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Abstract. We present a monolithic algorithm for solving fluid-structure interaction.
The Updated Lagrangian framework is used for the incompressible neo-hookean struc-
ture and Arbitrary Lagrangian Eulerian coordinate is employed for the Navier-Stokes
equations. The algorithm uses a global mesh for the fluid-structure domain which is
compatible with the fluid-structure interface. At each time step, a non-linear system
is solved in a domain corresponding to the precedent time step. It is a semi-implicit
algorithm in the sense that the velocity, the pressure are computed implicitly, but the
domain is updated explicitly. Using one velocity field defined over the fluid-structure
mesh, and globally continuous finite elements, the continuity of the velocity at the
interface is automatically verified. The equation of the continuity of the stress at the
interface does not appear in this formulation due to action and reaction principle. The
stability in time is proved. A second algorithm is introduced where at each time step,
only a linear system is solved in order to find the velocity and the pressure. Numerical
experiments are presented.
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1 Introduction

We can solve numerically fluid-structure interaction problems by partitioned procedures
or monolithic algorithms and a large literature exists in this subject. In some monolithic
formulations [12, 14], two non-overlapping meshes are used for fluid and structure do-
mains and the boundary conditions at the fluid-structure interface appear as equations
in the global system.
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Other monolithic formulations use Eulerian mesh which does not fit to the fluid-
structure interface. In [6, 7, 22], an Eulerian approach is used for the fluid as well as
for the structure and the interface is captured with Initial Point Set. Extended Finite Ele-
ment Method (XFEM) was used in [9]. In [2, 3], fictitious domain method with Lagrange
multiplier was employed where the structure is assumed to be visco-elastic. This as-
sumption is used in [26], too. Explicit schemes for fluid-structure interaction problems
using Nitsche’s method and RobinRobin coupling are discussed in [4]. The stability is
proved under a hyperbolic type CFL condition.

In [11, 16, 18-20, 24] one global mesh for fluid-structure domain which fits to the
interface is used. In [11, 20], an Eulerian formulation derived from Cayley-Hamilton
theorem is used for the incompressible Mooney-Rivlin structure. The fluid equations are
solved by the Characteristics-Galerkin method. The fluid-structure equations are written
in the unknown Eulerian domain and fixed-point iterations are performed at each time
step. The authors prove the time stability of the scheme.

In [16] where the structure is linear elastic and in [18] where the structure is com-
pressible neo-hookean, the Updated Lagrangian coordinates are used for the structure
combined with the Arbitrary Lagrangian Eulerian framework for the fluid equations.
Using one velocity field defined over the fluid-structure mesh, and globally continuous
finite elements, the continuity of the velocity at the interface is automatically verified.
The equation of the continuity of the stress at the interface does not appear in this formu-
lation due to action and reaction principle. Another advantage of this approach is that the
fluid-structure equations are written in the known domain obtained at the precedent time
step. It is a semi-implicit algorithm in the sense that the fluid and structure unknowns
are computed implicitly, but the time advancing scheme for the domain is explicitly.

We follow this idea in the present paper, but for incompressible neo-hookean struc-
ture with a different computation of the mesh velocity. The structure equations in Updat-
ed Lagrangian coordinates is well posed. The stability in time of the monolithic algorithm
is proved. The system to be solved at each time step can be easely linearised. Numerical
results are presented in the last section.

2 Fluid-structure interaction problem

Without restriction of generality, we consider the geometrical configuration of the bench-
mark FSI3 from [25]. The results presented in this paper, including the stability analysis,
hold for different 2D geometrical configurations, for example the flow in a channel with
elastic wall, [16]. For 3D configurations, for example blood flow in artery [19], the sta-
bility result for the structure remains true but the stabilization term added in the fluid
scheme has to be adapted accordingly.

We consider a rectangular flexible structure of length ¢ and thickness # immersed in
an incompressible fluid occupying the rectangular domain (0,L) x (0,H). The rectangular
structure is attached to a fixed body of boundaries: the segment [DE], which is the left
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side of the flexible structure, and X5 the circular curve of center (xc,yc), radius 7, see
Figure 1.

We denote by X1 ={0} x [0,H], £3={L} x [0,H] the left and the right vertical bound-
aries of the fluid domain and by X, =[0,L] x {0}, £4=[0,L] x { H} the bottom and the top
boundaries, respectively.

The interface between the fluid and the flexible structure is denoted by I'y at the initial
time and by T; at time instant t > 0. To resume, the fluid domain denoted by QFf is
bounded externally by ¥ UX, U¥3U%4 and internally by Y5UI'; and the structure domain
denoted by Q)7 is bounded by the I'p UT; where I'p = [DE].

2

2

P

Figure 1: Initial geometrical configuration.

