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Abstract: Let A be a Frobenius k-algebra. The matrix algebra R = ( A Ak k)
kAA

is called a generalized matrix algebra over a Frobenius algebra A. In this paper we
show that R is also a Frobenius algebra.
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1 Introduction

Let A, B be two finite dimensional algebras over a field k, sMp, gNa be two finitely
generated bimodules. Assume that there are bimodule morphisms

T:M®p N — A: 71(m®mn) = (m, n)

w: N®a M — B: u(n®@m) = [n, m]
satisfying

(m, n)m' =m[n, m'], [n, mln' =n(m, n'), m,m' € M, n,n’ €N,

N B

is a k-algebra, which is called generalized matrix algebra. One point extension algebra and

A M
where addition and multiplication are defined as in customary for matrices, R = ( )

local extension algebra are also generalized matrix algebras. Generalized matrix algebra also
comes up as a Morita Context. For more details see [1]-[3].

Frobenius bimodules are connected with Frobenius algebras and extensions. For instance,
a ring extension ¢: R — S is a Frobenius extension if and only if rSs is a Frobenius
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bimodule. Let A be a finite dimensional k-algebra. If A4 is a Frobenius bimodule, there
exists a bimodule isomorphism Homy (A4, k) = 4 Ay, then A is called a Frobenius algebra.
Simple algebra over a field k, group algebra kG are also Frobenius algebra. By [1] (see p261),
if A is a Frobenius algebra, then
T: AARp Aq — A, W g A®ak — Ag.
A AARY . . . .
SoR = A i is a generalized matrix algebra over a Frobenius algebra A. In present
kAA
paper, we show that R is also a Frobenius algebra. Throughout this paper, all rings have an
identity element and all modules are unital, the following symbols can be referred in [4]-[6].

The latest related research on this subject can be found in [7]-[11].

2 The Functor Between mod-A x B and mod-R

For a ring A, the category of left A-modules is denoted by A-mod, mod-A denotes the
category of the right A-modules. Let A(R) be the category whose objects are (X, Y)q, g,
where X € mod-A, Y € mod-B, « € Homg(X ®4 M, Y), 8 € Homu(Y ®p N, X) such that
a(Bly@n)@m) =y[n, m],  Bla(z@m)@n)=x(m,n)
forallz e X, ye Y, me M, ne N.
Instead of o and f3, it is more convenient to use the following homomorphisms @ and /3,
a: X - Homp(M,Y), a(z)m = a(z @ m),
B:Y — Homyu (N, X), Bly)n = By @n).
The morphisms of A(R) are pairs of (o1, 02), where o1 € Homa (X, X'), 02 € Homp(Y, Y’)
such that the following diagrams are commutative.

XoM @ Y Y®N B X
011y o2 o2 X 1y o1

! !
X' ® M @ Y’ Y'®N B X/

Green*! proved that the category A(R) is equivalent to the category mod-R, i.e., there

exists a categorical equivalent functor
F: A(R) & mod-R
such that
F(X,Y)ap=XaY,

where the right modular operation is

n
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Similarly, let B(R) be a left R-modules category, there is a categorical equivalent functor
G: B(R) & R-mod
such that
GX,Y)up=XY.

Lemma 2.1  The ring monomorphism

, A M
. Ax B—
N B

induces a functor
@: mod-A x B — mod-R,

where
&: mod-A x B — mod-R
X XY — Homg(R, X XY),
P(X xY)=(X®Homp(M,Y), Homu(N, X)dY). s,
e: (X @Homp(M,Y)® M — Homus(N, X)®Y)
(l‘, g) @m — (m(m, ')7 g(m))7
0: (Homu(N, X)®Y)® N — X @ Homp(M, Y))

Proof. See [4] for details.
In fact, @ is a left exact functor. Since

e((f, Hom(M, g)@) @ 1)(z @ m)
e(f(x), Hom(M, g)a(z)) @ m
(f(@)(m, -), Hom(M, g)a(z)(m)),

we have
(Hom(N, f)B, g)a(z @ m)
= (Hom(N, f)Balz @ m), ga(r @ m))
= (f(z)(m, -), Hom(M, g)a(z)(m)).
Then

e((f, Hom(M, g)a)  1)(z @ m) = (Hom(N, f)B, g)a.
So we have the following commutative diagram:

X o4 M @

o1® 1y lop)

(X' ®Homp(M,Y") @ M Homus (N, X') @Y’
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where
o1 = (f, Hom(M, g)a), o2 = (Hom(N, f)B, g).
Similarly,
Y ®p N B > X
o2 ® 1N o1
1)

(Homas (N, X')pY')@ N Homp(M,Y) @ X'

Therefore, there is

0: Homaxp(X xY, X' xY’) = Homp((X,Y)a 5, &(X' xY"))
such that

0(f. g) = ((f, Hom(M, g)a@), Hom(N, f)B, g))
is a morphism of additive group.
Now, let

p: Homp((X, Y)ap, &(X'xY’')) - Homaxp(X xY, X' xY")

such that
p(f, ) = (mx/f, myg),

where

nx: X' @ Homp(M, Y') — X', my . Y @ Homa (N, X') —» Y’

are projections. So we have

Now we check fp = 1 directly.
For all (f, g) € Homgr((X, Y)a,g, &(X' xY")),

Op(f, g9) = O0(mx f, Ty g),
by the following commutative diagram

X 1 Homp(M,Y) Y 1 ~ Hom 4 (N, X)
7THomB(M,Y/)f THoma(N,X")9
Homp (M, myg) Homyu (N, mx: f)
Homp(M,Y") 1 Homp(M,Y’) Homyu (N, X') Hom 4 (N, X')
we have

O(rx f, myrg) = (f, g).

Since the right adjoint functor admits a left exact functor, so @ is a left exact functor.
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Proposition 2.1  Let

F (fn f12> : X ® Homp(M, Y) = X' @ Homp (M, Y'),

f21 f22

g <911 912) .Y @ Homu (N, X) — Y’ @ Homu (N, X').

921 g22
Then,
(f, 9) € Homp(®(X xY)es, P(X X Y)or 5)
if and only if
gfu = Homp (M, g22)zT, f22 = Homp (M, g11),
&) for = Homp(M, g12), fr2 = Homp (M, go1)e,
01g11 = Homa(N, f2)d1, g22 = Homu (N, fi1),
87921 = Homa(N, fi12), g12 = Homu (N, f21)d7,

where
flliXA—)X/, f12'XA—)H0mB(M Y/)

for: Homp(M,Y) — X', fao: Homp (M, Y) — Homp(M, Y'),
g11: Yg =Y/, g12: Yp — Homy (N, X7),
g21: Homu (N, X') = X/, g22: Hom4 (N, X) — Homu (N, X'),
g1 =X ®4 M — Homug (N, X): e1(x ® m)(n) = z(m, n),
€] =X ®4 M — Homa(N, X'): &}(x @ m)(n) = x(m, n),
0 =Y ®p N = Homp(M, Y): §(y @ n)(m) = y[n, m,
8 =Y' @ N — Homp(M, Y'): 61(y @ n)(m) = y[n, m|.

Proof. Put

eo: Homp(M,Y)®4 M = Y: ea(u ® m) = u(m),

eh: Homp(M, Y Y®@Aa M —Y': eb(u®@m) = u(m).
(f, 9) € Homp(®(X X Y). 5, (X' x Y')o s) if and only if there exist the following com-
mutative diagrams:

Homu(N,X) X 2l Hom g (M, Hom4 (N, X))

X®@a4 M

fi1®1m 922 = fu Hom (M, g22)

! o
1 €1

Homy (N, X') X' Homp (M, Hom 4 (N, X))

X/®AM
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Homp(M,Y) 94 M—2—+Y  Homp(M,Y) L Homp (M, Y)
foa ® 1 g11 < fa Hom(M, g11)
Homp (M,Y") @4 M—2— %" Homp(M, ") — Hompg(M,Y")
X @4 M—51 Homu(N,X) X L . Homp(M,Homa(N, X))
fi2 ® 1y 921 > fi2 Hom(M, go1)
Homp (M, Y") @4 M— 2w Y Homp(M,Y")——+ Homp(M,Y")
Homp(M,Y) ®©4 M —2—Y Homp(M,Y) 1 Homp (M, Y)
fo1® 1y 912 = fo1 Hom(M, g12)
e} e

X/®AM

Homy (N, X') X' —2—Homp(M,Homa (N, X))

if and only if
i fi1 = Homp (M, go2)ET, fao = Homp(M, g11),

J12 = Homp (M, go1)e7, el fa1 = Homp (M, g12).
Similarly,

81911 = Homu (N, fa2)d], g22 = Hom4 (N, fi1),
g12 = Homy (N, fo1)d1, 31921 = Homa (N, fi2).

