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1 Introduction

Let Q) C R3 be a strictly convex bounded domain in R*® with smooth boundary. We con-
sider the following eigenvalue problem

(1.1)

az(Wij(Dzu)) :)\(—M)Z in Q,
u=0 on dQ},

where D% = (u;) is the hessian matrix of 1, (Wjj(D?u)) is a symmetric matrix defined as

U1+ U Uusp —U31
(Wij) = Uz uptusz Uy (1.2)
—U13 U1 Uy +1U33

and o7 is the 2-nd hessian operator (i.e. 02(S) = the sum of the 2-principal minors of S
for any 3 x 3 symmetric matrix S). We first prove an existence and uniqueness result for
(1.1). Then we get some convexity result for the solution of it.

The eigenvalue problem played an important role in partial differential equations
and had been studied by many authors (see, e.g., [21, 24, 25, 33]). Lions [25] first got
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the existence and uniqueness result for the eigenvalue problem of Monge-Ampeére equa-
tion. Later on, Wang [33] (and Geng-Yu-Qu [12]) generalized this result to the k-hessian
equations. In this paper, we get similar results for (1.1). Another important problem
in PDE is the convexity problem, which connects the geometric properties to geomet-
ric inequalities. One powerful tool to study the convexity is the constant rank theorem.
Caffarelli-Friedman [6] proved a constant rank theorem for convex solutions of quasi-
linear elliptic equations in R?. Meanwhile, a similar result was discovered by Yau [30].
Korevaar-Lewis [23] generalized their results to R". Later on, Caffarelli-Guan-Ma [8] and
Bian-Guan [4] established the constant rank theorem for a class of fully nonlinear equa-
tions. Related to our problems, Liu-Ma-Xu [26] established the constant rank theorem for
the eigenvalue problem related to k— Hessian equations for k=2 in dimension n =3. In
this paper, we would get a convexity result for (1.1) similar to [26].

Our another motivation to study (1.1) comes from the concept of k—convex solutions
introduced by Harvey-Lawson [18] who introduced some general convexity on the so-
lutions of the nonlinear elliptic Dirichlet problem. In their definition, a C? function u is
said to be k—convex if the sum of any k eigenvalues of its hessian matrix is nonnegative.
Recently, Han-Ma-Wu [16], Tosatti-Weinkove [31] studied a similar “convexity”-the n—1
plurisubharmonicity for C? functions defined on () C C" (i.e. the sum of any n—1 eigen-

values of the complex hessian ( agjz;lzj) is positive) and [31] used it to study the form-type

Calabi-Yau equation (see [10, 11]). The k—convexity is related to (1.1) in the sense that if
we note the eigenvalues of D?u by A;, (i=1,2,3). Then, by an orthogonal transformation, it
is easy to know that the three eigenvalues of (Wij(DZu)) are A1 +Ax,A1+A3,A2+A3. So, u is
2—convex if and only if (W;;(D?u)) is positive semi-definite. For our purpose here, we do
not need (W;;(D?u)) to be positive semi-definite. Instead, we only need (W;;(D%u)) €T
(the definition of T, will be given below) for the operator F(D?u) = 05(W;;(D?u)) to be
elliptic on u.

We see that the operator F(D?u) = 0»(Wjj(D?u)) is a combination of the 2—hessian
operator 0> and a linear one. In our proof of the theorems, we will use the elementary
properties of the hessian operator repeatedly. So, let us state some preliminary knowl-
edge that will be used below.

For 1<k <mn, let 0y be the k—th elementary symmetric function, i.e.

U'k()t): Z )\il)\iz"')\ik/ VA:<A1,...,/\H>€RH. (1.3)

1< <ip << <n

Let S” be the set of all n x n real symmetric matrix. For S€ 5", let A(S) =(A1,A2,...,An)
be the eigenvalues of S. We use the same notion o} to define the k—hessian operator as

x(8) =k (A(S)). (1.4)

We denote I'y ={A € R"|0;(A) >0,i=1,...,k}, which is an open convex cone in R". We
also denote Ty ={S € S"|A(S) €T} ={S€5"|0;(S) >0,i=1,...,k} if there is no confusion.
It is well known that the k—hessian operator oj is elliptic with respect to S in I’y and
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1
oy is concave in I'x. For our use here, we only consider the k =2 case and we define
the following concept of 2—admissible functions similar to that of Caffarelli-Nirenberg-
Spruck [7].

Definition 1.1. Let QC R3 be a domain, a function u € C?(Q) is said to be a 2—admissible
function in Q) if (Wj;(D?u)(x)) €T, for every x € Q, where (W;;(D?u)(x)) is defined as
n (1.2). We denote the set of all C? 2—admissible functions in () by ©, i.e. @ ={u¢€
C2(Q)| (W;j(D?u)(x)) €Tz, xeQ}.

Remark 1.1. (1) If u is a 2—admissible function, then F(D?u) =0, (W;j(D?u)) is elliptic in

u. In fact, by a straightforward calculation, we know F(D?u) =0y (DZu)2+(72(D2u). So,
by the chain rule, we have

07y + 90y 90y 90y
IW- IW. IW oW
oF . 1180’2 2 I _{_323(72 3(7231 (1 5)
ou- | W3 aWn W33 oWy : ’
1y _ 3(72 0’2 (%) + 3(72
IWi3 IWo IWp ' W33

If we denote A; the eigenvalues of (7 90, ) (i=1,2,3), then by an orthogonal transforma-
tion, we know A} +A5, AJ+A%, AL+AS are the eigenvalues of (- oF ) Since u is 2—admissible,
(W;j(D?u)) €T, we have (5 90 ) >0in ), ie. Al/>0,so0are A +/\2, A +A%, Ay+A%, that is
(3371;) >01n Q.

