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Abstract: This paper is concerned with the bifurcation analysis for a free boundary
problem modeling the growth of solid tumor with inhibitors. In this problem, surface
tension coefficient plays the role of bifurcation parameter, it is proved that there
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1 Introduction

During the past forty years, a number of mathematical models have been studied and devel-
oped, see review papers [1]-[5] and the references therein. Among those, the growth of solid
tumor models, described by partial differential equations with a free boundary, have been
given considerable attention, see [6]-[21]. Solid tumor growth can be regarded as a result of
various interactions within the micro environment, such as nutrient (e.g. oxygen, glucose),
or inhibitors (e.g. inhibitory material developed from the immune system of healthy cells,
anti-cancer drugs and radiation administered by medical treatment), etc.

In this paper, we consider a mathematical model describing the stationary state of an
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avascular solid tumor with inhibitor:

Ao = f(o) in £2, (1.1)
AB =g(B) in 2, (1.2)
—Ap=h(o,8) in £, (1.3)
c=0 on 012, (1.4)
B=7 on 012, (1.5)
% =0 on 012, (1.6)
="K on 92. (1.7)

In this model, 2 C R? is the domain occupied by the tumor. o, 3 denote the concentration of
nutrient and inhibitor within the tumor, respectively. The pressure p within the tumor comes
from the proliferation of the tumor cells. f(o), g(o), h(o,3) are the nutrient consumption
rate, inhibitor consumption rate and tumor-cell proliferation rate function, respectively.
& and [ are positive constants, o = & and § = 3 mean that the tumor receives constant
nutrient and inhibitor supply from the exterior surface, respectively. v is the outward normal
of the free boundary 02, v is the surface tension coefficient, and & is the mean curvature of
the free boundary 042.

According to the medicine and biology, as well as the need of the mathematics, we assume
that f, g, h are functions satisfying the following conditions:

(A1) feC™®0,00), g€ C™[0,00), heC™(0,00) % [0,00));

1)
(Ag) f'(o) >0 for o >0 and f(0) = 0;
(A3) ¢'(B) > 0for 8 >0 and g(0) = 0;
(A4) ( *3) >0, OB for 5> 0, B> 0and h(0,0) < 0.

op
flo) is strlctly monotone increasing about ¢ means the concentration of nutrient is much
larger, the tumor cells consume more nutrient in the unit time. f(0) = 0 means the nutrient
consumption is zero when there is no nutrient, we can make similar explanation for g(g).
h(o, B) is strictly monotone increasing about ¢ and decreasing about S means increasing
the concentration of the nutrient and inhibitor will enlarge and lower the proliferation rate
of the tumor cells, respectively. h(0,0) < 0 means that the number of tumor cells decreases
when the concentration of nutrient and inhibitor are all zero. Obviously, these assumptions
satisfy the medicine and biology principle.

For the system (1.1)—(1.7) without inhibitors, i.e., 8 = 0, the authors of [13], [15] and
[16] studied the linear case: f(o) = o, h(o) = p(o —7), and proved the existence of a unique
radially symmetric solution and a sequence of nonradially stationary solutions for this system
in two-dimensional case and three-dimensional case respectively. In [11], the above results
were extended to general case with f(o), h(o) are smooth functions. For the case 8 # 0,
the existence of radially symmetric stationary solutions and nonradially stationary solutions
were analysed for the linear case of (1.1)—(1.7) by Cui et al. in [10], [12], [20] and [21]. For
general case of (1.1)—(1.7), the existence of the radially symmetric solutions was studied by
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Wei and Cui in [19]. In this paper, we study the existence of nonradially solutions of the
problem (1.1)—(1.7). We shall regard (1.1)—(1.7) as a bifurcation problem with 7 being the
bifurcation parameter, and reduce this problem into the following bifurcation equation with

the form:
F(p:y) =0, (1.8)

where F is nonlinear operator. By studying the linearized problem, we compute all eigen-
values of its Fréchet derivative D,F(0,7), then applying Crandall-Rabinowitz bifurcation
theorem (cf. Theorem 1.7 in [14]), we obtain that there exists a null sequence of numbers
{7}, and an integer k* > 2 such that in a neighborhood of each v; with k& > k*, the
problem (1.1)—(1.7) has a branch of nonradially symmetric solutions bifurcating from the
radially symmetric solutions.