The following example shows that @ is not epic.

Example 2.1 Let A = k2*2 be an order 2 matrix algebra over field k, B = k, M = k2. Put
A M
0 B
M, fi, f are the corresponding dual basis, i.e., f;(e;) =1, fi(e;) =0 (¢ # j; i, =1,2) and
f1, f2 € Homy (M, k). Let fi1 = 1x, far = (fi = e, i =1,2), fi2 =0, fa2 = lHom, M.k
g11 = ly, g12 = g21 = ga2 = 0. So

X ={(ab)|a,bek}, Y=k R= ( ) Assume that e; = (1, 0)T, ex = (0, 1)T €
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Fo fir fi2 : X @ Homy (M, k) — X @& Homy (M, k),
for fo2

g11  gi12
g:( >%g112Y—)Y.
g21 922

Then, (f, g) € Endr(®(X xY)).
However, since fa1 # 0, so there is no (f’, ¢') € Homaxx(P(X xY), ¢(X x Y)) such
that (f, g) = @(f", ¢')-

Corollary 2.1  The functor ®: mod-A x B — mod-R maps injective modules into injec-

tive modules.

Proof. By the property of adjoint pair (i, @), see [12], p406.

Muller(! proved that all the injective right R-modules are precisely the R-modules &’ (Ix
J), where I is the injective right A-module, J is the injective right B-module. Particularly,
all the indecomposable injective right R-modules are ¢(I x 0) = (I, Homa(N, I)). s or
9(0 x J) = (Homp(M, J), J).x, where I is the indecomposable injective A-module, J is
the indecomposable injective B-module,

e:I1®a M — Homy(N, I)): e(x@m) =27(m® -),
0: Homy (N, I) @ N = I: (g ®@n) = g(n),

~v: Homg(M, J) @4 M — J: 7(g @ m) = g(m),

A J®p N - Homp(M, J)): AMz®@n)=zu(n® -).

3 Dual Functor D and the Main Results

A M

Let R = (N B

>, D(-) =Homy(-, k) be a usual k-dual functor, where k is a field.

Lemma 3.1 If (X, Y)qp € mod-R, then there exist isomorphisms
e: M ®p D(Y) = DHompg(M, Y)

and
0: N®a D(X) = DHomu (N, X)
such that
D(X,Y)ap = (DX, DY)D(E)&,D(&)E € mod-R,
where

D(@)e: M ® DY — DX s.t. D(@e(m® h)(z) = h(a(z @ m)),

D(B)6: N® DX — DY sit. D(B)d(n® h)(y) = h(B(y @ n)).

Proof. Lete: M @p D(Y) — DHomp(M, Y) such that
e(m ® h)(A) = h(A(m)), m € M, h € DY, A € Homp(M,Y).
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Then € is a left A-module isomorphism. In fact, if Y = D(gB), then DY = B is a left
B-module. Thus the isomorphisms are hold. Since D(pB) is a injective co-generator over
the right B-module category, there exist the natural number m, n such that

0—-Y — D(B)"™ — D(B)".
Applying the right exact functors M ®p D(-) and DHompg (M, -) respectively, we can get
the following commutative diagram

M ®@p DY

M ®p D(DB™) M @5 D(DB™)

DHom (M, DB"y———DHomp (M, DB™) —DHomp(M,Y) —0

Therefore,
e: M ®p DY)~ DHompg(M,Y).

Similarly,
0: N®4 D(X) = DHomu (N, X): §(n® h)(A) = h(\(n)).

