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Abstract. This paper is a generalization of some recent results concerned with the
lower bound property of eigenvalues produced by both the enriched rotated Q; and
Crouzeix—Raviart elements of the Stokes eigenvalue problem. The main ingredient are
anovel and sharp L? error estimate of discrete eigenfunctions, and a new error analysis
of nonconforming finite element methods.
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1 Introduction

It was observed from numerical examples that some nonstandard finite element meth-
ods including nonconforming finite element methods and mass lumping finite element
methods are able to yield lower bounds of eigenvalues of partial differential eigenvalue
problems, see, Zienkiewicz et al. [32], for the Morley element, Rannacher [25], for the
Morley and Adini elements, Liu and Yan [22], for the Wilson, enriched rotated Q;, and
rotated Q; elements. However, it was only very recent that these phenomena were rig-
orously analyzed. Indeed, Armentano and Duran [1] proposed an identity of errors of
eigenvalues and proved that the Crouzeix—Raviart element produces lower bounds of
eigenvalues for the Laplace operator provided that eigenfunctions u € H'"(Q)NH} (Q)
with 0 <r <1. The idea was generalized to the enriched rotated Q; element by the au-
thor of this paper in [14], and to the Wilson element in Zhang, Yang and Chen [31]. The
extension to the Morley element was carried out in [29]. However, all of those papers
are based on the saturation condition of finite element solutions by piecewise polynomi-
als. The saturation condition can be from consistency errors and approximation errors as
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well as regularity of exact solutions, and was proved based on a direct argument in Hu,
Huang and Lin [9]. If only the saturation condition of approximation errors is concerned,
it was independently showed based on a contradiction argument in Lin, Xie and Xu [21];
see its application to nonconforming finite elements of the Laplace eigenvalue problem
in [23]. In Hu, Huang and Lin [9], a more general result of the lower bound property of
eigenvalues by nonconforming finite elements was established that if local approxima-
tion properties of nonconforming finite element spaces are better than total errors (sums
of global approximation errors and consistency errors) of nonconforming finite element
methods, corresponding methods will produce lower bounds for eigenvalues. For ex-
pansion methods based on superconvergence or extrapolation we refer interested read-
ers to [17,18,30,31], where the lower bound property of eigenvalues by nonconforming
elements was analyzed on uniform rectangular meshes. We also refer interested readers
to [10] for mass lumping finite element methods of eigenvalue problems.

The lower bound property of the eigenvalue by the nonconforming methods of the
Stokes eigenvalue problem was first analyzed in [20], where a numerical result indicated
that conforming finite elements of the Stokes eigenvalue problem are also possible to
yield lower bounds of eigenvalues. In a recent paper by Hu and Huang [8], a more
general framework is established for both conforming and nonconforming finite element
methods for the Stokes operator. In particular, it was proved that the conforming P> — P,
element yields lower bounds of eigenvalues for the Stokes operator. However, all of these
papers can only provide (asymptotic) lower bounds for eigenvalues on quasi-uniform
grids.

In this paper we give a refined analysis for the lower bound property of eigenval-
ues by both the enriched rotated Q; [19] and Crouzeix—Raviart elements [9] of the Stokes
eigenvalue problem. The main idea is to combine a series of new techniques: the element-
wise Poincare-like inequality of the canonical interpolation operators of these two ele-
ments, a novel L? error estimate of discrete eigenfunctions from [8], a new error analysis
of nonconforming finite element methods, plus the commuting property of the canonical
interpolation operators.

In this paper, we use the standard gradient operator:

Vr:=(9r/9xy,---,0r/dx,)".
Given any n dimensional vector function ¢ = (¢1,---,¥,,), its divergence reads
divyp: =0y /0x1+09P2/dx2+- -+, /0xy.
The spaces H}(Q)) and L3(Q)) are defined as usual,
H}(Q):={ve H(Q), v=0 on 20},
13(0):={qe13(0), /qux:O}.

This paper is organized as follows. In the next section, we present the Stokes eigenvalue
problem. In Section 3, we get its nonconforming finite element methods. We present a
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new error analysis of nonconforming finite element methods in Section 4. In Section 5,
we give a sharp L? error estimate of the discrete velocity and prove the final lower bound
property of the discrete eigenvalues. We present the numerical experiments in Section 6.

