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Abstract: In this article, we present the multiplicative Jordan decomposition in
integral group ring of group Kg x Cs, where Ky is the quaternion group of order 8.
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1 Introduction

Let G be a finite group and Q the field of rational numbers. Then every element a in
the group algebra QG has a unique additive Jordan decomposition @ = «ay + «, with
as, an € QG, ay is semisimple, «,, is nilpotent and aya, = a,as. Recall that an element
a € FG is said to be semisimple if the minimal polynomial m(X) of « over F' does not have
repeated roots in the algebraic closure F of F with F a field of characteristic 0. Furthermore,
if @ is a unit in QG, then so is a,, and « has a unique multiplicative Jordan decomposition
= (g0, With o, = 1+a;1an unipotent and asa, = ayuas. But, when o € ZG, the integral
group ring over G, the semisimple component « does not always lie in ZG. The integral
group ring ZG is said to have the additive Jordan decomposition (or AJD for short) property
if oy € ZG (and hence «,, € ZQG) for every a € ZG, and to have the multiplicative Jordan
decomposition (or MJD for short) property if as and a,, € ZG for every unit a € ZG. If
ZG has the AJD property, then in fact it also has the MJD property. Therefore, to consider
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the groups G such that ZG has the MJD property, we need to consider the case that if ZG
has the AJD property.

The finite groups G whose integral group ring ZG has the AJD property are completely
classified in [1] and [2]. If G is abelian or a Hamiltonian 2-group, then every element of QG
is semisimple and consequently ZG trivially has the MJD property. In [3], the necessary
conditions for a finite group G whose integral group ring ZG has the MJD property are
given as follows:

Theorem 1.1([3], Theorem 29) Let G be a finite group such that ZG has MJD. Then one
of the following holds:

(1) @G is either abelian or of the form Kg x E x H, where E is an elementary abelian
2-group and H is abelian of odd order so that 2 has odd multiplicative order mod |H|. (Such
G have AJD and hence MJD for trivial reasons, since QG contains no nilpotent.)

(2) G has order 2%3 for some nonnegative integers a, b.

(3) G = Kg x Cp for some prime p > 5 so that 2 has even multiplicative order mod p.

(4) G is the split extension of Cp (p > 5) by a cyclic group {(g) of order 2% or 3% for
some k > 1, and g* or ¢° acts trivially on Cp.

To completely classify the finite groups G such that ZG has the MJD property, we need
only to investigate the four cases listed in Theorem 1.1. It has been shown that the integral
group rings of abelian groups have the AJD property in [2], and so the MJD property. For
the finite non-abelian 2-groups whose integral group rings possess the MJD property, there
are two groups of order 8 (see [4]), five groups of order 16 (see [5]), four groups of order 32
and only the Hamiltonian groups of larger order (see [3] for details). Liu and Passman!®
showed that for the finite non-abelian 3-groups whose integral group rings have the MJD
property, there are two groups of order 27 and at most three other groups (all of order 81)
for larger order. Liu and Passman!” also proved that there are precisely three non-abelian
2,3-groups of order divisible by 6, with ZG satisfying MJD.

Since Q(Ks x Cp) has no nilpotent elements for p a prime such that 2 has odd multi-
plicative order mod p, the integral group ring Z(Ks x C,) trivially has the MJD property.
When p is some odd prime such that 2 has even multiplicative order mod p, Hales et al.l’]
claimed that “We do not know if these groups ever have MJD for their integral group rings.
The first example to investigate would be Z(Kg x C5).”

In this article, we present the multiplicative Jordan decomposition in integral group ring
of group Kg x (5, where Kg is the quaternion group of order 8. Thus, we give a positive
answer to the question raised by Hales et al. in [3].

2 The AJD for the Units of Z(Ks x C}) in Q(Ks x C))

Lemma 2.1 Ifa in QG is central and § in QG is semisimple, then a+ 3 is semisimple.

Let Cp, = (t) be a cyclic group of order p and ¢ a primitive pth root of unity. Let U,(ZC))
and U1 (Z[(]) denote the sets of 1-units for ZC), and Z[(], separately. We consider the map
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AN ZC, — Z & Z[(], w=> ct'— (Y, Yelh).
If u =Y ct' € Ui(ZCy), then u — (1, Y ¢;¢*) with Y ¢; = 1 and Y ;¢* € Ui(Z[(]).
Conversely, given any > b;¢* € Uy (Z[¢]) with >"b; = 1, it is easy to see that u = > b;t* lies
in U1(ZCp) and u— (1, > b;¢*). Thus, U1 (ZC,) = Ui (Z[(]).

