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Abstract. In this paper, we study the global regularity issue of two dimensional in-
compressible magnetic Bénard equations with partial dissipation and magnetic dif-
fusion. It remains open whether the smooth initial data produce solutions that are
globally regular in time for all values of the parameters involved in the equations. We
present conditional global regularity of the solutions. Moreover, we prove the global
regularity for the slightly regularized system.
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1 Introduction

This paper aims the global regularity of two dimensional magnetic Bénard equations.
The standard two-dimensional incompressible magnetic Bénard equations can be written
as
ur+u-Vu=—-Vp+vAu+b-Vb+0ey,
bi+u-Vb=nAb+b-Vu,
910+ (u-V)0—xkAO0=u-e,, (1.1)
V-u=0, V-b=0,
u(x,y,0) =to(x,y), b(x,,0)=bo(x,), 8(x,,0)=00(x,),
where (x,y) €R?, t >0, u= (u1(x,y,t),u2(x,y,t)) denotes the 2D velocity field, p=p(x,y,t)

the pressure, b= (b1(x,y,t),b2(x,y,t)) the magnetic field, 8(x,y,t) the temperature, e, =
(0,1)T vertical unit vector, and v, 7 and x are nonnegative real parameters.
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A generalized 2D Magnetic Bénard equations can be written as

uptu-Vu=—=Vp+viy+vauy, +b-Vb+0ey,
bi+u-Vb=11byx+12by,+b-Vu,

010+ (1 V)0 — 105,80 — K20y, 0 = 113, (1.2)
V-u=0, V-b=0,

u(x,y,0) =uo(x,y), b(x,y,0)=bo(x,y), 6(x,y,0) =00(x,y).

If y=v2=v and 1 =n2 =1, and x; =k =«, then (1.2) reduces to the standard mag-
netic Bénard equations (1.1). This generalization is capable of modeling the motion of
anisotropic fluids for which the diffusion properties in different directions are different.

In the absence of 0, the magnetic Bénard equation reduces to magneto-hydrodynamic
(MHD) equation. When all four parameters vy, 15, #1, and 17, are positive, the global
regularity of the classical solution to 2D MHD equations has been established, see, e.g.,
[7], [19]. On the other hand, it remains a remarkable open problem whether classical
solutions of the two-dimensional inviscid MHD equations, with all four parameters equal
to zero, preserve their regularity for all time or have finite time blowup. Many attempts
have been made but there are no any satisfactory results concerning the regularity of the
solution. When 11 >0, 1, =0, 71 =0 and 72 >0 or when v1 =0, 1, >0, 71 >0 and 7, =0,
the global regularity was established by Cao and Wu in [2]. Cao, Regmi, and Wu studied
two dimensional MHD equations with horizontal dissipation and horizontal diffusion
in [1]. They proved that any possible blow-up can be controlled by the L*-norm of the
horizontal components.

There are numerous papers related to two dimensional MHD equations [1-8, 16, 20,
23,25] and references therein, however only few papers are available related to magnet-
ic Bénard equations. Y. Zhou et al. in [32] obtained the global regularity results related
to the 2D magnetic Bénard problem with zero thermal conductivity. The authors used
energy estimates as well as a well known property of Hardy space and Bounded Mean
Value Oscillation (BMO) to prove the global regularity. Very recently, J. Cheng and L. Du
in [6] proved the global well-posedness of the 2D Magnetic Bénard equations with mixed
partial viscosity which included vertical or horizontal magnetic diffusion but no thermal
diffusivity. The authors also obtained the global regularity as well as some conditional
regularity of strong solutions of the problem with mixed partial viscosity, thus extending
the existing result of the problem with the full dissipation. Likewise, the global regularity
of generalized magnetic Bénard problem was studied by Y. Yamazaki in [28] by extending
the existing results on Boussinesq equation and magneto-hydrodynamic equations. The
author studied the problem with fractional Laplacian and logarithmic super criticality.
The author showed that when the diffusive term has a full Laplacian, then a sufficiently
smooth initial data evolves into a smooth solution under certain conditions. The author
also presented additional global regularity criteria for the velocity field, magnetic field
and the temperature field.
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This paper is devoted to the case when v; >0, 1, =0, 171 >0, 72 =0. 1 >0, and k, =0,
namely
ur+u-Vu=—Vp+iuy+b-Vb+6e,,
bi+u-Vb=by,+b-Vu,
010+ (1- V)0 — 00 =1y, (1.3)
V-u=0, V-b=0,
u<x/y10) =Up (X,]/), b(xly/()) = bO(xr]/>/
where we have set v; =171 =x; = 1. This paper presents conditioned global regularity.
More precisely, we prove the following theorem.