(2) If u is a 2 —admissible function, then G(D?u) = Fz (D?u) is concave with respect to
D?u. In fact, we know 02% (W) is concave with respect to (Wjj) because (W;;(D?*u)) €T.

Since W;j(D?u) is linear in u;j, we know G(D?%u) is concave with respect to u;;.

In the following, we will call a 2—admissible function an admissible one for short.
Moreover, a solution to (1.1) is called an admissible solution if it is admissible in Q).

Now, we can state our results. Our main purpose here is to derive some convexity for
the solution of (1.1). But before doing that, we need first get the existence and uniqueness
result for (1.1).

Theorem 1.1. Let Q) C R3 be a bounded domain in R® with smooth boundary. Then, there exists
a positive constant Ay, which depends only on (), so that

(1) (1.1) possesses a negative admissible solution 1 € C*(Q)NCH(Q) for A=A4,

(2) if (A%, %) €]0,+00) x (C®(Q)NCY(QY)) is another solution of (1.1), then A* = Ay, p* =
a1y for some positive constant w,

3) ZfQ1 C ), then /\1(01) 2/\1(02)

Then, we get the convexity result for (1.1).
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Theorem 1.2. Let O C R3 be a strictly convex bounded domain in R® with smooth boundary. Let
ueC®(Q)NCY(Q) be an admissible solution of (1.1), then —log(—u) is strictly convex in Q.

The plan of the paper is as follows. In Section 2, we derive a prior estimate for a
general class of equations which will be used in the proof of Theorem 1.1. We finish the
proof of Theorem 1.1 in Section 3. Then, we proved the constant rank theorem in Section
4, which is essential to derive the convexity results. In Section 5, we use the deformation
technique together with the constant rank theorem to get the proof of Theorem 1.2.

2 C!and C? estimates

Firstly, we derive the existence and uniqueness result for (1.1). Our method is similar
to that of Wang [33]. To do so, we need first get a prior estimate for the following Dirichlet

problem.
Consider the Dirichlet problem
F(D?*u) = f(x,u) in Q,
{ u=¢ on dQ). 1)

where F(D%u) = 0p(Wij(D*u)) = 07 (D?u)+02(D*u), (Wjj(D?u)) is defined as in (1.2).
Suppose that f(x,u) €CY(QAxR),f >0, and ¢ € C>1(3Q2), we first derive the following a
prior C! estimate for the solution of (2.1).

Theorem 2.1. Let Q) be a bounded domain in R with smooth boundary. If u € C*(Q)NCH(Q)
is an admissible solution of (2.1), then

sup|Du| <M, (2.2)
0

where My depends only on Q, ||¢|c3a0), | flco, |Dxflco, |Duflco and Mo = supe|ul, where the
CO norm of f,Dyf, Dy f are taken over Q x [— Mo, Mo).

Proof. We first extend ¢ harmonically into (), which is denoted by ¢. Since u is admissible,
(W) (x) €T2,x€Q), we have Au= 201 (W;;(D*1u))>0in O, i.e. u is subharmonic in Q. So,
from the comparison principle, we know

u<e in Q). (2.3)

Then, for any point xy € (), we may assume that xg is the origin and the positive x3
axis is the interior normal there and x; (1 <i<2) are the principal directions of Q) at xo.
So, dQ) can locally be represented as

n=p()=3 ¥ sl +O(x), 4

1<i<2
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where «x;(1<i<2) are the principal curvatures of 0Q) at xg, x' = (x1,x2). Near 9Q), let d(x)
denote the distance function to dQ). At the origin we have (dij) =diag(—x1,—%,0). For
large t, we consider v= %(e_td —1), then at the origin

(’(Jij):(—dl‘]‘—i-tdidj):diag(Kl,Kz,t). (2.5)
From the definition of (W;;(D?v)), we know
(Wij(Dzv)) =diag(t+x1,t+x2,K1+K2). (2.6)

So (W;j(D*v)) €T for t large enough. Following the arguments in Caffarelli-Nirenberg-
Spruck [7], we can get a sub-solution u, such that u is admissible in Q and

F(D%u)> sup f(x,u) in Q,
(x,u) €Qx [— Mo, M) (2.7)
u=¢ on 0Q).

Since both u and u are admissible in (), F is elliptic. So, we can use the comparison
principle to deduce that
u<u in Q. (2.8)

Combining (2.3) and (2.8) and the fact that u=u= ¢ = ¢ on 9Q), we get that
|Du|<C on 0Q). (2.9)

Next, we deduce the global gradient estimate.

Let G(x,¢) =q(u)ug, where q(u) = (2M0+1—u)*%, ug denotes differentiation in the
direction ¢. Suppose G(x,¢) attains its maximum in Q) at x; with & =e;. If x; €9Q), then
by (2.9), we have done. If x; € O, we have w1 (x1) = |Vu|(x1) and u;(x1) =0 for 2<i <3.
We may assume u1(x7) > 0, or there is nothing to prove. All the following calculations
are carried out at x1. So, we have

/

0=(logG)i=Tu+"1, =123, (2.10)
g m
q’ g (q)? wyp Uty
logG);i=—uu;+ —u;; — ——=—u;ju; +— — , 1,j=1,2,3. 2.11
< 23 )z] q ilj q ij qz ilj " u% ] ( )

From (2.10), we know
/

U= —(Ziu% and uy; =0, i=2,3. (2.12)

Rotate the x,x3 axis such that {u;j },<; <3 is diagonal at x;. Then we know {u;j}1<; <3

and (;71;) are both diagonal at x;. From Remark 1.1, we know (F7):= ( aaTI;) is positive
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definite in Q). Thus

