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1 Introduction

Let A denote the class of functions of the form:
f(2) :z—&—Zanz", (1.1)
n=2

which are analytic in the open unit disk U = {z: |z| < 1}. We denote by S the class of all
functions f(z) € A which are univalent in U.
It is well known that every function f € S has an inverse f~!, defined by
) =2 (z€U)

and
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) =o (ll <ot min = g).

The inverse functions g = f~! is given by
FHw) = w — agw? + (243 — a3)w® — (5a3 — bagas + ag)w* +--- . (1.2)

A function f € A is said to be bi-univalent in U if both f(z) and f~!(z) are univalent
in U. Let X' denote the class of all bi-univalent functions in unit disk U.

For each functions f € S, the function

h(z) = vVmf(z™) (z €U, meNT)

is univalent and maps the unit disk U into a region with m-fold symmetry. A function is
said to be m-fold symmetric (see [1] and [2]) if it has the following normalized form:

f(z) =2+ Z A1 2™ (€U, meNT). (1.3)
k=1

Analogous to the concept of m-fold symmetric univalent functions, here we introduced
the concept of m-fold symmetric bi-univalent functions. For the normalized form of f given
by (1.3), Srivastava et al. ] obtained the series expansion for f~! as follows:

9(w) = [~ (w)

=W — 1™+ [(m+ 1)a2, ) — azmpr ™!

1
— [2(m +1)(3m + 2)a§n+1 — (Bm+ 2)amt102m+1 + a3m+1} WAL (1.4)

We denote by X, the class of m-fold symmetric bi-univalent function in U. For m =1,
the formula (1.4) coincides with the formula (1.2) of the class X. Some m-fold symmetric

bi-univalent functions are given as follows:

e L LT (R

The class of bi-univalent functions was first introduced and studied by Lewin!! and was

3

showed that |az| < 1.51. Brannan and Cluniel® improved Lewin’s results to |as| < v/2
4
and later Netanyahul® proved that max{|as|} = 3 if f(z) € X. Recently, many authors

investigated the estimates of the coefficients |as| and |as| for various subclasses of bi-univalent
functions (see [7]-[9]). Not much is known about the bounds on general coefficient |a,| for
n > 4. In the literature, only few works determine general coefficient bounds |a,| for the
analytic bi-univalent functions (see [10]-[14]).
In this paper, let P denote the class of analytic functions of the form
p(z) =1+piz+pe2® +ps2® +---,
and then
Re{p(z)} >0 (z€U).

By [2], the m-fold symmetric function p in the class P is given of the form:

p(2) = 1+ pmz + P2m2®™ + p3m 2™ 4 - -
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Throughout this paper, it is assumed that ¢ is an analytic function with positive real
part in the unit disk U such that ¢(0) = 1, ¢'(0) > 0, and ¢(U) is symmetric with respect
to the real axis. The function ¢ has a series expansion of the form:

@©(2) =14 Byz+ Baz? + B32® + - - (B1 > 0). (1.5)

Let u(z) and v(z) be two analytic functions in the unit disk U with

u(0) = v(0) and max{|u(z)|, |[v(z)|} < 1.
We observe that
w(z) = byp2™ + bom 2 2™ + bam 2™ + - - -
and

v(z) = cmz™ + Com2Z™ + CamzS™ 4 -

We also observe that

bm| <1, |bam| <1— ‘bm‘27 lem| <1, feam| <1 - |Cm|2- (1.6)
Making some simple computations, we have
o(u(2)) = 1+ Byby,z™ + (Bibay, + Bab2))z*™ + - - (2] < 1) (1.7)
and
o(v(w)) = 1+ Biegmw™ + (Bicam + Back )w™ + - - (Jw| < 1). (1.8)

Recently, many researchers (e.g., [15]-[19]) have introduced and investigated a lot of
interesting subclass of m-fold symmetric bi-univalent functions. Motivated by them, we
investigate the estimates |am,+1| and |agm41] for function belonging to the new general
subclass Hx (@) of Xy, A new subclass Hx (@) of X, is defined as follows:

Definition 1.11% A function f € X, given by (1.3) is said to be in the class Hs m ()
if it satisfies

f'z)=ez)  (z€),

gWw)<pw)  (wel),
where the function g is given by (1.4).

