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Abstract: In this paper Homotopy Analysis Method (HAM) is implemented for
obtaining approximate solutions of (2+1)-dimensional Navier-Stokes equations with
perturbation terms. The initial approximations are obtained using linear systems of
the Navier-Stokes equations; by the iterations formula of HAM, the first approxima-
tion solutions and the second approximation solutions are successively obtained and
Homotopy Perturbation Method (HPM) is also used to solve these equations; finally,
approximate solutions by HAM of (2+1)-dimensional Navier-Stokes equations with-
out perturbation terms and with perturbation terms are compared. Because of the
freedom of choice the auxiliary parameter of HAM, the results demonstrate that the
rapid convergence and the high accuracy of the HAM in solving Navier-Stokes equa-
tions; due to the effects of perturbation terms, the 3rd-order approximation solutions
by HAM and HPM have great fluctuation.
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1 Introduction

Most of nonlinear partial differential equations do not have a precise analytical solution,
by approximate methods these nonlinear equations can be solved. So far many numerical
algorithms have been developed for the approximate solutions of nonlinear partial differential
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equations, such as variational iteration method (see [1]-[5]), homotopy analysis method
(see [6]-[10]), differential transform method and the homotopy analysis method (see [11]),
differential quadrature method, etc. (see [12] and [13]).

Homotopy analysis method (HAM) is one of the most effective methods to find approxi-
mate solution of nonlinear partial differential equations. The HAM always provides us with
a family of solution expressions in the auxiliary parameter &, by the convergence-controller
parameter h, the region and rate of each solution might be adjusted and controlled conve-
niently (see [14]). The HAM has been applied to solve many types of nonlinear problems,
such as the nonlinear Cauchy problem of parabolic-hyperbolic type (see [15]), differential-
difference equations (see [16]), nonlinear reaction-diffusion-convection problems (see [17]),
nonlocal initial boundary value problem (see [18]), fractional differential equations (see [19]—
[21]), Fredholm and Volterra integral equations (see [22]). The HAM has been also used
to investigate the heat conduction problems (see [23]-[29]). Convergences of the homotopy
method are studied (see, for example, [30]-[36]).

The objective of this article is to implement HAM for finding new traveling wave solu-
tions of (2+1)-dimensional Navier-Stokes equations with perturbation terms. Navier-Stokes
equations are the most important equations in fluid dynamics for finding the velocity and
pressure functions (see [37]-[39]). Viscosity is a characteristic of a fluid, for example, air is
a kind of high viscosity fluid, water and air are fluids with low viscosity. Meanwhile, the
fluid movement equation is contained Navier-Stokes equations (see [40]).

2 Navier-Stokes Equations with Perturbation Terms

The Navier-Stokes equations with perturbation terms can be written in the following basic

form:
%g+UgZ+V%Z+;g];—u(gg ZZ)zFl, (2.1)
%‘;+U?;+V?;+;%§u(gg+ig>& (2.2)
%+%:Fg, (2.3)

where U and V is speed component in direction to = and z, respectively, P is the pressure,
p is the fluid density, and v is the kinematics of fluid coefficient that is positive constant,
F; (1 = 1,2,3) are the perturbation terms. The Navier-Stokes equations are nonlinear
partial differential equations and have perturbation terms, so approximate methods must
be constructed.
We introduce a complex variable £, £ = x + z — ct, where c is the speed of traveling wave.
Thus, (2.1)-(2.3) become the ordinary differential equations as follows:
dU dU VdU 1dpP 5 d2U

i€ TVt ae e ae T 24
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dV dV dV 1dP d?v

dU dV

The linear system of (2.4)—(2.6) as follows:
AU 1P @
d¢ " pde d¢?
— Cdl —+ ldj — 2Vd2l
dg¢  pdg d¢?
d7U + dl — O
d¢ d¢ '
The solutions of the above system can be obtained

c
V =ay + age S, /\:2—, U=ua3—axe , P=ay,
v

where aq, ag, as, a4 are constants. Obviously, for £ > 0, V(§) and U(§) are asymptotically
stable.

