -,

gaﬁq%ﬁ =—2[a" 60H€+ (o 60H+“M %0 (2H?—K))&?]+-+-.
Therefore
Ap= 3%2’ - (2H+(4H2—21<)§+(8H3—6HK)§2)§,—<§+Z(p+2b“ﬁ AT
+3c Vg 22 —2[aM Vp HE+ (' Vy H+" ¥,y (2H2—K))E2] Vo 9+

The proof is completed. O

5 A dimensional splitting form for linearly elastic equations in
3D shell in 3

As well know that the initial and boundary value problem of linearly elastic mechanics
are give by ' )
Li(u):=Vi(AMey (u))=f.

Since A/ is defined by (2.55) and ¢" ey (1) =divu, we claim
AMey (u)=AggM ey (u) +pu{g* g/ ex (u)+g" g ey (1)}
=Agldivu+pu(e’(u)+e'(u)) =Ag"divu+2ue’ (u).

Therefore , - - .
L' (M) = V]'(Al]klekl <M)) I/\gZ]V]dIVM+2]/lV]el]<u),
Vel (1) = 1V (Vi + Viut) = 1V Vi +- 1V, Vi,
VjVjui:gkaijui:Aui.

Applying the Ricci formula

ViVl =g*V Vil = g*V Vil - g*R) " = gV divu— R ™,

where Ranl are Riemannian curvature tensor of three dimensional Riemannian space E3,

if E3 is Euclidian space, R/ ., =0. Furthermore
IRl —
Rmkj - _ijk =Rk,

where R, are Ricci curvature tensor.
In this case, the linear elasticity operator is given by

L' () =—pdu' — (A+u)g"Vdivi+g* R,u™.
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Finally elasticity equations in Euclidian space are given by

U pAu—(A+p)VV-u=f,  inQCR?

u=0, on Fo], (5 1)
o-nlr, =h,0-nlr,ur, =0,

9 .
u—o=Up, 5y=1UU, in Q,

where the lateral surface I'o=Tg; UT'z, 0 is a stress tensor.

Theorem 5.1. Under the S-coordinate system in E3, Eq. (5.1) can be expressed as
Lo+ Liu)=f *
Li(u) =—pAu'— (A+p)g"0;(divu+ %—“; +diu®),
in details,
Lo (1) = —p S —mD(§) % — (A+p)g" Vp %2 — ugh? VpVou®
—(A—I—y)g“ﬁ %5dwu+mk (&) %ﬁuk—l-mi‘o(é)uk, 5.2)
k 5 au )
£3() =~ (A+20) 25 33(5)%%—(A+;4>dw3—g
—ugﬁ"wva w4 (§) Vpul i (@),

where
P (&) = —puITP (2) — (A+p)g*Pde (2),
mi (&) = —pIT° (&) — (A+p)g"Pdpi (),
(&) =—uILr (), (5.3)
mio(é)z—ﬂﬂw(é) (A+u)ds (),
m33<(g W(2H—=2KE)8; — (A+p)dx (),

= uo~ (—2b§+2K58y), m§>=0.
Matrices d;j are given by
( * * * *
01 (—2VpHE+VpKE?)=—VpHE+ Vg (K—2H?)E?+
d3(¢)=0"1(—2H+2K¢g)=—2H+ (2K—4H?)¢+ (6HK—8H3)&? +
d33(§) = 52 =62(—4H?+12HKE - 6K2¢?)
=—4H?+4H(3K—4H?)Z+2K(4H? —3K)&*+
d3ﬁ(g):aa— 0-2(—2V H+2V K+ (2K Vs H—2H V5 K)&2)
:—2v5H+2vﬁ(K2H2)§+(8HvﬁK+v5(2HK 8H3)§2
dpr(E) VﬁdA() 02 {~ WVAHCJr(ZwaHerVAK 4VﬁHV/\H)C
( ZKV‘[;VAH ZHVﬁVAK+2VﬁKvAH+2V5HvyK)§3
(KV,BV/\K V,BKVAK)C4}
— — VpVAHE+(VpVaAK—2H VsV H—4V, HV H) 2+

(5.4)
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Remark 5.1. Taylor expansions of (5.3) are given by

my (&) =mjl (0)+m (1)&+m] (2)&+

(0)=0, my’(1)=p v, b +((A+p)a* s —2pabts8) v, H
miP(2) = (A+ 1) (2b%F v, H+a%® ¥, (2H2—K))

+u{2V, *P+2bPA 7, b4 —2H v, b*F — 6%aPA v, (11H? —4K) },
P(0)=2ub*P+2(A+p)Ha"f, miP (1) =2(A+4p)c,
37 (2) = (14u+6A)Hc*F — (16p+4A)Kb*F,
10(0)=pKay, mi°(1)=p(Aby —2HKS; +(A+p)a*f Vv H
10(2) = u{K(K —4H2)6% + 267 7, Vo bt + 18 A b} } =202 v, b 73 H

+(A+u){2Ha"¥ Vv H=a¥ Vv, K+4a¥ Vs HV, K},
m3?(0) = (A+3pu)a s H, ) )
1 (2a%H v}, (2H?~K)+a*P v, c§+8Ha" v, H)
—(A+u){4(v*F —2Ha*F) Vg H+2a"F V5 K},

3
LR
(=]
—~
—_
~—

I

ms%(2) =pu{2(2H% - )aWVVH—l—4Ha"‘/5V“c —a*Pr ﬁ—l—Zb"‘ﬁ(V,x —|—4Hvﬁb )
+3c*P Vg b} + (A +u){6cF vﬁ*H+2b“ﬁ v7 B(8H?—2K)
+a*f (Vg (§ H?—10HK)—2H VgK)},

m(8) = p{ =20y 260G +2(kby ~2Henu) @b+,
mP (&) = u{ —2aPA v, HE+ (2aP} v, (RH2 —K) —2bPA v, H) &2} + -,
my(§) =2AVy H+2(A+p) Vy (K=2H?)¢

+{M(Vy (8H?—2HK)—4H V, K) + (20" v, cup +4K vV, H) } 22+
m3’(&) =4AH?+2u(4H?*—K)+ (4HA+6pH) (4H*—3K)¢

+{2A(BK2—28H2K +24H*) + 81 (K> —9H2K+8H*) } 62+

B(&) = (M) (2V, HE+ v, (2H2—K)E2),
m§3(§) = (A+2u)2H+{(A+u)(4H? —2K) —2uK} &+ (A+u)2H (4H? —3K) &2+ -+,
mi3 (&) = —2ubl 4 2p (K§ —2Hb} )& +2p(2HKSE + (K—4H?)by )&+ -+,
(%)

a3
ms

33

Proof. At first we prove (5.2). To do that, since (4.30) and (2.35), rewritten (5.1) into com-
ponents form

LU {58 I 4¢P G o + 11 (8) Vgt + 110 (2)uk}
— (A giadivi= 63
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In addition,

divi =42+ divu-+di(§)u,

d\(§) =01 (=2VAHE+ VA KE?), d3(5)=6""(~2H+2Kg),
( g0;div(u) = {g“ﬁvﬁdlvu,aédwu}
VﬁdlvuzvﬁY—l—vﬁdlvu—l—dﬁk(é)u +di (&) Vpuk,
Sedivie=Z 4 dp (&) S+ div 3 +dye (D),

L dmk:{Vﬁdk(g)/a%fdk} (see(5.4)).

Therefore

323

oiia div(u) = gV +vﬁd1V“+d,Bk<’§)“k+dk(C) Veut], i=a
] - .
a—§z+dk<§) +d1V +d3k<§) i=3.

Substituting (5.6) leads to (5.2), we end our proof.

429

(5.6)

(5.7)

(5.8)

O

Theorem 5.2. Under the S-coordinate system in E3, if the solution of (5.1) in neighborhood of
surface S and right hand f can be made Taylor expansions with respect to transverse variable ¢

{ u(x,8) =uo(x)+u1 (x)T+uz(x)& 4,
f(x,8)=fo(x)+ f1(x) &+ fa(x)G>+---,

then the linear elasticity operators cam be made Taylor expansions as

() = Lo (uo, 1, u2) + L4 (o, u1.u2) G+ L5 (1o, u1,2) 3>+ -
o(uo ul,uz) IC‘ (uo)—l—L‘(ul,uz)'

1 (o, urun) = Ko (u1) + K4 (o) + L (u1,u2),

5(

L
Lt
E
L5 (uo,ur.uz) =Kk (1) + K4 (1) + Kb () + L (uq,u2),

where ug(x),uq(x),uz(x) satisfy following boundary value problems

a;O + Ko (o) + Lo (u1,u2) = £y,
afil + Ko (1) + K5 (uo) + Ly (ua,u2) = f7,
T8 1) (12) ) (102) + K (10) + L (101, u2) = £,

with boundary conditions in (5.1) on the boundary 1 =TopN{{ =0} of middle surface

tily =0k=1,23; 0njly, =07 (uo)n; =1 (£ =0),

(5.9)

(5.10)

(5.11)

(5.12)
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where

el lRe)

lalle!
NW R,W oW N PR OR

e
I

o~

ol
1 (u1,u2)
5(

L5 (uq,up)

L
L
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U :—yZuO (A+p)a "‘ﬁvﬁ (dwuo) (0)6ﬁu0—m,"<‘0(0)u’(§,
—2ubP? Vﬁvguo—2(A+y)b"‘ﬁvﬁdwuo—mk (1 )Vﬁu —mi0(1)uf,
—3ycﬁgeﬁ%gug‘—3()»+y)b“ﬁ%ﬁd;vuo—mk (2 )Vﬁuo mi0(2)u
Ay (0) V gubm (0)uf,
—Zybﬁaeﬁ%gug‘-&mk (1 )Vﬁuo m0(1)uf,
Sycﬁ”%ﬁ%gug-l—miﬁ( )Vﬁuo-i—mk (2)uf,

—2pus —m?(O)uf —(A+p)a*fvgul,
—mf’(l)ulﬁ —mg3(0)u% —2(A+p)a*P \Y: u3+2b*f Vs u3,
mg3(1)u§—m§3(2)uf,

L3 (u1,u2) = —2(A+2p)ul+m3(0)ul — (A+p) divu,

2(ur,up,u3) =m3(0)u3 +mP (1)ud
%(ul,uz,ug,uz;) 2mi3(1)u2—|—m (Z)u

k(A—i—y) divus3,
1

Here mZ are defined by (5.3).