0> F'i(logG)ii
" ! - iy, .. Fii 2
:[i (5] ) ]F11u2+q FZZ”ZZ+F Wijy Uy
2
q q q uj
" 124 (2.13)
:[(L (‘i) ]F”uz—f—q 2F—|—f( )1 Fll(q )L%
a 19 q ug q "u?
iﬂ
q

9 20112 fi
PN+ L2f+ =+ f,
2(Arn+ Lop I g,

where we have used the fact that F(D?u) is homogeneous of degree 2 (so we have F'/ ujj=
2F). Since

9" 51y 1
—=2 >, 2.14
[q (q) ] ~36(Mp+1)? (214)
we only need to estimate F!! to get an upper bound for u;(x1). In fact, since

80'2

M= aT“+20'1—M22—|—M33—|—20’1, (2.15)

we have
0< f(x,u) = F(D*u) =0o(D?u) + 07 (D?u)

= FMuy 400 (D?u|1) + 0% (D?*u) — 201 uy;

11
=F"uy1 +upnusz+o1(un+usz—ui)

Uy +1s3)?
§F11u11+(22433)+20'1<u22+u33)
1
<Flup+5(F1) = P“‘;u1+2(F“)2, (2.16)

where we use the cauchy inequality and the fact that Au >0, i.e. —uq1 <up+uss for the

second “<” and we use (2.15) for the last one. It then follows from (2.16) that (notice
that F1! >0 since (F) >0)

/!
1092 (2.17)
q

6(Mo+1) !

Inserting (2.14) and (2.17) into (2.13), we get an upper bound for u;(x1) = |Vu|(x1),
which also implies a global upper bound for |Vu|. O

Now, we derive the a prior C? estimate of (2.1) when ¢ =0 on 9Q).
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Theorem 2.2. Let Q) be a bounded domain in R3 with smooth boundary. Suppose ¢ =0 on 9Q)
and

Di(f?),Du(f?) €C'(QxR), (2.18a)
1D (£2)]co, |1 Du(f2)|co < Cp < 400, (2.18b)
D2, (£2)|co, D2, (f2) | co, D2 (f2) ] o < Co < 400, (2.18¢)

Then if u € C3*(Q)NC3(Q) is an admissible solution of (2.1), we have

sup|D*u| < M, (2.19)
QO

where My depends only on Q, ||f||c0,C1,Ca, ||Vu||c0(ﬁ), where the C° norms related to f are
taken over Q) x [— My, Mo).

Proof. The outline of our proof is similar to that of Theorem 3.2 in [33]. Rewrite the
equation in (2.1) as

G(Du) =03 (Wij(D?u)) =g(x,u)  inQ, (2.20)

where g= f 2, and denote

JG 9’°G
j(r)=5— ist(1) = 5-—=— 2.21
Gyl = (1), Gyl)=575-(0) @21
then we have
GijDjjur=Dyg, (2.22a)
GijDiju = —Gijsttijetist + Dia g (2.22b)

Since u is admissible, G(D?u) is concave with respect to ujj by Remark 1.1 (2). So from
(2.22) and (2.18), we know

GiiDij(Au) > Ag> gy Au—C. (2.23)
Observing that
1 _1 aU'Q(Wi‘)
2.\ _
. / . a(Tz(W,“) .
From Remark 1.1 (1), we know that if we denote A; the eigenvalues of ( W, ) (i=1,2,3),

902 (Wi;)

then A} +A%, A +A%, AL+AL are the eigenvalues of (%) and all positive. So, by the
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Newton — MacLaurin inequality, we have

et (2 ) (0 A 02 0+ A) = (o) 5 (1)
ij

aUZ(Wij)> 3

>803(M) :8det( S, ) = 8Cla (W),
ij

where C= (%)33% (see Prop 2.2in [33]). So we have det(G;;) >C. Applying the Alexandrov
maximum principle to (2.23), we obtain (since Au >0)

sup Au<sup Au+C|[1+Aul|3q)
0 90

1
3
§supAu+Csup(1+Au)% (/ (1+Au)dx> (2.24)

90 0 0

<supAu+Csup(1+Au)s,
20 Q

WIN

where we use the divergence theorem and the C! estimate in (2.2) for the last “<”. So,

we have
supAu<C(1+supQAu). (2.25)
0 20 '

For any fixed x € (), by an orthogonal transformation of coordinates we may suppose
(uj)(x) is diagonal, then (Wj;(D?u)(x)) is also diagonal. Since (Wj;) is in I';, we have
Wii+W;;>0,i,j=1,2,3,i#j,ie.

ui;>—~Au, i=1,2,3. (2.26)
On the other hand, we have
Wii4+Wji < (W1 +Waz) + (Wi1 +Was) + (W +Wsz) =4Au, 1,j=1,2,3,i#],
ie. Autu; <4Au,i=1,2,3 or
u; <3Au, i=1,2,3. (2.27)

In other words, we have |u;| <3Au,i=1,2,3. Since i is arbitrary and Au is invariant
under rotation, we can rotate the coordinates to get

|D?*u| <C|Au|=CAu  in Q. (2.28)
Combining (2.28) and (2.25), we get

sup |D?u| < C(1+sup|D?ul). (2.29)
0 90
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It remains to estimate | D?u| on the boundary. For any given x € 9Q), we may suppose
it is the origin and 0Q) can locally be represented as in (2.4) near the origin. Since u=¢=0
on d(), we have

uaﬁ(O) = —U3KyOup, 1<a,p<2. (2.30)