Theorem 1.1. Assume that (u9,by,00) € H*(R?), V-ug=0 and V-by=0. Then, (1.3) has a
unique classical solution (u,b,0) satisfying, for any T >0,

u,b,0,0,1,0:b,0,0 € L*([0,T]; H*(IR?))

provided fOT [|u1,b1 |3 104t < 0.

This result is also true for the following system.

ur+u-Vu=—=Vp+iy+b-Vb+bey,

bt—i—u-Vb: bxx+b‘vu,

010+ (u-V)0—0y,0 =uy, (1.4)
V-u=0, V-b=0,

u(x,y,0) =uo(x,y), b(x,y,0)=bo(x,y).

If we follow the proof of Theorem 1.1, we can further prove the following theorem.
Theorem 1.2. Consider

u+u-Vu=—Vp+uy,+b-Vb+0ey,

bi+u-Vb=by,+b-Vu,

00+ (1-V)0—0x 0 =1y, (1.5)
V-u=0, V-b=0,

u(x,y,0)=uo(x,y), b(x,y,0)=bo(x,y).

Assume that (uo,bo,00) € H*(R?), V-ug=0 and V-by=0. Then, (1.3) has a unique classical
solution (u,b,0) satisfying, for any T >0,

u,b,0,0,1,9:b,0,0 € L°([0,T]; H*(IR?))
provided fOT (|12, b2 |3 g0 dt < oo

Remark 1.1. (1) In [6], authors presented conditional regularity results for the system
(1.3) and the results are different than we have presented here.
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(2) Our results improves the previously known results related to MHD equations with
horizontal dissipation and magnetic diffusion in [1].

We furthermore consider slightly regularized version of (1.3), namely either for any
€,0>0
u+u-Vu= —VP+V2MXX+€(—A)§M+Z7-Vb+9€2,
bi+u-Vb=nbyx+€(—A)°b+b-Vu,
010+ (u- V)0 —0x8 =1y, (1.6)
V-u=0, V-b=0,
u(x,y,0)=uo(x,y), blxy,0)=bo(xy),
or
U+ u-Vi=—Vp+vatig+e(—A)u+b-Vb+0e,
bi+u-Vb=1byy+e(—A2)°b+b-Vu,
010+ (u-V)0—0y,0 =us, (1.7)
V-u=0, V-b=0,
u(x,y,0)=uo(x,y), b(x,y,0)=bo(x,y).

We prove the following theorem.

Theorem 1.3. Assume that (ug,bo,00) € H*(R?), V-ug=0and V-by=0. Then, (1.6) or (1.7)
has a unique classical solution (u,b,0) satisfying, for any T >0,

u,b,0,0,1,0:b,0,0 € L*([0,T]; H*(R?)).

Similar result is true if we consider the vertical dissipation and vertical magnetic dif-
fusion.

The general approach to establish the global existence and regularity consists of two
main steps. The first step is local existence and uniqueness and the second step is global
a priori bounds. For this type of system, local existence follows from standard approach
( we omit here). We only concentrate to obtain the global bound. The main difficulty to
obtain global bound for aforementioned system is H! bound. In H! bound, we encounter
the terms f joxb1dyu; and f joxu19yb1. Unfortunately, we do not know how to bound the
other two terms in order to close the inequality due to insufficient vertical dissipation and
vertical magnetic diffusion. This is where the direct energy method breaks down and the
global regularity problem becomes very hard.

