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1 Introduction

Throughout, unless otherwise indicated, R denotes an associative ring with identity and M
is a monoid. In [1], Cohn introduced the notion of a reversible ring. A ring R is said to
be reversible if ab = 0 implies ba = 0 for all a,b € R. Anderson and Camillo/? used the
term of ZCy for what is called reversible. It was proved in [3] that polynomial rings over
reversible rings need not be reversible. A ring R is called reduced if it has no non-zero
nilpotent elements (see [4]), i.e., a®> = 0 implies a = 0 for all @ € R. Recall from [5] that
a ring R is strongly reversible if polynomials f(z), g(z) € R[z] with f(z)g(x) = 0 implies
g(z)f(x) = 0. Tt is clear that all reduced rings are strongly reversible, but the inverse is
not true. Rage and Chhawchharial® introduced the concept of an Armendariz ring. A
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ring R is an Armendariz ring, whenever polynomials f(z) = ag + a1z + asz? + - -+ + a, ",
g(x) = by + b1z + bex?® + - -+ + by @™ are in R[z] and if f(z)g(x) = 0, then a;b; = 0 for all
i, j. In the following, we denote by R[M] the monoid ring constructed from ring R and the
monoid M, and e always stands for the identity of M. According to [7], a ring R is called
an M-Armendariz if @ = a1g1 + a2g2 + - + anGn, B = brh1 + boha + -+ + bingm € R[M]
satisfy a8 = 0, then a;b; = 0 for all 7, j. A ring R is strongly M-reversible if o = 0
implies Sa = 0 for all o, 8 € R[M] (see [8]). Recall from [9] that a ring R is skew strongly
M-reversible whenever a8 = 0 implies Sa = 0, where o, 5 € R % M.

A monoid M is a u.p.-monoid (unique product monoid) if for any two nonempty finite
subsets A, B € M there exists an element g € M uniquely in the form of ab with ¢ € A and
b € B. If there exists a monoid homomorphism w : M — Aut(R), we denote by wy(r) the
image of r under w(g) with g € M and r € R. We can form a skew monoid ring R % M (see
[10]) (induced by the monoid homomorphism w) by taking its elements to be finite formal
combinations Zn: a;9; with the multiplication induced by (ag)(bh) = (awy(b))(gh). The map

i=1
w: M — Aut(R) defined by wy(r) = r for each ¢ € M and r € R is called the trivial
monoid homomorphism. More generally, if R is a ring and M is a monoid, then the crossed
product RfM over R consists of all finite sums REM = {d> ryg9 | ry € R, g € M} with
addition defined componentwise and multiplication defined by the distributive law and two
rules that are called the twisting and the action explained below. Specifically, we have the
twisting operation gh = f(g, h)gh for every g,h € M, where f: M x M — U = U(R). For
every r € R and g € M, we have gr = wy(r)g with w : M — Aut(R). If R§M is the crossed
product over R, then the twisted function f and the weak action w of M on R must satisfy

wy(wn(r)) = f(g, M)wgn(r) fg, B) ",
wg(f(h, k))f(g, k) = f(g, h)f(gh, k),
fle,g)=flg,e)=1

for all g, h, k € M.

Monoid crossed products are a quite general ring construction. Let R{M be a monoid
crossed product with twisting f and action w. If the twisting f is trivial, i.e., f(z,y) =1
for all z, y € M, then RfM is the skew monoid ring R x M. If the action w is trivial, i.e.,
wg = ir with i the identity map over R, then R{M is the twisted monoid ring R7[M]. If
both the twisting f and the action w are trivial, then RfM is a monoid ring, denoted by
R[M]. Motivated by the results of [3], [5], [8] and [9], in this paper we introduce and study
the concept of strongly C'M-reversible rings, which is a generalization of strongly reversible
rings, strongly M-reversible rings and skew strongly M -reversible rings. The main idea is to
study the reversible condition defined for the monoid ring crossed product R{M. It is shown
that if R is an M-rigid ring, then R is strongly C' M-reversible. Moreover, if R is a right Ore
ring with classical right quotient ring @, then we show that R is strongly C'M-reversible
if and only if @ is strongly C'M-reversible. Suppose that R/I is strongly CM-reversible
for some w-invariant ideal I of R. If I is an M-rigid ring, it is proved that R is strongly
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C M-reversible. Some well-known results on this subject are generalized and extended.

2 Main Results

In this section, we introduce the notion of strongly C M-reversible rings and investigate its
properties. Some characterizations of this class of rings are given.
We start with the following definition.

