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Ly-centroid bodies.
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1 Introduction

Let K™ denote the set of convex bodies (compact, convex subsets with nonempty inte-
riors) in Euclidean space R™. Let K2 and K7 respectively denote the set of convex bodies
containing the origin in their interiors and the set of convex bodies whose centroids lie at
the origin. Besides, for the set of star bodies (about the origin) and the set of star bodies
whose centroids lie at the origin in R™, we write S” and S7, respectively. Let S"~! denote
the unit sphere in R™ and V(K) denote the n-dimensional volume of a body K. For the
standard unit ball B in R", its volume is written by w, = V(B).

The notion of centroid body was introduced by Pettyl). In [2], for a compact set K,
the centroid body, I'K, of K is an origin-symmetric convex body whose support function is
defined by

1
hI'K,u) = V(K /K |u - z|da, ue st
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The centroid body is one of the most important notions in the Brunn-Minkowski theory. In
recent decades, the centroid bodies have attracted increasing attention (see [2] and [3]).

In 1997, Lutwak and Zhang* introduced the notion of L,-centroid bodies. For each
compact star-shaped (about the origin) K in R™ and real number p > 1, the L,-centroid
body, I, K, of K is an origin-symmetric convex body whose support function is defined by

1
WK, u)? = 7/ lu - z|Pdx
: enpV (K) Ji
1

lu - v|Pp(K,v)"tPdS (v), ue S (1.1)

Cnp(n +p)V(K) /SH

Here
Wn+p

Cn,p = 3
’ WolnWp—1

and dS(v) denotes the standard spherical Lebesgue measure on S"~1. Regarding the inves-
tigations of L,-centroid bodies, we may refer to [5]-[14].

In 2005, Ludwig'®! introduced a function ¢, : R — [0, +00) by

or(t) = [t| + 7t (1.2)

with a parameter 7 € [—1, 1].

Based on L,-centroid bodies and function (1.2), Feng et al.'% defined a corresponding
notion of general L,-centroid bodies in [16]. For K € S, p > 1 and 7 € [—1, 1], the general
Ly-centroid body, I'] K, of K is a convex body whose support function is defined by

o K, u)P = ; w-z)Pdz
h(I; K, u) CWMWMA%()d
- Cnp(T)(nl‘i”p)V(K) /Snil or(u-v)Pp(K,v)"TPdS(v), (1.3)
where
%mﬁ>:%&wﬂl+fﬁ+wlfTwy

The normalization is chosen such that
FPTB:B, 7€ [-1,1]
and
IVK =T,K.

For the more investigations of general L,-centroid bodies, see [16]-[18].

Combined with L,-mixed volume, Lutwak!' gave the definition of L,-geominimal sur-
face area. For K € K7, p > 1, the L,-geominimal surface area, G,(K), of K is defined
by

wh Gy(K) = inf {nV, (K, QV(Q")F : Q € K3 }.

Here V,,(M, N) denotes the L,-mixed volume of M, N € K7). When p =1, G;(K) is just the

classical counterpart which was introduced by Petty!2%]

. The L,-geominimal surface area
have got many results from these articles (see [21]-[24]).
According to the notion of L,-geominimal surface area and L,-dual mixed volume, Wang

and Qi?? introduced the definition of L,-dual geominimal surface area. For K € 87, p > 1,
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the L,-dual geominimal surface area, é_p(K ), of K is defined by
- . 17 x\— L n
wn G _p(K) = inf {nV_p(K, QV(Q) % :Qekr } (1.4)
Here V,p(M, N) denotes the L,-dual mixed volume of M, N € . For the studies of L,-dual

geominimal surface area, some results have been obtained in many articles (see [26]-[32]).

Let W} denote the set of the polar of all L,-centroid bodies. Because of the polar of

L,-centroid body is the origin-symmetric, thus
W, C K.

