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1 Introduction and Main Results

In this paper, we use the standard notations and the fundamental results of Nevanlinna’s
theory (see [1]-[2]). Let f be a meromorphic function in the whole complex plane, we denote

by o(f), A(f) and A(l

f) the order, the exponent of convergence of zeros and poles of f(z2),
respectively.

Nevanlinna’s theory has been widely applied to the field of complex difference. Many
researchers studied the properties of meromorphic solutions of the following linear difference

equation by this theory

An(2)f(z 4 en) -+ Ai(2) [ (2 + e1) + Ao (2) f(2) =0, (1.1)
where n € N, ¢; (j = 1,---,n) are nonzero complex numbers which are different from
each other, and obtained lots of results concerning the growth and value distribution of

4]

meromorphic solutions of (1.1) (see [3]-[9]). Therein Chiang and Feng!*) considered the
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case when there is only one dominating coefficient among all entire coefficients of (1.1), and
obtained the following result:

Theorem AY  Let Ag(2), -+, A, (2) be entire functions. If there exists an integer 1 (0 <
I <n) such that
(A > max {o(4;)},
J#l
then every meromorphic solution f(Z 0) of (1.1) satisfies
o(f) > o(A)) + 1.

When most coefficients of (1.1) have the same order, Qi et al.! studied the properties
of meromorphic solutions of the following linear difference equation

n—1
Flz4 )+ {P(e®) +Qi(e™ )} (2 +4) =0, (1.2)
§j=0
and obtained the following results:
Theorem B! [Let Pj(z) and Q;(2) (j =0,1,---,n — 1) be polynomials, A(z) be a poly-
nomial of degree k(> 1). If
deg(PO) > deg(PJ) or deg(QO) > deg(Qj)a .7 = ]-a e, — ]-7
then each nontrivial meromorphic solution f(z) with finite order of (1.2) satisfies
O—(f):A(ffa) Zk+]—7

and so [ assumes every nonzero complex value a € C infinitely often.

Theorem CP!  Suppose that the assumptions of Theorem B are satisfied. If f(z) is a non-
trivial entire solution with finite order of (1.2) that satisfies A(f) < k, then o(f) =k + 1.

Comparing Theorem A with Theorem B and Theorem C, we pose the following questions:

Question 1.1 When all coefficients of (1.1) have the form Pj(e(*)) + Q;(e=4()) + R;(2)

(j =0,---,n), where P;, Q; and A are polynomials, R; are meromorphic functions, and
satisfy deg(P;) > max {deg(P;)} or deg(Q;) > [max {deg(Q;)}, does the conclusion of
SJjsn <j<n
J#l £l

Theorem B hold?

Question 1.2 Theorem C provided a criterion which guarantee that each entire solution
of (1.2) has the smallest order. Then under the assumptions of Question 1.1, what else
condition can guarantee that each meromorphic solution of (1.1) has the smallest order?

In this paper, we investigate the above questions and obtain the following results.

Theorem 1.1  Let A;(2) = Pj(eA®)) + Qj(e™*®)) + R;j(2) (j =0,1,--- ,n), where A(2)
are polynomials with degree k(> 1), Pj(z) and Q;(z) (j =0,1,--- ,n — 1) are polynomials,
R;(z) are meromorphic functions of o(R;) < k and A;(z) — R;j(z) # 0. If there exists an
integer I € {0,1,--- ,n} such that

deg(P) > deg(P;) or deg(Qi) >deg(Q;),  j=0,1,---,n, j#I,
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then every meromorphic solution f(Z 0) with finite order of (1.1) satisfies o(f) = M(f—p) >
k+ 1, where p(2)(# 0) is a meromorphic function with o(p) < k + 1.

Theorem 1.2  Let A;(z) (j =0,1,---,n) and l satisfy the conditions of Theorem 1.1. If

1
f(£0) is a meromorphic solution with finite order of (1.1) that satisfies max {)\(f)7 )\(?) }

<k, theno(f)=k+1.

Considering the non-homogeneous linear difference equation
An(2)f(z+cn) + -+ Ai(2) (2 + e1) + Ao(2) f(2) = F(2), (1.3)

we obtain the following result.