Definition 2.1  Let R be a ring, M be a monoid with a twisting f: M x M — U(R)
and an action w: M — Aut(R). We call that the ring R is a strongly C M -reversible ring if
af =0 implies fa =0 for all a, B € R{M.

Remark 2.1  Let R be a strongly C'M-reversible ring. Then we have the following facts:

(1) If R is an arbitrary ring and M = {e}, then the trivial monoid homomorphism
w: M — Aut(R) is the only monoid homomorphism and the twisting f is trivial. Clearly,
R is strongly C'M-reversible if and only if R is strongly M-reversible.

(2) Let M = (N, +). If the monoid homomorphism w: M — Aut(R) and the twisting f
are trivial, then it is clear that a ring R is strongly C'M-reversible if and only if R is strongly
M-reversible if and only if R is strongly reversible.

(3) If the twisting f is trivial, then the class of strongly C'M-reversible rings is precisely
the class of skew strongly M-reversible rings.

(4) If R is a strongly C'M-reversible ring with a trivial twisting f, then every M-invariant
subring S (i.e., wy(S) C S for all g € M) is also strongly C'M-reversible.

The next proposition gives the relationship between the strongly C'M-reversible property

of a ring R and that of its subrings induced by a central idempotent.

Proposition 2.1  Let R be a ring, M be a monoid with a twisting f: M x M — U(R)
and an action w: M — Aut(R). If a is a central idempotent of R such that wy(a) = a for
each g € M, then the following statements are equivalent:

(1) R is a strongly C M -reversible ring;

(2) aR and (1 — a)R are strongly C M -reversible rings.

Proof. (1) = (2). It is straightforward.

(2) = (1). Let aR and (1 — a)R be strongly C'M-reversible rings. Suppose that o =

a191 + -+ angn, B =bih1 + -+ + b hy € REM such that af = 0. Let
T n

m m

a1 = Z aa;gi, ,81 = Zabjhj, Qg = Z(l - a)aigi, 52 = Z(l — a)bjhj.
i=1

j=1 i=1 j=1
It is easy to see that oy, 81 € (aR){M and as, Sz € ((1 — a)R)§M. Since a is a central
idempotent of R such that wy(a) = a for each g € M, we have
@181 = aarwg, (ab1) f(g1, h1)gr1hy + - - - + aanwg, (abm) f(gn, Bm)gnhm

= a1Wg, (a)wm (b1)f(g1, h1)gih1 + -+ + alnWg, (a)wgn (bm) f(gns hm)gnhm
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= aarawg, (b1) f(g1, h1)grh1 + - - - + aanawg, (b)) f(gn, hm)gnhm
= a’a10g, (b1)f (g1, ha)gihi + -+ + aanwg, (bm) f(9ns Pan)gnhm
= aaiwg, (b1) f(g1, h1)giha + -+ + aanwg, (bm) f (9, hm)gnhm
= a(a1wg, (b1) f(91, h1)grh1 + - + anwg, (bm) f(gns hm)gnhim)
= aapf
=0,
azfs = (1 = a)arwy, (1 — a)br) f(g1, ha)gihy + -+
+ (1 = a)anwg, (1 = a)bm) f(91, h1)gnhm
= (1 = a)arwg, (b1) (g1, h1)gihy + -+ + (1 = a)anwg, (bn) f(Gns hin)gnhom
= (1 —a)(a1wy, (b1) f(91, h1)grihy + - -+ + anwg, (bm) f(9n: hm)gnhim)
— (1-a)aB
=0.
Because aR and (1 — a)R are strongly C'M-reversible subrings of R, we conclude that
Brag =0, Baaz = 0.
Therefore, we have
Ba = Bray + Paaz = afa + (1 — a)Ba = 0.
This implies that R is strongly C'M-reversible. The proof is completed.

According to Krempal'!l, an endomorphism « of a ring R is rigid if ac(a) = 0 implies
that a = 0 for a € R. A ring R is a-rigid if there exists a rigid endomorphism « of R. A
ring R is a-compatible if for every a,b € R, ab = 0 if and only if aa(b) = 0. By Lemma 2.2
of [12], a ring R is «-rigid if and only if R is a-compatible and reduced.

For a ring R and a monoid M with w: M — End(R) a monoid homomorphism, we say
that R is M-compatible (resp., M-rigid) if w, is compatible (resp., rigid) for any g € M.

Corollary 2.1  Let R be an M -compatible ring and M be a monoid with a twisting f: M x
M — U(R) and an action w: M — Aut(R). If a is a central idempotent of R, then R is
strongly C'M -reversible if and only if aR and (1 — a)R are both strongly C M -reversible.