The displacement of the structure is denoted by U® = (U5, U5 ) : O35 x [0,T] — R? using
Lagrangian coordinates. A particle of the structure of position X in the initial domain
0, will moves to the position x=X+U%(X,t) in the deformed domain )f. We use the
notations F(X,t) = I+VxUS (X,t) for the gradient of the deformation, where I is the unity
matrix, [ (X,t) =det F(X,t) and

ous ous

ax (Xot) 5k (Xt
VxUS (X,t) =

ous ous

x (Xot) 5% (X1)

For a square matrix A, we denote by det(A), tr(A), A~!, AT, cof(A) the determinant,
the trace, the inverse, the transpose and the cofactor matrix of A, respectively. We shall
write A~T= (A1) " and we have cof(A) =det(A) (A1) T'IfA, B, Care square matrices,
we have AB:C=B:ATC=A:CBT and A:B=AT:BT.
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We denote by IT and X the first and the second Piola-Kirchhoff stress tensors, respec-
tively and we have the identity IT=FZ. The Cauchy stress tensor of the structure is ¢
and the following equality holds

o (x,t) = F(X,H)Z (X, t)FT (X,1).

1
J(X.t)

We suppose that the material of the structure is incompressible neo-hookean. We have
J(X,t)=1forall XeQ3, t>0and

o5 (x,8) = —p5 (x, ) I+ 15 (F(x,t)FT (X,1) —1),

where p® is the structure pressure in the Eulerian coordinates and u#° >0 is a constant. We
can deduce

(X, 1) = (FE) (X£) =~ P (X OF T (X, ) +i° (F(XH) ~F T (X,1) ),

where P* is the structure pressure in the Lagrangian coordinates and we have the identity
PS(X,t) =p°(x,t).

We assume that the fluid is governed by the Navier-Stokes equations, then the fluid
stress tensor is of = —pfI+2ufe (vF), where

e(vF) :% <vvF+ (VVF)T>

is the fluid rate of strain tensor, v’ is the velocity, p’ is the pressure in the Eulerian coor-
dinates and uf >0 is a constant. To simplify the notation, we write Vv’ in place of VyvF,
when the gradients are computed with respect to the Eulerian coordinates x.

The fluid-structure interaction problem is: find the structure displacement U® and
pressure P°, the fluid velocity vf and pressure pf, such that:

0*U° .
05 (X) 5z (X,t)—=Vx-(FZ) (X,t) =p5 (X)g, in Q5% (0,T), (2.1)
U°(X,t)=0, onTpx(0,T), (2.2)
(v Fwywh ) —2ufv-e(vh)+Vpf =pfg Vt€(0,T), YxeQf, (23
Pl TV wvee(v |+Vp =p'g vte(0,T) VYxeQ;, (2.3)
Vvl =0,vte(0,T), vxeQf, (2.4)
ofnf=h;, onX;x(0,T), (2.5)
ofnf =hg, onXzx (0,T), (2.6)
vi=0, onZX,UZ,UZs, (2.7)

(2.8)
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S
vF (X+US (x,t),t) - agjt (X,t), onTox(0,T), (2.9)
F_F _ S
(a n )(XWS(XM_ (FZ)(X,t)N%(X), onlox (0,T), (2.10)
U°(X,0)=U"(X), inQ)§, (2.11)
ou® 50 S
SE(X0) =V (X), in0f, (212)
viE(X,0)=vi?(X), inQf, (2.13)

where p§ : O3 — (0,00) is the mass density of the structure in the initial domain, g is the
acceleration of gravity vector, here is constant, N° is the unit outer normal vector to BQS,
pf >0 and uf >0 are the mass density and the viscosity of the fluid which are constant,
h;,, hy, are the inflow and outflow boundary stress, n’ is the unit outer normal vector
to an . For the numerical tests, we use v =v;, on X as in the original paper [25], but
the non-homogeneous boundary condition introduces complications in the proof of the
stability.

3 Approximation of the structure using the Lagrangian
coordinates

Introducing the structure velocity V¥, the equation (2.1) is equivalent to

S
0300 2 ()~ Vx-(FE) (X 1) =g (X)g, in OF % (0,7), 6.1)
aalis(x,t)zvs(x,t), in O3 x (0,T). (3.2)

We denote by N € N* the number of time steps and by At =T/N the time step and
we set t, = nAt for n=0,1,...,N. We consider V°" (X) and usn (X) approximations of
V5 (X,t,) and U°(X,t,). We set also

Fn:I—I-VxUS’n, Zn:_PS,n (Fn)fl (Fn)iT%—‘uS <I_(Fn)fl (Fn>fT>, n>0.

The system (3.1)—(3.2) will be approached by the implicit Euler scheme

VS,n+1 (X) _VS,n (X)
S

0o (X) AF
US,n+1 (X) _US,n (X)
At

—vx-(F"“):"“)(x):pg(x)g, inQS,  (33)

=Vvorrl(x), in Q3. (3.4)

From (3.4), we can eliminate the displacement US"*! and we rewrite (3.3) in function of
VS,n+1 and PS,n+1‘
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By Green formula we can get the weak form of the equation (3.3): find V5" T1:(05 —R?,
V1l =0onTp and P>""1:0§ — R, such that

VS n+1 VS,n
Po T Ar

= / P08 WodX+ / F' L INS. Wods (3.5)
(o} Ty

.WS dx_,_/ . Fn+1zn+1 . VXWS dX
QU

for all W: Q)5 —R?, W® =0 on I'p, subject to
det <I+VXUS'”—|—AtVXVS'”“) =1, inQS. (3.6)

We have assumed that the forces F*T1Z"*INS on the interface Ty are known, for instant.