207
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3 The Methodology
3.1 Homotopy Analysis Method (HAM)

Consider the following nonlinear differential equation:

Nfu(€)] = 0, (3.1)
where N is a nonlinear operator, £ is the independent variable and u(£) is an unknown
function. The homotopy is constructed as follows (see [10]):

(1= q)Lle(&; q) —uo(§)] = ghH (§)N[p(&; 9)), (3.2)
where ¢ € [0, 1] is the embedding parameter, i # 0 is an auxiliary parameter, L is an
auxiliary linear operator, ¢(¢; ¢) is an unknown function, ug(§) is an initial guess of u(§),
H (&) is a non-zero auxiliary function. When ¢ varies from 0 to 1, one has

p(&0) =uo(§), @& 1) = u(f). (3.3)
Expanding p(¢; 2)in Toglor seres with respect t0 g, we have
o(& q) = uo(€) + Z U (€)g™, (3.4)
where
un(©) = amaq(g, ? R (3.5)

If the auxiliary linear operator, the initial guess and the auxiliary parameter /i are prop-
erly chosen, when ¢ = 1, then the solution of (3.2) has the series form as follows:

ul(€) = (€ 1) = u(€ +§;um (3.6)

The mth-order deformation equation of (3.2) in the followmg
Llum (&) = Xmum—-1(8)] = AH (&) Ry (tm—1), (3.7)
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where . I INIo(E: )
_ " NIp(€ g
Rm(um—l) - (m — 1)| 8qm_1 q:07 (38)
here, wp,—1 = [uo(§), u1(§), ua(§), us(§), -+, um-1(§)] and
B 0, m < 1; 3.9
Xm =\ s, (3.9)
d2
If L= TR according to (3.7)—(3.9), then the solution of (3.1) is as follows
um(g) = Xmum—l(g) + hL_l[Rm(um—l)}
& ré
Xt (€41 [ [ o) + o + 1. (3.10)
o Jo

For simplicity, all boundary or initial conditions are ignored, and the integral constant
cp =0, c; =0. (3.1)—(3.10) are called the standard HAM. (3.10) shows the HAM can ensure
the convergence of the series solutions by convergence-controller parameter

3.2 Homotopy Perturbation Method (HPM)

Dividing nonlinear differential equation (3.1) into linear part (L) and nonlinear part (N),
one has
Lu+ Nu— f(§) =0. (3.11)
By the homotopy technique, a homotopy of (3.11) is constructed in the form
H(W, p) = (1 - p)[L(W) = L{uo)] + pIN(W) — ()] =0,

where p € (0, 1) is an embedding parameter, uz(§) is an initial approximation of (3.1).

In HPM, the embedding parameter p is used as a small parameter. Thus, the solution
of (3.11) can be expressed as a power series of p in the form W = Wy + pW; + p*Wa + - - -
Set p = 1. Then an approximate solution of (3.1) is u = Zl)l_}H% W=Wo+W1 +Wy+---

The combination of a small parameter (perturbation parameter) with a homotopy is called
homotopy perturbation method (see [41]-[43]), essentially, the HAM logically contains the
HPM (see [44]).

4 The Approximate Solutions of the Navier-Stokes Equa-
tions with Perturbation Terms

4.1 The Approximate Solutions via HAM

The Equations (2.4)—(2.6) become
apr dU U U d2U
— — pe— — — —Wp—— = pF
ST ﬂ?Ud/E +de§ vo ez ~ P
¢V edv 1,4V 1,4V L dP 1
de2 T2 de 2w dé 2w dE (up)de 2w Y
U av
— 4+ — =F;.
a€ Tae T
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Take initial approximations

Vo = age ™ +ay,

Up = —ase™ ™ +ag,
Py=1.
The auxiliary linear operators are
dU d?v dpP
LU((&) = — LV(§) = — LP() = —.
©=F O=Tm LPO=T
For m =1, x,, = 0, the iterations formulas are
¢ /dp du; du, dU, 42U,
Pl—h/ J*p—OJr pUo—— + pVo—— — 2up——y" — pF1 | dn,
0 dn dn dn dn?

d2Vb cdVp 1 __dVp 1 __dW 1 dpy 1
Vi=h ——— = —Up——=—Vo— ——— — —Fy | dnd
! 1/ ( 2 21/ dn 2v 0 dn 2w 0 dn  2pv dn 2v 2 ) e,

Ulzh/ <dUO+dVOF3)d77.
o \ dn dn

For m =1, x,», = 1, the iterations formulas are

dp, du, dU, dUy
Py,=P +h 1 — pe—— 4 pUy——= + pU
: v /o (dn pe dn +p0dn e Yy
dU du, d2U
+oVo— + pVi— — 2up——5 — pFy | dn,
dn dn dn