Proof. If R is M-compatible, then wy(a) = a for each idempotent @ € R and g € M by
Lemma 2.11 of [13], and the result follows from Proposition 2.1. This completes the proof.

According to [14], a ring R is said to be CM-Armendariz if « = a1g1 + -+ + angn,
B =bihi + -+ bmhmym € REM such that o8 = 0, then a;wg, (b;) = 0 for all 4, 5.

Lemma 2.1  Let R be a ring and M be a u.p.-monoid with a twisting f: M x M — U(R)
and an action w: M — Aut(R). If R is M -rigid, then R{M is reduced.

Proof. Suppose that o = a1g; + -+ - + a,g, € REM such that o? = 0. Then R is a CM-
Armendariz ring by Proposition 2.2 of [14], and thus a,wy, (a;) = 0 for all 4, j. Since every
M-rigid ring is M-compatible and reduced, we have a; = 0 for all 1 < i < n. It follows that
a = 0. This implies that R{M is reduced.
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Corollary 2.2 Let M be a u.p.-monoid and R be a reduced ring. Then R[M] is reduced.

Proposition 2.2  Let M be a u.p.-monoid with a twisting f: M x M — U(R) and an
action w: M — Aut(R). If R is an M-rigid ring, then R is strongly C'M -reversible.

Proof. Let o= )" a;g;, B = ) bjh; € RIM with a3 = 0, where a;,b; € R and g;,h; € M
i=1 j=1
for each 7, 5. Then we have

(Ba)? = (Ba)(Ba) = f(aB)a = 0.
Since R is M-rigid, we have fa = 0 by Lemma 2.1. Hence R is strongly C'M-reversible.

Lemma 2.2  Direct products of strongly C' M -reversible rings are strongly C M -reversible.

Proposition 2.3  Let R be a ring, M be a commutative cancellative monoid with a twist-
ing f: M x M — U(R) and w: M — End(R) a monoid homomorphism. Suppose that N
is an ideal of M such that wy(r) = 1 for every g € N and r € R. If R is strongly
C N -reversible, then R is strongly C M -reversible.

Proof. Let a = Z a;gi, B = Z bjh; € R{M such that a8 = 0. Since M is a cancellative

1=

monoid, we have ggl 7& 995 and hlg # hjg whenever i # j. If we take g € N, then ggi1, ggo,
s 99n, hag, hlg, *5 himg € N.
Let a1 = Z a;9g;, b1 = Z bjh;g. It is clear that a, f1 € RN, and thus we have
=1

arfr = <Zaiggi> (ijhM)
i=1 j=1

=3 (aiggi)(bih;g)

i=1 j=1
= a1wgg, (01)f(991, h19)ggihig + - - - + anwgg, (bm) f(99n, Pmg)9gnhmyg
= a1wy, (01) f(991, h19)gg1h1g + - + anwg, (bm) (990, hing)9gnhmg
=0.

Since R is strongly C N-reversible, we have

pron = (ijhﬂ) (Zaiggi>
j=1 i=1

= (bshy9)(aiggs)

j=1i=1
= biwn,g(a1) f(h1g, 991)h19991 + - + bmwn,, g(an) f(hmg, 99n)Pmgggn
= biwp, (a1) f(h1g, 991)h19991 + - - - + bmwh,, (an) f(Rmg, 99n)Pmgggn
=0.
This implies that

bjwn, (as) f(h;g, 99:)hjg99; =0
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for each i, j. Therefore, we have b;wp,; (a;) = 0 for all 4, j, and thus

Bo = biwn, (a1)f(h1,91)hagr + -+ + bmwh,, (@) f (P gn) R gn = 0.
This proves that R is strongly C'M-reversible.

Example 2.1 Let R be a ring with unity and M = {e, g, g%, --- , g" "'} a cyclic group

a b
S{( >|a,b,c€R}.
0 c
For every e # g € M, we define w: M — Aut(S) by
Wy = .
0 c 0 ¢

If the twisting f is trivial (i.e., f(z,y) = 1 for all z,y € M), then S is not strongly
CM-reversible. In fact, let

(00 0 -1 (0 -1 0 -1
a=lo 1)t o) =10 o )¢t o o )¢

be elements in S§M. It is easy to see that a5 = 0. But

(o0 )= (0 7))- (5 %)=

This implies that Sa # 0. Therefore, S is not strongly C'M-reversible.

of order n. Let

Lemma 2.3  Let M be a monoid and N be a submonoid of M. If R is a strongly CM -
reversible ring, then R is strongly C'N -reversible.