Theorem 1.3  Let Aj(z) (j = 0,1,---,n) and | satisfy the conditions of Theorem 1.1,
and let F(2)(# 0) be a meromorphic function with o(F) < k + 1. Then each meromorphic
solution f(z) with finite order of (1.3) satisfies A(f) = o(f) > k+1 with at most one possible
exceptional solution fo satisfying o(fo) < k + 1.

2 Lemmas

We need the following lemmas for the proof of the above theorems.

Lemma 2.1 Let 11, 0y be two arbitrary complex numbers, and f(z) be a meromorphic
function of finite order. Let € > 0 be given. Then there exists a subset E C (1,+00) with

finite logarithmic measure such that for all |z| =r ¢ E U0, 1], we have

flz+m)

_po()-1+e <
exp{—r =
{ J f(z+m2)

< exp{ra(f)_1+5}.

(10]

Lemma 2.2 Let f(z) be a non-constant meromorphic function. Then for all irreducible

rational functions in f

P(Z, f) =0
R(z, [)= =
Q(Z7 f) ! (z ]
2

with meromorphic coefficients a;(z), bj(z) (i=0,---,p, j=0,---,q), we have

T(r, R(z, [f))=max{p, ¢}T(r, f)+O(¥(r))+S(r, f),
where ¥ (r) = max{T(r, a;), T(r, b;)}.
0.
Lemma 2.3 et g: [0,+00) = R, h: [0, +00) — R be monotone increasing functions
such that g(r) < h(r) outside of an exceptional set E of finite logarithmic measure. Then,
for any « > 1, there exists an ro > 0 such that g(r) < h(ar) holds for all r > ry.
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Lemma 2.4 Let f;(2) (j = 1,---,n+ 1, n > 2) be meromorphic functions, g;(2)

(j=1,---,n) be entire functions, and satisfy
(1) ZO [i(2)e93) = foiq;
=

(ii) when 1<j<k<n, g;(z)— gr(z) is not a constant,
(iii) when1<j<n+1,1<h<k<n,
T(r, f;j)=of{T(r, exp{gn —gx})}, r—oo, 1€ FE,
where E C (1, o0) is of finite linear measure or finite logarithmic measure.
Then fij(2) =0 (j=1,---,n+1).

Lemma 2.5"2  Let f(2) be a meromorphic function of order o(f) = o < co. Then for
any given £ > 0, there exists a set E C (1, 0o) of finite linear measure such that for all
|z2| =r € [0,1)UE, and r sufficiently large, we have

exp{—r7"} < |f(2)| < exp{r”*}.

Lemma 2.6 Let f be a non-constant meromorphic function with finite order, and 1 be

a nonzero complex number. Then for each € > 0, we have
T(r, f(z+m) =T(r, )+ 0" D712) + Ologr).

Lemma 2.7 Let A; (j =0,---,n) be meromorphic functions, and f(# 0) be a meromor-
phic solution with finite order of the difference equation

An(2)f(z+cn) + -+ Ao(2)f (2 + o) = 0, (2.1)
where co, -+ , ¢y, are distinct complex numbers. If o(f) > org]aél{a(Aj)} +1, then

max{)\(f), )\(%)} >o(f)—1.

Proof. Suppose that max {)\(f), )\(l

f)} < o(f) — 1. From the Hadamard factorization

theorem we get

f(z) = gigj; eh(2) — d(Z)eh(Z)y (2'2)

where d;(z) and da(z) respectively are the canonical products (or polynomials) formed by

zeros or poles of f(z), such that

o) = M) = M), old) = M) = A(). (23)
and h(z) is a polynomial. By (2.2) and (2.3), we get
o(f) =degh. (2.4)
Let
h(z) = amz™ + am-12""" + -+ ao, (2.5)
where a,,, -+ ,ag are constants, a,, # 0, and m is a positive integer. Then, by (2.4) and

the conditions of Lemma 2.7, we get m > 2.
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Substituting (2.2) into (2.1), we get

D Aj(2)d(z + ¢j)e ) = 0. (2.6)
7=0
By Lemma 2.6 and (2.3)—(2.5), we get

o(A;(2)d(z + 7)) < max{o(4y), oldr), o(da)}
<oa(f)-1
=m-1, j=0,--+,n. (2.7)
On the other hand, by (2.5), we get
deg{h(z+¢j) —h(z+c)}=m—-12>1, cj#c, 0<j<t<n. (2.8)
Thus, by (2.7) and (2.8), we get
T(r, Aj(2)d(z + ¢;)) = of T(r, ehGFer)=hlzteyy 0<ji<n, 0<k<t<n. (29)
Then by Lemma 2.4, (2.6), (2.8) and (2.9), we get
Aj(2)d(z + ¢;) =0, j=0,---,n.