Proof. Consider (5.2)

E(X (I/l) = —ya;g;
— (A1) Vi (divu+22) +mP (@) g i (&),

Using

gives

3(8) % — ugh” v Vot

gac‘B:uac‘B_i_zbac‘BC_i_:%C(xﬁCZ_i_

—p % = —2uus+
i (&) % = — {mis2 (0)uy + (m (1)uf +2m3 (0)u5)&
o+ (2 (s (2)u)) 32+,
—HgPT VpVeut = —pu{Auft (Aut+20F Vi Vo ug)l
+ (AU +2bP7 gV o 1§ +3cPT VgV ul)E2 -,

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)
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(A-l—y)g"‘ﬁvﬁ (d1vu—|- ) ()\-l-y){a"‘ﬁvﬁ (dlvuo-l—u )
+ (a*P V,g (d1vu1+2u2)+2b“5vﬁ (d1vuo+u ))E+ (a*P %ﬁ (divus)
—|-2b”‘5v[5(d1vu1+2u2)+3c“5vﬁ (d1vu0+u1))<§2}+---,
W@Vmi—mﬁ()vmm (“%)vmﬁ+mw<>vm%x
miP (0 )Vﬁu2+m Pi1 )Vﬁu +mif (2 )Vﬁ’/%)‘f‘"'r

mi(§)u "—m () + (i (0)uf +mi0 (1)ug) &+ (m (0)us
(1)M1+m O(2)ug)+

Denote
K& (uo) = —p Aul — (A+u)a*f v (divitg) —m “B(0) W g uk—m(0)uf,
Ly (uq,u2) = —2puf —171%3(0)u’1g —(A+u)a*P Vﬁ u3,
{ lCi‘(uo):—Zybﬁaéﬁ%gug—Z(A—l—y)b“ﬁ 6ﬁdivu0—mzﬁ(l)%5u0—mg0(1)u’6,

LY (uy,up) = —m?(l)uf—mg3(0)u§—2()\+y)a“ﬁ %[5 u3+2b"f %ﬁ u3,

L5 (uq,uz) —mg3(1)ug —m%3(2)uf.

{ K3 (o) = =3P VgV ol —3(A+ )b 7 gdiv 1t — P (2) W g b — mi0 (2) uf,

Taking (5.18)-(5.21) into account, (5.17) can be made expansion

L5 (u) =K (uo) + L (ur,uz) +{ Kg (u1) + K1 (uo) + L (u1,u2,u3) }§
+{KC& (u2) 4+ Ky (1) + K5 (o) + L (1,12, u3,us) } &>+

So that we obtain following equations

352“0 +ICG (10) + LG (11, u2) = f§,
agul+;Ca<u1)+/cg¢(u0)+L‘;‘(u1,uz,u3)Ifi"f

8u2

= K (u2) + K5 (u1) + K5 (o) + L5 (u1,u2,us,uq) = f3,

By similar manner, we assert

L3(u) = —(A+2) Gl +m3(£) % — (A+pu) div 3
—1ghT VgV 1+ (8) gk 4 m (&) uk,

431

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)
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Substituting (5.10) into (5.23) leads to

£3(u):—2(A+2y)u§+mi3(0)u’1‘—(A+y)d>ikvu1—y3u8+m2ﬁ(0) %ﬁu’é
0 (0)uf - {3 (0) 2065+ B (1)tf —2(Atpe) div iy — (A}
+2b* 7,V pud) +mF (0 )%ﬁu1+m§ (1 )%ﬁuo—i-m Ouf+mP (U} (520
+{m£3(1)2u§+mi3(2) y(Au —|—2b"‘ﬁvavﬁu1—|—3c"‘ﬁ)vﬁavﬁuo
1 (0) Vgl (1) Vb (2) Vg b+ (0)144
+m (D) uf +mP (2)ug 162+
Hence it can be expressed as

L3 () = K§ (o) + Lg (1, u2) + {5 (1) + K3 (o) + L7 (w1, u2,13) }&

+ {3 (u2) + K3 (u1) + K3 (uo) + L3 (ur, ua, uz,us) }E2 4. (525)
Consequently, we obtain following equations
T (o) L (1 102) = £,
A (1) 4K (10) + L (0 03) = (5.25)
T I (12) + K5 (1) + K5 (10) + L (11,12, 13,15) = f3,
where ) . .
K3 (10) = —p A3+ (0) Vg b +m(0)uf,
IC?(uo):—2ybﬁ”%ﬁ%gu6‘+miﬁ(l)6ﬁué m(1)uf,
K3 (110) =3uch? V7 5 Vo 13 +mP (2) V4 mid (2)uf; (526)
L (1, u2) = =2(A+2p)us +m2 (0)uf — (A+p) di liv i,
L3 (u1,uz,uz) =m>(0)u3+mP (1)ud —2(A+p) di vuz,
L3 (u1,ua,uz,us) =2mS (1) ub+m? (2)u’{
We then complete our proof. O

Theorem 5.3. Under S-coordinate system in E3, if (5.5) is satisfied then linearly stress tensor
oll(u) = A% ey (u) can be made Taylor expansion with respect to transverse variable &

ol (u) = o) () + 0 (0,1 )E+07 (0, u1,12) B2+ -, (5.27)
where
(Tg'B(uo) :AgﬁM’yM(uo)-l—Aa“ﬁui
1
o1? (o) = A (a0 (1) + 'Mal(”o)) +Ai;ma’mg(“o) +2/\a”‘5u%+2}\b”‘fu§
P (o, u1,u2) = AP (1r0 (12) + Vo (1) + Vao (10)) + AT (20 (1) + Y aw (110))

+ AP o (10) +4AD P13+ 3N B
(5.28)
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032 (1) = (dlvuo+ck(0) 0)+(A+2p)u3,

0“133 Ug,uy) = (dzvu1+ck(0)u1+Ck( )“0)-1-2(/\—1-2#)“%,

o33 (1o ul,uz) A(dwuz+Ck(0)u’§+Ck(1)“'1‘+ck(2)ulé)/ (5.29)
0

(

(

3(

3(uo) = p(uf +a*f Vﬁ”o)
(
(

S

3 Ml) (2M2+L1(Xﬁ V‘BM +2b”‘5vﬁu0)
Uo, U1, up) = pi(a "‘ﬁVﬁu2+2b"‘ﬁvﬁul+3c"‘ﬁ%ﬁu8),

(X
07
(X
0y
where

{ca(O):O, (1) =—2VoH, c4(2)=Va(K—2H?), (5.30)
c3(0)=—2H, c5(1)=(2K—4H?), c3(2)=(6HK—8H?).

The boundary conditions on top and bottom surface of shell are given by

{ i nten <o)
() n(—en) = —c®

=0 (l) ( )+01 (MO,M1)€+Ui (1/[0,1/[1,1/[2)8 _hi on Ft/
(u) = —{0f (uo) — 48 (uo,ur e+ 0% (ug,u1,u2)e*} =h', on Ty,
(5.31)

Proof. As well known that linearly stress tensor ¢/ (1) of isotropic linearly elastic materi-
als corresponding to displacement vector u is given by

ol (u) = AT (u).
Elastic coefficient tensor of isotropic linearly elastic materials is given by (2.55) and can
be made Taylor expansion with respect to transverse variable ¢ by (2.57). In addition,

k
owing to Lemma 2.6 and 7;; () are linear form for u, therefore

ere (1) Ina(u)Jr’lyM (u)E+ o ()&
1 1 2
=Y (t0) + (1 (41)+ Va (40))E+ (Yag (u2) + Voo () +Taw (10)) 8%+,
e30 (1) = 3 (20 %+ Voir?)
ex(u)= %—Lg =uS+2u3¢+---.

Note non vanishing A" by Lemma 2.7

azxﬁ( ) Aaﬁlmel < ) Aaﬁ/\a (u)—l—A"‘ﬁ33e33(u):A"‘ﬁ)“7€ < )—I—Ag"‘ﬁeg3(u),
T (1) = A%mey,, (u) = A3Pesg (u) + AP Egs (1) =2ug Pesy (1) = p( “a+ngﬁ“3),
(733:A33lm ):A33/\a )+A3333e33(u):/\g)“7€/\g( ) ()\ 2;4)

= A(div u-+cp(§)u) + (A+2p) %,
where ¢ (&) defined by (2.34). Thanks to (2.20)
g(X:B :a‘xﬁ +2baﬁ€+36“ﬁg+ e,
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We assert that
P (1) = A%, (1) + A*33ez3 (1)
— (ASP 4 ATV L ATV ) (g (g & 2 )+ Vg (0 1+ 052
o) g (o + 11+ 102824+ )E2) +Ag"P & (w3 + Ui+ u3+--)
= AP 0 (10) +{ AG (Va0 (u1) + ’1Y)m (140)) ASPM a0 (10) Y+ { AP (Y20 (112)
Va0 (02) 4 Tag (10)) AT (a0 (102) + Vg (1)) +- 457 00 (110) 22
AMa"Pud +2(b*ui+aPu3)d+ (3c*Pui +4b"Pu3) e+

From this it yields (5.29). Moreover

033 (1) = A {div e ()uk}+ (A+2p) 22
— A{div ttg+ ¢ (0)uf 4 (div g +ce (1) + ¢ (0)uk)
+(div g +cx (0)u§ +cx (1) ul + e (2)uf) &} + (A+2p) (uf +2u38) + -+,

uo,u1) =A(div g +cp (0)uk + o (1)ul) +2(A+2p)u3,
uo, u1,up) =A(divun+cx(0)ul +cp (1) uk +cr (2)uk),

— {4 2u8E+ (0% 4+ 2bBE 1302 Vg (134138 +1u3E2) Y+,
o8 (1t0) = p (3 +a% Vg a3),
o3 (ug) = p(2us +a*f %ﬁ u3 +2b"F %ﬁ u3),
o3 (uo,uy,up) = p(a*P %,g u3+2b%f %ﬁ u3 +3c*f %[5 u3),

where ¢, (&) are defined by (2.34)

Ca(€) =0~ (2 Vo HE+ Vo K&2) = (14 2H¢ + (4H2 — K)@2+ ) (=2 Vo HE+ Vo KE2)
= OV HE+ Ve (K—2H2) @24 =y (0) ca (1)E+ca (2)E2 4

c3(¢)=0"1(—2H+2K¢)=—2H+ (2K—4H?)¢+ (6HK—8H?3)&*+---
=c3(0)+c3(1)&+c3(2) 80 +---.

Hence . .
c(0)=0, cu(1)=—-2VuH, c4(2)=Va(K—2H?),
c3(0)=—2H, c¢3(1)=(2K—4H?), c3(2)=(6HK—8H?3).
Finally, boundary conditions on the top and bottom of shell are nature boundary con-
ditions ) '
gjma’]nm ’rrurb =h.