4 Approximation of the structure using the updated Lagrangian
coordinates

We follow the approach as in [16], where the structure was a compressible neo-hookean
material.

We set () the image of QO via the map X — X+U>"(X) and we define 0% =QF the
computational domain for the structure.

The application from Of to Q3 .| given by X — x=X+U"*1(X) is the composition
of two maps: the application from Q3 to OF defined by X — X = X+U%"(X) with the

application from O to 0, defined by

x—x=%+U>"" (X) - U" (X) =x+1(X).
Using the notations F=I+ Vit and T: detF, J* =detF", we get
FHX)=FRF'(X), ""X)=T&]"(X). (4.1)

For an incompressible material, normally we have J"=]"*1= T: 1. But, in the following,
these constraints are not respected exactly, we will have only J*~1, J**1~1, J~1.
The Cauchy stress tensor at the time instant ¢,,,1 is

1 T
S n+1 (X) (]n+1 Fn+12n+1 (Fn—i-l) ) (X), X:X—G—US’H—H (X)

We introduce ¥5+1:(008 - R? and v5":()° - R? defmed by vo 1 (%) =Vl (X) and
vi1 (%) = V51 (X). Also, for W®: Q23 —R?, we define w° :0° 5 R?and wS: Q5 , —>R>by
W (%) =w? (x) =W*(X).
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We want to rewrite Eq. (3.5) over the domain QS. For the first term of (3.5), we get

VS,n—H _ VS,n
5 WX =

P(S) vS,n—&-l _VS,n
00 At asJt At

WO dx
and in a similar way, we get
/ pgg-wsdx:/ P g a iz
oS os J"
Using [5], Chapter 1.2, we have (Vw® (x)) F*™1(X) = VxW?® (X) and we get

/ Frtlyntt. VXWS dax :/ O.S,n-i-l . VWS dx
a8 : s : .

n+1

Before to write the above integral over the domain 05, we introduce the tensor
£®) =TRE @)™ (0F T (). (42)

Since (Vw?® (x)) F(X) = V4W5 (X), once again see [5], Chapter 1.2 and taking into account
(4.2), we get
[, oo ivwsax= [ FE:Vewtax
0., &
Now we present the updated Lagrangian version of (3.5). Knowing U%": ()5 — R?,
QS = Q5 and v5": 05 5 R?, find v5"+1: QS - R2, ¥5"+1 =0 on I'p and pontL: 0S5 SR,
such that

PS /‘;S,nJrl _VS,n

roY Y &Sae Y - 55 Ao
/@s n A w dx+/ﬁSFZ.VXW ax

S
= [ Pog @Saxy [ FrHIEmtINS . WoAS (4.3)
as J* To
for all wS:05 —R2, WS=0on ['p. The forces F*t1X"+INS on the interface Ty are assumed
known.
In the following, we derive the expression of FZ as function of v>"*1 and p5"*1. From
4(x) =US"1(X) - U (X) = AtVI LX) = A5 (X), we get
F=I1+AtVgvo "l (4.4)
From (4.1) and (4.2), it follows that
£ TR 1gSmHE-T = Tii:‘lenJrlZnJrl (Fn+1) Te 1
it
1

= ]71:"2”+1 (FHT. (4.5)
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For the incompressible neo-hookean material, we have

yn+l — _ pSntl (Fn+1> -1 (Fn+l> *T+ys (I _ (Fn+1> -1 <Fn+1) T)

— _Ps,l’l+1 Fl’l —1/F\71/F\7T Fn —T+ S I— Fl’l —1/F\71/F\7T Fn -T )
M

Then
~ 1 T
= ]—HF”Z”“ (F")
L 15— > T =-1p—
=P EE T+P;7<F”(F") —FET),
and finally

~a 1 =~

E=_— p5n+1F _‘_H (FF”(F”)T—F T)
J" J"

with p5+1(X) = PS"+1(X). Since detF~1, we get that F~ ~ cof (f) , the cofactor matrix

of F. Then

FL~ —]171;?5 M cof <I+AtV v "“)
ys

E
_ _Jlnﬁs,nﬂl ]1n 55 (Af)cof (vﬁs,nﬂ)

S

((T+atvv®m 1) B (") —cof (1+ AtV 1))

P]’n (18t 1) P (B~ 1= (At)cof (V59*71) ). (46)
The exact incompressibility condition J=1 gives
14 (AH) Vg9 14 (A1) det( Voo H1) =1,

but it will approached by the condition

xVg-93"1=0, in Q. 4.7)
First, we introduce
-~ 1
Sn+1 5S,n+1 =SS n+1 "M SSn+1\ gn g\ T _
Ly (v, pSnin) = — P ((T+a6vwsm 1) B (B 1) (4.8)