For the convenience of our work, we improve the definition (1.4) from @ € K to Q € Wy
as follows:

If Q € WY in (1.4), we write G°_,(K) by

wn "G (K) = inf {nf/_p(K, QV(Q) %:Qe w;}}. (1.5)
In this paper, associated with the L,-dual geominimal surface area (1.5), we research

the Shephard type problem for the general L,-centroid bodies. In Section 2, we recall some
notations and background material. In Section 3, we give and prove main results.

2 Notation and Background Material

2.1 Support Function, Radial Function and Polar of Convex Bodies

Let R be the set of real numbers. If K € K™, then the support function of K,
hk =h(K, ):R" - R,
is defined by (see [2])
h(K, ) =max{x-y:y € K}, xz e R",
where x - y denotes the standard inner product of  and y in R"™.
If K is a compact star shaped (about the origin) in R™, then its radial function,
pr = p(K, -) : R"\ {0} = [0, +00),
is defined by ([3])
p(K, ) = max{\A > 0: \x € K}, xz € R\ {0}.
If p is positive and continuous, K is called a star body (with respect to origin).

If F is a nonempty subset and contains the origin in R"™, then the polar set, E*, of F is
defined by (see [2] and [3])

E*={xeR":z-y<1, yeE}
Meanwhile, it is easy to get that (K*)* = K for K € K.
From the above definitions, we see that if K € K7, then ([2] and [3])

M) =y ) =y

Associated with (2.1), if K,L € K and K C L, then K* D L*.
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2.2 L,-mixed Volume and L,-dual Mixed Volume

If K, L € K7, then for p > 1, the L,-mixed volume, V,(K, L), of K and L is given by (see

33])
1

V(K. L) =+ / h(L, w)PdS, (K, u). (2.2)
Snfl
Here S, (K, -) denotes the L,-surface area measure of K.
In 1996, Lutwak!*! introduced the notion of L,-dual mixed volume as follows: If K, L €
S), p > 1, the Ly-dual mixed volume, YN/,p(K, L), of K and L is given by

1
V_,(K, L)= —/ (K, w)" P p(L, u)"PdS(u). (2.3)
n Jgn-1
From (2.3) it is easy to see that
~ 1
Vp (06 ) = V() = - [ ol wds(u), (2.4)
Sn—1

The L,-dual Minkowski’s inequality can be stated as follows:

Theorem 2.1 If K L € S, p>1, then
= n+p P

Vo, (K, L)>V(K) ™ V(L)"» (2.5)
with equality if and only if K and L are dilates.

2.3 General L,-projection Body

For K € K7, p > 1, the Ly-projection body, II, K, of K is an origin-symmetric convex body

whose support function is given by (see [9])

1
h(IL, K, u)? = 7/ lu-oPdS,(K, v),  u,ve St
NWnCn—2,p Jgn-1
In 2005, Ludwig!'®! introduced the general L,-projection body by the function ¢, (¢):

For K € K, p > 1, the general L,-projection body, II7 K € K, of K is given by

ML, 0 = anp(7) [ ool o) dS, (K o), (2.6)
Snfl
where
_ Qn, p
O‘n,P(T) - (1 + T)p + (1 _ ’T)p7
with

1
a = —-—— .
n,p Cn,P(n +p)wn
The normalization is chosen such that

T _ 0 _
I’B=B, rte[-1,1], K =I,K.

3 Main Theorems and Proofs

Lemma 3.116  [fK L €S? p>1andT € [-1, 1], then
V_,(K, I7*L)  V_(L, I]*K) 51)
V(K) ; VL) '
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Theorem 3.1  For K, L€ S, p>1andt€[-1,1], if [JK C IJL, then
G2, (K) - G2, (L)