The rest of this paper is divided into three sections. The last two sections are devoted
to the proof for each of the theorems stated above.

2 Preliminaries

To simplify the notation, we will write ||f|2 for ||f||;2, [ f for [r.fdxdy and write % f,

dxf or fy as the first partial derivative, and 63722 f or dyxf as the second partial throughout
the rest of this paper. BMO represents the bounded mean oscillation.
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The following anisotropic type Sobolev inequality will be frequently used. Its proof
can be found in [2].

Lemma 2.1. If f,¢,h,0,8,0ch € L2(IR?), then

1 1 1 1
| \fghldxdy <Clifllligl 12,81l s 15513, @)

where C is a constant.
The following simple fact on the boundedness of Riesz transforms will also be used.
Lemma 2.2. Let f be divergence-free vector field such that V f € LP for p € (1,00). Then there

exists a pure constant C >0 (independent of p) such that

C 2
19l <519 %l

3 Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. As explained in the introduction,
it suffices to establish the global a priori bound for the solution in H2. For the sake of
clarity, we divide this process into two subsections. The first subsection proves the global
H'-bound while the second proves the global H>-bound.

3.1 H'-Bound

We first state the global L?-bound.

Lemma 3.1. Assume that (u,bo,00) satisfies the condition stated in Theorem 1.1. Let (u,b,0) be
the corresponding solution of (1.3). Then, (u,b,0) obeys the following global L?>-bound,

t
[[u(#),b(¢),0(¢) ||i2+2/0 19x14,0x,0581172) dT < C({| (110, b0, 00) [3)

forany t>0.

We can easily prove the global L? bound. Taking the L2-inner product of (u,b,0) with
(1.3), respectively, and adding together yields

1d
24t
:/962-u+/u29§CHuHLzHGHLz.

()72 + b)) 172+ 10(H)1172) + 105u(T) 172+ 19xb(T) 172+ [[2:0(T) |2
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Combining together, we easily obtain the global L2 bound.

t t
lue(®)b (00012 +2 [ osu(®) [Fadv+2 [ 2:b(0) Fadr+2 [ [0:0]3d <C,

for any 0 <t <T, where C depends only on the initial data. We next prove the global
H'-bound for u,b and 6. More precisely, we prove the following result.

Proposition 3.1. Assume that (u,by,0p) satisfies the condition stated in Theorem 1.1. Let
(u,b,0) be the corresponding solution of (1.3). Then (u,b,0) satisfies, for any T >0,

u,b,0 € C([0,T];H' (R?)). (3.1)

Consider the equation for w=V xu and j=V x b to estimate H!,

witu-Vw=wxx+b-Vj+0,0, (32)
jt—l—u.V]':]'xx+b.Vw+28xb1(axu2—|—ayu1)—28xu1(8xb2+8yb1). )
We then obtain
1d 2 112 2 -2
5 37 Uiz +17l172) + lleox 122 + Nl 22
—2 / (32b1 (it +y 1) — 205101 (Bxby +3yb1)) + / 9,6
=h+DL+I+1+]Is. (3.3)

For notational convenience, we will omit dxdy from the spatial integral. The first term
can be bounded by using Lemma 2.1

1 101 .
L= ‘2/3&139«”2]’ < Cll9xua |12 19xb1 [ 12 [19x9y bl 22 171 2 1971l -

Applying Young’s inequality and the simple fact that
19xbrll2 <ljll2 [19x3ybrll 2 <[|9xfll 2,

we have 1
h<g 19x71172+C 10zt 172 11 72-
Similarly,

1 . :
;= Sguax]H%z‘f’CHaxuluéH]H%Z

2 / EREN

The terms I, and I4 have to be handled differently. By integration by parts,

L=2 / Dyb1y1uj = —2 / b103dy1t1 j—2 / b10y1019y] (3.4)
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which gives that

< g (lewxl3+1x113) +CllbrlIZao (17113 + lll3).

