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Abstract: In this paper, we use KAM methods to prove that there are positive
measure Cantor sets such that for small perturbation parameters in these Cantor sets
a class of almost periodic linear differential equations are reducible.
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1 Introduction and the Main Result

This paper considers the reducibility of the following system

T lA+=Qu) . (L1)
where A is an r x r constant matrix, @Q(t) is an r X r almost periodic matrix with respect
to t, and ¢ is a small perturbation parameter.

We say that a function f is a quasiperiodic function of time t with basic frequencies
w= (w1, wa, -+, wq), if f(t) = F(01, O, ---, 04), where F is 27 periodic in all its arguments
and 0, = wyt forn =1,2,--- ,d. f is called analytic quasiperiodic in a strip of width p if F’
is analytical on

D,={0]130,,| <p,m=1,2,--- 1}

In this case we denote the norm by

1l =D [File?™.

keZd

A function f is almost periodic, if f(t) = > fn(t), where f,(¢) are all quasiperiodic for
n=1

n=1,2,--.
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A change of variables = P(t)y is a Lyapunov-Perron (LP) transform if P is non-
singular, and P, P! and P are bounded. Moreover, if P, P! and P are almost periodic,
the change = P(t)y is called almost periodic LP transformation. If there is an almost
periodic LP transformation changing the equation (1.1) into ¢y = By, the equation (1.1) is
called reducible.

If @ = (gmn) is periodic the reducibility in all cases is given by the classical Floquet
theory. If @ = (¢mn) is quasiperiodic and the eigenvalues of A are all different, .J orba-Simé!
proved that if the eigenvalues of A and the frequencies of @ = (¢mn) satisfy some non-
resonant conditions and non-degeneracy conditions, there is a positive measure Cantor set E
such that for € € E the equation (1.1) is reducible. Xul? proved the similar result when Q =
(¢mn) is quasiperiodic and the eigenvalues of A are multiple. If @ = (g ) is almost periodic,
the reducible problem seems difficult to study. The difficulty comes from the description
of related “non-resonant condition” for the infinitely many frequencies. Xu and Youl®!

4

under the “ spacial structure” described in [4] and some non-resonant conditions, obtained
reducible result for (1.1) by KAM method when the eigenvalues of A are all different. In
this paper, we are going to study the reducibility for the system (1.1) when @ = () is
almost periodic and the eigenvalues of A are multiple.

Now let us introduce the “space structure” and “approximation function” and some

related definitions.

Definition 1.1 Let 7 consist of the subsets of natural numbers set N. (1, [-]) is called

finite spacial structure in N, if T satisfies

(1) ber;
(2) if Ay, Ag € 7, then [Ay U Ag] < [7];
(3) U A=N.

Aer

And [-] is a weight function, i.e., [0] =0, [A; U As] < [A1] + [As2].

Definition 1.2  Let k€ ZN. Denote the support set of k by
suppk = {(n1,n2, - ;) | km #0, m =nq,ng, - ,ng, ky =0, m = other number}.
Denote the weight value by
(k] = inf [4].

suppkCA,AeT

Write |k| = > |ki.
i=1

Assume that Q(t) = (¢mn(t)) is a quasiperiodic 7 x r matrix. If for allm,n =1,2,--- ,r,
Gmn(t) are analytic on
D,={0]30| <p, m=1,2,---,r},
then Q(t) is called analytic on the strip D,. Denote the norm by

1), =7 max_ gD,

If Q(t) = > Q,(t), where Q ,(t) are quasil_)eriodic matrices with basic frequencies wy =
AeT
{w; | i € A}, then Q(t) is called almost periodic matrix with spatial structure (7, [-]) and
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basic frequencies w, which is the maximum subset of | Jw, in the sense of integer modular.
Denote the average of Q(t) by Q = (Gmn), Where

1 T
N |
mn = 200 9T /,T Gmn(B)dE

Definition 1.3  Let Q(t) = > Q4(t). For z >0, p > 0,
AET

IRl =D QA

Aer
is called weight norm with finite spatial structure (7, [-]).