K. Li and X. Shen / J. Math. Study, 51 (2018), pp. 377-458 435

Note, in Theorem 3.1, displacement 7j =e€7i = (0,0,1) at top surface of shell, it yields from
(3.2)
7i(en) :ﬁ—a)‘g(%;\ 1 +brgnP ), =n+0(e) =ii+0(e).
Therefore, by Theorem 5.2, we have
W = gimo™n™ (en) = ¢330 (1) =03 (u)
:(78‘3(u0)—|—U{‘3(uo,u1)e—|—ag‘3(uo,u1,u2)€2, on T},
W3 =08 (u) =032 (uo) +03° (1o, u1)e+05° (uo,u1,u2)e?, on T

Similarly, since n(—&n)=—n, h' =g;,,0"/ (u)n™(—en) on the bottom surface of shell, so that

h* = —0"(u) = — {083 (u) — ot (ug,u1 )e+05> (g, u,u2)€*}, onTy,
W3 =—03 (1) = — {033 (uo) — 03 (uo,u1)e+03° (1o, u1,u2)e*}, onTy.

This completes our proof. O

6 A dimensional splitting form for nonlinearly elastic equa-
tions in 3D shell in }?

In this section we study nonlinearly elastic equations for isomeric and isomorphic St.Venant-
Kirchhoff materials. Nonlinearly elastic equations for 3D elastic shell are given by: find
u=(u"):Q— R3 such that :

Ni(u):=-VZi(u)=f, in Q
u=0, on Iy, (6.1)
iif(u)n]-:hi, on Fl,

where stress tensor ¢/, second Piola-Kirchhoff stress tensor X/ and first Piola-Kirchhoff
stress tensor X7 (u) are given respectively by:

{ o (u)=AMey(u), EV(u)=AMEq(u),

S (1) = £ (1) + 289 (1) Vit = (6 + V)29 (1) = (81 4 Vi) AV E g (), &P

where e;;(u), E;j(u) are strain tensor (2.42) and Green-St Venant strain tensor (2.45).

In the followings, we have to consider first Piola-Kirchhoff stress tensor %7 (u). The
covariant derivatives of first Piola-Kirchhoff stress tensor are given by

Vi (1) = V(614 Vi) A Ey, (1)) = AS™ N5 (814 Viu®) Epy (1))
= AN (84 + Vi) Vi Ep (1) + Eiy (u) V; Vitt'},
where we consider the materials are isomeric and isomorphic, and covariant derivatives

of metric tensor in Euclisean space are vanising (i.e. V]-Akﬂm =0). As well known that
linearly elastic operator

{ Li(u)==V;0 (1) ==V (A" ex,, (1)) = — AT e (u1),
Eij(u)=e;j(u)+Djj(u).

6.3)

(6.4)
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Therefore nonlinearly elastic operator is given by

Ni(u)=—V i (u)

‘ ‘ . . ‘ , 6.5
— (54 Vi) L5 () — A (5 4+ V)V Dy () + Ep () V. &)

As well known that isotropic and homogenous elstic coefficient tensor of four order
are given by (2.55) and satisfiy (2.57), in particular all components A" Im are vanissh except

Aac‘BAa — Ag(xﬁg)m +u (gacAgﬁa _|_gacagﬁ/\)’ Aacﬁ33 — A33acﬁ — )\g“‘B,
AN3B3 — A3a3B _ Aa33B — A3ap3 — yg”‘ﬁ, A3333 — )\'1'2;14.

In addition

nglm =0, glm :gml, g3zx :ga3 — 01833 =1, Aui :glmvlvmui‘
So that it assert that

A (84 V)V Dy (1) + Eny (1) V Vit = APAT{ (8] 4V o18") V g Do (1)
+Exo (1) VpVau'} + ABM{ (654 V3u') V3D (1) + Exo (1) V3Vau'}
+APB{(8,+ Va1t )V gDas () +Es3 () V V' } + AP{ (854 V3u') VD (1)
+E30 (u) VaVau' }+ AN (81 +V,u ) V3Das (1) + Exs(u) VaVau'}

+ AW (61 + Vo' ) V3Dsg (1) + Eso (1) VaVou' } + AN { (65 + V3u') Vg D3 (1)
+Ex3(u)VgV3u'} + ABB{ (85 +V3u')V3Ds3(u) +Es3(u) VaVau'}.

It can be reads as

AWM L(51 4N ')V 1Dy (1) + Epyy () V Vi’ } = A { (81 + V')V gD (1)
+E)(u )Vﬁvaui}-l-)\g“ﬁ{((%+V3ui)V3Daﬁ( )-I-Eaﬁ( )Vngui}
+AZP{ (0, +Vau' )V gDss(u) +Es3 (1) VgVt } + ug*P{ (85 + Vau') Vo Dag(ut)
+E3p(u) V3Vt } +ug P {(84+ Vot ) V3Dps(u) + Ega(u) V3 Vo' }
+ug P { (8, +Vart ) VaDps(u) +Egs () VaVart' } + g P { (854 Vau') Vo Dgs(u)
+Ep3 (1) Vo Vau'} + ABB{ (65 +V3u') V3Ds3(u) + Es3 (1) V3 Vau'}.

According Ricci Theorem and Riemannian Curvature tensor are vanish in Euclidian space,
therefore

V3Vl =V, Vaul
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and symmetry of indices of strain tensor, previous equality becomes
AN (814N 51t ) V Dy () + Epy () V[ Vit } = AYPAT{ (6, 4V ') Vg Do (1)
+Exo (1) VgVatt' } +A{(05+ V3u' ) V3(§P Dup (1)) + (§*PEap (1)) V3 V3u' }
A (8, + V') gV g D33 (1) + E33 (1) §*FV gV ' } + 2 (65 + V31" ) §*F Vo Dag (1)
+2ug™P (i + Vau') V3Dps (1) +4ug P Esp (1) V3 Vi
+(A+2u){ (854 V3u')V3Ds3(u) + Ezs (1) V3 Vau'}.

Substitute it into (6.5) leads to
Ni(u) = (854 V') L5 (1) — A*PA{ (81 +V ou' )V gDpo (1) + Exo (1) VgV u'}
—A(05+V3u')V3(g*P Dap (1) + D33 (1)) — (Ag*P Epp(u) +21E33 (1) ) V3 V3u!
—AgP{ (8L 4+ Vau')V gD33 (1) — AEs3 (1) (§FV gV att' + V3 V3ul')
—2u(65+V3u')g*PV y Dag(u) —4ug*P Esp(u) V3V au'}
=2 (8, + Vau') g*PV3Dga (1) — 21 (85 + V3u') V3 Dss (u).
Since
Au' =gV V' =g"PV gV '+ V3Vau', Div(u)=g"D;j(u)=g"¥Dyps+Dss ().
Hence
Ni(u) = (84 V') L5 () — A*PA7{ (8% + V')V gDpo (1) + Exo (1) VgV ou'}
—A(65+V3u')V3Divi — (AG*PE g (1) +2pEs3 (1)) V3 Vau'!

NG (84 Vattf)V 5 Dy (1) — AEs3 (1) Ati — 201 (8+ V') (g% Vo Dap(e) 00
—|—V3D33(u))—4,ug”‘/5E35(u)V3Vaui}—2y(5§+vaui)gaﬁV3D53(u).
Reads otherwise
Ni(u) = (814 V') L5 (1) — AYPA{ (51 +V ou' ) V gD (1) + Ene (u) Vg Vari'}
—AEsz(u)Au'— (AP Eyp (1) +2Es3 (1)) VaVau' —4ug P Egp(u) V3V it 67)
6.

—/\((Sé + Vgui)V3Divu —g’xﬁ (5& + V“ui) {/\V'BD33<L£) —|—2]1V3D‘33(u)}
—2}4(5& + V3ui) (ga'BV“Dgﬁ (u) +V3D3;3 (u))
Furthermore, by similar manner, we assert
— AL (61 + V") VDo (1) + Erg (u) VpVott'} = — (6 + Vott') Vg (A2 D)\, (u))
—|—AD"B/\UE/\U<L£)V“V‘Bui = —<5£C+V“ui)V'B<AD"B/\aD/\U(M))
—2UE (1) VoV g’ = AG Ep o (1) (Au' — V3V3u').
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Substitutin it into (6.7) leads to

Ni(u) =
—2uE"P (1) VoV g’ —4ug"PEap(u) V3V ott' — (8, + Vot ) Vg (A*PAD s (u) )

(84 Vi) L (1) = A" E () At — 21 Es (1) V3V 311

—g“ﬁ ((Si +V,xu"){)\V5D33(u) +2}4V3Dﬁ3(1/l)}
—(85+V3u') (2u(8"*V u D3t (1)) +AV3(8™ Dy (1))

(6.8)

Next we need to consider relationship of covariant derivatives of nonlinear stain ten-
sor tensor.

Lemma 6.1. The covariant derivatives of symmetric tensor of stain tensor Dj; in S-coordinate
system are given by

where

\

VDo =Va Das+A3,Dis+AR, Doy,

V3Djo =2 ag Dao+ A3k, Doy,

VuD3p ~V, D3 _q)fAD3/S - 9_115[)/5/\ +JarDs3s,
V3Dse = D3 =013 D3y,

VaD33=V4D33—20"" IfDﬁs, V3D33= a% D33,

Ao (§) 1= = (@} 8y + Pho0y) = Al (1)E+ AL, (2)8 +

A (&) = —(Jaadh+Jaody) = A2, (0)+ A% (1)E,

Noyo (8) = =071 (1305 +176%) = A3y, (0) + A (1) +AS), (2)8%+
A () =Va (By05+B03Y), Al (2) = (2HS) — b)) Va (B0 +bL6Y),
A% (0) = —(baabl+baody), A, (1) =canby+cacd,

N5po (0)=DY55+b505, A%y (1) =c\o5+co0},

AL (2)=(2Hch —KbY)8Y+ (2Hcl, —Kbl)6Y.

Proof. According to definition of covariant derivative,

VIXD/\U’ = %D/\U_FI;ADIW _r];caD)\k

=VuDjo= 35Dy —T"Dyo—TY%Dy,—T3 D3y —T3,Dys.