OOM—‘

Similarly
=2 / Dyt dybyj=—2 / D119y byl —2 / Dy1119, b1, by =: Iy + L.
The last two terms admit
L < e B+ e B+ BB IBCol-+ 1),
liz=—4 112 b1day b < g 10n7 B+ glhs w15

Furthermore,
1< [o.66] < 013+l

After combining all inequalities

d .
77 (ol +117l172) + llxewll2 + [[xll7> < Haxwllz+ 19:7113
+C(||u1IIZBMO+||b1IIZBMO+\|abeIz+||9||z)(||J||z+Hw||z)~

N[ =

Gronwall’s lemma yields,
t
el + 1+ [ ool [ o < Ce I 2218

Now we need to know the H! bound for 6. Taking inner products of the third equation
in (1.3) with A and integrating by parts, we obtain

2dt||ve||2+;< V0,02 =— /w V0-VO+(11-V)V0-VO—Vuy- V6, (3.5)

~ [ VU090 = [ (2:101(0:6)+0,1120:09,6+ 3,111,606 +0,112(2,6)?)
=h+L+]3+]s (3.6)

By the divergence free condition [(u-V)V6-V6#=0and

[ Fu2:V0= 00+ [ 3,120, =: 5+,
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we have
2—2/“23 eaxy9<CHaxy9HzHquzHa 63 _48HV3 0[13+Clluzl3]10:613,
o= [ 9:020.69,0 < Cl1aziz]2]1 0,813 19,613 19562 < 45 | 70013+ Clauz 3] 73
Similarly,
Js= [ 3,110,690 < C|[3,101 21,6113 12,6113 19,2
< 45 IV2:6I3+Cllayul3 vel3
Ji=-2 [ 20,0 < 5 | V2:8]3+Cllul 3| Vul3| Vel
Js= [ Outabe < 0510220162 67)
]6=/ayu29yg 18,102][211,01l2.
Combining all inequalities together with Gronwall’s lemma yields,
V(o) 3+ [ 1V0:613<C

for any ¢ < T. This completes the global H! bound for (u,b,6).

3.2 H?bound
Taking the inner with of (3.2) with (Aw,Aj) yields
2dtHv w3+ || Vwyl5=— /Vw Vu- dexdy+/Vw Vb-Vjdxdy
+/b-v V])-dexdy—i—/axGAwdxdy,

2dtuv]|\2+||v]x||2_ /v] Vi V]dxdy+/V] Vb- dexdy/b V(Vw)-Vjdxdy

+2/v b1 ( Bxu2+ayu1)]-V]dxdy—2/V [Oytt1 (Dxby+0yby )] Vjdxdy.

Adding above equations and integrating by parts, we obtain

IV l3+IV]lIZ+180112) + | Ve 3+ [ Vi 3+ |V AOI7 = ZKU

**(I
2dt i=1
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where
—/Vw~Vu-chdxdy, K2:—/Vj-Vu-dexdy,
K3:2/Vw-Vb-dexdy, K4:2/V[axb1(axu2+ayu1)]-dexdy,
Ks=-2 / V[0ytt1 (3xby+0,by )] Vjdxdy, Ke= / 9,0Awdxdy,
Kr= / A(u-V)0A8dxdy, Ks= / Ay A8dxdy.
Observe that

K :/(Vw-Vu-Vw)dxdy

— /(axumﬁ +0x U Wy wy + 0y U Wy Wy +8yu2w§) dxdy
=:K11+Kj2+Ki3+Kiy.

By Lemma 2.1, we have
Kit < Cllawttt ol el w3 eomy 5 < 48vax||2+c||w||2|‘vw‘|2
Similarly, we obtain
1 1 1 1
Kip < Cl[0xutz|2|cwx[|3 [lewxy 13 oy 12 sy 2

1
<Cllwll| Vel Vol < 2l Vol + w2l Veol3.