2 The Stokes eigenvalue problem

The Stokes eigenvalue problem is defined as follows: Find (A,u,p) e RxV xQ:=Rx
H} (Q)" x L3(Q) such that

a(u,0)+b(v,p)+b(u,q)=A(u,v) and |ul]|=1 forany (v,q)€VxQ, (2.1)
where the bilinear forms a(u,v) and b(v,q) are defined as, respectively,
a(u,0):=(Vu,Vo) and b(v,q):=—(divo,q).

The kernel space of the divergence operator consists of all divergence free functionsin V,
which reads
Vo:={veV, b(v,q)=0 forany g€Q}.

Let (A,u,p) be the solution of the problem (2.1). It follows from (2.1) that u € V; and that
a(u,v)=A(u,v) forany veV. (2.2)

Then, we have that the eigenvalue problem (2.1) has a sequence of eigenvalues

0<AI <A <A< oo,
and corresponding eigenfunctions

(u1,p1), (u2,p2), (u3,p3), -,
which can be chosen to satisfy

(uiup)=0oij, 1,j=1,2,-.

We define
Ey ::span{uhblz,' : '/W}-

Then, the eigenvalues and eigenfunctions satisfy the following well-known minimum-
maximum principle:

_
—~

A= min  max Z}'U>:maxa<u'u). (2.3)
dimVi=k,V,cVpoeVy (0,0)  uek (u,u)

3 Two stable nonconforming finite element methods

In this section we introduce two stable nonconforming finite elements from [19] and [9],
respectively.
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3.1 Enriched rotated Q; elements in any dimension

Let 7}, be regular n-rectangular triangulations of domains () C R” with 2 <7 in the sense
that Uker, K= Q), two distinct elements K and K’ in 7, are either disjoint, or share an
(-dimensional hyper-plane, /=0,---,n—1. Let H;, denote the set of all #—1 dimensional
hyper-planes in 7;, with the set of interior n—1 dimensional hyper-planes H;(Q2) and the
set of boundary n—1 dimensional hyper-planes #,(9Q2). N, is the set of nodes of 7;, with
the set of internal nodes N}, (Q)) and the set of boundary nodes AV, (9Q)).

For each K € Tj, introduce the following affine invertible transformation

FK2K—>K, xi:hxi,Kgi—kx?,

with the center (x?,xg,- -+,x%) and the lengths 2h,, x of K in the directions of the x;-axis,
and the reference element K=[—1,1]". In addition, set h = 1r£1a<x hy,.
<i<n
Denote by EQ(K) the enriched rotated Q; element space defined by [19]
EQ(K):= Py (K)+span{x3,x3,--- ,x2}. (3.1)

The enriched rotated Q; element space VhE 9 s then defined by
VfQ ::{ve L*(Q)": v|x €EQ(K)" for each K€ Ty, / [v][dE=0,
E
for all internal n —1 dimensional hyper-planes E,

and / vdE=0 for all E on 90}. (3.2)
E

Here and throughout this paper, [v] denotes the jump of v across E.

3.2 Enriched Crouzeix-Raviart elements in any dimension

Suppose that Q) is covered exactly by shape-regular partitions 7, consisting of n-simplices
in n dimensions. Given E € H},, let v be unit normal vector.

To obtain a nonconforming finite element method that is able to produce lower bounds
of eigenvalues of second order elliptic operators, it was proposed in [9] to enrich the

n
shape function space P (K) by span{ }_ x?} on each element. This leads to the following
i=1

shape function space
ECR(K):=P;(K) —|—span{ ilxlz} forany KeT.
iz
The enriched Crouzeix-Raviart element space VF°R is then defined by
VECR:={0e1X()": 0|« €ECR(K)" for each K€ T, /E[v]dE —0,

for all E€ H,(Q), and / vdE =0 for all E€#,(30) }. (3.3)
E
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The discrete pressure space Qj, is defined by
Qu:=1{9€Q, q|lk€Py(K) forany KeT,}, (34)

where Py(K) denote the space of polynomials of degree </.