This is a contradiction. Lemma 2.7 is thus proved.

Lemma 2.818  Let f(2) be a meromorphic solution with finite order of (1.3). If
maX{O'(F), U(Aj)v ] = 07 ]-7 T 7n} < J(f)a
then A(f) = o(f).

3 Proofs of Results

3.1 Proof of Theorem 1.1

Suppose that
A(z) = apz® + ap_12""1 4+ -+ ag,
Pj(2) = ajp, 2" + ajp, 2" + - +aj,  j=0,1,---,n,
Qj(2) = bjg; 29 + bjq,_, 2971 + -+ - + bjo, j=0,1,---,n.
Let f(z) be a nontrivial meromorphic solution of (1.1) such that o(f) = o < co. Firstly, we

prove o(f) > k+ 1. From Lemma 2.1, for any given € > 0, there exists a set F; C (1,00) of
finite logarithmic measure such that for all z satistying |z| = r € [0, 1] U E4, we have

flz+¢)
flz+a)

k—
Set o1 = max{o(R;): j =0,--- ,n}. Then by Lemma 2.5, for any given ¢ (0 <e< 201 ),

Sexp{r7T*Y, jAL (3.1)

there exists a set Fy C (1, 00) of finite linear measure such that for all |z| =7 & [0,1] U Es
and r sufficiently large, we have

[R;j(2)] <exp{r™*<},  j=0,1,---,n, (3.2)

Now we discuss the following two cases.
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Case 1. If deg(P;) >deg(P;) (j =0,1,--- ,n,j #1), then we take a suitable z such that
|z| = r and ay2* = |ag|r*, so for r sufficiently large and r ¢ [0,1] U E; U E5, we have
145()] < P ()] 41y (e~ 4 | + Ry (2)
< Jajp, | exp{p;r*lagl (1 + o(1)}(1 + o(1)) + exp{r™+}
— Jagpylexp{pyrtlacl(1+ o)} (1 +o(1),  j A1 (33)
and
[Au(2)] = [P )] = |Qu(e™ )| = |Ri(2)|
>ty | exp{pir*lap| (1 + o(1) 1 — o(1)) — exp{r*1+}
= lotp | exp{prtlasl(1 + o(1))}(1 - o(1)). (3.4
By (1.1), (3.1), (3.3) and (3.4), we get for all z satisfying axz® = |agx|r* and |z| = r &
[0,1] U E} U Eq, when r sufficiently large,
|aip, | exp{pir*|ak| (1 + o(1)) }(1 — o(1))
< |Au(2)]
- fz+17)
< A;
<> Hets
J#l
< Mexp{r? = "} exp{Nr¥|as|(1 + 0(1))}, (3.5)
where M > 0 is a constant, N = max{p;: j =0,---,n, j #}. By py > N and (3.5), we
get, for sufficiently large r € [0,1] U Ey U Es,

% exp{(p1 — N)r¥|ax|(1 + 0(1))} < exp{ro~*c}. (3.6)

By (3.6) and Lemma 2.3, we get k < o — 1 + ¢, which implies o(f) =0 > k + 1.

Case 2. If deg(Q;) >deg(Q;) ( = 0,1,--- ,n, j # 1), then we take a suitable z such
that |z| = 7 and axz* = —|ax|r¥. By the similar method as in the proof of Case 1, we can
obtain o(f) > k + 1.

In the following, we prove that A(f — ¢) = o(f).

Set g(z) = f(z) — p(z). Substituting f(z) = g(2) + ¢(z) into (1.1), we obtain

An(2)g(z +cn) + -+ A1(2)g(z + 1) + Ao(2)9(2) = —H(2), 3.7)
where
H(z) = An(2)p(2 + cp) + -+ A1(2)e(2 + c1) + Ao(2)p(2).

If H(z) = 0, then ¢(z) is a nonzero meromorphic solution of (1.1). Thus, by the above
proof, we get
o) > k+1.