Definition 1.4 A is called an approzimation function, if
(1) A:[0,00) = [1, 00) is an increasing function and satisfies A(0) = 1;
log A(t)
() E20

(3) /000 bgt&dt<oo.

is decreasing on [0, 00);

Remark 1.1 If A is an approximation function, then so is A%.

The non-resonant conditions that we use are

P = Ao =ik 0] 2 ey

for all 1 <m #n <7 and k € ZN\{0}, where \j, \o,--- , \, are the eigenvalues of A, w is
the basic frequencies of Q(t), A(t) is an approximation function satisfying

ZAlkl k)

kezZN
and « is a small positive constant. From [3] and [4], we can choose the weight function
[A] =14 log’(L+1i]), p>2
icA
and A(t) such that there exist A1, Ag, -+, A\ and w = (wy, wa, -+, wq, -+ ) satisfying the

small divisor conditions.

Here the main theorem is given.

Theorem 1.1  Assume that A has r eigenvalues, i.e., A1, Aa, -+, ., where A\, < Ay
for1<m<n<r—2 and \r—_1 = \.. Assume also that Q(t) is an analytic almost periodic
matriz on D, with frequencies w = (w1, wa, -+, Wq, ---) and depends continuously on the
perturbation parameter €. If

(1) there exists zg such that ||| Q(t)|||z,p, < 00;

(2) (non-resonant conditions)

o
A — Ap —ilk w)| > ——
| e @) = A ACH)
for allm,n=1,2,--- v and k € ZN\{0};

(3) (non-degeneracy conditions)

Um = mm
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for 1 <m <r —2 and the matriz

677“71,7"71 Cerl,r
Q’I‘,T—l QT,T
has two different eigenvalues q._1 and q, such that
Gm = Gm,

orm=r—1,7 and
)
|a7n a'n| > 26,

for all1 < m < n <r, then there exists a g9 > 0 and Cantor subset E C (0, g9) with positive
Lebesgue measure, such that (1.1) is reducible for e € E.
Moreover, the almost periodic LP transformation has the same basic frequencies and

spatial structure as Q(t), and if € is sufficiently small, the relative measure of E is close to
1.

In Section 2, we give some notations and some lemmas to make the iteration efficient.

In Section 3, we give the iteration lemma to ensure the iteration continuing and prove the
Theorem 1.1.

2 Notations and Auxiliary Lemma

Let Q(t) = Q(t) + R, A = A + cR, where the matrix is

gin O 0 --- 0 0 0

0 G 0 --- 0 0 0
r-|: Do . : : :

0 0 0 - Go2r2 0 0

0o 0 0 -- 0 Gr—1,r—1 Gr—1,r

6 0 0 - 0 Qrr—1 qr,r

Due to the non-degeneracy conditions of the Theorem 1.1, the matrix A has r different
eigenvalues. So we can find a matrix B such that
B 'AB = A",
where A* is a diagonal matrix. The eigenvalues of A™ are A}, A5, ---, A\* where \ =
Am +EQmm for m=1,2,--- r—2, X = A1 +eqr—1 and XX = A, + eg,.
Let € = Bz, and then the equation (1.1) can be written as

z2=[A"+eQ'(t)] 2,
where

Q'()=B'Q(1)B.
Let

z=(I+¢eP(t))y,

where I is the identity matrix. The equation is changed into
y=[I+eP) (A" +<(A"P - P+ Q'()) +e*(I +eP)"'Q'(t)P]y.
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We hope to obtain the form of the equation like

y=[A"+Q"(1)] v,
where

Q'(t)=(I+¢P)"'B'Q'(t)BP.
So we have to ensure that
(I+eP) '[A"+e(A"P - P+ Q'(1)] = A7,

i.e., the equation

P=A"P-PA* + Q" (2.1)

has a solution P(t).

Write Q" (t) = (¢”,,,(t)), and the average of Q" (t) is denoted by Q" (t) = (¢, (t)), where

qn..(t) is the average value of ¢/ (t). Due to the above calculation, there are

qxvm =0, for m = 1,2,---,m, (jr—l,r = (jr,r—l =0.