In this paper, we take the nonconforming finite element spaces V;'“ as VhEQ or VECR,
Then, the discrete eigenvalue problem is to seek (A, uy, pj) ER x V' x Qy, such that ||uy|| =
1 and that

ap (un,on) + b (on, pi) +0n (un,gn) = An(up,op)  forall (vg,qn) € Vi X Qp. (3.5)
We define the semi-norm over V/*+V by || - ||, :=a(-,-)!/?, it follows from the definition

of V¢ that || ||, is a norm over the discrete velocity space V' under consideration.
We define the kernel space of the discrete divergence operator by

Vo :={vn €V}, by(vy,q,) =0 forany g, €Qy}.
Let (Ay,up, py) be the solution of the problem (3.5), we have u;, € V, , and
ap(up,vp) =Ap(up,vy) forany v,e V).
Let N:=dimV} ;. The discrete problem (3.5) admits a sequence of discrete eigenvalues
0<Ap SApp <+ < AN,
and corresponding eigenfunctions
(1, p1n), (M2t n), = (UN PN -

In the case where (V},,Q),) is an conforming approximation in the sense Vp; C Vp, it im-
mediately follows from the minimum-maximum principle (2.3) that

/\kSAk,hl kzllzl"'/N/

which indicates that Ay, is an approximation above to Ay.
We define the discrete counterpart of E; by

Ep:=span{uy gy, -, Ugp}-

Then, we have the following discrete minimum-maximum principle:

A= min max (0,) = max an (1) )

(3.6)
dika/h:k,Vk/hCVO,h UGVk,], (U,U LlGEk’h (u,u)
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4 A new error analysis of nonconforming finite element
methods

For the analysis, we need a new error analysis of nonconforming finite element methods
of the Stokes problem, which can be regarded as the generalization to the current case of
those results from [6,11,16,24].

Consider the Stokes problem: Given f € L?(Q) find (u,p) € V x Q such that

a(uf,0)+b(v,ps)+b(ug,q)=(f,v) forany (v,q)€VxQ. (4.1)

The discrete problem of (4.1) is to seek (i, pf ) € Vi X Qp such that

ah(uf/h,vh) +bh(vh,pf,h) +bh(uf,h,qh) = (f,Uh) for all (Uh,qh) eV, X Q. (4.2)

We need some quasi-interpolation/approximation operator 7, : V' — V7, where V{ C
H}(Q) is some conforming finite element space over the triangulation Tj,. We take V{ as
the conforming linear finite element space for the triangulation mesh and the conforming
n-linear finite element space for the quadrilateral mesh. Given v, € V)¢, the interpolation
function 71;,v;, € V), is defined as

(rtpop) (P):= 1/ vpdo for any interior vertex P, (4.3a)
\wp| Jwp
(rtyop) (P):=0 for any boundary vertex P, (4.3b)

where wp is the node patch defined as wp = {K € Ty, P is a vertex of K}. Such a kind
of operators was proposed in [26]. For this quasi-interpolation operator, we have the
following properties, whose proof can be found in, for instance, [2].

Lemma 4.1. There holds for any vy, € V}'° and K € Tj, that
lon— 7thonllox < hkl[Vionllowe,

1
lon —rthonlloe ShElViowlowe.
Vi (on— 7o) llo.a S Vavnlloa-

Here and throughout the paper, we shall use the notation
A1<SB;y and A;=B,,
to denote that there exist constants Cq, cp and Cy such that
A1<CiBy and 3By <A,<(CyBs.

Before we present a new error analysis of the approximate solution (uy,psy), we
need the following result.
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Lemma 4.2. Let (uy,py) be the solution of Problem (4.1). Then, it holds, for any s, € V}'° and
qn€Qy, Ke Ty, and E€ &, that

hi|l f+Bsn+Vanllox SV (ur—su)llox+I1ps—aqnllox+hxl f —wllox, (4.4a)
% aSh <
hi [gﬂlhl/} HOENth(“f—sh)||o,wE+HPf—thHo,wE+ Y hellf-wllok,  (4.4b)
, Kewe
for any w € P>(K)?