By virtue of Lemma 2.3

* * * *
FZ/\ =T +CDZ)U ri)\ =Jar, VaDiro= %D)LU_ [YoxDyo—T"4s D)y

(6.9)

(6.10)
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Therefore, since symmetry with respect to subscript of D;; = Dj;,

VﬂcDAa = %D)m_ (rvacA +©ZA)DVU_ <FV(XU’ +©KU)D/\V _]acAD?)(T_]MfD?v\
——‘7al)Aa “A[)va"CDZa[)vA"]&AIDBU“]aal)BA
——‘7a[)AU‘F/\ [)va4‘/\ [)vy~

aAo aAo

In similar manner, by Lemma 2.3

V3Dyo= E)%D)\U_ I Dy —T% Dy = a% Do —TY, Dyo—T"tt3y Dy — T3, Dag— T3, Dy
= 23— 07 (I{ Dy~ 1¥Dyp) = & Dag+ A%, Dy,
VD33 =02 D3y — T3 D () =I5 Dag () = 8a D3y — T3 Dya (1) =Ty D3y (1) = T3, Daa (u)
zaaDm—G*lI;fDm(u)—(IfVM +®V VD3, (u) — Jua D33 (1)
zaaDsA—ljva)\ D3V(”)_9_1IXDW\(”)_q)KADBV(“)—]MD%(u)
=V Dap (1) =6 1Dy (1) — @Y, Dy (1) — Jan D (1),
Other equalities of (6.9) can be obtain in same way. End our proof. O

Lemma 6.2. Assume that the elastic materials is isomeric and isomorphic St.Venaut-Kirchhoff
materials. Then under S-coordinate system nonlinear elastic operator defined by (6.1) can be
expressed as

;

N () = (= (At )85+ Ko (1)) 28 4K 1) 2 — (At ) {98 Vg (vt 32)o,
+dwa”(5l}+lC"3( )%A%%JrlC""(u)VAVauUrM,?(u)wu 611)
+MP (u)uk — (63+V gu') DP (u) — (85 + Vau') D (u),

Divu=g'E;;(u),

where E;;(u) is Green-St-Vennant strain tensor defined by (2.45) and

( Ko(u)=—{pu+ADivu+2uEs3(u)},
KCi () = — {1 (&) + ADiouTT®(&) + 2uEss (1)1 20N (1) ] (2)°
+4pug" Eso (u)I15;,(8)},
KA (1) = — ((u+ADivu) g +2uEN (u)), (6.12)

K3 (u) = —4ug*" Ese (u),
M (u) =m, (&) — ADioul ' (&) —2uEN (u)ITf, (€) —4ug? Esa(u)IT]; (&),
M (1) = mi?(€) — ADioul 0 (&) —2uEM (u)I12, (&) —4pg? Ese (u)I1Y (€),
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D* (1) := A (Vg Dy (1) + A Dy () + Ay Du (1))
+¢"P(AVp D33 (1) +2p4 3¢ Dap(u) =2(A+p) [ D3 (u)), (6.13)
D3 (u):={2pg" Va Dag (1) +A 35 (8" Dap () + (7\+2}4)3—5D33(u)
—2ug*P(®}5(8) Dax (1) + I3 Daap(u)) —2u0~ ' (2H —2KE) D33 (u) },

where, Hl”

wB I—I” "and mk are defined in Lemma 4.1, Theorem 4.3 and (5.3).

Proof. Taking (6.9) into account, we claim

(75(1) =~ (0 +Vart) V(AP Do (1)) — g (6} + Var') {AV D33 (u)
+21V3Dp3(u) } — (65 + Vau') (2u(8"™ Vi Dai (1)) + AV3 (8™ Dy (1)) )
= — (8} + Vau! ) D*(u) = (854 V3u') D (u),

DtX(u)::Aaﬁ)\U<V'BDAa<u)—|—Ag%\U_D < )+AEI;LUD < ))
+8"P (A 3 D33 (1) +2p4 35 Dap(u) =2(A+p) [} D3 (),

D3(u):=2ug*P V. D3g(u) +/\a%(g”‘5D%ﬁ(”)) + (/\—1—2y)a%D33(u)
—2ug*P (@34() D (u) + I3 Datyp (1)) — 20~ (2H —2KZ) D3 (u).

(6.14)
Similarly, applying Lemma 4.1 and Theorem 4.3 and Theorem 5.1, we assert

gy (1) := (6L +Viu') L5 (1) — A" E i (u) Au' —2pEsz (1) V3 V!
—2uE*f(u)V, Vﬁu'—4yg"‘/5E3ﬁ( u)V3Vu'!
= (01 +Vu') LK (u) — ADivu{g*P VaVﬁu —|—a€2u +H’3(§)a§u]
L (€) Vo +TT(E)ut} —2pEs () (o + () ) (615
—ZyE“ﬁ(u){VaVﬁu _]aﬁaigui'i'nzllgk(g) %u ”k"‘nioﬁ g
418" Exp(u){Va T S T +I10,() v, uf I L (D)KS,

where
Divu=g¢"'E,;(u).

Owing to (5.2)

"

£ (1) = —p Sl — i3 (8) %8 — (A+p)g* Vp % —ugh? VpVou®
~ (A )P Vgdliv -+ () Vi (@)1
L£3(u) = —(A+2u) 5 +m3 (§) % — (A-+p) div 3¢
— 4PV Vo 3+ (&) Vpub+m(E)u,
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with (6.8), (6.14) and (6.15), we obtain

N (u) = —p Gl —mi2(&) % — (At p)g*F v 2L #gﬁ"vﬁv U — (A4 p) g Vpdivu
+m2‘ﬁ(§) VpuF+mi0(&)u* —ADlvu{gA“VAvgu +a52” +H”‘3(§)a€u1
FIT(§) W+ TIO(&) k) —2p g (u) (L1 +l“(é’)a,5”]) —2UEN (1) {V Vo u®
]Mag” +HAak(§)Vyuk—|— gkuk} 4ugM Esp(u ){VA%LLM—H%%]B%W
+HA3k(‘§)Vz4” 139, (§)u*} — (05 +V pu) DP (u) — (85 + Vau*) D (u),

which can be rewritten as

N®(u) = Ko (1) S5+ K (u) 5 — (A+V)g"‘”vﬁ<dlvu+ )

FI (1) V0 2 KA (1) W Vo + M (1) b+ MEO (u)tk
— (85 +Vpu*)DP (1) — (65 + Vau") D3 (u),

where

( lCo(u):—{y-l—ADivgu-l-Z;tEgg,(u)},

K8 (1) = —{mt(£)+ ADivUT I (€) 4 24z (1)1 — 2uEM (1) 0 (£)0°
+4ug"" Esq (u)I143 »{@}

KA (1) = — (g7 + ADivug’” +-2uE* (1)),

M (u) = mZ"(C)—ADiqu“"(C) 2uEN ()15 (&) —4ug™ Ese (u)TT5 (£),

M0 (1) = m20(€) — ADivul IP(&) — 2uEM (u)T150 (&) — 4pg™? Ese ()19 (€).

Third component is given by

*

N (1) = — (A 200) 2 4 ma3(E) 2 — (At ) liv 2 — g ¥ +mP (§) Vg
+m0(E)uk —wlvu{ngavﬁu + 2 i® n]33(g) uf+n3”(g)vy
+II0(&)uk} —2pEss (u) (Z 0 +l3(C)a—%uf)—2uE“’5 W{Va V16— Jup g1t
+H3H «(C )V;ﬂl +HIT) ot} —4pg P Egp(u ){%rx Hii;ag” +Higk(5) %V”k

m() - (53+V;su )DP(u) — (53+V3u3)D3( ),

which also can be expressed as
/\/'3(u):—()»+;4—l€(u))%+l€]3( )au’ (A-l-y)dw

FIP (1) Va %8+ K (1) Va Vet
M (1) V7 o+ M () — (834 pu® ) DB (1) — (83+ V3u®) D3 (u),
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where

K3 (1) = — {m (&) + ADivul 1 (&) + 2uEss ()3 —24EM (1) 0, (£)62
+4ug  Ese (u)I133.(2) },

To sum up, nonlinearly elasticity operators can be written as

N(1) = (= (A1) 0+ Ko (1)) 5 + Kl (u) 3 — (A1) {57V (divu+22)5

+dng—g5§}+/C)‘3( )% -HCM( )V/\VU“I‘FM;(V(M)V},M + MO (u)uk
—(5/’§+Vﬁui)Dﬁ(u)—(5’3+V3u) 3(u),

where

( Ko(u)=—{u+ADivu+2uEs3(u)},

(1) = — {m (€) + ADIVUTTA(E) + 20 Exs (1)l 24 (1) 10 ()5
+4I”3ME30(”)H§?3,]‘(C) }

K (u) = —4pg 7 Eap (1),

KA (u) = — ((u+ADivu) gM +2uEr (u)),

M (u) =m;l' (&) = ADivulT)" (&) —2uEM (u)IT, (&) —4pgh Eao ()3 (8),
M (1) =m (&) — ADivul 1(&) — 20 EM (u)T1 (&) —4pg™" Eao ()11 (&),

D* (1) := AA7 (Vs Dy (u 1)+ AR, (8)Dus (1) + A, (§) Dy ()
+g“ﬁ(A%ﬁD33(u)+2ya_gD3ﬁ( ) =2(A+u)15(§)Dax(u))

D (1) i=248"" Va Dap 1)+ (8P Dag 1))+ (A+210) 3 Do )
—2ug*P(@34(8) Dan (1) + I} Dap(u)) —2u6~" (2H —2KE) D33 (u).

Hence we complete our proof.

K (u) = —4ug " Eso (u),
KA () = — (ug” + ADivugt? +2uEM (1)),

My () =" (§) = ADivul 1 (&) = 2™ (u)ITY, (&) — g™ Eao (u)I1); (£,
M (u) =m? (&) — ADival 1 (§) = 2uEM (u)TT) 1 (§) —4pg™” Eae ()T133 (2).

(6.16)

(6.17)

(6.18)

O

Theorem 6.1. Assume that solution u of nonlinearly elastic operators defined by (6.11) and right
hand term f can be made Taylor expansion with respect to ¢ :

F(x,8)=fo(x)+ f1(x)E+ fa(x) &2 +---.