The rest of this paper is organized as follows. In Section 2, we study the linearization of
(1.1)=(1.7) at radially symmetric solution. In Section 3, we reduce problem (1.1)—(1.7) into
the abstract form (1.8) and study the properties of the operators F(-,~). In Section 4, we
study bifurcation solutions and prove our main result. Some conclusions are also given in

the last section.

2 Linearization

It was shown in [19] that there exists a unique radially symmetric solution (o¢(r), Bo(r),
po(r), ) of the problem (1.1)—(1.7) with 2y = {z € R3 : |z| < R,}. In this section, we
determine the linearization of the problem (1.1)—(1.7) at the radially symmetric solution.
We also provide conditions which imply that the linearized problem has nontrivial solutions.
For S(w) € S?, denote 2. = {z € R®: 1 < Ry + £S(w)}, we consider the perturbations
of the radially symmetric solution (oo(r), Bo(r), po(r), f2) of the form
o(z) = ao(r) + oy (r,w) + o(e?),
B(x) = Po(r) + bi(r,w) + o(e?),
p(x) = po(r) + epi(r,w) + o(e?),

where r = |z| and w = . Moreover, ¢ is a small parameter and oy, 51, p1 are functions

to be determined. Let Aw be the Laplace-Beltrami operator on the sphere S?. Similar to
[11], substituting the aforementioned expressions into (1.1)—(1.7) and using the relations

74 () + 2ah(r) = floo(r). (21)
1)+ 285(r) = 9(Bo(r), (22)
P0) + 28h(r) = ~ho0(r), Bolr), (23)
we can get that the linearizations of (1.1)~(1.7) satisfy the following;:
b0, 200 +- 2 Awor = f(oo(m)on, (2.4)

or? r Or



88 COMM. MATH. RES. VOL. 33

8;:21 + %% + = Auwpb1 = g'(Bo(r)) B, (2.5)
Tn 20 iﬁwh=-%%ﬂﬂﬂdﬂ@—§%%(ﬂﬂﬂwh (26)
o1(Rs,w) + 04(Rs)S(w) =0, (2.7)
B1(Ruvto) + B (R.)S(w) = 0, (28)
%%m @)~ h(o.B)S(w) =0, (29
p1(Rs,w) + R2 S(w) + iAwS(w) =0. (2.10)

Thus we have the following result.

Lemma 2.1  The linearization of the problem (1.1)—(1.7) at the radially symmetric solu-
tions (oo(r), Bo(r), po(r), 2) is given by the problem (2.4)—(2.10).

We now investigate the question of whether there exists v such that the problem (2.4)—
(2.10) has nontrivial solutions. For this purpose we first note that standard results for
second order elliptic partial differential equations imply that all solutions o1, (1, p1 are
smooth, namely, o1, 81,p1 € C®(Bg,) € C®([0, Rs], C*(S?)), and S € C>(S?). Thus
these functions can be expanded in the following way:

= Z Z Ukl Ykl (2'11)

k=1l=—-k

[e%S) k

B = Z Z Ukl(T)Ykl(W)7 (2.12)
k=1l=—

>3 ()Yu) + au(n)Yiuw) ). (2.13)
k=1l=—k

[e's) k

w) = Z Z Y (w), (2.14)

k=11=—k
where Yi(w) (K > 0, —k < [ < k) denotes the spherical harmonics of the order (k, I).
Substituting (2.11)—(2.14) into (2.4)—(2.10), using the relation

Akal(w) = —k(k + 1)Ykl(w),

8

p1

we get
o) + 2ugar) ~ PEE D ) = o)), (2.15)
o)+ 2efatr) — D060y = o By, (2.16)
#0920 = 50y = =P, o), 217

)+ 265a0r) = M g ) = S o0, oy (218)

uri(Rs) + 0(Rs)ew = 0, (2.19)
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vl (Rs) + By (Rs)crr = 0, (2.20)
(Jrt + ar) (Rs) — h(@, B)cw = 0, (2.21)
(Jrt + a) (Rs) + ng (1 - k(k;l))ckl = 0. (2.22)
Let ug(r), vx(r) are the solutions of the following problems, respectively,
() + 225 () = oo, (223)
ar(0) =1, uy,(0) = (2.24)
and
)+ 220 ) = f (o)), (2.25)
6 (0) =1, 7,,(0) =0 (2.26)
Denote
ug (1) = aprFug(r), (2.27)
v (r) = brr* o (r), (2.28)

then wuy(r), vii(r) satisfy the equations (2.15) and (2.16), where ay, by are arbitrary con-
stants.
Similarly, the solutions of (2.17)-(2.18) are given by:

Jri(r) = apr® ik (r) + dr®, (2.29)

qkl(r) = bkﬂ"qu(T) + eklrk, (2.30)
where ay; is as before, dy;, ex; are arbitrary constants proportional to ag; and bg; for an
arbitrary constant ¢, respectively, and jx;(r) is the following boundary value problem

)+ E 250y = =S o0(r), Bolr))antr), (2.31)

w0 =0, i(0) =0 (2.32)
and gk (r) is the solution of the following problem

)+ 22 400) =~ S 00(0), Gl (2.33)

@(0) =0,  ,(0)=0. (2.34)

Substituting (2.27)-(2.28), (2.29)-(2.30) into (2.19)—(2.22), after simplification, we get the
following equation for ay;, bgi, cri, dg; + ex; satisfying:

ap Rk (Rs) + og(Rs)ew = 0, (2.35)
b Ry (Rs) + By(Rs)ers = 0, (2.36)
ap (kR ji(Rs) + REj1(Rs)) + b (kR Gr(Rs) + R (R,))

+ (dt + ex)kRE — 1(5, B)ew = 0, (2.37)

- . k(k+1
arREGu(Ry) + b REGu(R,) + (du + ex) RY + -1 (1— MEED )) =0, (2.38)

Hence, (2.4)-(2.10) has a nontrivial solution if and only if there exists k¥ > 2 such that
(2.35)—(2.38) has a nontrivial solution. In the following, we provide conditions on « which
guarantee that (2.35)—(2.38) has a nontrivial solution.
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Lemma 2.2  The system (2.35)—(2.38) has a nontrivial solution if and only if v = i,
where

. QRE o ol (Rs) R: gp, i -
RNGETERL (h(“’ B~ i [ o) Aol dp>

"(R, ) _
M 55000 Bo(e)on(0)p™ Py, k22 (2.39)

In this case, the nontrivial solutions of (2.35)—(2.38) are unique up to a constant factor.

Moreover, there exists a positive integer k* such that
Ye+1 < Vi, k>k". (2.40)

Proof. A simple computation shows that the determinant of the coefficient matrix of (2.35)—
(2.38) is equal to the product of R?*~1u,(R,) with

i, AR, - BB g gy - FeooBe) gy k(”) (1 - ’“(’““)) — Di(y).

o (Rs) ap(Rs) " R2 2
Hence, (2.35)—(2.38) has a nontrivial solution if and only if Dy () = 0, namely,
2R3 — 0y(Rs) - By (Rs)
_ —_ s h(a O\“rs) =1 Rg 0 S/ =t Rg .
From (2.31) and (2.33) we further infer that

- 1 R o _ k42
Jr(Rs) = _W o %(00(0)7 Bo(p))ur(p)p dp,

7/ 1 Tt on - 2%k+2
3, (Rs) = e %(UO(P), Bo(p))vk(p)p™ " dp,
which implies that 7y is given by (2.39). If v = 74, then clearly the solutions of (2.35)—(2.38)
are unique up to a constant factor.
To verify (2.40), we first observe (2.23) and (2.25), which imply that

B 1 " B .
() = i [ S0l > 0. 0<r<R

1 r
70) =z | BB 0<r <R

Hence @}, (r), 7},(r) are increasing. Let us introduce the notation

6/(Rs) R oh - ,
Ok, = W ; %(Uo(p), Bo(p)) vk (p)p* +dp,

70 (s R o )
YM@-(;()RQ)]CH 0 %(UO(P% Bo(p))ir(p)p**2dp.