Proof. We will use the bubble function technique from [28]. We first prove the efficiency
of Hf—i—ASh +Vyg, HO,K-

£+ Asy+Vaull§ g = f —w+w+Asy+ Vau|§
SIf—wlf g+ lw+Asy+ Va5 -

Let A;, i=1,2,3, be the barycenter coordinate of the triangle K. Let vx =bg (w+A;s,+Vqy)
with the element bubble function bx=27A1A;A3. Let id be an identity matrix. We consider
the following term

lw+Asy+ V5[5
z(bK(w+Ash+th),w+Ash+th)0,1<
=(vx,w— fox+ vk, f+0sp+Van)ox
(vk,w—fox+ (Vuf—i—pfid,va)o,K-i— (vk,Asp+Van)ox
=(vk,w—fox+((Vug—Vs,)+(ps—qn)id, Vok)ok
<llvxllo,xllw—fllox+([IV (ur—s)llox+ s —anllox) | Vollox- (4.5)

This inequality and the inverse estimate

Vo llox Sk ok ok

lead to

lw+Asy+Vanllox S llw—fllox+h (I1V (g —sn)llox+ I pr—anllox).

which proves (4.4a).
We turn to (4.4b). Set
s

with the usual edge bubble function bg from [28]. Then, the Poincare inequality and the
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inverse estimate give

|5+l

(bE{a;”% (5 +an]),,

Q

(ve [ +th])OE

(VhSlH—LIhld VoE)ows + (P, AuSh+Viqn)o.we

(V (sh—uf) (C]h—pf)ld va)OwE (Vuf+pfidVvE)0wE (Ahsh+thh,vE)0wE
(

N

IN

IV (sh—up)llowe +19n—Prllowe) I VuoEllowe + 11 f +8usk+Vignllo.we |08 |0,

kL

Vi (sn—1s)llowe +11gn—Pfllows FHENf+Dusn+Viaqnllow: ) e :
which implies

11 10s
| [+ anv] ||, SN9nCon—u) o+ 1u = prllows +hellf+Busi+ Vidallows. (46)

This completes the proof. O

Theorem 4.1. Let (ug,py) and (ugy,pgn) be the solutions of Problems (4.1) and (4.2), respec-
tively. Then, it holds that

[Vi(ug—ugn)llo+Ilpr—prullo

1/2
St [ Valur=on)lo+ inf llps— qhH(H—( thwem(f = wHOK> . @)
KeTy, 2

Proof. By the theories of mixed finite elements and nonconforming finite elements, see
for instance, [3,4], it follows that

[ Vi(ug—ugp)llo+Ilps—psullo

ap(ug,op)+bp(o,ps) —(f,on
< mf NV (ug— Uh)H()+ 1nf ||pf gnllo+ sup (ug,on) +bu(o,pr) = (f )

4.8)
00, eV [V ionllo

Next we shall bound the consistent error term on the right-hand side of (4.8) by the
approximation error term plus a oscillation term (up to some multiplicative constant). In
fact, for any vy,,s, € V)¢, it follows from (4.1) that

an(tg,on) +bn(on,ps) — (f,0n)
=ap(us,vp—1030p) + by, (0 — 0o, pr) — (f, o — 70408)
=ap (s — 5, — 7040p) + by, (V) — 7T4OR, PF—q1)
—(f,on—1top) +ap (sp,on — T + by (0, — 7T,04,q1).- 4.9)
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By Lemma 4.1, the first and second term can be estimated as

ay (1 —sp,0p — 10408 + b (0p — 70400, P — 1) S (Vi (g —sp)llo+ 112 —aqnllo) [ Vion]lo-

After an integration by parts, the last three terms can be bounded by Lemma 4.1 and
Lemma 4.2 as

— (f, on— rtpop) +an (sp, o — ThoR) + by (0 — 108,91)

. , \1/2
SIVnur=si)lo+Ipr=anllo+ ( 1wk inf lIf—wl)
KeT, 2

which completes the proof. O

5 Lower bounds of eigenvalues
We need to bound the L? error of the discrete velocity. To this end, we follow [8] to
introduce the quasi-Ritz-Galerkin projection (Pyu, Pyp) € V' x Q) as

ap(Puu,op) +by(on, Prp) +byu(Puu,qn) = (Au,v,)  forany (vp,qn) €Vi°xQp,  (5.1)
where (A,u,p) is the eigenpair of Problem (2.1).