2
V(K) — V(L) (3.2)
equality holds when
K =T]L.
Proof. For K, L€ S!',p>1andre[-1,1],if [JK CI;L,then
with equality if and only if
rp*K =Tp*L. (3.3)
From (1.5) and (3.1), taking Q = I'7"" N, we get
wn "GO (K) V_, (K, Q) )
-t TopV7 — ] f _Tp\"" *\ . n
V) in {n VE) V(Q") QGWP}
K FT *N> T -z T, % n
= inf n V(IyN) = : I[J"N €W,
V p FT *K) T —£ T % n
:mf{n V(I N) n:Fp'NGWp}
V. »( N FT*L) N, .
< infin——m-———"V{yN) " : [[7"N €W,
Vo FT*N)
= inf¢n——mr—"—- V(FTN) ("N e Wy
CwanGe(L) )
V()
This gives (3.2), and equality holds when
K =T]L.
Lemma 3.2 IfK €K}, LS} andp>1, then
2 -
Vo (K, I'"L)= V_, (L, II"*K).
P( (. ) Cn,pan,p(n+p)V(L) P( ’ D )
Proof. By (2.2), (1.3) and (2.6), we have
1
Vp(K, I'jL) = — h(Iy L, u)PdS, (K, u)
n Jgn-1
N l/ : / pr(u-v)"p(L, v)"PdS(v)dS, (K, u)
n Jgn-1 Cnp(T)(n+p)V (L) Jgn—1 P
ELIYEL A N
= L, v)"Ph(IT K,v)?dS (v
Mg (P PIV(D) Jgun 00V I K0V AS )
(14+7)P+(1—-7)P / n . B
= p(L, v)"Pp(IL7* K, v) " PdS(v
Mg (M) 4 VD) S P00 P 0 RS
2 ~
= V_, (L, II"K).
dnpenpn V(D) )

This yields (3.3).
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Lemma 3.3 For K,L € § andp > 1, of I'yK C I'7L and L is the polar of general
L,-projection body, then

V(K)<V(L) (3.4)
with equality if and only if K = L.

Proof. For K,L € § and p > 1, if I'yK C I'J L, then for any M € K, we know
Vo(M, I'yK) < V,,(M, I'JL).
This together with (3.3), we get

1 17 T, %
v U T =y

Since L is the polar of general L,-projection body, thus taking
;"M =L
in (3.5), and according to (2.4) and (2.5), we have

Vo, (L, II7* M). (3.5)

V(E) = Vo (K. L) > V() 5V (L)%,

ie.,

V(K) < V(L).

According to the equality condition of (2.5), we see that

V(K)=V(L)
if and only if K and L are dilates and

ITK =TI7L,
these imply

K=1L.

Hence, equality holds in (3.4) if and only if
K =L.

Theorem 3.2  For K, L€ S, p>1and 7€ [-1,1], if I K C I'J L and L is the polar
of general L,-projection body, then
G2, (K) <G2,(L) (3.6)
with equality if and only if
K=1L.

Proof. For K, L € 8§, p>1and 7€ [-1,1],if IJK C I'J L, then from Theorem 3.1, we
know _ _
G°,(K) - G° (L)
V(E) — V(L)

ie.,

G, (K) _ V(K)
Go,(L) ~ V(L)

Since L is the polar of general L,-projection body, thus from Lemma 3.3 and (3.7), we get
G2, (K) < G2, (L).

(3.7)
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This is just inequality (3.6).
Now, we give the equality condition of inequality (3.6). If
G2, (K)=G2,(L),

P
then by (3.7) and Lemma 3.3 we obtain

1<

ie.,

This combining with the equality condition of (3.4) yields K = L.
Conversely, if K = L, by definition (1.5), then we easily get
G, (K)=G2,(L).
To sum up, we see that equality holds in (3.6) if and only if
K=1L.
This completes the proof.

Putting 7 = 0 in Theorem 3.2, we obtain a positive answer for the Shephard type problem
of Ly-centroid body as follows:

Corollary 3.1 For K, L e S}, p>1,if I''K C I'yL and L is the polar of Ly,-projection
body, then

with equality if and only if
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