Theorem 2.1  Every non-semisimple unit of Z(Kg x Cp) can be written as a sum of a
semisimple unit and a nilpotent element in Q(Kg x Cp), where
Kgx Cp=(z,y|at =1, y? =2 yay™ ' =a7h) x (t| " = 1),

and p is some prime such that 2 has even multiplicative order mod p.

Proof. It is well known that Kg x Cp has 5p conjugacy classes, then there are 5p irreducible
complex representations, in which 4p have degree 1 and p have degree 2. The 5p irreducible
complex representations of Kg x (), are given by

Rypyr1:x—1, y—1, t— ¢,

Rypyo i@ — 1,y — —1,t — ¢k,

Rypys:x — —1,y — 1,t — ¢*,

Rypyqg 2 — -1,y > -1t — {k,

| 0 1 £O) 9l ¢ o
R“”“'”(—l o)"“(ﬂo —f<<>>’H<o cl)’

Rsp:xz—i, y—7, t =1,
where 0 < k <p—1,1<1<p—1, and the polynomials f and g satisfy
FO?+9(C)?+1=0

since p is some prime such that 2 has even multiplicative order mod p.
We can see that R; (1 < ¢ < 8), Rap11 and Rs), are the irreducible rational representations
and the Wedderburn decomposition of the rational group algebra Q(Kg x Cp) is given as:

Q(Kz x Cp) = Q' & Q(O)* & He Ma(Q(0)),
where H is the rational quaternion algebra and My(Q(({)) is the set of 2 x 2 matrices with

entries in Q(¢).
Suppose that

p—1

U= 2 [ > (asn® + dl,z°y) |t" € U(Z(Ks x Cp))
n=0 [ s=0

is not semisimple. Write

e A1p — A3n aln_aln
g = Zo {2(55 — %) + %(1 — %)y +

/ /
A1p — A3y

5 (v — x%y} .

/ /
A1n + a3n

5 (z+ x?’)y} t"

I
3
_
—
)
[}
3
+
Q
)
3
S
+
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is central, and hence, is semisimple. In order to show that U = a 4 S is the decomposition
with o semisimple and § nilpotent in Q(Kg x Cp), it is sufficient to show that the image of
[ in every Wedderburn component is nilpotent.

Write
p—17T 3
B0 =S | S (e +a)|e
n=0 [ s=0
Since

(asn + a;n):| =1,
s=0

R0) =S | 5+ |¢ € U,
it is easy to see that h(t) € U1(ZC),), and hence
Ri(UL(t)™ ) =1, Rs(Uh(t)™") = 1.
Replacing U by Uh(t)~!, we can assume
R (U) =1, R;(U) =1,
and then
(@00 + a10 + az0 + aso) + (ag + alo + ay + a3

(ao1 + a1 + az1 + as1) + (apy +ayy +ay +ay) =0, 1)
2.1

I li i i
(aop-1 + aip—1 + azp—1 +azp-1) + (ag,_1 + @y, 1 +as, 4 +az, 1) =0.

Furthermore,

p—1 3

RaU) = £ | 3 (0 = )] =41,
n=0 [ s=0
p—1 3

Ra0) =S | & (0 - € UL,
p—1

R3(U) = _0[(0’071 — Q1pn + a2n — a‘3n) + (G‘E)n - a’/ln + a/2n - aén)] = :|:].,
p—1

R7(U) = 2_:0[(@071 — @1n + a2n — a3n) + (ag, — ay, + a5, — a3,)|¢" € U(Z[(]),
p—1

Ry(U) = ZO[(GOn — Qip + a2n — a3n) — (ag, — ay, + a5, — a3,)] = £1,
p—1

RS(U) = 2_:0[(‘1071 — Q1pn + a2n — a3n) - (a/On - alln + a/2n - aén)]C" S U(Z[C])