d2V1 c dV; v dvp
Vo=Vi+h — U U
2=t 1/ / < 2 21/ dn 2w Ydn dn

1.dV, 1..dv; 1dp 1
V) 0 ! : Fz) dndn,

dyp  2v Vdn 20w dn 2w

d d
U2:h/ (Ul—F‘/l—Fg)d?].
o \dp  dn

For m > 1, x,, = 1, the iterations formulas are

S (adp,,_ dU du,
Pm: mfl—‘rh/ ( ml_ m—1 ZU ml]
0

dn

— dUm d*U,,_
Z —m-ly —2vp ! — pFy | dn,
=0 dn

m—1

&t dQVm,l chm 1 dvmlj
vam+h1/0/0< e T d — 5 2 Ui
7=0

m—1
1 AV _1- L dPpy 1
V,79,77,7F dnd
> v ) i,

Jj=0

S (AU, dV,—
Um: m—1+h/ 1+ I*Fg d?]
0 dn dn
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If the perturbation terms of the systems (2.1)—(2.3), F; = esin&, F5 = 0 and F3 = ecosé,
where € is a positive small parameter, then we now successively obtain

Pr = — h(aragp(e ™ — 1) —ep(cos& — 1) + agagp(e ™ — 1)),
U= — ahsinf,
Vi = asfié(ar + a3) B hiaz(ar + as) (1- e*)‘g),
2v c

Py = — h(ag(ay + a3)p(e s — 1) — ep(cos € — 1)) — h(e — e cos & + elip

+ 2¢elipy) — (1 4 2v)ehpcos € + ag(ay + az)hip(e ™ — 1)

2 2
(a1 +ag— <) - chpsing + wwe—m 1)+ wm)ge—w
asec?hp Y asechp

S iy [Eging — 25T (=M€ ps b —
4(02/4_’_1/2)e sin& 2(62/(41/)_'_1/)(63 cos€ — 1),

h? h?
Uy = 22T (e ) psing — 2en%sing 4 (2@ TS ;%) S
c v
h2 2h2 2 52 2h2)\_2
V, = 8211/5 _ a2a38 2§ _ %Sinf B (a1 + agzlaz 1 (1— (& + 1)6_)‘5)
_ a1a2<a1 + 20,3)71%62 B ag(al + a;;)h%f _ ag(al + a;:,)h% (e_)\g _1)
8 2v c
ashi€(ar + a3) 3 azechié n aras(az + az)h3v? (e_A/Qg )
2 AN+ 1) 4c?
az(a? +2a§)h%V2 (e 1) - azhi (a1 + as) (1— e
c ¢
h2&2(ay + a:
fac 1585/0;1 as) + arazhiéX (al + %) + asazhigA (a3 + %)
azec?h22cv(e™ M cos € — 1) — dv2e M sin €] N ajasazhivé
4+ )N+ 1) c ’

If the perturbation terms of the systems (2.1)—-(2.3) F; = 0, F5 = 0 and F3 = 0, namely,
that is no perturbation terms, then we obtain the approximation solution as follows:

Pl = —ashp(a; +az)(e™* — 1),
Vi = ash§(ar +as)  has(ar + az) (1— ),
2v c
Ui =0,
/ —2\E —X¢ a%hpf —AE
Py = — hlaghp(ay + a3)(az — age —2c+2ce™%) + 5, ¢ (a1 + a3)]

—ashp(ar + ag)(e*/\E - 1),
as(ar + az)h3e
2v
az(ar +az)h* . a3(a1 +az)hi oy
A Sl S M VA 1)y 2T
. (e )+ e (e
2
—a1a2(a102+ Gl (67 —1) —a3(a1 + ag)(1 — e — Ae ™)
ag(af +a3)hig? N a3(a + az)hig N az(af + a3)h*¢
8u2 4dev 2cv

as(ay + as)

2c (L—e)+

Qa
Vy = ﬁl%(al +az) —

_1)
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ajasash3€?  as(ar + az)chi€?  ajagazhié
c2 4v2 8u/2 cv

Ul = aa(a1 + ag)” (e — 1)+ Lﬁzg(al + ag).
By the same manrfen we can obtain Uy, (£), Vin(§), Pm(&), UL, (&), V,i.(€) and P/ (&) (m =
3,4,---). Then the series solution expression by HAM can be written in the form

U(€) = Uo(§) + U1() + U2(§) + -+,

V(&) = Vo(&) +Vi(§) +Val§) + -+,

P(§) = Po(§) + Pr(§) + P(§) + -+,

U'(§) = Us(§) +U{(§) +U3(§) + -+,

V(&) = V5(&) +VI(§) + Vo (&) +---,

P/( ) =F5(&) + P{(§) + Po(§) + -+,
where {E =z + 2z —ct, A= Z’ h and hy are the convergence-controller parameters that can
ensure the convergence of approximate solutions. Py(&), V1(§), U1 (&), P{(&), V{(§), Ui (&)
are the first approximation solutions, P(§), V2(&), U2(§), Py(&), V3(&), Us(€) are the second

approximation solutions.