We remark that the expression (4.8) is first-order consistent in time with (4.6).
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The first updated Lagrangian weak formulation of the structure is: knowing Us”:
05 - R?, O5=0f and v>": O° - R?, find ¥5"+1: O — R?, ¥5"+1=0 on I'p and p* ”+1
QS — IR, such that

S 5Sn+1 Sn
POV TV SSax / T (AS,n+1 =S+l . oS 1o
as ]n At W7 dx+ ﬁSLl v /P )VXW dax
= S‘]’Og WOa [ FUIEING Wods (4.9)
a

for all w®: Q5 - RR?, WS=0onTp, subject to (4.7). For the new time step, using (3.4), we
put
U HH(X) = U (X) + AtV (X) = U (X) + AtV (X)), (4.10)

We have assumed that all expression before are well defined. In the follows, we pre-
cise the regularity of the data. We assume that ] € L®(0)%) and there exits 6 € (0,1) such
that 1—4 < J"(X) <140, a.e. Also, we assume that each component of F” is in L*(Q)°)
and we introduce the spaces

W= {we (1(0°)) @ 0onTo}, @=17().

We can write the system (4.9), (4.7) as a mixed problem: find vSntle WS , pontl E@S such
that

ZZ\S(ASnJrl )+bS(AS f)\S n+1) ﬁs(ws), VWSEWS, (4'11)
PSS 55 =0, V5°eQ®, (4.12)
where
S oS+l S
SSeaSntl sy [ PoVTT T o5 s W S g g T oS 4o
a> (v W)= TRy w dx—l—/ﬁs 0 (Athv )F (F")" : Vgw>dXx,
~ 1
sias sy [ Lo «s\sSqe
b’ (W°,5°) = /ﬁs]n(vxw)q dax.

Proposition 4.1. The mixed problem (4.11), (4.12) has an unique solution.

Proof. The continuous function W° —@°(W°,w®) verifies for all W° € WS, WS40
0<aS (WS, W) = WS / WS VR B dx
( ) QS ]71 At + X

and it has a minimum &° >0 on the compact set {W®° €W

the ellipticity of 2%,
2 _~
oS HwSH _ <@S(WS,W°), YwSeWS.
1,08
Including J" in 5, we obtain that bS(W5,§5) verifies the inf-sup condition in WS x QS,
then we get the conclusion of the Proposition by Babuska-Brezzi theory, [1, 17]. O
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Now, we will treat the condition (4.7) by penalization and we introduce

~

i, (Vs,n+1> _ % (Vi_vs,wrl) L4265 ( <I—|—AtV;VS'”“> F (F")T

—cof <I+AtV§$S'”+1) ) (4.13)

where € >0 is the penalization parameter. The second updated Lagrangian weak formu-
lation of the structure using the penalization is: find ¥v°/*1:0)% - R2, ¥5"t1 =0 on I'p
such that (4.9) holds, where L, (v, g1 is replaced by L, (v9"+1) and J" replaced
by 1. We point out that the condition (4.7) is not necessary and the structure pressure
does not appear in this second formulation.

To justify the introduction of the second formulation, we precise that the pressure
is not necessary continuous at the fluid-structure interface. Then using finite element
function globally continuous like IP; in the fluid-structure domain is not appropriate.

5 Stability of the first updated Lagrangian algorithm for the
structure

Theorem 5.1. The time advancing scheme for the structure (4.9), (4.7) and (4.10) verifies
L[ s

2 1
- VS,)’I+1 ‘ dxX 7/ SFH+1 . Fn+1dx
5 QSPO T3 QSP‘

<5/ |V

2 1 Sgn . gn
AX+= [ pSF':FdX
2J)o8

1 2 1
<L s VS'O‘ X f/ SFO. FO4X 1
<5 Js0 5 s dX, (5.1)

if the right hand side of (4.9) is zero, where | V5" |2 = (Vf'”) : + (VZS’”> g

Proof. We put W° = (At)¥S"*1 in (4.9). From the first term of (4.9), using v°"+1(X) =
VSt (X), we get

S GSn+1_ Sn
o anestax= [
os J" At Jog

Applying the inequality

pg <VS,n+l _VS,n> VSHLgX

az b2
E—Eg(a—b)a, Va,beR, (5.2)
we obtain

- o (vort)ax—3 [ 45 (Vo) ax

< / SP(S) (VS,n—H _VS,TZ> ‘VS,H-‘FldX'
QO
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From the second term of (4.9), using (4.7) we obtain

— ]1n l/q\S m+1 (At) (V /\S n+1)

((I+Atv ’\Sn+1)F”(Fﬂ) ) (AH) Vv S+l P]ln (At) (V ASn+1>

tl (Vs,n—&-l,ﬁs,n—i-l) (At)V gSnt+l
S
]n

s <<I+Atv ASn+1>Fn(Fn) ) (A V¥ S+l

_
]1’1

Now, we Change the domain of integration, from % = QS to N .1 using VW (X) =
(Vw (x))F(X) and from Q5 to QF using (Vw (x))F'™ (X) = VxW (X). We get

/AS i, (Vs,nﬂlﬁs,nﬂ) (A VoS Ld%
a

_ s SSn+1\gn gn\T ) . SSn+1 g2
- L5 <<I+AtV )F (F") ).(At)va d%
S
_ © ngn\TY . Sn+1g 4o
= [ (FF (F") ).(At)Vv Fdx
S N S T
= | B (B (B ET) s (a0 Ovo / EFt(F) 1 (A Ove
as J" O, JJ"
o +1 Sn+1 +1 w +1. S,n+1
= Jop s (VoS )Pt | (A0 Vv

_ Syn+1. Sn+1 _ Syn+1. n+l__gn
_/ngF (A VxV dX—/ngF (P —F)dx.