Let w=p(x') —x3—0|x'|>+Kx2, then it is easy to check that @ is admissible in a small
neighborhood of x in Q) since (W;;(D*w)) has eigenvalues ki +i —46, 2K+K1 —26, 2K+
xy—28 at x. So G(D?w) is concave with respect to D?@, we can use the similar arguments
as in Caffarelli-Nirenberg-Spruck [7] or Wang [34] to show that

s (0)] <C,  1<a<2. (231)

To estimate |u33(0)|, we first note that u is subharmonic in ) (and in Q by continuity).
This together with (2.30) implies a lower bound for 133(0). On the other hand, by (2.30),
we have

—uz(K1+x2) U3 —u31
(W;;(D?u)(0)) = 1o — 3K + Uiz 0 . (2.32)
—u13 0 —U3Ky+U33

So we have

C> f(x,0)=02(W;;(D*u)(0))

=3y —Busauz (K1 +x2) +u3 (k1% + x> +3K1K0) — U3z — U35 (2.33)

Since u3, 113,123 are all bounded, this implies that u33(0) <C.
O

Remark 2.1. (1) If f € CY1(Q x R) is strictly positive in (), then by Theorem 2.1, 2.2 and
the standard elliptic regularity theory we have

[l coa () <C- (2.34)

(2) If f satisfies (2.18) and is strictly positive in (), then by the interior Holder es-
timates for second order derivatives, we have [[u|c2.(q,) < C for any O CC Q. Hence
ueC>*(Q)NCcH(Q).

(3) Thanks to the special structure of (W;;j(D?u)) with respect to D*u in the case k=2,
n=3 (ie. the eigenvalues of (W;j(D?u)) are the “choosing sum” of that of D%u), we
did not make any assumptions on the convexity of dQ) to get the boundary C! and C?
estimates here. However, for general k and 1, we may need d() to satisfy some convexity
condition which was studied in Harvey-Lawson [18-20] to get these estimates.

From Theorem 2.1 and 2.2 and Remark 2.1.(2), we therefore obtain the existence result
for the homogenous Dirichlet problem by the method of super and sub solution.
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Theorem 2.3. Suppose f € C1(Q2x R) satisfies (2.18) and
flx,u)>0  foru<o. (2.35)
If there are a sub-solution w and a super-solution v to

{ F(D?u)=f(x,u) inQ,

u=0 on 9Q). (2.36)

then (2.36) possesses a solution u € C>*(Q)NCYH(Q) with v>u>w.

A function is said to be a sub-solution (resp. super-solution) of (2.36), if

{ F(D?u) > (resp. <) f(x,u)  inQ, (2.37)

u=0 on 9Q).

Proof. This can be derived from the uniform C>* estimate in Remark 2.1 and the standard
super-sub solution method (see Wang [32] or Aubin [2]). O

3 Proof of Theorem 1.1

In this section, we will use the results in Section 2 to prove Theorem 1.1. First, let’s
state a lemma which will be used in the proof. This lemma was got by Geng-Yu-Qu [12].

Lemma 3.1. Suppose u € C2(Q)) and Au >0 in Q. If there exists xo € Q), positive constants R
and d such that

Au>4, X € Br(x0) CQ), (3.1)
then 3
u
aV(x) >a, x€0Q), (3.2)

where v is the unit outer normal of 9Q), a >0 depends only on ), R,J and xq’s position in Q).
We now prove Theorem 1.1. The proof is similar to that in [12,25,33].

Proof. (1) Let’s first introduce a set A and a nonnegative constant A1 by
A= {A >0 |there is a solution uy € C*(Q)) of (3.4)}
A =supA, (3.3)
where (3.4) is defined as

F(D*u)=(1-Au)?> inQ,
u=0 on 0Q).
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and F(D?u) =02(W;;(D%u)) is the same as in Section 2. We will show that A; is positive
and finite, and thatas A = A4, Hub;ﬁ converges to a solution of (1.1) with A =A; there.
C

We know from Remark 2.1 (3) and Caffarelli-Nirenberg-Spruck [7] that

{ F(D?>u)=1 inQ,

u=0 on 0Q). (3.5)

admits an admissible solution 77. Then,

1
F(D?(21))=2%> (1-2An)>? for/\€<0,>.
(D*(217)) ( 1) 25?}pm|

From Theorem 2.3 and Remark 2.1, we obtain a solution u € C>*(Q)) of (3.4) for A €

(O,ZS%M). Hence A1 >0.
Q

To see that A is finite, just observe that if (A,u) is a solution of (3.4), then we have
(Wij(D?u)) € T. So u is subharmonic in ) and u <0 in Q. So, by (3.4), we have

o2(Wij(D?u)) > 0 in Q and by the Newton—Macularin inequality, we have Au >0 in
(), which implies that u <0 in (). By Newton — Macularin inequality, we have

D= 2oy (Wi (D)) > Cof (W (D?w)) = C(1—Aw). (3.6

Let A be the first eigenvalue of — % with homogenous Dirichlet boundary value and
i be a positive eigenfunction corresponding to A. Multiplying (3.6) by ¢ and integrating
by parts, we have

Au B VAN
/Q(Au—l)lpdxZA)—Tlpdx—/Q—Tudx—)\/leudx, (3.7)
ie.

(X—)\)/leudxg—/ﬂlpdx<0. (3.8)

Since pu <0 in (), this implies that A; < A < +o0.

From the definition of A1, we see that for any Ag € [0,A1), there exists Ay, Ag <Ay < A4
s.t. A€ A. So u,, is a sub-solution of (3.4) for A=Ag. By Theorem 2.3, we know Ag€A, i.e.
[0,A1) CA. Next, we claim ||u, || o tends to +o00 as A — A1. In deed, if it is not the case, then
there exists a sequence {y;}:"5 C A, s.t ; — A1 with ||u,,||co < C where C is independent
of i. By Theorem 2.1 and Theorem 2.2, we know |[u, || - (@) < C with C independent of i.