2a1 asas hl

(1) -

4.2 The Approximate Solutions via HPM

According to HPM, the homotopies are constructed as follows:

(1 = p)(we — Pog) + p(we — peug + puug + pvug — 2wpvge — pesing) =0, (4.1)

(1 = p)(vee — Voge) +P(v§£ + %vg - 21 uvg = QL Ve — 2*1/) ) =0, (4:2)
(1 —p)(ue — Upe) + p(ue +vg —ecos&) =0, (4.3)

where

w = wo + pwi + pwa + -+,

u=ug+pui +pius+ -,

v =g+ puy+pPug+ -

The variables P, U and V can be obtained as
P:11)1_>H11w:w0+w1+w2+-~-,

U=lmu=uy+u +us+---,
p—1

V=Ilimv=v+vi+v2+---
p—1
After expanding (4.1)—(4.3), the second power of p, one obtains
P’ s woe = Pog,  voge = Voge,  uoe = Uoe- (4.4)

pl: Wie — PCUQe + PUoUos + PUoUog — 2pVUgee — pesiné = 0,

c 1 1 1
Vige + 51}05 — gum}og — 5’001105 — 2’711)05 =0,
Uie + voe —ecosé = 0. (4.5)

p2 D Woe — PCUte + Puglie + PUUoe + PUoU1e + pU1Utog — 2pVUee = 0,
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1 1 1 1

c 1
Pr— _— _— _— —_— _— = O
vage + 5 V1g — 5 UovVie — o UIVog — 5o U1vog — 5 Vol 2p1/w1§ )
uge + v1e = 0. (46)

The solutions of (4.4)—(4.6) can be obtained

wy = ajagp(e™* — 1) —ep(cos & — 1) + agazp(e ¢ — 1),
i tos o) | a0 ae

2v cC
up = esin€ — as(e” _1)

v = —

wy = a2p(e™ — 1) — as(ay + az)p — 2epv(1 — cos€) + pas(ar + az)e ¢

2

2vagec
fep(a1+a3+c)sm§+—p(a1 +as) — 25¢P

24202
2P§
2c

a a a C
2p(a1+a Jo /2% _ zﬂf(a +ag)e 4 2PE %3 e,

2 2 2u

— (e _ € i) - Eodine— B
v = ag(e 1)+ 5 (e —a3) 5 sin& p (e 1)
a3 (a1 —2|—a3) (=M% _ 1) + ag(a%;— a?) (1) — 3az(ar + az)é
4c; c5 2v

+a;—§£—(a1+a3+c)a20 {1— <2§—|—1> _/\5}
arazf

B (3(&1"‘@3)0 + 2&1&3)&2 (ei)‘g
4dev

2
a2§2 9, 102028 asect
82 (a1 4 a5 = )" + cv 2 + 4v?
azec[A(e ¢ cos€ — 1) — e A sin¢]
A2 + 2¢% + 4? ’

_|_

azasé
4cv

— 1)+ —=(a2 +2a1) + —=(2a3 + a2)

C

+ g2\ [(N2 +1)72

— (cos& 4+ Asin€))e ™ —

az(a1 +az —c¢) L az(a1 + az — ¢)¢
cle=*¢ —1) 2v ’

Ug =
and so on.
Finally, the approximated solutions are given by
P=wy+w; +wy+---,
U=uy+u+us+---,
V=vw+uvi+uve+---

5 Comparison and Graphical Representations of the Ap-
proximation Solutions

In this section, to illustrate the efficiency of the method, comparisons are made. The ref-
erence [40] obtains the exact solutions of the systems of (2+1)-dimensional Navier-Stokes
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equations without perturbation terms by the expansion of the exp-function method, i.e.,

a'lsbges + a_1p(iw +ia}s — say)

P =
ExAcT(§) shoet )
a’ boes + al bobl, — ia_q — ibha_1e~¢
V _ 1 1 0 0
ExacT(§) bo(c€ + 01 ,
a1bpe® + a_1 + a1b? + a_1bge ¢
Ugxacr(€) = —— LT 0 =

bo (65 + bo)
& =isx + sz + wt,
where the subscript EXACT is abbreviation of exact solution.

When there are no perturbation terms, the 3rd-order approximation solutions by HAM

are

Il

Pi(x, z, t) + P{(x, z, t) + Py(x, 2, t),
Up(, 2, t) + Ui (z, 2, t) + Us(a, 2, 1),
Vo(z, 2, t) + V{(z, 2, t) + Vi (z, 2, t).