Using once again (5.2), we get
1 ‘uSFnJrl . Fn+1dx_1/ ySF” -F'dX < / ‘uanJrl . (Fn+1 —F") ax.
o 2J)a§ o

It follows

1
VSnJrl / ‘VSn
2 Jos" ‘ T2 s

Sgn+1.gn+l1 Sgn . gn
— F'".F dX—f/ F":F'dX <o,
+2/Qg” 2 Jos" =

which is the first inequality of (5.1). If we write the above inequality for n=0,1,..., we get
also the second inequality of (5.1). O

Remark 5.1. The proof of the structure stability exploits the incompressible neo-hookean
model. A hyperelastic material is characterized by a positive energy density ¥ (F) such
that a% ) —FZ. The convexity of the energy density as function of F can be used to prove
the stability, as in [2]. More complicated incompressible materials as in [13] could be
considered, but the energy density is convex as function of E= (FTF—I), not of F.
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Remark 5.2. The midpoint scheme is of great interest in structure approximation because
it is conservative. For quadratic energy density, a stability result for midpoint scheme is
presented in [8]. For the incompressible neo-hookean material, the midpoint algorithm
in the Updated Lagrangian framework will be studied in a future work.

6 Stability of an Arbitrary Lagrangian Eulerian scheme for fluid
equations

The Arbitrary Eulerian Lagrangian (ALE) is a method for solving Navier-Stokes equa-
tions in a moving domain (see [21]).

We denote by QE, vin, pF " approximations for the fluid domain, velocity and pres-
sure at time instant ¢,. We follow the framework from [17] where the computational
domain is OF = QF. We introduce the ALE map A, .1 :Qf —R? by

Apir(®) =%+ 418" (%),

where 3" is so called mesh velocity. The boundary of O} is composed by the fixed
boundary [ J;_;X; and the moving boundary T, which is the fluid-structure interface. We

~n+l
shall construct 8" :OF — R? by harmonic extension such that the mesh velocity is zero
on the fixed boundary and the mesh velocity is equal to the fluid velocity on the fluid-
structure interface. The Jacobian of the ALE map is

Toi1(X) =det(Vgdn1 (%) =1+ AtV 8" (%) + (AD2det(Vid (X)) (6.1)

We note QFH = An+1( F), Ii1=A,41(T,) and we have A, 1(X) =X on U _1%;. For
wh:Qf | —R?and q OF | =R, we define wh: Qf = R? and 7*: QF—HRbyw (x) =
wh (A,11(%)) and g (X ) f( Ay1(X)) respectively. We use the notation x=A4,,;1(X).
The time advancing scheme for fluid equations is: find v *1: QF —R?, v/*1 =0 on

SoUZ4USs, o1 0F SR, 8" :QF - R?, such that
F n+1 1
p Fds(\_l_/ FpF (((@F,n-i-l ) ) . vi> VF’H_H) WFd/)Z
Q?’l

+@ | " det (vﬁﬁ”“) VP dx 4 / 2 e (V1) e (WF) %

2
_/OFﬁP’n+1(V§'w ) / gEntl /\Fn+1) F) “//\VFdS, (6.2)
- [ F (xR0, (6.3)
OF

n

Aanﬂ —0in Qﬁl 1A9n+1 —vE" L onT,, 1A9n+1 =0on anﬁ\rn (6.4)
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for all w!:Of — R? such that Wf =0 on X, UX4UYs5 and for all ?fp :0F -+ R, where

Fn
Lr( /Qpp - Fdx+/ 0 ngdx+/ hyL AFder/ W ds

and e (WF) =1 (VswF + (VewF) ).
The term % Jorpfdet (Vg@nﬂ) vE . wFdx in (6.2) was added to obtain the stabil-
ity. This technique was introduced in [23] and also used in [17], Chapters 3 and 6.