Since f(x,u,,) >1 for x € ), by Remark 2.1, we know |1, || 24 (@) < C with C independent

of i. So there is a subsequence of {u,,} that converges to some function u* in C?(Q)).
Clearly, (A1,u*) is a solution of (3.4) and u* #0. Take § >0, such that 6 <1/||u*||c0 and
set u=(1—06||u*| co) 1u*, then u=0 on 9Q and since

1—)\11/[*
—>1—(A+0)u,
i e e G R
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we have
F(D?u) = (1—=6][u* [ co) 2(1=Aqu*)? > (1— (A1 +6)u)>. (3.9)

Hence by Theorem 2.3, we have A1+6 € A. This contradicts to the definition of A;. So the
claim is true.
Denote vy =1u, /||t co, then v, € [—1,0] and satisfies

F(D*0)=(llupllco —Av)*  in Q)
{ v=0 on oC). (3.10)
Since ||v5 | co is uniformly bounded, by Theorem 2.1 and Theorem 2.2 we have

oAl 2@y <C (3.11)

where C is independent of A. Hence there is a subsequence of {v,}, we denote it by
vy; =0j, such that (p; > % >0 and) v; tends to some function vy € C°(Q)) uniformly in Q.
Since [|vj]|co() =1, we have [[vg|| o) =1. Since v9 =0 on 9, there exists xg € 2, R>0
and 6 > 0 such that vy(xp) = —1, Bar(x9) C Q) and

vo(x) < =25, x€Bayr(xp). (3.12)
Thus there is N, such that
v]-(x)g—(s, j>N, x € Br(xop). (3.13)
On the other hand, since v; <0 in Q and (W;(D?v;)) €Tz, we have
Avj> Co? (W;j(D?*v;)) > —pjv; >0 in Q)
and Av; > 416 in Br(xo), j > N. Set Br=Bg(xo), r=|x —xo|(x € R%) and let
w;(x)=vj(x)—eg(r)v(x), j>N,xeQ, (3.14)

where ¢ € C®[0,+00) satisfying 0< ¢(r) <1; |¢’|,|¢"| <M and

0 r< R
p(r)= -2 (3.15)
1 r>R,
v is the unique solution of
Au=0 in Q—Eg,
u=-—1 on aBg, (3.16)

u=0 on Q).
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Then, similar to the proof of Lemma 3.1 in [12], we have Aw; >0 in Q) for ¢ >0 small
enough. So by the maximum principle, w; <0 in (2, hence together with (3.13), we have

. ev(x), r=|x—xo|>R,
0j(x) < { -4, r=|x—xo| <R. (317)

Therefore, for any open set () CC Q), there is c =0 (€)’) >0 such that
vj(x)<—0, j>N,xe). (3.18)
So, from Remark 2.1 (2), there is C=C(¢,Q)’) >0 such that
19}l ey <C, (3.19)

where 0 <a <1, C is independent of j. Hence there is a subsequence of {v;} converges to
some function i; eC*(Q)NC(Q), which is a solution of (1.1) with A=Ay, (W;j(D?y1)) €
I in Q. On the other hand, we have ¢; <0 in Q by (3.18). So by (1.1) we have
o2 (Wij(D?*y)) >0 in O and together with the Newton — Macularin inequality, we have
(W;;(D*y1)) €T2in Q, i.e. ¢y is admissible.

(2) If (Aq,u1),(Ap,uz) € [0,400) x (C®(Q)NCH(Q)) are two pairs solutions of (1.1)
with u; admissiblein ),i=1,2. Let L;,= Gif(Dzui)Bij, then
Liu;=G(D*u;) =—Aju; inQ,i=1,2. (3.20)

By the properties of the first eigenvalue of non-divergence form elliptic operators (see
Evans [9] chapter 6.5 Theorem 3), we have

Ai=Re(A) > M (—L;)=—-M (L), i=1,2. (3.21)

where A1 (L;) is the first eigenvalue of L;.
On the other hand, since (Wj;(D?u;)) €T3 in Q). By the concavity and homogeneity of
G, we have

Liup > G(ur+up) —G(u1) > G(u1) +G(uz) —G(u) =G(up) =—Aup  in Q. (3.22)
By the characterization of the first eigenvalue in Nirenberg [3], we know
—A1(L1) =sup{A€R[I$p>0 in Q,s.t. Lip+Ap <0 in Q}, (3.23)

where ¢ is in leof(ﬂ) Since —up;>0in Q and —u, €C®(Q) C Wfo’f(ﬂ), we have by (3.22)
and (3.23) that
Ay <—A1(Ly), (3.24)

which together with (3.21) imply that Ay <A4. Similarly, A1 <Aj. So A1 = A, and all the
inequality in (3.21), (3.24) should be " =" and Ay =A; =—A;(L1) = —A1(Lo).
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Since (Wjj(D?uz)) €T; in Q, we have Auy =301 (Wij(D?uz)) >0 in Q. By Hopf lemma,
we have
duy

v

where v is the unit outer normal of 9Q). Hence, there exists t >0 small such that tuq —1>>0
in Q. Let tg=sup{t>0|tu; —uy >0 in O}, then we have 0 < ty < +oco (ty < +oo because
11 <0in Q).