Let

"o on 1k _ 1"k i(k,0
A (q/lmn)7 (q/lmn) - Z A Amn® ¢ >
suppkCA

P, = (p/lmn)a (pljlmn) = Z pljlmneukﬁ)'

suppkCA
Substituting to the equation (2.1), one can see
11k
k 9Amn
- 3 k 07
Pamn = 50670y + x — s 7
q/IO
0 7*/1’””*, m<r—lorn<r-—1I1;
Pamn = )‘m - >‘n
0, m=mnorm,n=r—1r.

Assume that
«

A — A, — ik, w)| > W’

for k € ZN\{0}, and
|)‘:n_)‘:;|25’
form#nandm<r—lorn<r—1. Thenfor0<p<p

PPN
lpamnllo—s < D |Phmale® P 4+ F42

suppkCA
Ak e—ﬁ|k\ q//O
<y AR g, et 4 12
suppkCA
I'(p)A%([A
< LSO g,

where I'(p) = sup[A%(t)e™*!] and ¢ > 1. Thus

t>0
I(p)A*([4])

Pallp=5 <
1Pallo—p < =2

1Qallo-
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Let P = 3. P,. From the definition of weight norm, we have

Aer
IPamzpmp = Y 1P allp—pet> 2

AeT
I'(p)A%([A i,
< CZ (p) ([ ])HQAHpez[A]—z[A]
Aer @
< OB qy.,,
So the equation (2.1) has a solution
P=> P,
Aet

The later steps are given in the Section 3, and the next lemma ensures that the equations
(2.1) in the later steps have solutions.

Lemma 2.18  Assume that
(1) A= diag()\l, )\27 ce ,)\r);
(2) Q) = > Q (1) is an almost periodic matriz and has finite spacial structure (T, [-])
Aer

and | Q(t)||]2., < o0, 2>0, p>0, @ =0.
If for allm, n =1,2,--- ,r, and k € ZN\{0},

o = Ao =ik )| 2 ey

where w = (w1, wa, -+, Wq, +- ) are the basic frequencies of Q(t) and A(t) is approximation
function, then there exists almost periodic matriz P(t) has the same spatial structure and
basic frequencies as Q(t) such that
P(t) = AP(t) — P(t) A + Q(t).
Furthermore, for0 <2<z, 0< p < p,
IPO|:-zp-5 < c

where ¢ > 1 and I'(p) = sup[A*(t)e=*"].
£>0

(51 (p)

«

Q=0

According to the definitions of A*, Q" and Lemma 3.2, we can see that the conditions
in the above lemma are satisfied to obtain a solution to the equation (2.1).

3 Iteration and Proof of the Main Result

In this section, our goal is to repeat the process in Section 2 for several times to obtain a
series of transformations P! and equations like

¥ =[Ai+ e2™ Q1 (t)]y,
and to prove that P! — P, g2 Q,(t) — 0, A; — B, where P is an almost periodic matrix
and B is a constant matrix, when | — oc.
Now, we start to build the iteration. Let z, | 0 and p, | 0 satisfy

oo
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l l

And set 2z = 29 — Zliw pL=po— Z_:lﬁu and [[[ - Iy = || - l]z1,:-
Assume that -
= inf rp,)* "
SR (0
then
1 e
¢ (32) = IIrGr
v=1
and
1 o omut
" (2Po> =[[re)* " .
v=1
Let

& = [A+e7 1)z, (3.1)
where A; = diag(A1, A2, -+, Ar) and ||| Q,;(t)]||n < co. Let
- - — ~
A=A+ Q, Q)= Q,+ Qt),
where Q, is the average of Q,, the basic frequencies of @,(t) are w, and the eigenvalues of
A; are /\l1+1, )\l2+1, -+, AT So there exists a matrix B; such that
B;'A;B; = Ajy = diag(\P ST D),
Let &; = B;z;. Then the equation (3.1) is changed into
. 1
Z; = I:Al+]_ + &2 Q;’(t)]zl.