Remark 6.1. The advantage of system (6.2)—(6.4) over to equations written over Qn 1
which is unknown, is that we solve the system in the known domain Q. This system is

~n+l
non-linear, but it can be easily linearized. We work with ¢ for compatibility with the
. . . a1
time advancing backward Euler scheme for the structure mesh. By replacing 3" with

9" in (6.2), we can decouple the equation (6.4) for solving ﬁnﬂ, from the system (6.2) and
(6.3) for solving vF+1, gt

Theorem 6.1. The time advancing scheme for the fluid (6.2)—(6.4) verifies

1 Fl Ent1]? - F_(oEk+1y. . (oFk+1) 12

5 Jor 1p ‘v ’ dx—l—(At)kEO/()ny ex(V/) reg (VT )dx

1 F FO‘Z
<= A dX .
<3 Qgp ‘V , (6.5)

if g, Wiy, hoyr and the forces acting on T’y are zero in the right-hand side of (6.2) and

/ZUZ (/‘;F,n—i-l )|VFn+1|2>0
1U23

where |VF n+1|2 (Af’n+1)2+(95’”+1)2.

Proof. We put w! = (At)vF/1 in (6.2) and the terme containg p'" ™! will disappear, using
(6.3). We obtain

/ o (vl—",n-&—l . VF,n) SEH R
of

+(At)/ PF (((VF,nJrl _anjtl) ,vﬁ) VF,TH“l) SEnH gy

/ de t(V 19n-‘:—l) ~Fon+1 .vF,n+1d5(\

+(AY) / 2 ex (¥ ) sex (351 ) dx=o0.
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By using [(W-VzV]-v=3wW-(Vz|V[?), we get

‘/QF [((vF,Vl‘l’l _E”Jrl) . VQ)GF’”H] ‘GF,nJrld;(\
n

1 -
_ E ) (GF,n-H _ﬂ”+1) . (VQWP’WH |2)d5(\
QO
— 1 (VP,n+1 _@n—&-l) -I‘IFWP’”JA |2ds _ 1/ Vs (vF,n+1 _an—k—l) W\P,HJA ’2d5(\
2 JaaE Qf
1 . N 1 N R R
_ 1t vF,n+1_nF|vF,n+1|2ds+7/ (Vi'ﬂn+1)’vF,n+1’2dx.
2 Jx Uz, 2 Jar

For the last equality, we have used the fact that V¢-¥/*1 =0 in Qf, and the boundary
conditions: ¥/ =0 on L,UZ,U%s, v =9" on T, and "' =0 on T, UZ;.
Using the assumption [ 5 (vEntl.nF) |9E1+112 > 0, it follows

At ~n+1
F(oFn+l _ Fn\ oFn+lo F . oFn+112 35
/Qﬁp (v v > v le—l——2 Qﬁp (V-9 )|V |“dx

~n+1Y\ o ~
pFdet (vﬁa” ) EmH 2%

+(At) / 2;4 €A< F”“) €3 ( F”“)digo.

Using (5.2), we obtain
oFon+1 o~ F(oFn+l1 __ Fn) oFn+l 3o
p‘ ‘d p’ _/Qﬁp<v v)v ax.
Consequently,

1 FloEnt1)? o Ot Fro 3" (oEn+12 1o
5 Qﬁp )v ‘ dx+2/05p (Vg9 )|V |~dx
At)? ~
+(—) / Fdeet<Vg0n+1> [En L 2%

At/ 2uiFes < Fn+1) e (AFn+1)dx< / 0 ‘

From (6.1), we have that

2 At St
FloFn+1|” g0 Fio. . SEnt112 30
Qﬁp ’v ‘ ax-+ 5 /Qﬁp (Vg0 )|V |“dx
At)? ~ -
LA 2) / Fﬁdet(V;ﬂnH) [F 1 ax
0f

1 EnaPe 1 2
— - pF vF,rH—l ] 1dx== pF VF,I’H—l dx.
n+
a5 2Jof,
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Finally, we obtain

% p ‘ Fn+1‘ dx—+( At/ 2ufeg ( Fn+1) s ( Pn+1)d3(\

1 n
= 2/059 (V

We replace in the above inequality n by k and summing for 0 <k <n, we get (6.5). [

A~

7 Stable monolithic algorithm for fluid-structure interaction

We follow the approach as in [16, 18, 24] and we introduce globally fields defined in the
whole fluid-structure domain. The global mesh is compatible with the fluid-structure
interface.

At time instant ¢,,, we have BQS I'purl,, where I';, is the fluid-structure interface

and BQE = (Ui:12i> UT',,. We introduce O, = QEUFHUQE . Let us introduce the global
velocity, pressure and test function v'1:Q, = R?, p"*1: 0, - R, W:Q, — R? as follow

GEnt1in OF SEn+l i OF ~F o OF
V”H:{ v in Q) ﬁnﬂ_{ p in Qf { whin Qf

e ) =< ) W=< _ c. .
vortlin Q) 7 P> lin QF 7 w® in Q3

For the velocity and the test function, we impose to be from (H 1 (Qn))z, then

F__ &S

vEntl =35+l on T, W'=w° on T,.