Fora: X@M —Y,3:Y®N — X, we have
a: X - Homp(M,Y), B:Y — Homu (N, X).
So
D(a): DHomg(M,Y) — DX : D(@)(\)(z) = AMa(z)),
D(B): DHom4(N, X) — DY : D(B)(A\)(y) = A(B(y))-
Thus,
D(B)§: N ® DX — DY : D(B)§(n® h)(y) = h(B(y @n)),
D(@)e: M @ DY — DX : D(@)e(m ® h)(z) = h(a(z @ m)).
So there exists a functor D: A(R) — B(R) such that

D: (X,Y)op— (DX, DY)D(E)&,D(&)e'

Lemma 3.2 (1) Let (X,Y)ap € A(R), f: X — X' be a right A-module isomorphism,
g: Y =Y’ be a right B-module isomorphism. Then there exists
(X, Y)as = (X', Y)ga(r-1010), 789 101 x)
in A(R).
(2) Let (X,Y)ap € B(R), f: X — X' be a left A-module isomorphism, g: Y — Y be
a left B-module isomorphism. Then there exists
(X, Y)as = (X, Y )ga(ixor1).s80 008 1)
in B(R).

Proof. Check it directly.
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Lemma 3.3 If X € mod-A, Y € mod-B, then
DX xY)= (DX M®pDY, DY N ®sDX), 4,

where
P NR(DXPMpDY) DY ®NR4sDX:n® (u, m@v) — ([n, mv, n® u),

¢: M@ (DY ®N®sDX) = DXOMpDY: m® (v, n®@u) — ((m, n)u, m®v).

Proof. By Lemma 3.1, assume
w: M ®@p DY = DHomp(M, Y): u(m ® h)(A) = h(A(m)),
w: N®y DX =2 DHoma (N, X): w(n® h)(A) = h(A(n)).

So
D®(X xY) = D(X @ Homp(M, Y), Y & Homa(N, X))a.s
= (DX & DHomgp(M, Y), DY & DHoma(N, X)) @5 p(@)e
~ (DX M®pDY, DY ® N @4 DX), 4,
where

d: N®4 D(X @ Homp(M, Y)) = DHomu4 (N, X & Homp(M, Y)),
e: M ®p DY & Homa (N, X)) — DHomp(M, Y @ Homa (N, X)),
p=(lpy,w )D(B)0(1x ® (1px, p)),
q= (lpx, p~")D(@)e(1y @ (1py, w)).
Now, we only check
PNy (DXPMeDY)) > DY dNR@DX:n® (u, m®v) — ([n, mlv, n @ u).
Similarly, we can get
q¢: Mo (DY ® N®DX)) > DX®MDY: m® (v, n®u) — ((m, n)u, m ).
Since (1py, w): DY @ N ® 4 DX = DY @ DHom4 (N, X), we have
(1py, w)([n, mlv, n®u) = ([n, mlv, w(n @ u)),
where n € N, m € M, v € DY, u € Homy4 (N, X), while

DB)s(1y @ (1px, 1)): N® (DX & M ® DY) — DY & DHom (N, X),

one has

D(B)o(1n @ (1px, p))(n © (u, m®@w)) = 5(n @ (u, u(m @v)))B.

So it is just to prove
3(n @ (u, p(m ®0)))B(y, f) = (Wn@u), [n, mv)(y, ), (y, f) €Y @ Homa(N, X).
But
By, f)@n) = (yln, -], f(n)),

SO
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On the other hand,
(w(n®@u), [n, mv)(y, f) = (u(f(n)), [n, mlo(y)),
thus p is proved.
According to the symbols in Section 1, we have
P(Axk)=R
and
DHompg((X, Y)a,,R) = DHomgr((X, Y)a,g, P(A X k))
= DHom4 (X, A) x DHomy(Y, k)
>~ DHomyu (X, A) x Y.

The following theorem is a main result of this paper.

Theorem 3.1 A generalized matriz algebra R over a Frobenius algebra is also a Frobenius

algebra.

Proof. We only need to check Homy (xR, k) = gpRy. By Lemma 3.3,
D@(A X k) = (DAEB AA,]CEBkA(X)ADA) = (AEB AAk7k€B kAA) = rRy.
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