Assume that

DY U S 1{ S0 | [ B —
| e )| = 3 ATy AT

where o; = ﬁ, for all k € ZN\{0} and m, n = 1,2,--- ,7. Due to Lemma 2.1, there

exists transformation z; = (I + 52lPl(t))wl+1 which changes the above equation into

. I+1

Tyl = [AlJrl + g2 Ql+1(t)] T, (32)
where

Q1) = (I +2 Py(t)) "' B Q,(t) BiP(1),
Pi(t) = > Pia(t) satisfies

Aer
1Pl < *EELE B ) Bl (33)
Set L6e . l ] L
clzmax{c,a}, Cl:{(l—l—l)?(*)lQ L..927% g2 :
I+1 1+1
o) =[G, @) =]]TE)0N "
v=1 v=1

From [4], ¢;, $;(z), §;(p) are all convergent when [ goes to infinity. Let
M = a1, sup{erer ) ) | 11QUO o
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Lemma 3.10]  There ei'zrists a g3 > 0 such that when € € (0, €3), if
(1) min Ay, = x| > 5A;
@) @l < M*,
then there exist By, P;(t) such that the transformation
;= Ti(t)T111,
where

T,(t) = (I+* P)B,

can change the equation (3.1) into (3.2).
Moreover, the following conclusions hold:
(1) m;én AL — \DHL| > m;n AL — AL —2(eM)?;

— l —
@) 1B B < 2 and [I|(T+2 P~ < 2;
(3) Qi1 = (1+* P)™' B Q1) BiPy and ||| Qpllivs < M.

Remark 3.1  There exists a €3 such that if € € (0,e3) the above iteration can keep going.

Before proving Theorem 1.1, an important lemma is introduced. It is the restatement of
Theorem B in [3].

Lemma 3.28  Assume that the eigenvalues N0, (e)(m = 1,2,--- ,7) of
A=A+eQ
satisfy
%(A%(E)—A%(E)HkO > 20 >0, 1<m<n<r
Let

mn = A = Ap = A (€) = A3 () + O (€)e”.

mn m

If there exists a €1 > 0 and an M > 0 such that the condition (2) of Theorem 1.1 holds and
161, ()] < M, for e € (0, e1), then there exists e < 1 and non-empty subset E C (0,¢2)

such that
a

2A4(|k|) A% ([K])
foralle € B, m,n=1,2,---,r, k€ ZN\{0} and [ > 1, where
a

o = 77—

(1+1)%
Furthermore, if €9 is sufficiently small, the relative measure of E € (0, €2) is close to 1.

|¢)£an(5) - 1<ka w>| >

Proof of Theorem 1.1 Set

€9 = min{eq, €3}, L) =X (e) = M (o).
Due to Lemma 3.2, there exists non-empty Cantor subset E C (0, &9) such that
[&7]

l —i AL LD ALTLIY
[Fmn(e) =1k, @l 2 Saey AT
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foralle € E,m,n=1,2,---,7, k € ZN\{0} and | > 1, where
«
SN Ve
So there exists a sequence of matrices
T, = (I+€21Pz)Bl, 1>1.
One goal is to prove that the composition of all the transformations T'; is convergent. From
(3.3) and a direct calculation,

e P11 < (ecaM)?.
Due to Lemma 7 in [1],

(r= 1) Q|

< 2! _
1T, < {1—|—(602M) } {1+ A 22 Q|

A

(I+a)(1+b).

It is obvious that a; and b; go to zero when [ goes to infinity and that the series

oo oo
E a, E bl
1=0 1=0
are convergent in the sense of norm || - |1, 1,, if € < eo. Thus, the limit

lim P' = lim T,T,—1--- Ty
l—o0 l—o00
exists. Suppose that the limit is P, then it is to see that P is almost periodic matrix.

From the definition of m;, the following inequalities hold:

1+1 I+1 I+1
N Quir Dl 120,10 < Me® Qa1 < (eM)* T — 0,
when [ goes to co.
So Theorem 1.1 is proved.
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