Lemma 5.1 (see [8]). Let (A,u,p) and (Ay,uy,py) be the solutions of Problems (2.1) and (3.5),
respectively. Then,
Ju—upllo <2(1+d)||u—Pyullo, (5.2)

where d is the separation constant, see [8] for more details.

Let (w4, p,4) be the solution of the following dual problem: Find (wy,p4) € H} (Q)" x
L3(Q)) such that

a(wg,0)+b(v,pg) +b(ws,q) = (u—Pyu,0) forany (v,q9)€HLM(Q)"xL5(Q). (5.3)
Assume the solution (wy, p;) has the following regularity:

wall1o+ | palle Sllu—Pyuel|o, (5.4)

where 0 <o <1. Then a standard dual argument of nonconforming finite elements, see
for instance, [3,4], shows that

|\ u—Pyullo Sh7|| Vi (u—"Ppu)||o (5.5)

For both the enriched rotated Q; and Crouzeix—Raviart elements, we can define the in-
terpolation operator IT;: H} (Q)" — V/* by

/HhvdE:/vdE forany ve H(Q)", EcHy, (5.6a)
E E

/Hhvdx:/vdx for any Ke7j,. (5.6b)
K K
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For this interpolation operator, since u—11I,u has vanishing mean on K, it follows from
the Poincare inequality that

(| —TTyul[ox < Chl|V (u—1T4u)[|o - (5.7)

Before state the second property of the interpolation operator, we introduce the following
space, for any K& 7,
a11+apx
EQ | an+axxy
CK - ...

A1 +an2Xn

for ay1, aya,-++,4,1,4:2 € R. Let PIEQ be the L? projection operator from L?(K) onto CIEQ.
Define
CfQ ={pel*>(Q)", y|xe CIEQ forany Ke7,},
and
P,fQ]K:PEQ forany KeT,.

For the enriched rotated Q; element, it holds the following commuting property:
Vi(Iu);=P°Vu;, i=1,-n, (5.8)

where (IT,u); and u; are the i-th components of IT,u and u, respectively. Such a commut-
ing property which is proved in [14] for two dimension, in [9] for any dimension for the
scale case, which can be adopt to the vector case.

For the enriched Crouzeix—Raviart element, we introduce the following space, for any
KeTy,

an +apgxy

CECR _ a1 +aopx2
K - .. 4

ap1+aoXy

for a1, a1, ,a,1,90 € R. Let PIECR be the L2 projection operator from L?(K) onto CECR.
Define
CECR.={p e L?(Q)", p|x €CER forany KT},

and
PR =PER forany KeT;.

For the enriched Crouzeix—Raviart element, a similar argument of (5.8) is able to show
the following commuting property:

Vi(Iyu); =P RV, i=1,--,n. (5.9)

Theorem 5.1. Let (A,u,p) and (A, uy,py,) be eigenpairs of (2.1) and (3.5), respectively. Then,

lu—wllo S (1+d)h” (14 M) [Vo(u—wy)lo+ inf lp=qullo).  (5:10)
€ Qn
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Proof. Let f =Au in (4.1) and (4.2), which implies that

(up,pr)=(u,p) and (upnpsn)= P, Pup).

Further we let w|x =11, Au|k for any K€ 7, in Theorem 4.1. Then it follows from Theorem
4.1, (5.7), (5.8), and (5.9) that

HW(H—PIM)||0+HP—7’hPHo§(1+7\h2)|\Vh(u—uh)Ho+qigé P —=anllo- (5.11)
h h

The desired result follows from Lemma 5.1, and (5.5). O
We need the following error identity from [8,20].