For the pressure, we can use L?(Q),).
Combining the equations (4.9), (4.7) with (6.2)—(6.4), we obtain the monolithic system
for the fluid-structure interaction problem: find

1) the velocity v e (H! (Qn))z, vl =00n X, UZ,UZ5,
2) the pressure p" e L2(Q,),
3) the fluid mesh velocity 3" e (H'(0f) )2, 3" ZgFnt o T, 3" =0on U s,

such that:
n+1

QFPFVAt vdw QFPF (((V”-H_@?H-l) ,vﬁ) /‘;n—i-l) wdR
/ ofde t(V 0n+1>An+1 Adx+/ 2u eA< n+1) e (W) dR

v+l
_ Ve-w)pt! PN = Anﬂ T
/n( w)p' X / ]n At de+/()§,L3 A ).wadx
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— AP Fo.cods n+l o g nt+l o g
= Qﬁp A wdx—i—/ﬂﬁp g wdx—i—/Zlhm de+/23h0th wdx

S S
POV oo U PPN
- / (Vg-v"™)gdx =0, (7.2)
Qn
~n+1 PN
| (V") (Vsp)ax=o0, (7.3)

for all we (H! (Qn))z, W=0on %, UL4UZs, for all 7€ L(Q),) and for all 3 € (H} (QE))Z,
where L is obtained from L; by deleting the term with the pressure, i.e.

~

I (V”“) — 7: ((I—i—AtV;VS'”“) F (F")T —1) .

The equation (7.1) was obtained by adding (4.9) with (6.2). Using the boundary con-
dition (2.9), the sum of the integrals over the fluid-structure interface in the right-hand
side of (4.9) and (6.2) vanishes. The sum of the terms containing pressure in (4.9) and
(6.2)is

R

Only in the first term, we replace /" by 1, to obtain — an (Vz-W)p"*ldx. For the other
terms concerning the structure, we keep |" in order to apply Theorem 5.1. The equation
(7.2) combines (4.7) and (6.3). The equation (7.3) is the weak version of (6.4).

Algorithm 7.1.

Time advancing scheme from n to n+1.
We assume that we know Q,,, I';;, v".

Step 1: Solve the non-linear system (7.1)-(7.3) written in (), and get the velocity

v, the pressure p"*! and the fluid mesh velocity i
Step 2: Define the map T, : Q, — R? by:

To(R) =%+ (A3 (R)xap (%) + (A" (R)xqs (R),

where xr and Xqg are the characteristic functions of fluid and structure domains.
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Step 3: We set O, 11 =T,(Qy), [,11 =T,(T,). We define v**1:Q), 1 - R?, p"!:
Oy 1 —Rby:

v (x) =" (%), p" T (x) =p"TL(X), VX € Q) and x=T,(X)
and 8""1:QF | > R?by
¥ (x)=3"" (%), VR€QF and x=T,(X).
The Lagrangian structure displacement and velocity are defined by

US,n—H (X) — US,n (X) +At/‘;n+1 (&\), VS,rH—l (X) —_ 671—0—1 (/)Z)

for all X € Q)§ and x=X+U>"(X).

Theorem 7.1. The Algorithm 7.1 verifies

1 F ‘ Fn+1 ’2 < F oFk+1 SEk+1N 3o
— p|v dx+ (At /2‘14€Av’ tex (VY ax
2 “5“ ( )kZ:O of X( ) X( )

1 Slrs 2 1
- V ,n-‘rl‘ dX 7/ SFn+12Fn+1dX
+2/§)8p0’ 2 as”

1 F FO‘Z 1/ S |s8,0
<= O ax 4= ’V'
—2/Qgp v T3 Jog0

2 1 SE0. 50
dx+2/ng FO: FOdX (7.4)

if § Nin, Wous are zeroand [ o (VF"H1.nF) [9F 1112 >0,

Proof. We put W= (At)v"*!in (7.1) and we follow the proofs of Theorems 5.1 and 6.1. We
obtain

1 F Fn+1)2 / F_ (oFEntl ~F -
_ , d At 2 N M+ e n+1 d
2 o P e (an) [ 2n e (9P g

1 Sl<rS 2 1
- Vv ,T’H-l’ ax 7/ SFl’H-l:F?H-ldX
+2/Qgp0’ +2.ng

1
< F‘VF,n
=5 Qﬁp

2 > 1 S S,n
dx—l—Z/QSpO’V

2 1 Sgn . gn
axX+ wF'F'dX.
2Jog

As before, by replacing in the above inequality n by k and summing for 0 <k <n, we get
(7.4). O

Remark 7.1. For arbitrary g, h;,, h,u:, the conclusion of the before Theorem keeps true.
We can adapt the proofs from [17], Chapter 6, for example.
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Compared to the explicit methods [4], here there is no specific condition on the time
step.
The system (7.1)=(7.3) is non-linear. In the following, we introduce a linear approx-

. . . . . antl
imation of this system. Also, we shall decouple the equation for solving 3", from the
system for solving ¥"*!, "*1. The incompressibility in the structure domain will be

treated by penalization.

Algorithm 7.2.
We assume that we know O, T',,, v", 8".