For various special choices of the function ¢(z) and for the case of m = 1, our function
class "5 m(p) reduces the following known function classes.
(1) In the case of m =1 in Definition 1.1, one has
Hom(p) =Healp) =Hx(p)
studied by Ali et al.l'3],

1 Yy
(2) In the case of m =1 and ¢(z) = (1 + Z) (0 < v <1) in Definition 1.1, one has
—z
1+2\"
Hem(p) = 7'[2,1(<1 - Z) >
studied by Srivastava et al.l'4].
1+ (1—29)z

(3) In the case of m =1 and ¢(z)

has

1 (0 <+ < 1) in Definition 1.1, one
-z



60 COMM. MATH. RES. VOL. 35

(i) = s (U202

studied by Srivastava et al.l'4].

1 (e
(4) In the case of ¢(z) = (1 i_ z) (0 < a <1) in Definition 1.1, one has
L+2\° o
Hono) = Mo (152) ) =3,

investigated by Srivastava et al.l'9.
14+ (1-28)z

(5) In the case of () 1
—z

(0 < < 1) in Definition 1.1, one has

1+(1—26)z) _

1—2 Zm

HZ‘m@((p) - HZ',m(

investigated by Srivastava et al.['9].

2 Coefficient Estimates

Theorem 2.1  Let f(z) given by (1.3) be in the class Hx m(p). Then
| @1l <min{ B \/ 2B, + 2| Bs| 3’ 91}, (2.1)

m+1"\ 2m+1)(m+1
|a2m+1|
B 2 1
! ) Bl < (m+ )7
< 2m +1 2m +1
- B? 2 1 B B B 2 1
min{ B (1 2m+1) \ BB I A (R )
2(m +1) 2m+1)B; ) 2m+1 2m +1 2m +1
(2.2)
where
0 B1V2B;
1= )
V(m+1)[2(m +1)By + [(2m + 1)B? — 2(m + 1) By||
2(m +1) B3 By
.QQ =1- 5 + .
2m+1)B1 J2(m+1)B1 +|2m+1)Bi —2(m+1)By|  2m+1

Proof. Let f € Hx m(p) and g = f~1. Then there are analytic functions u: U — U, and
v: U — U with u(0) = v(0) = 0 satisfying the following conditions:
f'(2)=eu(z),  g'w)=plWw). (2.3)
Since
f(2)=1+m+Dan12™ + 2m+ Dagmi122™ + -+
and
g (w)=1—(m+ Damw™+ (2m+ 1)[(m+ 1)al, ; — azmi1]w®™ + -+,

it follows from (1.7), (1.8) and (2.3) that

(m —+ 1)(Zm+1 = .Blbm7 (24)
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(2m + 1)agms1 = Bibom + Bab?,, (2.5)
— (m+ 1)amt1 = Bicm, (2.6)
(2m +1)(m+1)a2, .y — (2m + L)asmi1 = Bicay, + Bach,. (2.7)
From (2.4) and (2.6), we find that
b = —Cm, (2.8)
2 B (b, + ) (2.9)

Gm = To(m + 1)2
By using the inequalities given by (1.6) in (2.9) for the coefficients b,,, and ¢,,, we obtain

B,
. 2.10
m+1 ( )

|am+1| S

Adding (2.5) to (2.7), we have
(2m + 1)(m + 1)a2, ;1 = Bi(bam + c2m) + Ba(b2, + ). (2.11)
Applying the inequalities given by (1.6) in (2.11) for the coefficients ¢, cam, by and boy,,

we have
2B, + 2|By|
mt1] < . 2.12
[am 1] \/(2m+1)(m+1) (2.12)
Substituting (2.8) and (2.9) into (2.11), we get
9 (1 + m)31 (bgm + Cgm)
2 = - . (2.13)
2m + 1)B? — 2(m + 1)B,
From (2.8), (2.9) and (2.13), we get
(m+ 1)[(2m + 1) B} — 2(m + 1) Ba]a2, ;1 = B} (bam + cam). (2.14)
Further, the equations (2.8) and (2.14) together with the equation (1.6) yield
|(m + 1)[(2m + 1) B} — 2(m + 1) Bolay, 11| < 2B7(1 — [bm ). (2.15)
From (2.4) and (2.15), we obtain
Biv2B
LYool . (2.16)

‘am-&-l‘ S 5
V(m+1D[2(m +1)By + |(2m + 1)B? — 2(m + 1) Bs|]
Now, from (2.10), (2.12) and (2.16), we get

|@m+1] < min By 281 +2|By |
= m+1\ @m+1)(m+1)

B1v2B; }
Vm+ D2(m+ )B; + |(2m+ )BZ—2(m + 1)By]] )