Integration by parts shows that
b = — B [ Dot sttt ()
! _
- S 5 P
- (2k + 3)53£?];Z)R§k+2 /ORS {58;;0‘76@) + 2/26};56(0)} @k(P)PQkMdP

Oy =




NO. 1 WANG Z. J. et ol. FREE BOUNDARY PROBLEM MODELING GROWTH 91

Bo(Rs) fts 8h 2k+3
- = d
RyBy(Rs) 0 3 Bo(Rs) Fh_, 9*h 2k+3
2%+ 3 aﬁ(" ) Gkt sy (2 (8500 0+ e ale)| vrlp)e T dp
/ / "1 a(p), Bolp))og (Bolm)on (w2 dndp
(2k+3 vk RQ’““
_ RBo(Rs) O o Bo(Rs)
= 2k+3 85(" D= Skr g Be):
_ Rog(R S)@ _ 3
% = S+3 a0 P
oo (Rs) /Rs{a% ' h 2k+3
- = d
(2k+3>ak<Rs)R§k+2 o2 0( ) 9o 5550( ) ( )P P
oo (Rs) /RS /p oh / - 2k+2
_ on , dnd
(@ 1 3) i (R B2 ; 55 (90(0); Bo(p))pf (o0 (n))ur(n)n ndp
R s00(Rs) Oh 2 o (s )
= 2k+3 900 P T gy gore(Re):
Since @y (r), U5 (r) are increasing, we have
Uy, (p)p** 2 ( p >2k+2 kg (p)p*t+? < p >2k+2
< < (= , 0< <5 ) 0<p<R,,
= op(R)RZF2 = \R, ax(R)RZ2 = \R, g
which implies that
uk(p)p* o ag(p)p
W T (R RETE S gm0 OEes
Hence, by dominated convergence, we see that
lim e, (Rs) =0, lim e, (Rs) =0,
k—o0 k—o0
or
_ RsBo(Rs) 0 _ R,o)(R,) Oh
iy = TR R D1 o), G, = S e o) as ko
Substituting the above expressions into (2.39), we have
= 2R (ho, 5y BB 504 o)
T R k- 2k \ D 2k+3 0P
Rso((Rs) Oh
~okis g0 Al )))

we deduce that
3

6R =
Viet1l — Yk = _kTh(U’ B)(1+o(1)) as k — oo,
so that i is strictly decreasing for k sufficiently large. This is to say that there exists a
positive integer k* such that for k > k*, vx11 < v, This completes the proof of (2.40).

We now summarize the main result of this section.

Theorem 2.1  The system of (2.4)—(2.10) has a nontrivial solution if and only if v = v
for some k > 2.
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3 Reduction of the Problem

In this section, we perform the deduction of reducing problem (1.1)-(1.7) into an abstract
equation of the form (1.8), and study properties of the operators F(-,~).

Recall ) = {x € R3: |z| < R,} and 02y = {z € R3: |z| = R,}. We first introduce
the so-called Hanzawa transformation to convert the free boundary problem (1.1)—(1.7)
into a nonlinear problem on the fixed domain (2. For this purpose, we take a function
x € C[0, o0) such that

1
x(t) =0 for O§t§§; x(t)=1 for t>1; 0<x'(t)<3 for t>0. (3.1)

1
Let m > 3 and 0 < a < 1. For a sufficiently small positive § < 3 min{ R, 1}, we denote
05 7(0920) = {p € C™(04%) :[| p | o1 (220) < 6}-
Given p € 07 *(942), we denote
2, ={zeR*: 2 =rw,0<r <R+ p(Rw), w € S?}. (3.2)

Now, the Hanzawa transformation ¥, : R®> — R can be defined by ¥,(0) =0 and
r

7,(2) = & — p(Ruw)x (W) . TERY,

where r = |z| and w = |%| for  # 0. Clearly, ¥,(£2,) = {%. Using (3.1), we can easily
=
R
w € §?, hence ¥, € Diff "**(R?, R?) N Diff "**(£2,, ). As usual, we denote by ¥ and
(¥,)« the pullback and push-forward operators induced by ¥,, respectively, that is,
Viu=uo ¥, for ueC(2) and (¥,),v=vo ¥, " for veC(L,).
Clearly, if p € C™T%(942y), then
7; € L(C™ (@), CHR,) and (8,), € LCTH(T,), 4 (T)).
Next, given p € OF*(942) (m > 3, 0 < a < 1), we define operators L(p) : C™+(2y) —
C™mre=2(0g) and N(p) : C™F(£2g) — C™T2=1(d()y), respectively, by

verify that the function r — r — px ( + p) is strictly monotone increasing for any fixed