This is absurd. Hence,
H(z) #0. (3.8)

On the other hand, by Lemma 2.2, we get
T(r, Pj(e®) +Q;e™) = (pj + ¢;)T(r, e*) + S(r, e*),  j=0,---,n. (3.9)
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Since e4 is of the regular growth, by (3.9), we get T'(r, A;) = (p; + ¢;)T(r,e?) + S(r,e?)
(j=0,---,n). Hence we get

o(A;) = a(e?) =k, j=0,--,n. (3.10)
Then by (3.10) and Lemma 2.6, we get
o(H) <max{k, o(¢)} <k+1<o(f)=0(9). (3.11)

So by Lemma 2.8, (3.7), (3.8), (3.10) and (3.11), we obtain
Mf=¢)=Mg)=0olg) =0o(f) 2k + 1L

Theorem 1.1 is thus proved.

3.2 Proof of Theorem 1.2

Let f(# 0) be a meromorphic solution with finite order of (1.1). Then by Theorem 1.1 we
get
o(f) > k+1 (3.12)

Suppose that o(f) > k+ 1. By (3.10) we get

o(f) > max {7(4,)} +1. (3.13)

Then combining with Lemma 2.7 and (3.13), we get

max{A(f),AG)} >o(f) — 1> k.

This contradicts the hypothesis of Theorem 1.2. Hence we get o(f) = k+ 1. Theorem 1.2
is thus proved.

3.3 Proof of Theorem 1.3

Suppose that fy is a meromorphic solution of (1.3) with o(fy) < k+ 1. If f*(2)(Z fo(2)) is
another meromorphic solution of (1.3) satisfying o(f*) < k+ 1, then
o(f* = fo) <max{o(f*, o(fo)} <k+1,

and f* — fop is a solution of the corresponding homogeneous equation (1.1) to (1.3). By
Theorem 1.1, we have

U(f*_f0)2k+17

a contradiction. Hence (1.3) possesses at most one exceptional solution fo with o(fy) < k+1.
Now Suppose that f is a meromorphic solution of (1.3) with £ + 1 < o(f) < co. Com-
bining (3.10), we have

o(f) > max{co(4;), o(F)}.

Hence, by Lemma 2.8, we get

Theorem 1.3 is thus proved.



22

COMM. MATH. RES. VOL. 34

References

il
[

LS

Hayman W. Meromorphic Functions. Oxford: Clarendon Press, 1964.

Yang L. Value Distribution Theory and Its New Research. Berlin: Springer-Verlag, 1993.
Halburd R G, Korhonen R J. Difference analogue of the lemma on the logarithmic derivative
with applications to difference equations. J. Math. Anal. Appl., 2006, 314: 477—-487.

Chiang Y M, Feng S J. On the Nevanlinna characteristic of f(z + 1) and difference equations
in the complex plane. Ramanugjan J., 2008, 16: 105-129.

Laine I, Yang C C. Clunie theorems for difference and g¢-difference polynomials. J. Lond. Math.
Soc., 2007, 76(2): 556-566.

Chen Z X. Growth and zeros of meromorphic solution of some linear difference equations. J.
Math. Anal. Appl., 2011, 373: 235-241.

Chen Z X. Zeros of entire solutions to complex linear difference equations. Acta Math. Sci.
Ser. B Engl. Ed., 2012, 32(3): 1141-1148.

Liu Y X. On growth of meromorphic solutions for linear difference equations with meromorphic
cofficients. Adv. Difference Equ., 2013, 2013: 60, 9pp.

Qi X G, Liu Y, Yang L Z. The growth of the solutions of certain type of difference equations.
Taiwanese J. Math., 2015, 19(3): 793-801.

Laine I. Nevanlinna Theory and Complex Differential Equations. De Gruyter Studies in Math.,
15. Berlin: Walter de Gruyter & Co., 1993.

Yang C C, Yi H X. Uniqueness Theory of Meromorphic Functions. Dordrecht: Kluwer Aca-
demic Publishers Group, 2003.

Chen Z X, Shon K H. On the growth and fixed points of solutions of second order differential
equations with Meromorphic Coefficients. Acta Math. Sin. Engl. Ser., 2005, 21(4): 753-764.