By the definition of tp, we know tou; —uz >0 in Q. On the other hand, by (3.20) and
(3.22), we have

(x)>0, x€dQ, (3.25)

—L1(f01/l1 —le) Z —t()LlLll —)\2112 :Al(t()ul —uz) in Q. (326)

If 3xp € Q such that (fou; —uz)(x9) =0, then tyuy —uy attains its minimum at x €
Q. Since we have —L(tou; —uz) >0in Q by (3.26), So tou; —uy =0 in Q) by the strong
maximum principle and we have done in this case.
If (fou; —uz)(x)>0,Vx€Q), then we have —Lq (tou; —up) >0,Vx€Q by (3.26). By Hopf
lemma, we have
8(t0u1 — MQ)
v

So there exists &> 0 such that tou; —up >¢e(—uq) in Q (hence in Q), i.e. (to+€)u;—uz >0
in Q. This contradicts to the definition of t. So we have 1y =tyuq in Q.

(3) Let A; = A1 (Q);) with the corresponding admissible eigenfunction u;, i =1,2. Since
uy is admissible in (), it is also admissible in (1. So (3.22) holds in (3. By (3.23) and the
above argument, we know A, <—A;j(L;) =Ag. O

(x) <0, x€dQ. (3.27)

4 Constant rank theorem

Let Q C R3 be a strictly convex bounded domain. We now move to the proof of Theorem
1.2. From Theorem 1.1, we know there exists (A,u) € (0,+00) x (C*(Q)NCY(Q)) be the
unique (up to a positive multiplier) admissible solution of (1.1).

As we have known above, F(D?u)=02(W;;(D*u)) =07 (D?*u)402(D*u), set v=—log(—u),
then we have

-0

u=—e"’, uj=e ‘v, uj=e °(v;j—0v;v;j). 4.1)

So, (1.1) is equivalent to

{ 02(D?v) —tr(MD?v)+ (01 (D?*v) — |Dv|?)?=A in Q, (42)

v— +o0 on 0Q).

where M=M(Dv)=|Vv|>I-DvDv" is a positive semi-definite matrix. To prove the strict
convexity of v in (), we first derive a constant rank theorem for it.
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Lemma 4.1 (Constant Rank Theorem). Let QC R3 be a bounded domain, ucC*(Q)NC*(Q)
be an admissible solution of (1.1) (so that v=—log(—u) satisfies (4.2) ) and D*>v>0in Q, then
D?v is of constant rank in Q.

Proof. Let ry be the smallest rank of D?v in Q). We only need to prove rank(D?*v)=rg in
Q. Firstly, as u is admissible, o1 (D*u) =101 (W;;(D*1)) >0 in Q. So 01 (D?*v) =01 (D?u) +
|Dv|? >0 by (4.1), g can only be 1,2,3. If ry =3, then there is nothing to prove. Next, we
consider the case when ry=1,2.

Set P=0,,+1(D%0),01 ={x€Q|P(x)=0}. Since D?v is semi-positive in () and ry is the
smallest rank of D?v in (), we shall prove that

0 =0, (4.3)

So there are exactly r( eigenvalues of (D?v)’s which are positive everywhere in (), i.e.
rank(D?v) =r( in Q. First, we know (); is not empty since D?v must attains the smallest
rank rg at some point in (). Note that, (); is closed in () from its definition. Now, let
xo € )1, we shall prove that there exists a neighborhood O; of xg in () such that P=0 in
O1, which implies that (); is open. Since () is connected, we must have ()1 = Q).

Following the notations in [6] and [23], let O; be any open set and &,k be functions
defined in O;. Let y € Oy, we say h(y) Sk(y) if there exist two positive constants c1,c;
such that

h(y) <k(y)+(c1P+c2| VP|)(y)- (4.4)

We say h(y) ~k(y) if both h(y) Zk(y) and k(y) Sh(y) hold. Next, we say h Zk in O; if
(4.4) holds in O; with cj,c2 independent of y € O;. Finally, we say h ~k in O; if we both
have h 2k and k Zh hold in O;.

Now, let F = F(Dv,D?v) = 02(D?v) —tr(MD?v)+ (01 (D?*v) — |Dv|?)?, and we use the
following notations

2 2
Fi = oF ., Fhi= ai, Flirs — O°F . Fip = O°F i
a?)l']' al)l avrsavij avlavij
Fixing a point xp € ()1, we shall prove that
FiP; <0 (4.5)

in an open neighborhood O C(); of xj. Then by the strong maximum principle, we know
P=P(xp)=01in O;. To prove (4.5), we assume O; C C Q). We fix a point x € O; and rotate
the coordinates such that (vi]-) is diagonal and vq1 > vy > v33 at x. We deal with the two
cases (ro =1 and ro=2) separately.

Case 1: rg=2. In this case, P(x) =det(D?v(x)). Since the smallest rank of D?v is 2,
there exists a positive constant ¢; > 0, depending only on ||v|/cs and dist(O;, 0Q2), such
that v11 > v >c¢1 >0in O;. In the following, we do the calculations at x with the constant
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under control and independent of xcO;. First, since D%y diagonal at x and v11>v22>¢1>0

in O1, we have P(x) =v1102v33 and 0 <v33 = 015}22 < C%, that is
1
033~ P~0.

Differentiating P with respect to x; and x;, we get

v33i ~ P;~0,

Pij ~011022033j — 2022013{013] — 2011023 V23;,
which implies that
FP;j ~011022F0ij33 — 2020 F 013013 — 2011 F /0231023,
Now, we compute the partial derivatives of F along v;j, it follows that

FHM ~ 2011 4300 — 205 —3(034-03),  F?? ~200p 43011 — 203 —3(v3 +03),
Flz ~ Uy ~ V1T ~ FZl, Fll,ll — F22'22 — 2,

Fll,ZZ — F22,11 — 3, F12,21 — F21,12 - 1.