By (2.1), all the coefficients of ¢, ¢2, - -+, (P~ in Rs(U), R7(U) and Rg(U) are even. Because
of U € Ui(Z(Ks x Cp)), we also have

p—1 p—1 p—1 p—1
R5P(U) = Z (aon - a‘2n) Z (al’ﬂ - QSH)Z + Z (a6n - a’/Zn)] + Z (alln - a‘/Bn)Z]
n=0 n=0 n=0 n=0

€ {1, +i, +j, +ij}.
It follows that either
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p—1
(i) > (apn — a2n) =0; or
n=0
p—1 p—1 p—1 p—1
(11) Z (CLon - a‘2n) = :tlﬂ Z (a‘ln - a’3ﬂ) = 07 Z (%n - a‘/2n) = 07 Z (a’lln - aén) =0
n=0 n=0 n=0 n=0

Then, by (i) and (ii),

1 1 1
Risp(8) = 2 (@1 = a3, )i+ 3 (0hy = a5, )i + 3 (0, = 5, € {0, 4. 5. %}
Moreover,
Y £(¢) + Sg(¢) X +Yg(¢) - Sf(Q)
Ripi1(B) =
X +Yg(()-Sf(Q)  -Yf(Q)—59()
where

p—1 p—1 p—1
X = z_:o(aln - a3n)<n7 Y = z_:o(aén - aén)cn7 S = Z_:O(alln - a’én)cn
Note that
TrRyp1(8) =0,  detRyp1(8) = X2 +Y?+ 5%

where “Ir” and “det” denote trace and determinant of the matrix Ra,11(8), separately.
Case 1. If detRyp41(8) # 0, associate with TrRa4,11(8) = 0, then Rypt1(8) is semisim-
ple. Moreover, R;() =0 (1 < i < 8) and R5,(8) € {0, £i, £j, +ij} are also semisimple.
It follows that 3 is a semisimple element, and then U = a +  is also semisimple by Lemma
2.1, which is a contradiction to the assumption that U is not semisimple.
Case 2. If det Rap11(8) = 0, associate with TrR4,41(8) = 0, then Ryp1(f) is nilpotent.
Immediately, we have
detRyy 1(B) = X2+ Y2+ 82 =Ty + 03 4+ Tt + -+ + T, 1271 = 0.
If (i) holds, then

p—1 p—1 2 p—1 2 p—1 2
T ="5 1, = [ zomm—asn)} +[zo<aan—a;n>} +[zo<aan—agn>] 1
=0 n= n= n—=

which is impossible since Ty € Z. Thus, (ii) holds and

T; = [(a1i — asi)® + (ag; — a;)? + (ah; — a3;)*] +2 > [(a1x — azk)(@1m — a3m)
k+m=2i(mod p)

+ (aék - a’ék)(a/Om - a’l2m) + (a’llk - aék)(a’llm - ag’ﬂn)]
—0, 0<i<p-—1.
This shows that Rs,(3) = 0. Then we obtain that R;(3) is nilpotent for 1 <4 <8, 4p + 1,

5p, and hence § is nilpotent in Q(Ks x Cp). Thus, it is proved that the decomposition
U=oa+pin Q(Ks x Cp) is the desired.

Remark 2.1  Recall that T; =0 for 0 < i < p — 1. Then we have that
(a1; — azi)® + (ap; — ay;)* + (a; — a3;)* = 0 (mod 2),
and (a1; — as;), (ap; — ab;) and (a}; — aj;) either all are even, or two are odd and the other

one is even.
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Lemma 2.2([8], Lemma 8.3.5)  Let A be a finite abelian group. Then
UL(ZA) = A x Us(ZA),
where Us(ZA) = {u € U(ZA) : u =1 mod(AA)?}. Moreover,
Us(ZA) CUL(ZA) = {uc U(ZA) : u* = u},
where u* =3 c;ig; " ifu =Y cigi.

Lemma 2.3([9], Lemma 8.1)  Let p be prime and m > 1, (m a primitive p™th root of
unity.