1o}
L) = (7). 0007 and  N(p) = (Zlan,)e 0 50 ¥},

0 .
where n denotes the outward normal derivative operator on 0f2,, and Wp|,9gp denotes
n

the restriction of ¥, on 92,. Note that L(p) is a second-order elliptic partial differential
operator on §; with variable coefficients, and A (p) is a first-order boundary differential
operator. Clearly,
L € C=(0F"(0%), L(C™F*(2o), C™F72(02y))),
N € O (05 (04%), L(C™ T (£20), C™ 71 (042))).
Finally, for p as mentioned earlier, we define x : C™T%(9§2y) — C™+t*=2(9(2) by
k(p)(Rsw)
={the mean curvature of the hypersurface r = Rs + p(Rsw) at the point !Pp_l(RSw)}.
Note that for any w € S?, we have

W;l(st) = (Rs + p(Rsw))w.
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Using these notation, it is not difficult to verify that the Hanzawa transformation (3.2)
converts problem (1.1)—(1.7) into the following equivalent system:

L(p)u = F(u) in {2, (3.3)
L(p)v = G(v) in (), (3.4)
L(p)w =—H(u,v) in (2, (3.5)
u=2a on 92, (3.6)

-3 on 1, (3.7)
w = vkK(p) on 92, (3.8)
N(p)w =0 on 942, (3.9)

More precisely, we have

Lemma 3.1  If (0,8,p, 2), where o, B € C™T*(2), p € C™T*"2(2) and 2 = 0, for
some p € C™T*(9(y), is a solution of problem (1.1)~(1.7), then by setting u = (¥,).0, v =
(@,)«0 and w = (¥,).w, we obtain a solution (u,v,w, p) of problem (3.3)~(3.9). Conversely,
if (u,v,w, p) € C™F(02o) x C™ () x C™F2=2(0) x C™F*(9Sy) is a solution of problem
(3.3)-(3.9), then by setting o = Wyu, = ¥ v, w= ¥;w and 2 = §,, we obtain a solution
of the problem (1.1)—(1.7).

1
FixmeNwithm>3,0<a<land0<d< gmin{RS7 1}. Given p € OF*(94%),

we use the standard Schauder theory for elliptic boundary value problems to solve (3.3)-
(3.8). Then we obtain a unique solution

(ur0,0) = U(p), V(p), W5 (p)) € CT2 (@) x ™4 (o) x CT™0=2(Tg) x C™ (D).
Substituting w = W, (p) into (3.9) and denoting F(p, v) = N(p)W,(p), we obtain the
following equation:

F(p, v)=0. (3.10)
By the reduction and standard theory of elliptic equations, we can verify that
F(-,7) € 0= (0FFe(00), C o (00)). (3.11)

The following result will play an important role in later discussion:

Lemma 3.2  The Fréchet deriwative of F(p,v) at p = 0 is a Fourier multiplication
operator and has the following expression: For any p € C®(9y) with expansion p =

00 k
> > erYr(w), we have

k=1l=—k
e’} k
D,2FO0,)p =YY m(emYu(w), (3.12)
where e
no(y) =mno=—f(u) #0, no(y) =0, (3.13)
and
) = HEEEZD ) k22, (3.14)
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Proof. Because the equation (3.10) is equivalent to the problem (1.1)—(1.7), the lineariza-
tion of (3.10) at p = 0, that is, the equation D,F(0,7v)p = 0, is correspondingly equivalent
to the system of equations (2.15)—(2.22). Hence, from the deduction in Section 2, we see that
D,F(0,7)p has an expression of the form (3.12). Furthermore, this argument also shows
that the coefficient of Yj;(w) in the expression of D,F(0,7)p, that is, ni(y)cw equals the
left-hand side of (2.21), by a direct calculation, we obtain (3.13) and (3.14).