Furthermore,
Kis < oo IV B+l BIVel,  Kua< ol Vel 3+Cllwll ol | Vel
Similarly,
—/Vj-Vu-dexdy
_ / Ayt [2 4yt jujy +dytta2 4 dxttzjujy =: Kot + Ko + Koz + Kou.
Observe that

1 111
Ko1 <Clljx[[2]|0x “1H22Haxyulezu]x,lzzH]xtzz
<CHsz waHz I1vjl3 HV]tz < 48HV]tz+CHsz waHz IVll3,

K22§48”V1x!!z+cuwuzwauzuvfuz, K23§48

Kou <
24—48

IVjelB-+ ol o131 V513,

IV l3+Cllwl3l V13-
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On the other hand,

Ks= [ @rdabiju-+dabaf, +@ydybija-+ @,y bafy = Ko+ Koo+ Koo + Kas.

Observe that
1 SR T |
K31:/wxaxb1jxgcuaxblnzuwxuiwayl\éHJxllél\Jxxllzz
1 1 1 1
<C||]'H2||vw||§vax||22||v]||22|‘v]x”22
_48||wa”2+ IVixlz+CljIE(I V@ 3+ Vil3)-
Similarly,
K3 < 48!|waHz I\ijH%JrCHjH%(HVwH%JrHV]'H%),
K33§4*8(|wa!|z+HV]xH ) +ClilzIVel3+1Vill3),
K34_48HVJxH2+C||]xHzIIV]!|2+C||]H2HVw||z
Note that

K4:2/V[axb1(axu2+ayu1)]-dexdy
_2 / 0, [0xb1 Byt + 0y 11) i+ 0y (b1 (Bxtia + By 1) j, dxdy
=:Kg1+Kyo.
Observe that

K41 - _z/axbl (axu2+ayu1)jxx
TENPAT TESST ST TP T ARTATY
C(Haxbluz Haxyble HaquHZ Haxy”2H2 +CHaxb1H2 Haxybluz Hayule Haxyule) lljxxl2

11 1 1o
<CHJH§ IVillz lewll3 lleoy 13 V712

_48HVJxHz+CHszHJHz(HVsz+HVJH )-

We further split Ky into four parts
Kyp= 2/ (axyblaxuz —|—axblaxyu2 +axyb18yu1 —|—8xblayyu1 )]y dxdy
=: Kyp1+Kapz + Koz + Kyps.
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We also provide estimates to each of the four terms:

1 11
Kyo1 < C||0xybr[2]|0xual|3 |0xy2 |3 1y 113 lljxy I3
1 [ S
<Clljxll2llwll3 lwxllZIVill3 1V fxll3
3 T 1
<CIVill3 l2llewli3 [ Vixll3 llwx|l3
Lo 2 5 5oz
< IVixlz+llwll; w3 [ Vjll2-

Similarly

1
<
Ky < 18

1
<
Ky3 < 18

1 . -
Kia < 2 [V |2 +Clljx 3 Vewl3+Clillal Vi3

IVill2+Clljx I3 Villz+Clljl2 I Vewll3,

IVl +Cllewll2l Vi3 +Cli 2l Vewll3,

Two more terms remain to be estimated. First, we work on Ks:

Ks=-2 / V[0y11 (b +3,b1)] - Vidaxdy

) / 3 [0111 (Dxba+3yb1) i+ 3y [ (Dt (Dxba+y b ), dxcly
=:Ks51+Ksp.

Observe that

Kst < ClIatut 13 19xytu1 13 19502113 195xb2 15 lax 2
+Cl1attn 121110112 13y 12 19y b 12 x|
<Cllwl2 IV l2 1712 IVl 1Vl
< &IV B+Clwllilb(IVel3+1Vil3),
Ksp= —2/(8xyu1axbz+3xulaxybz+axyulayb1 +0x119yyb1 ) jy dxdy
=:Ks21 + K522 + K523 + Ks4.
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Note that K51 and Ksp; can be bounded as Ky and Kyp1. We only need to bound Ksp3
and K524.