Next, differentiating (4.2) with respect to x3, we have
FProg+Flvij3=0.
Differentiating with respect to x3 again, we have
Fif'“vij3v,53+Fifvij33 ~0.
By (4.12) and (4.10) we know that
Flivjj33 ~ —F750,j30y53 ~ — 20713 — 20353 — 601130223 + 207 3.
On the other hand, by (4.11), we have
2F20195 ~ —F10113— FP0p3,

which implies that

ij 22 2 2 ij 11 11,2
Fv13;013) ~ —F 01130203 + F= 013,  FY023i0p3j ~ —F 01130203 + F ~ 07p3.

Putting (4.13) and (4.15) into (4.9) to substitute corresponding terms, we get

i 1 2 2 2
FIP;; ~2(v11020 — F 011 — F*702) (0123 — 01130223) — 2011022 (0113 +0223) .
j

(4.9)

(4.10a)
(4.10b)
(4.10c)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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On the other hand, since v33 ~0 and D?v is diagonal at x, we have
A=F(Dv,D?v) (4.17)
~0% 403, + 3011020 — 011203 +3(03 +03) | — 022203 +3 (v +v3) ] + | Dol .
From (4.10) and (4.17), we know
011020 — Foy; — F200y ~ —0%(D?v) — A+ | Do, (4.18)
Putting (4.18) into (4.16), we have
FiP;~2(—01(D*v) — A+|Do|*) (073 — v1130223) — 2011022 (v113+0223) . (4.19)

Now, we only need to prove (—07(D?v) —A+|Dv|*) (v3,;, —v1130223) S0in O;. First, notice
that
01(D?v) =eoy (D*u) +|Dv|* > | Dv|* > 0.

So we have
—01(D*0) —A+|Do|*< —A<0. (4.20)

Next, we know from (4.17) that

4tv3vty,
= 4[2011 + 309y — 207 —3(v3 +03)] 2020 + 3011 — 203 — 3(02 +03) 01130203
13, 5 3 5 3 5 5 6
~A[FA+5(on —0i— 50§)2+ 302 ~v3— 505)2 - 50411 - gv‘é - gvg

5
— 20303 — 20303+ 3 |Do|*+2|Do|*03+ (v3+03) (v +03) 01130223
240%?)%01137)223. (421)

If v1v, #0, we have 0%23 201130223 Combining this with (4.19) and (4.20), we get (4.5). If
0102 =0, then F12 = —vy; + 0,01 =0, putting this into (4.14), we have F1v;13+ F?20p3 ~0,

from which we know
Fll

2
—U1130223 ™~ T V113 = 0,

which also implies (4.5).
Case 2: ro=1. In this case, P=0» (Dzv) and like case 1, there exists a positive constant
¢ >0 such that v11 > ¢, >0. Since D?v is diagonal at x, we have

022033 P P
0<v33 <03 <vpp+U33+ =—<—,
011 (%]
ie.

033~ U~ 0~P. (422)
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Differentiating P with respect to x;,

Ui +033i ~ Pi ~0. (4.23)
Using the above fact and differentiating P with respect to x; and x;, we have
Pjj ~ —201i012) — 2013013) — 2023023 + 011 (V221 +0337) + (0221033 + 022033 ) - (4.24)
Hence
FYIP;j ~v11 FY (031 + 033i) — 2F7 (012012 +20131013) ) — 2F (0231023) + U220 ). (4.25)

To handle the first term, we differentiate the equation F(Dv,D?v) = A with respect to x;
and x3 respectively. We then get

FPloj+Fiv;n =0, (4.26)
FPrupy + F1"50,50r50 + F 025 ~0, (4.27)
FPioj+ Fil 3 =0, (4.28)
FProjzs + F" 030553+ F/0jj33 ~ 0. (4.29)
Adding (4.29) to (4.27) we get
F' (0321 +033i5) ~ —F"° (03120150 + ij30rs3)- (4.30)

This together with (4.25) gives
FP;j ~ =011 FI" (010052 + 0i305s3) — 2F (0107012 + 201370135 )
—2F" (033023 + 02029 ) (4.31)
To proceed, we need the following lemma (see [4]):

Lemma 4.2. Let ve C3(Q) be a convex function. Then for any O C C Q, there exists a positive
constant C depending only on dist (0,0Q0) and [|v[|cs1(y) such that

’Uija‘ < C(\/UT'H— U]']‘) (4.32)
forallxeOand 1<1i,j,a <3.

Using this lemma, Cauchy inequality and (4.22), we get

vfjkNo, 2<i,j<3;,1<k<3. (4.33)
On the other hand, from (4.26) and (4.28), we know
Fijvi]'z ~ Fijvi]-3 ~0. (4.34)

Putting (4.33) into (4.34), we get from Cauchy inequality that (Fv;15)% ~ (FHo113)2~0,
ie.

Vi1p ~ 0313~ 0. (4.35)
Putting (4.33) and (4.35) into (4.31), we get (4.5) from the Cauchy inequality. This com-
pletes the proof of the lemma. O
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5 Proof of Theorem 1.2

In this section, we use the constant rank theorem and the deformation technique to prove
Theorem 1.2. We first prove the strict convexity of v when Q) is a ball. The proof is
following the idea of McCuan [28].

Lemma 5.1 (Case in Ball). Let Bg(0) be a ball in R® with radius R >0. Let u € C*®(Bg)N
CU1(BR) be the admissible eigenfunction for (1.1) in Bg(0). Then v= —log(—u) is a strictly
convex function in Bg(0).