(6.19)
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Then nonlinearly elastic operators defined by (6.11) under the S-coordinates can be made Taylor
expansion

(N (1) := NG (10) + N (o, 1) S+ N3 (o, u1,uz) S+,
Ni(u0) = K (0) V¥ 1t + M (0) W uk 4+ MO (0) ~ (8} Tio (0)) DH(0) + T (11, 2),
Ni(utg,11) = K*(0) Va Vg1t + K% (1) VoV gty + M (0) Wk + M (1) 7, 4
+ MR (0)uk + M2 (1) uf — (814 vjo (10) ) D* (1) = vk (140, u1) D*(0) + F; (1, u2),
Ni (g, t1,12) = K (0) Vo W gt + K81 1) Vo Vg1t +K%(2) VoV g )+ M (0) v, 1k
+ M (1) ik 4+ MY (2) V7, 1k 4 MO (0)2ek 4+ M1 (1 )1k 4+ M1 (2)uik

— (0 + 740 (10)) DM (2) =¥}y (140, 41) DX (1) =¥} (10, 41, 42) DX (0) +F5 (w1, u2),
(6.20)

and (uo,uq,uy) satisfy approximately following boundary value problems

KB(0) VoV 1t + M (0 )6yu0—|—Mi0(0) — (844 (110)) DX (0) + Fi(ur,u2) = f1, in w,
KB (0) VoV g+ KA (1 )WvﬁuOJrMW( )%Vul-l-MZ”( )V i+ MIO(0)uik

+MP(1)u§— (5 +7jo (10)) D (1) = 74y (0, 1) DX (0) + Fi (wr,u2) = ff, in @,
KB (0) VoV p 4+ KB (1) VoV gt + KB (2) VoV gt + M (0) W7, s+ MIP (1) W7,k

+ M (2) V7 uf o+ M (0) 1 + MO (1) uk + ML (2)ug— (6 +7ko<uo))Dk(2)

— Vi (t40,u1) DX (1) =74 (10,141, u2) DX (0 )-I-]-"é(ul,uz) fi, in w,

(6.21)
with boundary conditions
1]y, =0, N
vpAo
augn® { (S0 (1u0)) (AT ES, (9) + Aa*PE () (6.22)

(‘51‘1‘730(”0))ZWWE (uo)}=n', on 7,

where

I (0) = —{a* (u-+A) Dio(0) +24E*F (0) },
KB (1) = —{2b*F (u+A) Div(0) +a*PADiv(1) +2uE*F (1)},
/c“ﬁ(z) = —{3¢*A(u+A)Div(0) +2b*f ADiv(1) +a*f ADiv(2) +2uE*F (2)},

Div(0) =a"PE? (Mozuo)"‘Ess(Mo,Mo)
DZU(l):u :BEDL‘B<L£0,M1)+2b“/5E(;B<u0,u0)+E33(uo,u1) (6.23)
Div(2) = a*PEZ;(uo,u1,u2) +2b5" Ey g (10, u1) +3c*PEQ s (110, o) + E35 (1o, 111, 42),

1

E,‘j(”o):’Yz]<”0)+(Pz](“0,M0) Eil]'(uO/ul):’)/ij<u1)+ll)il]'<u0/u1)/
EZ: (1o, 1, 112) I’Yij (2) + 7 (1o, 112),
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where bilinear forms q)i.‘]. are defined in Lemma 2.6 and

¢27(M0,M1) 2%(“0,“1)-1-901](1!0,“0)

lpé<”0/”1/”2) 2901](“1/“0)‘1‘901](”1/”1)+2§0l (“0/“1)+§01]<u0/u0)
;7 (o1, u2) =235 (u1,u2) + @} (u1,u1) + 29, (1o, u2) + 27 (0, 11),
aﬁAa

>

4(0):= Vg @ac (1o, 10) + A2 pu3(uo,u0) + Ay oy (10,10) +a*F Gg(0),
D¥(1):= “va(uo,mHA YV @ag o o) + A§ s (ou1)
A”‘V3€0v3(uozuo)+A Tl (uo,ur) + A7 @y (10,u0) +a*P Gy (1) +-20*F G 0),
D*(2):= ASPY g2 (o un,u2) + AN L (o,u1) + AP 5 o (140, u0)
+Azz3tlﬂv3(uo,u1,uz)+A”‘V3¢V3(uo,u1)+A"‘V3q)ys(uo,uo)
+ Ay 2 (uo,un, uz) + AT Ml (o, u1) + Ay ua (o, u0)
\ +a“ﬁcﬁ(2)+2bwﬁcﬁ(1)+3c“ﬁcﬁ(o)
D3 (0) Go —|—2‘uaaﬁGég —|—2;u2Hq033(u0,u0)
D3(1) =2Go(2) +21(2b*P Gy O+a"‘ﬁGa5(1))
+2V(2H¢33(u01u1) (4H*—2K) ¢33 (10, 10)),
D3(2) =3Go(3)+21(3c*F Gup(0) +2b%P Gp(1) +a*F Gp(2))
+2pu(2Hy3; (1o, u1,u2) + (4H? = 2K) 9l (uo, 1)
+(8H3—6HK)¢33(L[0,M0)),
Foun112) =200 (0) s + K (0)u] + K23 (0) V4
+a%P Vg (divug-+13)5, + divus 55,
}"{(uo,ul,uz)::2/C0(1)ué+2/€§(0)u]2+l€;(1)u]1
+2K7(0) 0) Vi u’2+ICA3( 1) Va1l 2% 7 g (divug+13) 5% (6.24)
—|—2dzv uZ(SZ +a*P Vﬁ (dwu1 —|—2u2)51
T3 (uo,u1,u2) :=2/Co (2)us +2/C5(1)u 2+1Cj( Yl 4273 (1) V5 i

HIC(2) Wl +a*B N g (div )51+ 2% 7 g (diviy +2u3)3,

where Mi™ (1), IC;-(Z), KA3(1), Go, Gg, Gap and A;Xﬁm are defined by (6.26) and (6.27).
Proof. As well known that the nonlinearly elastic operators are given by (6.11),

Nl'(u):(—(A+y)5i+lco(u))%2§’+lc( )% — ()H-]A){g"‘ﬁvﬁ(dlvu-l- SEA

-|-d1v gg&é}-l-lC&(u)%;‘\%—“@-l-ICMV‘AVUu {-Mk”(u)%yu
M ()1~ (854 V s DB (1) — (8 + V3 D3 ().

(6.25)

As well known all coefficients can be made Taylor expansions with respect to transverse
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variable ¢ if taking (6.19) into account

Ko (1) =Ko (0)+Ko(1)E+Ko(2)&*+
K (u) = K3(0)+KCH(1)E+K5(2)8 +
K“(u)( ) /C“( )(0 )+KA3( J(DE+KA3(2)82 + 6.96
I () = K7 (0)+K° (1)E+ K7 (2)62+ (626
MY (1) = M (0)+ M) (1)E+ M (2)& +
Mﬁ’(u>=M°<0)+MZO< )E+MP(2)82+
Therefore

Ko(u) 54 =2 (o)u;+zzc0(1)y;¢+2/co( VUG 4, |

K (u) G = KCH(0) )+ (KCH(0)2uy +KCH (1)uq )+ (Kh (1)2u) +i€1(2)u]1)<’§2+

K3 (1) v aa—g K3(0) Va1 + (K230 )zmuzwc%( )Vaul)E

+(KP(2) Vaul + K3 (1)27 5 ub) 22+
lC“’(u)vAvau‘le ()vAvaueJr(lCM(O)vwau‘+ICA”(1)vAvau6)<’§
H(KM(0)Va vau2+ICM( ) VAV ity +K4(2 )vAvauo)C +o
M,l("(u)vyuk:M (0 )V;,uo ( ,lf(O) V;‘u’{-l-M,Zf( )Vyuo)é (6.27)
(

ij* 0) Witk + M (1) v, uk MY (2) v, 6) 22+

MO (k= M (0)ub + (M (0)uk + MY (1)u)
(M 0k + M (1)uk+MF (2)ub) 22+

(g% %ﬁ (divuﬁ—%—?)&i%—divg—g&é}:{ﬂ“ﬁ %ﬁ (d>ikvuo+u%)5§‘+d>ivu15§}
+{a% V7 5 (v 1y +263)8 + 2 dliv 1065+ 25 V7 s (div g +113) 81 1
+{a% V7 (div 1) +25% Vs (div g +203)81 162 +

Next we consider D' defined by (6.18). To do that let remember bilinear and symmet-
ric form D(u) defined by (2.48)

Dyj(u) = ij (u,u) + @} (14,u) G+ 7 (,u) G

Sk

Denote
Wl (uo,u1) = 2¢;; (o, u1) + @} (110, o),
P (1o, un,u2) =24 (u1,10) + @ij (11,u1) +2¢ 7 (o, u1) + go?j(uo,uo), (6.28)
1/)ij(“0/M1,M2) =2¢;i(u1,u2) +§011]-(“1/“1) +2(/)1-]-(M0,M2) +2§012]-(M0,M1)-
Then
( ):q)zj(uofuo)+llJ1(uo,ul)é-l-gbf](uo,ul,uz)gz+¢3(u0,u1,u2)§3+...,
Di]'(” llJ(uo,ul)+21,bl](uo,ul,u2)§+3¢3(uo,ul,uz)QZ
s Dij (u)Zqu(uo,uo)JrWt/J (uo,ul)c+v,gq;l](uo,ul,uz)gz
+V[51/Ji]-(uo,u1,u2)§3

QJ|QJ

¢ (6.29)

<+
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In addition, let
AME(Z):= AN, ANH(E) = AMPRTA L (©)- (6.30)

Then
AtXV3(C) AD‘V3+AM3C+AM3CZ
A(w‘u(é’) AM/V-FA(W‘HC-I-AM/VCZ
Agv3 A“ﬁAaAg‘j’\U(O), AavB A
A%V:‘} w‘B/\UAV%LU(Z) aﬁAUAEia(l)'i‘Aw‘BAUA%%\U(O) (631)
A= APVAL (0), AT =APYAY (1) + ATV AR (0),
<2) ac‘BAa xBAC

A=A ”‘“" Aghy Ao (1)+ A A (0).

ac‘BAa aBAC A3

AR (1) +ATAR(0),

Let us come back to (6.18). Note that

Da(“)5:AamavﬁDAU(“)+A%])€)7(C)Dv3<”)+AEX;;<C)DW<”)+ngﬁ(“)
_D“<0)+D“<1)§+D“<2)§2+

D3(u):= 3:Go(u) +2ug"F Gap () + 2101 (—2H +2K§) D33 (u)
=D3(0)+D3(1)¢+D3(2) &2+

Gp(u):= AV p D (1) + 2 3¢ Dap (1) = 2(A+p) I3 (€) D (u)
:Gﬁ(0)+G,g( )E+G2)32+

Gap (1) :=P5(8) D3 (u) + Iz Dyp(u) = Gy [5(0)+Gaﬁ( )&+ Gap(2)5%+

Go(u) =Ag*PDyp(ut) 4 (A+2p) D3z (1) = Go(0) + Go(1)&+Go(2)&* +

(6.32)

where

Gp 0):7\%/5 @33 (1o, o) + 2013 (10, 110) +2(A+p) by p3a (o, o),
):Avﬁ¢%3(”01”0)+2F4¢§5(”01”0)—2()\"‘#)(— ﬁ¢3A(u0,u1)+K§03ﬁ(uo,uo)),
)= AV p 35 (1o, u,2) + 20135 (1o, ) —2(A+p) (= b3, (o, u1) + Kipps (10, u1)),
=—by (1o, uo),