Next, in order to find the bound on |ag;,+1|, by substituting (2.7) from (2.5), we get

m+1 , By

mtl = —— ————(bam — Com). 2.17
a2m+1 2 am+1 + 2(2m+ 1)( 2 C2 ) ( )
Then, in view of (2.4), (2.8) and (2.9), applying the inequalities in (1.6) for the coefficients

bom and capy,, we get

m+1 2 Bl
m < m PYZYEEETEY bm m
laom+1| < 5 |@m1] +2(2m+1)(| 2m| + |caml)
m+1 9 B, 2
< . 1= |bm
S |G 1] +2m+1( |bom|*)
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2
2 (2m+1)Bl>|am+1| Tomr 1
From (2.10), (2.12), (2.16) and (2.18), we have the assertion (2.2). This completes the
proof of Theorem 2.1.

Remark 2.1  The estimates of the coefficients |a;,+1| and |agy,+1| of Theorem 2.1 is the
improvement of the estimates obtained in Theorem 1 of [15].

1+ 2z
1—2

«
Setting p(z) = < ) (0 < @ <1) in Theorem 2.1, we have the following corollary.

1 [e3
Corollary 2.1  Let f(z) given by (1.3) be in the class 7—[;7m((1 i_ i) > =HS, . Then

| < mi { 2 da + 4a? 20 }
Am S min 5 5 s
+ m+1"\ 2m+1)(m+1)" /(m+1)(m+ 1+ ma)

2 0<o< m-+1
e o< T
2 1’ 2 1’

lazm-41] < m+6mo¢2 + 202 m+1 "
<a<l.

@2m+1)(m+1+ma)’ 2m+1 —

Remark 2.2  The estimates of the coefficients |a,, 11| and |agm, 1| of Corollary 2.1 is the

improvement of the estimates obtained in Theorem 2 of [19].

1+ (1-28)2

1 (0 < B < 1) in Theorem 2.1, we have the following
—z

Setting ¢(z) =

corollary.

1+(1-2
Corollary 2.2 Let f(z) given by (1.3) be in the class Hxm (W) = 'Hg .

— m
Then

ami] < min{2(15)7\/ 8(1 - 5) 2(1 - ) }

m+1 "7\ @m+1)(m+1)" \/(im+1)[m+1+[m—B2m+1)|]
2(1—-p) m .
| < 2m +1"7 2m+1<6<1’
G2m+1| = 41-8) 2(m+1) 0<p< m
2m+1  (2m+1)2’ U T 2m+ 1

Remark 2.3  The estimates of the coefficients |a,,+1| and |ag;,+1| of Corollary 2.2 is the
improvement of the estimates obtained in Theorem 3 of [19].

Setting m = 1 in Theorem 2.1, we have the following corollary.

Corollary 2.3 Let f(z) given by (1.3) be in the class Hx 1(p) = Hx(p). Then

. By By + | By Bi1vB;
las] < min< —, , ,
2 3 \/4B; + [3B7 — 4By




NO. 1 GUO D. et al. A CLASS OF m-FOLD SYMMETRIC BI-UNIVALENT FUNCTION 63

By 4
- B Z.
3 ) 1 < 37
_(B? 4 \By+|Bs| B
Jas| < mm{4, <1_3&>3+3’
4 B} B 4
1—— 1 =L By > -.
( 331)4Bl+|3B% 4By 3 } =3

Remark 2.4  The estimates of the coefficients |az| and |as| of Corollary 2.3 is the im-

provement of the estimates obtained in Theorem 2.1 of [13].

1+=2
1—=z

gl
Setting m =1 and ¢(z) = ( > (0 <y <1)in Theorem 2.1, we have the following

corollary.

1 v
Corollary 2.4  Let f(z) given by (1.3) be in the class Hx 1 (( + Z) ) Then

1—2
V2y
VR
2y
37
8y 2
6+ 3y’ 3

las| <

las| <

Remark 2.5 The estimates for |as| asserted by Corollary 2.4 are more accurate than

those given by Theorem 1 in Srivastava et al.'4.

14+ (1—-29)z

1 (0 < v < 1) in Theorem 2.1, we have the
-z

Setting m = 1 and p(2) =

following corollary.

1 1-2
Corollary 2.5  Let f(z) given by (1.3) be in the class Hyx 1 <W> Then

1—=2
|a2|<M
T V24 1=3]
2(1 — 1
las| <
82121 o, ]
9 =7=3

Remark 2.6  The estimates for |az| and |ag| asserted by Corollary 2.5 are more accurate

than those given by Theorem 2 in Srivastava et al.['4.
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