Lemma 5.2. Let (A,u,p) and (Ay,up, py) be eigenpairs of (2.1) and (3.5), respectively. It holds
that

A=A,
=\ Vo (=g ) 1§ — A |2t — e [§ — 270 (10— XLy,

+2ay,(u—TTyu,uy) —2b, (X, py). (5.12)
Theorem 5.2. Let (A,u,p) and (Ay,uy, py,) be eigenpairs of (2.1) and (3.5), respectively. Suppose
that

1-e?(h)>0 and ||Vy(u—up)|o>6(h)/(1—€*(h)).
Then
AZ> Ay, (5.13)
where
€*(h):=CiA,(1+d)*(1+AK?)?h%,

and

F(h)=Ca ), (AphlIVull§ x+Au(1+d)* KK |pl3 k),
KeTy,

provided that p € H? (Q)).
Proof. We need to analyze the terms on the right-hand side of (5.12). It follows from (5.8)
and (5.9) that both the fourth and fifth terms vanish. Let Iy be the piecewise constant
L? projection operator with respect to 7. The definition of IT}, the elementwise Poincare
inequality, and (5.7) yield

2A5 (1 —TTpu,up,) =25 (1 — Ty, up, — ouy, )

S Y il (e =10u) [lox IV (un — 1) o+ Vaello x)- (5.14)
KeT;

The final result follows from (5.10). O
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6 Numerical experiments

In this section, we give the first six eigenvalues of Stokes eigenvalue problem on unit
square by enriched rotated Q; element and enriched Crouzeix—Raviart element.

Table 1: The eigenvalues and the orders of convergence on a unit square domain, by enriched rotated Q
element.

level M h" Ao " A3 h"
2 0.4167E+02 0.00 | 0.4167E+02 0.00 | 0.4167E+02 0.00
3 0.4714E+02 1.04 | 0.7811E+02 1.85 | 0.7811E+02 1.85
4 0.5063E+02 1.60 | 0.8783E+02 1.71 | 0.8783E+02 1.71
5 0.5188E+02 1.88 | 0.9094E+02 1.86 | 0.9094E+02 1.86
6 0.5223E+02 1.97 | 0.9182E+02 1.96 | 0.9182E+02 1.96
7 0.5231E+02 2.00 | 0.9205E+02 1.99 | 0.9205E+02 1.99
8 0.5234E+02 1.96 | 0.9211E+02 1.98 | 0.9211E+02 1.98

exact | 0.5234E+02 0.9212E+02 0.9212E+02

level Ay h" As h" Ag h"
2 0.4167E+02 0.00 | 0.4167E+02 0.00 | 0.6857E+02 0.00
3 0.9537E+02 1.40 | 0.1195E+03 1.70 | 0.1310E+03 1.45
4 0.1166E+03 1.51 | 0.1460E+03 2.10 | 0.1623E+03 2.94
5 0.1249E+03 1.84 | 0.1519E+03 1.84 | 0.1655E+03 1.61
6 0.1273E+03 2.10 | 0.1535E+03 1.95 | 0.1666E+03 1.89
7 0.1280E+03 2.84 | 0.1540E+03 1.99 | 0.1669E+03 1.97
8 0.1282E+03 0.84 | 0.1541E+03 1.99 | 0.1670E+03 1.99

exact | 0.1281E+03 0.1541E+03 0.1670E+03

It is clear from Table 1 that all eigenvalues converge from below. The computer error
for A4 on the eighth-level grid is too big to violate the theory of lower bound.

Next, we use the enriched Crouzeix—Raviart element to compute the Stokes’ eigenval-
ues, on uniform triangular grids where each square is cut by its upper-left to lower-right
diagonal line. It is clear from Table 2 that all discrete eigenvalues converge from below.
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Table 2: The eigenvalues and the orders of convergence on a unit square domain, by enriched Crouzeix—Raviart
element.

Tevel o " A ik A3 "
2 | 0.2648E+02 0.00 | 0.2702E+02 0.00 | 0.3199E+02 0.00
3 | 0.4308E+02 1.48 | 0.5497E+02 0.81 | 0.6045E+02 0.92
4 | 04956E+02 1.73 | 0.8093E+02 1.73 | 0.8203E+02 1.65
5 | 0.5159E+02 1.88 | 0.8917E+02 192 | 0.8940E+02 1.89
6 | 0.5215E+02 1.96 | 0.9137E+02 1.97 | 0.9143E+02 1.97
7 | 0.5230E+02 1.99 | 0.9194E+02 1.99 | 0.9195E+02 1.99
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