_%abgq)m(uo,uo)—bﬁtp}\ﬁ(uo,ul)—|—I<go,,qg(uo,u0),
_%abgtlféA(uo,ul)+b£%ab£¢m(uo,uo)—bétpiﬁ(uo,ul,uz)+K¢;ﬁ(uo,uo),
) “ﬁq’aﬁ(uO/uO) ()\+2}4)§033(Ho,u0),

o(1) =Aa"Pyp, ,g(“ozul)JrZAb”(Paﬁ(”o/“o) +(A+2p) 35 (o, 1),

)

)

~— ~— ~—

= Aa*PZ g (o, 1) +2Ab" P, g (1o, 1) +3AcP @up (o, 10 ) + (A +2p1) 35 (1o, 111, 1),
= M0z 5 (uo, 11, 2) + 3Ty (110, u1) ) + (A+2p) 35 (o, u1,u2),

(6.33)
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D*(0):= A“ﬁ)‘” Vg @ac(tto,u0) + A3 2 pu3 (o, u0) + Ay oy (10,u0) +a*F Gy (0),
D”‘(l)~—AaﬁMVﬁlPAa(uo,u1)+A UVﬁQDAa(uo,uo)+A6‘V3¢’$3(M0,M1)

+ AP (uo,u0) + Ay vas(”O/”l)+AW€0W(”0/”0)+ﬂ“ﬁGﬁ(1)+2b“ﬁGﬁ(0)/
D*(2):= 'XﬁMVﬁ 3, (uo,u1,uz) + A7 ﬁMVﬁ%aWO/”l)JFA pre Vﬁ Pac(to,10)

+ A8 P2, (g, ur,uz) + AW3PLa (uo,u1) + AS3 @ua (10,10 ) + Ay 25 (1o, 11, 12)

+ AT pls (uo,u1) + A3 @us (10,10) +a"P Gp(2) + 20" Gp(1) +3c*P G (0),

(6.34)

( D3(0) = Go(l)+2ya"‘ﬁGaﬁ(0)-|-2;42Hq)33(u0,u0),

D3(1) =2Go(2) + 20 (208G (0-+ " G (1)) + 20 (2H (o, 1)
+(4H2—2K)q)33(u0,u0)),

D3<2) =3Gy(3) +2‘u<3C’XﬁG0¢5<O) —|—2b“ﬁGaﬁ<1) —I-llp"BGﬁ(Z)) —|—2;u(2Hl/)§3(uo,u1,u2)
+(4H2—2K)1/J;)3(u0,1/11)+(8H3—6HK)§033(L!0,L[0)).

\

(6.35)
Futhermore, in view of (2.34) and (6.19) we claim
( Vil =} (u0) +viy (o, u1) &+ (10,11, 12) G2+,
Vio(1o) =Vpuy—biug, v (o,u1) =V puf —bgui —cpug+ %, (1)ug,
'yﬁz(uo,ul,uz) Vg5 —bigus — chus + (Kb —2Hep Jug + @ ) (1)ug + @5, (2)ug,
750 (140 )—“1+b5”g/ 731(”0r“1)—”§+b§”f C%“ﬁf (6.36)
2(u JU,Up) = bgu2 cpily (Kbg 2Hc§)ug,
7,350(”) =Vp g +bapitf, ’Y,gl(”o,ul):Vﬁuf-i-baﬁu‘i‘—caﬁué‘,
\ 7%2(”0/”1/”2) Ve +bapus —cupuf, Y=ui, 15 =213, 715=0,
where
(1) ==VabE; P (2)= b“va". (6.37)
Owing to (6.36) and (6.32) we assert
(0 + V') D (u)
= (0 + 74 (10)) DF(0) +{ (84 + Vi (10)) D¥(1) 638)

_’Y;'(l (uo,ul)Dk(O)}§+{(5,i +’)’;’<0(u0))'Dk(2) —’)/]id (uo,ul)Dk(l)
~Yia (10, 11,12) D*(0) } 6.
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Substituting (6.38) and (6.26) into (6.25) leads to

\

N () := N (uo) + N (1o, u1 ) E+N (uo, ur,u2) 24+ -

Nij(w0) = Ko(0)2uth +KCH(0)28; + K23 (0) W 1t + KB (0 )vavﬁ b+ M (0) v, ik
+M,i0(0)u’(§+a”‘ﬁ%ﬁ(d>ikvu0+u§’)5;+d>ikvu15§ (51—1—’ka uy))DX(0),

N (g, 11) = Ko (1) 21+ KCH(0) 20y + K (1)28] +K03(0)2 9 1ty + K3 (1) Va1
KB (0) Vo Vgl + KB (1) VoV g )+ M”( )V;,ul-i—M'”( )W i+ MIO(0)uk
+ MO (1) s+ 25 N7 g (div ttg + 1u2) 5+ 2dliv 146+ V7 g (dliv g +213) 6%
— (0 +74o(10)) DX (1) =} (t40,41) DX(0),

N;(uo,ul,uz):zco(Z)zu;+/c;i(1)2ug+/c;i(2)u§+1CA3( )2V 1+ K3 (2) v
W) %%ﬁu;%ﬂﬁ( ) VoV it + K (2) VoV e+ ML (0) V7, 1
+ M (1) vk 4+ MY (2) v,k + FMP(0)u M (1)uf+ MP (2)u
+a% 7 g (div uz) 81 +26% g (div iy +2u3) 5

— (0 Yio(10)) DM(2) =iy (o, 1) D¥(1) — Y (10,1, u2) D*(0). 639)
6.

This is (6.20).

Next we consider expansion for bilinearly symmetric form. Note Green St-vennen

strain tensor Ei]'(u) of vector u is defined by (2.45)

El.].(u) :e,‘j<1/l)+Dij(u)

and satisfies following formula (see Lemma 2.6)

{ £y ) =by 0+ &y 2+ By 07,
Eij () =i (u) + i (u,u),

which are polynomials of two degree with respect to transverse varialble ¢, and its co-
efficients do not contain three dimensional cavariant derivatives Vu' of displacement

* .
vector u but contain two dimensional derivatives V u' on the surface. Therefore if dis-
placement vector satisfies Taylor expansion (6.19), then we claim

B 0) = E) )+ L 002+ B g 10,)E
1
E{ (1t0) = 7ij (uo0) +@ij(tto,u0),  Efi(o,ur) =7ij (ur) +p}; (o, u1), (6.40)
2
Eizj(uolul,uz) =7ij (u2) —|-1/;Z.2].(u0,u2)_
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Let us denote

EV(u) = g™ g™ Ejon (1),

E*6(u) =g\ g Ere = E*F(0) + E*F (1) + E*F(2)5 +

E®(u)=g% ¢ Es3 = Es3(u) = E3; (o) +E35 (tto, 1) & +E35 (uo, 1, 12) § + -

E3(x(u):Eac3(u):gocﬁg33E3ﬁ:glxﬁE3‘B ( 04,8+2b04,8+3cac‘3)E0 (M0)+El (”01”1)‘3
+E (o, 1,12)8 + - =E**(0) + E>*(1)§ +E>*(2 )§2+cdots

(6.41)
where
E*F(0) = “iﬁaEgg 1o, Up), E"‘ﬁ(lA) MﬁUE}W(uo,ulA)—I—ulﬁ “EQ (uo,up),
EB(2) = B2, () +aP L, (s 1)+ ES, (1t ), (6.42)
E3%(0) = a“)‘EgA(uo,uo) E*(1) =a"PE35(uo,u1) +26*PEQ5 (110, U0), ‘
| E3”‘(2)—a0 3[5 (ug,u1,u2)+2b; Wl ﬁ(uo,u1)+3c§ﬁEgﬁ(uo,uo),
ga/\glgg:agﬁ/\a a‘BAag+aaﬁAUCZ

agﬁ)wza"‘)‘uﬁa, ticﬁfw_z( BApPT | pirghr), (6.43)
L 3P = 3(a%A P 4 A b ) 4 4B A,
Divu=g"PE,s(u)+Es3(u) =Div(0) +Div(1)¢+Div(2) &2+

Div(0) = a*fEQ s (1o, o) + E35 (0, 1o),

Div(1) =a*fEy g (o, ur) +2b*PEQ s (110,10) +E33 (o, 1),

Div(2) =a*PEZ g (1o, 1, 112) +2b} ﬁEaﬁ(uo,ul)-i-?)c PEQg (1t0,10) +E3; (o, 1, 142).

(6.44)

Finally, the coefficients in (6.26) are given by using (6.12), (6.41), (6.42) and (6.44).