(a) The cyclotomic units of Q((pm )t are generated by —1 and the units

1—al— (%, 1
= (R v 1 —p" =1
C=Gf T2 <a<gp™ (a p)

(b) The cyclotomic units of Q((pm) are generated by (pm and the cyclotomic units of

Q(Gpm) ™

Lemma 2.4  Let ¢ be a primitive pth root of unity. Then Ui(Z[(]) is generated by (,
(14O, - (LG4 ¢T),

Proof. Let Cp = (t). Then Uy(ZC)) = (t) x F, where F' is free and ranF = ]%3 (see
[8], 8.3, Exercise 1). By Lemma 2.3 and Uy(Z[¢]) = U1(ZC,), U1(Z[(]) is generated by ¢,
(L4, (L4 G-+,

Let U = {u | u = ug + w1 + u2C® + -+ + up_1¢P~1 € U(Z[(]), uo = 1(mod 2),
u; =0(mod 2) (1 <i<p—1)}and Uy = {u|ueld, Y u; =1}.

Proposition 2.1  Let u = ag + a1 + a(? + - + ap,lgp’l € Uy and u? = by + b1 +
bo(? + -+ 4 bpy_1CP7L. Then by = 1(mod 4), by = 1(mod 8), b; = 0(mod 4) and b; =
a% + 2apa;(mod 8) if i is even or b; = a3, + 2apa;(mod 8) if i is odd for 1 <i < p—1.
J\/.;oreover, if b; = 0(mod 8) for all 1 < i2§ p — 1, then u? = 1(mod 8) and if there is a
b; = 4(mod 8) for some i, then u* = 1(mod 8).

Proof. Since Lemma 2.2 and u € Uy, a; = ap—; = 0(mod 2) for 1 <7 <p—1. Then

p—1 B

5
1= a=a+2) a; ap = 1(mod 4).
i=0 i=1
It is easy to calculate that
by = ag +2a10p—1 + -+ 205055 + -+ Qaprlap# = a% = 1(mod 8),
and for 1 <i<p-—1,

i pti=1
2 2
a2 +2 Y a1 +2 > aapii— = a% + 2apa;(mod 8) if 4 is even;
b 2 =0 I=i+1 2
P = _ o
2 %_1 pTﬂ_l 2 . ..
a,,;r,., +2 > e +2 Y, aapyio = a% + 2apa;(mod 8) if 7 is odd.
1=0 I=i+1

Similarly, the rest of the assertions is obvious.
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at+b+c+d B_a—i—b—c—d _a—b+c—d
4 P 4 7= 4

Let (a, b, ¢, d) be an array, a =
and § = %

Lemma 2.5 Letb, ¢, d be even anda = 0. If o, 8,7, 0 are all in Z, then (a, b, ¢, d)(mod 8)
just be (0, 0, 0, 0), (0, 0, 4, 4), (0, 4, 0, 4), (0, 4, 4, 0), (0, 0, 2, 6), (0, 2, 0, 6),
(0, 2, 6, 0), (0, 0, 6, 2), (0, 6, 0, 2), (0, 6, 2, 0), (0, 2, 2, 4), (0, 2, 4, 2), (0, 4, 2, 2),
(0, 6, 6, 4), (0, 6, 4, 6) or (0, 4, 6, 6) such that 8, ~, ¢ either all are even, or one is even
and the other two are odd.

Lemma 2.6  Letb,c,d beodd anda = 1. If a, B, 7y, 0 are allin Z, then (a, b, ¢, d)(mod 8)
just be (1, 1, 1, 1), (1, 1, 5, 5), (1, 5, 1, 5), (1, 5, 5, 1), (1, 1, 3, 7), (1, 3, 1, 7),
1,3 71,1, 1, 73,1 7 13,1 73 1), 3 3 5), (1 3 5 3), (1, 5 3, 3),
(1, 7,7, 5), (1, 7, 5, 7) or (1, 5, 7, 7) such that 3, -y, & either all are even, or one is even
and the other two are odd.

Remark 2.2 Let (=1+C+---+(PL. Then '
w=E(1 4+ O (14 ¢+ (14 ¢+ +C7) 5 1A el
If there is no the item like (1 4+ ¢ +--- + ¢")% (I is odd), then the sum of the coefficients of
U — )\CA is odd, thus A is even, and there exists an integer j such that
Gu—A)=1+0C+0¢2+ 40" (mod 2).
If there is the item like (1 + ¢ + --- + ¢Y)% (I is odd), then the sum of the coefficients of
U — A(A is even, thus X is odd, and there exists an integer k such that
Flu—=A)=0+1¢+1¢2+ - + 1¢P Y (mod 2).