PICIAM(xv 2, t)
Uniam (2, 2, t)

V}/IAM (‘T7 2, t)

I

1%

We now compare the approximation solutions of the (2+1)-dimensional Navier-Stokes equa-
tions without perturbation terms by HAM with the exact solutions by the expansion of
the exp-function method. For some values, a1 = 1, as = 2, a3 = 2, v = 0.8, h = 0.05,
hi = -002,c=1,p=129 =05 0<1¢t<3, 0< 2z <20, in order to be consistent
with approximation solutions by HAM, taking s = 1, w = —1; other parameters: a; = —3,
bp =3, a_1 =3, a} =2, af =2, b = —2, the graphical representations of Pfj,,;(0.5, 2, ),
VI&AM(O'57 z, t), UI/{AM(O'57 z, t), PexacT(0.5, 2, t), VExacT(0.5, 2, t), Urxact(0.5, z, t),
are shown in Fig. 5.1(a)—(f), respectively.

When z = 0.5, the 3rd-order approximation solutions by HAM of the (2+41)-dimensional
Navier-Stokes equations with perturbation terms are given by

P = PHAM(0-57 z, t) = P0(0.5, 2, t) + P1(0.5, z, t) + P2(0.57 2, t)7
Unam(0.5, 2z, t) 2 Up(0.5, z, t) + U1(0.5, z, t) + Uz(0.5, 2z, t),
VHAM(O~5; z, t) = V0(0.57 2, t) + V1(0.5, 2, t) + ‘/2(05, 2, t).

Meanwhile, the 3rd-order approximation solutions by HPM are given by

IR

Pupm (0.5, 2z, t) 2 we(0.5, z, t) + w1(0.5, 2z, t) + w2(0.5, z, t),
Unpm (0.5, z, t) = up(0.5, 2, t) + u1(0.5, 2, t) + u2(0.5, z, t),
Vapm (0.5, z, t) =2 v9(0.5, z, t) +v1(0.5, 2, t) + v2(0.5, z, t).

1%

The 3rd-order approximation solutions by HAM of the (2+1)-dimensional Navier-Stokes
equations with perturbation terms are compared with 3rd-order approximation solutions
by HPM, the graphical representations of Pganm (0.5, z, t), Pupm (0.5, z, t), Viuam (0.5, z, t),
Vipm (0.5, 2, t), Ugam (0.5, 2, t), Unpm (0.5, 2, t) are shown in Fig. 5.2(a)—(f), respectively.
€ = 0.2, the remaining parameters are the same as the above.
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Pexact

t o1 10 A s i
1 i
00 00

(C) VI&AM(Osv 2, t)

Ugxact

(e) Utiam(0.5, 2, t) (f) Uexacr(0.5, z, t)
Fig. 5.1
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Pipy

(a) PHAM(0-5, z, t)

; !
2
1
0
3
. |
t 1

00

VHaM
Vipm

(¢) Viran (0.5, 2, t) (d) Vipm (0.5, 2, t)

() Unam(0.5, 2, t) () Unpm(0.5, 2, t)
Fig. 5.2
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6 Discussion

From Fig. 5.1 we observe that the solutions by HAM of P}; (0.5, z, t) and Pgxact(0.5, 2, t),
Ufiam (0.5, z, t) and Ugxact(0.5, 2, t) are basically in good agreement, but Vij,,(0.5, 2, t)
and Vexacr (0.5, 2, t) have some differences, because some parameters value are different.
It is seen that from Fig. 5.2, due to the perturbation terms, the HAM solution and the
HPM solution of have great fluctuation characteristics and the HAM solution more rapid
convergence. The comparisons of Fig. 5.1 and Fig. 5.2 reveal that the perturbation terms
have great effect to the (241)-dimensional Navier-Stokes equations, thus the perturbation
effects cannot neglected in the traveling wave propagation. So HAM is very effective and
convenient for solving nonlinear partial differential equations and has the great validity and

potential.

7 Conclusions

Navier-Stokes equations are the most important equations in fluid dynamics for finding the
velocity and pressure functions. In this study, we use the HAM for finding the 3rd-order ap-
proximate solutions of (2+1)-dimensional Navier-Stokes equations without the perturbation
terms and with the perturbation terms. The 3rd-order approximate solutions of (2+1)-
dimensional Navier-Stokes equations without perturbation terms by HAM are compared
with the exact solutions by the expansion of the exp-function method, the 3rd-order ap-
proximate solutions of (2+1)-dimensional Navier-Stokes equations with perturbation terms
by HAM are compared with the 3rd-order approximate solutions by HPM. The results show
that a rapid convergence and a high accuracy of the HAM for solved (2+1)-dimensional
Navier-Stokes equations and the perturbation terms have considerable effects in the travel-

ing wave propagation.
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