0(0) =—{p+ADiv(0)+2uES; (o, 10) },
Ko(1)=—{ADiv (1) +2uE; (uo,u1)},
(2)=—{ADiv(2)+2uE3; (o, u1,112) }, ,
(0)=—{m(0) + ADiv (O)II5(0)+ 2uES: i, o) (0
—2pEN (0)b)o0} +4pES, (1o, u0)T15; ;(0) },
Ki(1) = —{m?(1)+A(Div(0)I17(1) +Div(1)IL?(0))
20 (S 110,00 ) 1 (1)+ ELs (10,01 E(0)) + 20 (EV (0)cp — E (1))
+4p(ES, (10, 10)T15; (1) +E3, (tt0,u0) 155 5(0)) },
Ki(2)=—{m?(2 )+A(Div(o)ni3(2)+Div(1)n;i3(1)+Div(2)n;i3(o))
+2u( 33(”0,M0)ll(2)+E§ (Mozul)léZ 1)+ E35 (0,u1)1(0) ) =2 (= EM (1)cre
—|—E)“7(2)bm)51—|—4,u(EgU(u0,u0)HZA3](2) —|—E3a(u0,u0)HZA33](1) +E30(M0,M0)H1)?3](0))},
C9(0) = ~4pa* EY, (g, o),
K (1) = —4p (@ EL, (1o, 11) + 26 EY, (1o, o)),
KA3(2) = —4p(a’ E3 (uo,uz,u2) +2b " E3 (uo,u1))+3c M ES, (uo,up),

(6.45)
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K*B(0) = —{a*f (u+ADiv(0))+2uE*F(0)},
KB(1) = —{2b*F (u+ADiv(0)) +a*f ADiv (1) +2uE*F (1)}, (6.46)
KCF(2) = —{3c*F (u+ADiv(0)) +2b*f ADiv (1) +a*f ADiv (2) +2uE*#(2)},

M (0)=m}"(0
M(1) :mw(l

— ADiv (0)IT} (0) —2uEA (0)IT.,  (0) —4pa™” EQ, (110, 110)T1}5(0),
A(Div(0)ITH (1) 4 Div(1)IT (0))

~— ~—

_ZF‘(EM(O) /\g’k(]‘)—i-E/\U DII Aak( ) ‘
_4y{aAa(Ega(u0/u0)Hl3(1 + 3a(u0,u1)Hzf3(0))+2b’\‘TEga(u0,u0)Hlf3(0)},
+Div(1)IT (1) +Div(2)IL (0))

)

—2p(E(0)I1 Mk( )+EM (1)1 Agk( )+ EM(Z) Mk( )) ‘

—4;4{a)‘”(Egg(uo,uo)H (2 +E3a(“01“1) Z)fls(l)+E3a(“0/“11“2)nl)?3(0))

+2bM(Ega(uo,uo) nid 5 (1) + E3,, (10,10)I175(0)) +-3¢*7 EY, (uo,uo)Hfs(O)}
M;?(0) =m;}’(0) —ADiv (0 )Hk 0)— ZVEM() e (0) —4pa™? E5, (10, 10)TT5(0),
M (1)= ky( ) —A(Div(0)IT} (1) +Div(1)IT; (0)

—2p(EM( )Hfak<1)+Ew<1)Hfak 0))

—4p{a’7(ES, (o, u0) 1135 (1) + E3, (ut0,u1)TTi5(0)) + 26" ES, (10, 110) T 13 (0) },
M} (2) =m;/'(2) — A(Div(0)IT(2) + Div (1)II0 (1) + Div(2)I1(0))
(1)
)+

(
| )
M} (2) =m(2) = A(Div ()T (2

(

)
)
k
)

—2u(EM (0)ITY ((2)+EM (DITY, (1) +EM (2)TIE . (0))
—4,u{a/“7 Egg uo,uo)l—Ilo (2 3a(u0,u1)HiA0 (1 )—l—EsU(uo,ul,uz)Hg(O))
+2b"7 (ES,, (uo,u0) 113, (1) + E3, (0,10) IT5(0)) +3c 7 ES, (140, 10) T15(0) }.

(6.47)
Next we have to give boundary conditions

Uglyy=0, onl,, =h,
where ¢ are the first Piola-Kirchhoff stress defined by (6.2)
ol = (b + V') ANME, (u).
The normal vector n on 4 is n—nye®,

11|y, =200 P = ay5n® (8L +io (110) ) AP E (1) 2=
= a5 { (O -+ ((10)) (AP "EnS, (1) + APPEd (o))
+<5§+7éo<”0))(A3ﬁ3”E0 M0)+A3ﬁ”3E,3(uo))} (see(2.57))
=augn* {(Su+1o( (1)) (A VﬁAaEgg(uo)Jr/\ﬂvﬁEgs(“o))+<5§+’Y§o<u0))2wﬁ”Egu<uo)}-
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Hence boundary conditions are given by

l/l’,),o :0,
aupn®{ (Sl ((10)) (AgPES, (o) +Aa"PEY; (o)) (6.48)
+(85+759(0) ) 2naPlES, (uo) } =H', on 1.

The proof is completed. O

Theorem 6.2. Assume that solution u of nonlinearly elastic operators defined by (6.11) and right
hand term f can be made Taylor expansion with respect to ¢ (6.19). Then the first Piola-Kirchhoff
stress

Uij(u) = (5,i+Vkui)AkﬂmE1m(u)

defined by (6.2) on I under the S-coordinates can be made Taylor expansion

aij(u) = U'éj<u0) —i—aij(uo,ul)é—l—ag (uo,ul,uz)éz—l— e, (6.49)
where
A
00 (10) = (83 +73¢ (10)) { AP EQ, (110) + AP Egy (10) } (85 + % (140) ) 200 ES, (1),
063 (o) =2p(05 +5 (40) )a* E, (t40) +A(05 + 750 (10) )a" ED,, (t4o),
0p° (o) =21 (83 + 73 (10) Ja™ ES, (110) +A(1+u3) E; (uo),

(6.50)

(o7 (wou1) = (8730 (w0 { A" ENy (w0, 1) - A S, (o)

+A (P Ely (10, u1) +26"P ES3 (10)) } 4% (0,11 ) { Ag” " ES, (10) + Aa P EYy (o) }
+20(05 + 750 (uo) ) (aP¥ E3, (o) +26PF ES), (1)) +2p1v3; (o, 11 )aPV ES), (o),

01 (ug,u1) =20 (85 + 750 (10) ) (a7 E3, (110, u1) +26*ES (40) ) +2pyy (1o, 1) a* " ES, (o)
+A(05 +50(uo0) ) (8 Ey (uo,un ) + 261 ED,, (1) ) +Av5, (o, u1)a*H EY,, (uo),

07° (o, u1) =283 +739 (o) ) {a™V E3,, (ut0,u1) + 201 3, (ug))
+2p73 (o, u1)aM ES, (ug) +A (1+u3) E3s (uo,u1) +2u3 E3; (o),

(6.51)
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( Ugﬁ(uo,ul,uz) (05 +750( uo)){A/\ﬁwE2 (uo,ul,uz)—I—A?ﬁwEiy(uo,ul)
+A;PMED, (1) + AP E; (1o, un, 112) + 26 P Ely (g, 111)) +3c P Ed (1) ) }
+94, (0, ur) {AYPEL, (10,u1) + AT ED, (110) + A (aP Edg (110,11
+20VPEg, ( uO))}+7Az<”0/“1/u2){A8WEBu(uO)+AﬂAﬁEg3(u0)}

- 231(05 483 (10)) (B ER, (10) +26PW EL, (1t011)+3PHEY, (o))
+2p75; (o, u1) (aPM 3 (o, 1) +26PF ES), (10)) +2p173, (o, 11 )aPF ES), (o),

053 (1o, u1,uz) =20 (6% 4% (10) ) {a* E3, (o, u1,1u2) + 20" EL (u0,u1) +3c 7 ES, (140) }
+2py%, (uo,u1) {a* EL (uo,u1) + 26" ES (uo) } 425, (o, u1,u2)a ES, (1)
+A(85+75 (uo)) (@ EF, (1o, u1,u2) +2b"F E} (10, u1) +3¢"MED, (t4o))
+M§‘1(u0/u1)(a”” Ey, (10, u1) +201 ED, (u0)) + A3y (to,u1,u2) (8" ED, (10)),

03° (tto, 11, 2) = 24(83 +3 (o) ) {a™ E3, (10, u1,u2) + 261 E3,, (1o, 1) +3cM¥ ES, (o) }
273, (uo,ur) {a*t E5, (uo,u1) +26" ES, (1) } 42073, (o, 1, 2)a ES,, (o)
+A(1+ug) E3; (uo, 1) +2u3 E3 (o).

(6.52)

Proof. As well known that according to (6.2) the first Piola Kirchhoff stress tensor are
given by
o (u) = (8,+ Vyu') AN Ey, (1),
(1) = (08 + Vu®) ARPME,, (1) = (65 + V \u®) AN E,, (1) + (65 + Vau®) ASFME,, (u)
= (5§+VAM“){AA/“‘TEM(L¢)+A)‘ﬁ33E33(u)+((5§‘+V3u"‘){A3ﬁ3"Ega(u)
—|—A3‘BU3EU3<L£)}
= (85 + Vau ){ANATE) o (1) +Ag P Ess (u) + (85 + Vau™)2ugP Ega (1) }.

Then using (2.57), (6.51) and (6.52) we can obtain Taylor expansion for o'l By similar
manner we also can obtain for other expansions. The proof is completed. O

7 An Example: Hemi-ellipsoid shell
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Let us consider the hemi ellipsoid shell. As well known that parametric equation of the
ellipsoid be given by

r=xi+yj+zk,
x=acospcosf), y=Psingcosd, z=-sind,
0<y< ,3 <a, &, ,5,7 = constants, (7.1)

w:={0<¢<27,0<0<7m/2},

where (i,j,k) are Cartesian basis, (¢,0) are the parameters and (x! = ¢,x?>=0) are called
Guassian coordinates of ellipsoid. The base vectors on the ellipsoid

e =d,r=—asin@costi+ Bcospcosbj,
ey =0dpr = —acos@sinfi— Bsin@sinbj+ycosdk, (7.2)
n= ﬁel X ey = \/LE [Bycos pcos? 0i+aysin pcos?0j+aBsinfcosOk].

The metric tensor of the ellipsoid is given by

aaﬁ =eyeg,

a11 = (a?sin® g+ B*cos? @) cos?6,

ay = (a?cos® g+ p? sin? ®) sin?6+v2cos?6,

a1p =" sin2 psin2f, (7.3)

a=det(a,p) =a?p*(sin* p — £sin?2¢sin?26+cos* p)
+92(a®sin® 4 B?cos? @) cos*d, a#0, V(¢,0) cw,
22 __ an 12 21 __ 412

11 _axn —_m
\a—u,a—a,a 2.

=a

Owing to
dyp0dyr = —acospcoshi— Bsinpcosbj,
dyp0der=asin@sinfi— fcos ¢sinbj, (7.4)
0gdgr = —rcos pcosti— Bsinpcostj —ysinbk,

the coefficients of second fundamental form, i.e. curvature tensor of ellipsoid

;

) Xog Yoo Zog By
Xo Yo Zg
. Xo0 Yoo  Zgo
b12 = b21 = W Xo VYo Z¢ = O, (75)
Xo Yo Zg
) Xoo Yoo Zeo 5
_ __apy
by = Ja Xo Yo Zg =— Wcosf).
Xo Yo Zg
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Consequently, curvature tensor, mean curvature and Gaussian curvature are given by
—1

[ b=detbg=1 (aﬁ’y) cos?o,

K= (‘Xﬁ 7)2cos?

7.6
H:a"‘ﬁbw:E(azzbu-i-anbzz): \ﬁ/ﬁfcos36{rx (sin®fcos? p+sin® ) 7.6)

+B?(sin?sin® p+cos? ) +y*cos?0}.