Let p = 5. We obtain the main results of the article in Section 3.

3 Z(Ks x Cs) Has the MJD Property

Proposition 3.1 The 1-units of Z[¢] are generated by [—(1 + ¢)2 + (] and C.

Proof. By Lemma 2.4, Uy (Z[(]) is generated by 1 + ¢ and ¢, then the 1-units of Z[(] have
the form +¢*(1 + )™ + A for some integer k, n and X. Obviously, u = —(1 + ¢)? +(lisa
1-unit of Z[¢], and n = 2, A = 1 are the smallest positive integers such that

M1+ Q)" +AC € Ui (ZIC)).
Therefore, the 1-units are generated by [—(1 4 ¢)2 4 (] and (.

Proposition 3.2  Let u be the generator of Uy. Then u = 146¢+6¢%+6¢> +6¢*(mod 8).

Proof. We observe that
(1+¢)P=1+3C+3C+C+0* =1+ ¢+ + ¢ +0¢*(mod 2),
and n = 3 is the smallest positive integer such that
M1+ 0" =0+ ¢+ ¢+ ¢+ ¢*(mod 2)
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for some positive integer k. By Proposition 3.1 and the definition of U3, n = 6 is the smallest
positive integer such that +¢¥ (14 ¢)™ + AC € Uy for some integer k and A. Then the unique
generator of U; should be
u= 21+ + X
for k=2 and A =5, i.e.,
u= —C¢(1+¢)5+5¢
= — (204 15¢ +7¢2 +7¢3 +15¢*) 4+ 5¢
= 1+46¢+6¢% 4 6¢% + 6¢*(mod 8).

Theorem 3.1  Integral group ring Z(Ks x Cs) has the MJD property.

Proof. For any U € Uy (Z(Ks x C5)), by Theorem 2.1, U = a+ 8 with a semisimple and (3
nilpotent in Q(Ks x C5). Then it remains to show that 5 € Z(Ks x C5). Following Theorem
2.1, we have that

p—1
R5(U) = ZOARC” =1
with Ag=1and A, =0for 1 <n<p-—1,

Ro(U) = pf B,¢"(mod 8),

n=0

p—1
Re(U) =) Cn(™(mod 8),
n=0

p—1
Rs(U) =) Dp¢™(mod 8),

n=0
where 0 < B,,,C,,, D,, <T.
Let

o 7An+Bn+Cn+Dn

n — 4 ’

A, + B, —C, — D,

B = - :

An*Bn+Cn*Dn

Tn = 4 )

5 _ An=B.—Cit Dy

4
for 0 < n <p—1. It is not difficult to see that

Bn = a1y + a3n, = @15 — azp(mod 2),

Vo = g, + @y, = ag,, — ab, (mod 2),
8, = al, + aj,, = dl,, — aj, (mod 2).
Recall Theorem 2.1 again,

To=Brtmmton+2 5 (BeBm + Wwhm + 0kdm) =0,
k-+m=2n(mod p)

and hence,
0="T, =2 +~2+6%(mod 2).
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Thus, Bn, Yn, 0, either all are even or one is even and the other two are odd.

Theorem 2.1 provides that all the coefficients of ¢, ¢2, ---, (=1 in Rg(U), R7(U) and
Rg(U) are even, thus, Rg(U), R7(U) and Rg(U) are all in +/;. By Propositions 2.1 and
3.2, the generator u = 1+ 6¢ +6¢? +6¢3 + 6¢*(mod 8) of U; is an element of order 2. Thus,

Rs(U)(mod 8), R7(U)(mod 8), Rg(U)(mod 8) € {u, —u, 1, —1}(mod 8).
By using Lemma 2.6, By, Cy, Dy must all be 1(mod 8) since Ag = 1. Then
Rg(U)(mod 8), R7(U)(mod 8), Rg(U)(mod 8) € {u, 1}(mod 8),
and Sy, 7o and &g are all even. Since A,, = 0, by Lemma 2.5, we obtain that
Rs(U) = 1(mod 8), R7(U) = 1(mod 8), Rg(U) = 1(mod 8),
and S, v, and d,, all are even for all 1 <n < p — 1, which deduces that g € Z(Kg x Cs).
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