K523 = —Zfaxyulaybljydxdy
1 1 1 Lo
< Cl[0xytn |3 [|9xyyur (13 19ybrl|7 |9y b 13 1yl
o1 o1 i
<CHwaH§HJxH§HVszzHJHéHVJHz
< 48I\waHz+I\]tzI\VwH2+HJHzHV]Hz
Finally, note that

1
Ko <[IVa:0]2| Va2 < 151V +Cl Ve 3.
After combining all inequalities, together with the Gronwall’s lemma yields
t
IVwll3+ HV]'H§+/O (IVaxw(T) |3+ [ Vaxj(T)|3)dT < C. (3.8)

For the global bound for ||Af],, applying A to the third equation in (1.3) with Af and
integrating by parts, we obtain

2dt”A9H2+HAa 9||2—/A u-V) 9A9dxdy+/Au2A0dxdy

By Lemma 2.1
/A(u-V)GAdedy:/AulexAH—i—ZVul-VGxA9+Au29yA0—|—2Vu2-VGyAQ.

Now we observe that

1 1 1 1
| 816,36 < a6 13 101 0

1 2

< 15106« 154C][6x ||zI\nyl\zHAull\zHAGIIS

— 48

1

< 15106« 154C][6x ||2H9xsz (1w [I3+146]3).
— 48

Similarly

1 2 2
/ zwl‘vexae' g—||Aexu%+cuwl||sHvaxulu;nwnﬁ,

| 826,86] < G100, B+ 11063+ Cle, B (e -+ 13612)

/ zwz-vey/w] < 451803+ Vs | [ Vaian 5| a6
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Finally,
1
'/AuzAdedy‘ < 25 18w 3+Cl80]3.
Collecting all inequalities and applying Gronwall’s lemma, we obtain

t
8013+ [ l1sa613<C

for any t <T. This completes the proof of Theorem 1.1. l

4 Global regularity of slightly regularized system

This section establishes that (1.6) possesses global regular solutions if the initial data are
sufficiently smooth. More precisely, we prove Theorem 1.3. The difficult part to show
the global regularity is obtaining global H! bound since global H2-bound is similar to
Theorem 1.1.

To obtain the global bound for the H'-norm, we take advantage of the vorticity for-
mulation. Taking the curl of (1.6), we find that w=V xu and j=V x b satisfy

{ Wit u-Vw+e(—A)Y w=b-Vj+w,+0x6, 1)

jt—{—u . Vj—l—e(—A)‘sj = b-vw+jxx—|- 20.bq (ayu1 +axu2) —20,U1 (ayb1 +axb2).

The main difficulty to show the global regularity is H!-bound for (u,b). We only sketch
the proof of H! bound.
Taking the inner product of (4.1) with (w,j) and integrating by parts, we obtain

d . ) .
¥, (lwll5+11]115) + ll0xw |3+ 10x]l13+e | Awl5+€l| A5
=+ L+3+]a+]5, (4.2)
where

L=2 / dyb1dyur jdxdy, Jy=2 / 9,b1 3112 jdxdly,

=2 / Dy110yby jdxdy, J3=2 / Byt d:byjdxdy, 5= / 9,0wdxdy.

The bounds for J;, J2 J3 and J4 can be found in [1], which are ( for g large enough such
that g0 > 2)

1 € ) 2. 1 ,
Nl < @HBMH%J@!|A5]H%+CH171H3" ’ |\]H§+@Hax]ﬂ§
2q6

€ =
+1||A‘5wH§+CHb1||35 lewli3,

1 1 , )
2] < 45 185c0l3+ 45 1347 13-+ C 13201 13 (lwl3+113).
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We can bound 3 similar fashion as Ji,

296

1 1 . € . D .
Us!S@Hawa%ﬂL@HafoﬁJrZHMJH%JrCHmHZ}" {15113
J4 can be bounded in a a similar fashion as |, and

I .
Tl < g 19112+ Clan [211]12:

J5 obeys
Js < [1]12]|9xcllo-

Inserting the estimates for Ji, J», J3, J4+ and J5 in (4.2) yields the desired global H'-bound
for (u,b). The H!- bound for 0 is similar to the previous section. One can follow line
to line from previous section to show the global H?-bound. This completes the proof of
Theorem 1.3. O]
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