Proof. By the uniqueness of solution for (1.1) up to a positive constant, we know the
solution u is a radial function. We set

u(x)=o(|lx|)=o(r) forr=|x|. (5.1)

where r € [0,R], then ¢ <0 for € [0,R) and ¢'(0) = ¢(R) =0.
A straightforward calculation yields

wij=(¢"r 2 —¢'r %) xix;+9'r 16
and the three eigenvalues of D%y are (’%,(’%,go’ ’.So, (1.1) can be rewritten as

!

: +6(Pr‘” +(@")2=A(—p)* in[0,R). (52)

Since v=—log(—¢), we have
(Pl :e_vv’, q)//:e—v(v//_ (Z)/)Z). (5‘3)

Putting this into (5.2), we get

5(0)+6[0'v" — () 3]r4-[(v) )+ (v")2—2(v)*0"]r* =Ar* in (O,R). (5.4)
Since Au >0 in Br(0), i.e.
9 9
(7,7,([7 )erl, re [O,R) (5.5)

and ¢'(0) =0, we have ¢”(0) >0. Thus

0" (0) =e"¢" (0)+(v)?(0) >0. (5.6)
If there exists some point r1 € [0,R) such that v”(r1) <0, we let

ro=inf{r €[0,R)[v"(r1) <0}. (5.7)
Then, o >0 by (5.6) and v’ (r9) =0. Differentiating (5.4) and taking value at rp, we get

—6(0")3 4610 0" +2r(0" ) =212 (v') 20" =2Ar. (5.8)
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Since v”(rg) =0, we know from (5.4) that
5(0')2—6(0)’r+ (v ) =, (5.9)

ie.

2r(v')t =12(0/ )P — 10(;")2 oA, (5.10)

Putting (5.10) into (5.8) to substitute 2r(v')*, we have

—3(0’)24—57”/

1 o
v (ro) = 3r—r20/

(5.11)

This implies that v/ (ry) has the same sign as 3(rv')? —14(rv’)2415r0'. We also notice
that ¢” (rg) =e~?(v" —(v")?)(r9) <0 for v (r9) =0, hence by (5.5), we have ¢’(ry) >0 which
implies v/ (rg) =e”¢’(r0) >0. So, v""'(r9) has the same sign as

3(rv')? —14(rv') +15, (5.12)

which means that 0" (rg) > 0 if 70/ (rg) € (—00,3)U(3,+00).
On the other hand, from (5.9), we know

5(r0")2 —6(rv')3+ (10" ) = Art > 0. (5.13)

Hence rv/(rg) € (0,1)U(5,400) C (—00,3)U(3,+00), v (r) >0. However, this contradicts
to the fact that v (r) >0 for 0<r<r and v"(r9) =0. So we have v/ (r) >0 for 0<r <R, i.e.
v is strictly convex in Bg(0). O

Now, we state the following well-known boundary convexity lemma, see for example
Caffarelli-Friedman [6](p. 450, Lemma 4.3) or Korevaar [22] (p. 610, Lemma 2.4).

Lemma 5.2. Let Q) C R® be smooth, bounded and strictly convex. Let u € C*(Q)NCY(Q)

satisfies
u<0 inQ, u=0 and Du-v>0 ondQ), (5.14)

where v is the exterior normal to 0Q). Let
={xeQ|d(x,0Q) >¢} (5.15)

and let v=f(u). Then for small enough e >0 the function v is strictly convex in a boundary strip
Q—QF if f satisfies
/

() f'>0, (ii) f'>0, (iii) lim 770, (5.16)
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Proof. The proof can be found in Korevaar [22]. We only point out that in Korevaar [22],
u is assumed to be in C2(Q). But we can follow the calculations there to show that the
similar result is true for our case when u € C®(Q)NCY(Q). In fact, we know firstly that
u has bounded second derivatives a.e. in Q) since u € C1}(Q)). Following the proof in [22],
we then only need to get a lower bound for % on d(Q). However, this is known from
Lemma 3.1. In fact, from (3.12) we know there exists xo € (), positive constants R and &
such that

u(x)<—=26, x€Byr(xo). (5.17)

Then, Lemma 3.1 implies the desired result. O

Now, we use the deformation technique and the constant rank theorem to prove The-
orem 1.2 as in Korevaar-Lewis [23] and Ma-Xu [26, 27].

Proof. If Q) is the ball Bg(0), by Lemma 5.1, we know v = —log(—u) is strictly convex in
Br(0). For an arbitrary bounded strictly convex domain (), set

Q= (1—1)Bg(0)+tQ, 0<t<1.

Then, from the theory of convex bodies, we can deform Bg (0) continuously into Q2 by the
family {Q);}, 0<t <1, of strictly convex domain in such a way that 9Q); — 9} as t —s in
the sense of Hausdorff distance, whenever 0 <s <1. And the deformation also is chosen
so that 90}, 0<t <1, can be locally represented for some «, 0 <a <1, by a function whose
norm in the space C?# of functions with Holder continuous second derivatives depends
only on 6, whenever 0 <t <4/ <1.

Suppose u; € C®(Q)NCH () is the admissible solution of (1.1), v; := —log(—u;)
and H; is the corresponding hessian matrix of v;. First, Hy is positive definite, and from
Lemma 5.2 we have H; is positive definite in an € neighborhood of 9();. From Theorem
2.1 and 2.2, we know this bound depends only on the uniformly bounded geometry of
Q) which depends on the geometry () and ¢. We conclude that if v(.,s) is strictly convex
for all 0 <s <t, then v(.,t) is convex.

So if for some §, 0 < <1, Hs is positive semi-definite but not positive definite in ()5,
we say it is impossible by constant rank theorem and Lemma 5.2. We conclude H; is
positive definite. Then v =—log(—u) is strictly convex in Q).

O
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