Step 1-1: Find the velocity v € (H! (Qn))Z, V"1 =0 on L,U%Z,UXs, the pressure
pttle 12(QF), such that:

FV”+1_,\dA+ F( n_ 9. v )9 ) wdR
[ v W (G SR S Rt
-I—/QEZyFe; (V"“) s6x (W) dx
- / (Vs-W)PE1d%+ / 1<V~V”“) (Vs-W)dR
F X as € X X

Sﬁn—i—l
+/Qg 00~ x;

. pVﬂ PPN / F o~ g~ / n4+1 o g / n+1 o g
= —-wd wd hi' ™ -wd hy . -wd
05p AL wax—+ Qgp g - wax+ s WaxX—+ , Mout wdx

in

Wzt /Q (o) Vewak

sV Se oo
—i—/QngAt'wdx—i—/Q%pog-wdx, (7.5)

_ /Q (V9" )gfdx=0, (7.6)

n

for all w e (H! (Qn))z, W =0 on Z,UX,UZs, for all §F € L2(QF), where Ly is obtained
from L, by deleting the penalization term, i.e.

L (V"“) =S ((I—l-Ath?S'””) F" (F")" —cof (I—i—Ath?S'””)) .

n+1

Step 1-2: Find the fluid mesh velocity 3"t e (H'(QF) )2’ ¥ =gFrtlonT,, o

on |J_,Z; such that
~n+1 SN s
Joy (V8" (Vsiz=0

for all ¢ € (H} (Qﬁ))Z
The Steps 2, 3 are the same as in Algorithm 7.1.
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Remark 7.2. Starting from the non-linear system (7.1)-(7.3), we have obtained the linear
system (7.5)-(7.6), just by treated the convection term semi-implicitly and by deleting the

.. ~n+1
term containing det <V§19n ) .

8 A numerical test

The numerical tests have been produced using FreeFem++ (see [10]). We have tested the
benchmark FSI3 from [25], the geometric configuration is presented in Figure 1.

The fluid domain has the length L=2.5m and the width H=0.41m. The fluid dynamic
viscosity is uf =1Kg/(ms) and the mass density is p* =1000Kg /m®.

The rectangular flexible structure is of length ¢ =0.35m, thickness h = 0.02m, mass
density p° =1000Kg/m?3 and u® =2 x 10°Kg/(ms?). It is attached to the fixed cylinder of
center (xc,yc)=(0.2,0.2)m and radius r =0.5m. The point A is at the middle of the right
side of the flexible structure.

The boundary condition at the inflow ¥; is v=v;,, with

15U ) (e i2) ), (xy,x,) €34, 0 <2
Vin (x1/x2/t> -

15U, 0), (x1,%2) €51,2<t<T=12

and U=1.8. We have imposed the no-slip boundary condition v=0 at X, ¥4, ¥5. At the
outflow X3, we set the traction free o© (v,p) nf =0. The fluid and the structure are at rest,
initially.

Figure 2: Details of the fluid-structure mesh at time instant +=9.05.

We use a mesh of 2604 vertices and 4964 triangles, we can see a zoom in Figure 2. For
the time step At, we have employed 0.005, 0.002 and 0.001. We have used the Algorithm
7.2, the structure is written in the updated Lagrangian formulation and the imcompress-
ibility condition is treated by penalization, where ¢ =10"%. We have employed the trian-
gular finite element IP1 +bubble for the approximation of the fluid-structure velocity and
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dt20.005 dt50.005
i — P p—
dt=0.001 dt=0.001

o

i
0 2 4 6 8 10 12 9 95 10 105 11 115 12

Figure 3: Time history of the vertical displacement of the point A for At=0.005, 0.002, 0.001 (left) and a detail
in the time interval [9,12] (right).

uuuuuuu

Figure 4: Fluid-structure velocity (left) and fluid pressure (right) at +=9.05.

IP; for the pressure. We point out that, we have to use for the solid part the same finite
element as for the fluid part.

After a transient period, the structure oscillates periodically, see Figure 3. For At =
0.005, the amplitude is 0.022 m, the frequency 4.72 Hz, for At =0.002, the amplitude is
0.025 m, the frequency 4.77 Hz, for At =0.001, the amplitude is 0.027 m, the frequency
5 Hz. We observe that for smaller time step, the oscillations start before. In [16], for
At =0.002, the amplitude is 0.03 m, the frequency 5 Hz in the case of a compressible
neo-hookean structure.

For the boundary condition at the inflow X;, we have used U = 1.8 which is smaller
that U =2 employed in [6, 11]. The reason is that for U =2, in the zone of the right end
of the structure, some triangles of the ALE mesh became flat. To avoid this, it is possible
to use ALE framework with remeshing as in [15], but we shall treat this in a forcoming
paper.

For At=0.005, in [6] the amplitude is 0.016 m, the frequency 6.86 Hz and in [11] the
amplitude is 0.03 m, the frequency 5.4 Hz. In [6], the Eulerian mesh is adapted at each
time step to the structure position and in [11], the fluid mesh is generated at each time
step in order to fit to the fluid-structure interface.
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In Figure 4, we can see the velocity field for the fluid-structure and the fluid pressure.
We observe that, there is no pressure field in the structure domain. If we want, we can
interpret —1 (V-v"*1) as the structure pressure.

Algorithm 7.2 is fast, about 3000 iterations by hour on a PC.
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