4 Bifurcation

In this section, we study bifurcation solutions for the problem (1.1)-(1.7). The main result

of this paper is as follows:

Theorem 4.1  Let (o9, 5o, po, 20) be a radial solution of problem (1.1)—(1.7) satisfying
py(Rs) # 0. If h(o, B) > 0, then there exists a null sequence of positive numbers v {k > k*},
where k* is an integer, k* > 2, such that for each k > k* even, in an neighborhood of
(00, Bo, po, 20, 7k), there exists a bifurcation branch of solutions (o¢, Be, Pe, $2¢,7ve) of problem
(1.1)—(1.7) with the following form:

oe(r,w) = oo(r) + ug(r) Yo (w)e + o(e),

Be(r,w) = Bo(r) + vg(r)Yio(w)e + o(e),

pe(r;w) = po(r) + wi(r)Yio(w)e + o(e),

Q2. =r=Rs+eYio(w)e + o(e),

Ye =k + (2k + 2)e + o(e),
i, € s a real parameter varying in the interval (—&k, &) for some

||

small § > 0, ug(-),vk(+) and wy(-) are certain smooth functions, Yio(w) is the spherical

where r = |z|, w =

harmonic of order (k, 0).

It should be pointed out that the bifurcation equation (3.10) is not of the classical
type. By Lemma 3.2, we see that Fréchet derivative D,F(0,7) has a kernel of dimension 3,
implying that D,F(0,) is always degenerate. Indeed, because any translation of a solution
of (1.1)—(1.7) is still a solution, thus all solutions of (3.10) obtained from translating radial
solutions make up a 3-dimension manifold, so it is natural.

For any m > 3 and 0 < o < 1, we introduce

X = the closure of the span {Yio(w),k =0,2,4,---} in C"™T*(042),

Y = the closure of the span {Yio(w),k =0,2,4,---} in C™3T*(90).
Note that in the spherical coordinates (6, ¢), 0 < 6§ < 7, 0 < ¢ < 27, the spherical
harmonics

2% + 1)(k — 1)! oild
Y (0 = (-1)! (—Pl 0
kl( 7¢) ( ) 2<I€+l)' k(COS )ma
where

/ 1 2y1 k! 2 k
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It is easy to verify that for k > 0 even, Yyo(0, ¢) is independent of ¢ and satisfies Yyo(0) =
Yio(m —0). Hence, for any function p € X, p is independent of ¢ and p(0) = p(m —6). Using
this fact and (3.11), we can verify that

F(-,7) € C®(O7*(02) N X, Y). (4.1)
Later we say - is distinct if j # k then v; # . The following result holds:

Theorem 4.2  For distinct vy, (k > k™ even), (0, v) is a bifurcation point of the equation
F(p, v) = 0. More precisely, there exists a constant & > 0 and a smooth mapping € —
(pe, Ve) from (=&, &) to X x RT of the form:

pe = eYio(w) +o0(e); Ye=v+ (2k+2)e+o(e) for €€ (=&, &), (4.2)
such that F(pe,ve) = 0.

Proof. By the reduction in Section 3 and the definition of operator F(-, 7), it is clear
that
F(0, v)=0. (4.3)
From Lemma 3.2, we see that
D,F(0, v)Yoo(w) = apYoo(w) # 0,

and
D,F(0,7)Yko(w) = %(7 — k) Yio(w) for k > k* even.
Hence, for distinct v (k > k* even), WeS have
kerD,F(0,7) = span{Yjo(w)}, (4.4)
ImD,F (0, ) has codimension 1. (4.5)
and
k(K2 + K — 2)

D, F(0,7)Yio(w) = — 5 Y& Yro(w) ¢ ImD, F (0, vz). (4.6)
By (4.3)—(4.6), we see all suppositions of the well-known Crandall-Rabinowitz bifurcation
theorem (Theorem 1.7 in [22]) are satisfied, thus (0, i) is a bifurcation point of the equation
F(p, 7v) =0, and the proof is completed.

Proof of Theorem 4.1 Assume h(o, 5) > 0 and let & > k* even. By Lemma 2.2, we see
that -y, is distinct, so that (0, ~x) is a bifurcation point of the equation F(p, v) = 0. Then
by the reductions in Sections 2 and 3, the assertion of Theorem 4.1 follows.

5 Conclusion

Although the tumor model with inhibitor we studied is quite simple, we may nevertheless
draw some interesting biological conclusions from the mathematical result. Tumors grown
in culture are typically sphere. However, tumor grown in vivo may have various shapes. In
particular, a tumor with an inhibitor is associated with the growth of protrusions. In our
model, these protrusions are expressed by the shape r = Rg +¢Y,,,.0(6, p) + 0(¢?) of the free
boundary. We show that in case h(c, 8) > 0, there exist infinite many nonradial branches
of solutions bifurcating at each v, (k > k* even).
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