Semi-Geodesic coordinate system based on ellipsoid &
Note that

The radial vector at any point in R>
R=r+¢n.
We remainder to give the covariant derivatives of the velocity field, Laplace-Betrami op-

erator and trac-Laplace operator. To do this we have to give the first and second kind of
Christoffel symbols on the ellipsoid 3 as a two dimensional manifolds

* *U’ Ao
Tapr=raptr, [Tap=0a""Tapa,

i Yo
111= 3 (a?— B?)sin? pcos?f
1
2

T112= 1 (a2cos? p+ Bsin’ q))stG
It1z,1— 1 (a%sin 29+ B2cos? ¢)sin20, I*Hz,z: [52;,62 sin2¢sin?6, @.7)
lt221 1(B—a?)sin2¢cos?0, Fzz,z:%(oézcoszgo-i—ﬁzsinzq)—'yz)sin29,
I:klnz 1192 (a®— B?) cos?0 — 2% (a*cos® g+ B2sin® ¢ ) sin® 0 } sin2¢pcos,
5211—%%s1n29c0s29{ B*sin®2¢+a2p?(sin* pp+coste)},
1j112:¥ Dﬂ%ﬁsinZZqocosZG-i-zxzﬁz(sin ¢+cos*@)sin6

—~%(a?sin? p+ B2 cos? @) cos?0}, (7.8)

*
I2,= [;ZMsinZgo(oczsin2 ¢+p*cos’ ),

Ily= W{’y (B*—a*cos26) —2a*sin?0(acos? g+ Bsin® ) },

[2y= w{ B sin22+ (a2sin? g+ B2 cos? ) (acos? g+ B2sin? o — 12 }.
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en covariant derivatives of vector u=u“e, +u°n on the two dimensional manifold <&
Th t derivat f vect “e,+u°n on the two d 1 fold

%ac uﬁ = aauﬁ‘i‘ rﬁa)x u/\/

,o* *
Viul =9 ul +ydul +ylu?, Vit =02+ ul +3,u?,
*

i = qu’cos’ze {7 (a?— B?) cos?0 —2p% (a2 cos? ¢+ B2sin® ¢)sin?6},

*
Vau?=0yu> +75,u’ +75,u?,

ylp=s02 (L 4ﬁ sin?2¢cos26 +a? B> (sin* ¢ +cos* ¢) sin6

—2(a2sin® @+ B2 cos? ¢) cos?6},
73, :=11sin20cos?0{}p*sin?2¢+a2B?(sin* pp+cost )},

(7.9)
7= B2 6in2 o (a2sin® g+ B2cos? @),
) =020 g8 4ﬁ sin?2¢cos20+a? B2 (sin ¢ +cos* ¢)sin?0
—7?(a?sin® ¢+ B2 cos? ¢) cos?0},
'y%z:W{ v2(B? —a?c0s26) —2a2sin*8(a’cos® g+ B3sin ¢) },
72 = B2 6in2 o (a2sin® g+ B2cos? @),
\ Y3, —51“29“’529{ B $in22¢-+ (a?sin? ¢+ B2cos? @) (a2cos? g+ B2sin? o —12) },
)
dlvu dpu? +8¢u +aln‘/— 1-1-81“‘[ 2
=pu? +0pu —|—d1u +dyu?,
(7.10)

dy = 250 = 20 (92 (32 B2) cos*0— 2022 cos2¢(1+ sin?2¢) },

dy = M2 _sin26 (1 42826in2D 0520+ 22 (a2sin? g+ B2cos? ) cos?0

As well known that displacement vector u = (u!,u2,u%) on middle surface of shell has

*
three components, third component 1> looked as scale function, Au® is a Laplace-Betrami
operator on & which is given by

Au3:a)‘”V/\Vuu3=%%(\/§aw%)~ (7.11)

The trace- Laplace operatoe on S is given by

X PV, S o Ao * o *oc * v *1/ * o
Au =a"" VaVeu"=a [aAVau +I*\WWVeu"—=T")\sVyu ]/

Aut a5+ AT A 712)
Aoc_u)w(aArtxw‘_i_r )u/r ]w_r yvr Aa)

A“—W[r W&wr A2 T 20 0%,




456 K. Liand X. Shen / J. Math. Study, 51 (2018), pp. 377-458

Next let return to stationary equations (5.6) with boundary value

(uo,u1,u2) 5w =0,

and consider associate variational formulations for (u u7), find (ué,ui,i =1,2,3) EH& (w)3x
H}(w)?, such that

(’C(l)( )az]U]) (Lé(”l)/aijvj)zor VUEH&(Q})?’, ;
(1) (1), sl + (ICE (o), a0l )+ (L (1) a0l ) =0, Yoe HY(w)?, (7.13)
where H} (w) is a Sobolev space. Let denote
{aij} ={asp, aw3=0a3,=0, azx=1}. (7.14)
Note that (5.13) shows that
Ko (uo) =—pAuf—(A+u)a ”‘5V5(dlvuo) (O)Vﬁuo—m,"éo(O)ulé,
IC’i‘(uo):—Zybﬁ”vﬁvgug‘—Z()\-l—y)b“ﬁvﬁdivuo—mk (1 )Vﬁuo mi0(1)uf, 715
ICS(uo):—yZug-l—miﬁ(O) %ﬁu’5+m30(0)u’5,
IC?(uo):—Zybﬁ”VﬁVgug—i—mk (1 )Vﬁuo m0 (1)u.

Note that integrals by applying the Gaussian theorem become
(KCh (1), asj0l) = [, KCh (o) asjol /adbdg = [, { ~p Aupasjoi
—(A+p)a*P %ﬁ (divuo)umz/‘}\/Hd@dqo—i—,ufw{m;f(O) %ﬁ u'é—l—m;'(O(O)u’é}aijvf\/ﬁdOdqo
:fwy{ya/‘”aij %guf) 6Avj—|—(}\+y)divuodivv}\/EdOdqo—fw{mZﬁ(O) %[m’é
+m,"(‘0(0)u’5}aaﬁvﬁ\/ﬁd(9d¢+fw{miﬁ(O) Vpuf+m(0)uf}o®\/adodg.

Let us denote

a(uo,v) ;:/{ya)‘”aij%gué)%Avj—l—(A—l—y)d;vuodivv}\/ﬁdeq), (7.16a)
c(uo,v /{mk Vﬁuo—i—mk (0)ub}ag v Vadode

-I-/ {mk Vﬁuo—l-mk 0(0)ub}v®/adbd . (7.16b)
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By similar manner
(K} (uo) aiiv’) = [ K4 (ug a,]v]\/_deq)
—2u(amvauo,w(bﬁ” )+ (% Votid, Vr0%)
—|—2(/\—|—;4)(d>ikvuo,%ﬁ(bﬁv)‘))—(m;fﬁ(l)éﬁ ub +mi0(0)uf, anvt)
+(m (1) Vgt — 0 (1)1, 02).

(7.17)

In addition,

{ a1(uo,v) =2p(aqp Ve ug‘,%;\ (b0P)) 4+ (a” %gug,%;\ 03) +2(A+u)(div uo,%ﬁ (bva)),

c1(up,0)=— (m;’:ﬁ(l) Vpuf+mi2(0)uf,au o)+ (miﬁ(l) Vpul—m(1)uf,0®).
(7.18)
Therefore, we assert

(Ki (uo),a;;0") =a(uo,v) +c(uo,v),
{ (K?(uo),a;v]’) =ay (up,v) +c1(u0,v), (7.19)

{ Ly(u1)=—m g(O)uﬁ—(/\—i—y)a“ﬁvﬁu%, L‘i‘(ul):—mg3(1)uf—|—2bp‘5vﬁu§’, 7.20)
2 (0

L3(u1) = mB(0)uk — (A+p) divay, L3 (uy) = m® (1),

The variational problem (7.13) can be rewritten as, find (u,u},i=1,2,3)€ H} (w)?x H} (w)?
such that

{ a(uo,v)+c(ug,v) +(Ly(u1),a;0') =0, VoeHj(w)?, (7.21)

a1 (1o, v) +c1 (1o, v) + (LY (u1),a;50') =0, Vove H}(w)?.
Taking (7.5), (7.15) and Remark 5.1 into account, simple calculations show that

myP(0)=0, miP(0) =2ub™ +2(A+p)Ha,

my(0) =Ko, - m3(0) = (A+3p)a? VeH,

m’ (0)=—2uby, m3(0)=0,

3(0)=2AVVH m3(0) =4AH2+2)(4H? —2K),

mi (1) =g Vb (A p)ae5) —2paP 5 Vi H, s (1) =2(A+4ge)e?,
ﬁo(l)zu(Ab“—ZHKé“) +(A+p)at Vv, H),

ms0(1) =A (20" v (2H? ~K) +a* v ¢ +8Ha* v, H) (7.22)

+(A+3p) {4(b"F —2Ha"F) v H+2a* V4 K},
mf (1) =—2pcf, m3(1)=—-2uaP* v, H,
—2(A+1) Vy (K—2H2), m3(1)=(4A+6p)H(4H2—3K),
0, m3(0)=(A+2pu)2H,
=(A+p) Vo H, mP(1)=(A+2pu)(4H?—2K)— 2K,
— ok, m8(0) = mi(1) =0, mi(1) = 2u(K83 — 2HIE).
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Substituting (7.22) into (7.18) and (7.20) leads to

c(10,0) = — [, {{((2ubE +2(A+ ) HOP) V7 g 1+ pKag us

(A +3p)a%F g Hud) oM + (2ubh v g ul —2A v, Hug

+(2uK— (2u+4A)H?)ug)v* }/adod, (7.23)
L (1) =2pbgu, — (A+p)a*P Vg,
L L3(ur) =2(A42p)HuS — (A+u) divu,

[ c1(u0,0) = [, {{— (1 Vo b5+ (A+11) 856} —2paP aye) VA H) Vgt
—2(A+ )V g — (1(Aboy —2HKagy + (A+ 1) VoV H) il
+(AM2Vy (2H2—K)+ Vo ¢ +8H Vo H)+ (A+3p) {4(bh —2H3F) v 4 H
+2%UK})u8}v”+{—2ycf %ﬁ ug—ZyaﬁAH%ﬁug (7.24)
+2(A+1) Vo (K—2H2)ul+ (4A+63) H(AH? —3K) 13} 03} /adod,

L (1) = 2p (KO~ 2Hb )y + 26 7 s,

| L3(11) = (A1) v Hub + (A+2p1) (4H2 = 2K) — 2K ).

The bilinear form of the variational problem (7.21) is given.
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