Lemma 2.4 If M and N are u.p.-monoids, then so is M x N.

Let T(G) be the set of elements of finite order in an Abelian group G. Then T(G) is
fully invariant subgroup of G. G is said to be torsion-free if T(G) = {e}.

Theorem 2.1  Let G be a finitely generated Abelian group. Then the following conditions
on G are equivalent:

(1) G is torsion-free;

(2) There exists a ring R with |R| > 2 such that R is strongly CG-reversible.

Proof. (2) = (1). If g € T(G) and g # e, then N = (g) is cyclic group of finite order. If
a ring R # {0} is strongly CG-reversible, then R is strongly C'N-reversible by Lemma 2.3.
Since N = (g) is a submonoid of G, by Example 2.1, R is not C'N-reversible, a contradiction.
Therefore, every ring R # {0} is not strongly C'G-reversible.

(1) = (2). Let G be a finitely generated Abelian group with T(G) = {e}. Then G =
Z X Z % ---x Zis a finite direct product of group Z. By Lemma 2.4, G is a u.p.-monoid. If
R is a commutative M-rigid ring, then R is strongly C'G-reversible by Proposition 2.2.

Let A be a multiplicative monoid consisting of central regular elements of R. Then it
is easy to see that A™'R = {u~'a | u € A, a € R} is a ring. Let M be a monoid with



42 COMM. MATH. RES. VOL. 34

w: M — Aut(R) a monoid homomorphism. If wy(A) C A for every g € M, then w can
be extended to @: M — Aut(A™'R) defined by &,(u"'a) = wy(u)"'wy(a). Note that if
f: M x M — U(R) is a twisted function, then f is also a twisted function from M x M to
AR since U(R) CU(ATIR).

Proposition 2.4  Let M be a cancellative monoid with a twisting f: M x M — U(R)
and an action w: M — Aut(R). Then R is strongly C'M-reversible if and only if A~ R is
strongly C' M -reversible.

Proof. It suffices to show the necessity. Assume that R is strongly CM-reversible. Let
o= Zu;laigh 8= Zv;lbjhj € (ATIR)EM
i=1 j=

such that af = 0. Since A is a multiplicative monoid consisting of central regular elements

(ge)(£)

—Zu aiwg, (v;'b;) (g3, hy)gih;

of R, we have

= Z aiwg, (bj)(uiwg, (vy))~ f(gi7 hj)gih;

= 0.
Let

&zZaigi, BZZb]h]
=1 j=1

Then &, 3 € REM and
af = ZangL f(gi, hj)gih; = 0.

Since R is strongly C'M-reversible, we have
Ba = Z bjwn, (ai) f(hj, gi)hjgi = 0.

This implies that
Pa = valbjwhj (ai)wn, (ui) "' (f (hy, gi)hjgi = 0,
,J
since u;, v; are central regular elements of R.

Let I be an ideal of R and w: M — Aut(R) a monoid homomorphism. An ideal I of R is
said to be w-invariant in the case w,(I) C I for every g € M. Note that @: M — Aut(R/I)
defined by @, (r + I) = wy(r) + I is a monoid homomorphism. Moreover, it is easy to see
that the twisting f: M x M — U(R) induces a twisting f: M x M — U(R/I) given by
[, y) = flo, y)+1.

For all &« = )" a;g; in R§M, we denote & = ) a;g; in (R/I)fM = (RtM)/(I§M), where
i=1 i=1
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a; =a; + I for 1 <i <n. And the map u: REM — (R/I)iM defined by pu(a) = & is a ring
epimorphism.
For a ring S and n > 2, let

a a2 aiz - QGln
0 a axs -+ a

R = 0 0 a .- asy a, a;j € S
0 0 o --- a

Let M be a monoid and w: M — Aut(S) a monoid homomorphism. For every g € M,
the map w can be extended to a monoid homomorphism @ from M to Aut(R) defined by
wg((ai;)) = (welai;))-

The following example shows that there exists a ring R such that R/ is strongly C M-
reversible for every non-zero strongly C'M-reversible proper ideal I (as a ring without iden-
tity), but R is not strongly C'M-reversible.

Example 2.2 Let S be a division ring, and

a b c
R= 0 a d ||abedes
0 0 a

It is clear that R is not strongly C'M-reversible since it is not a reversible ring. Let M be a
monoid with |M| > 2. Take a non-zero proper ideal

0 0 S
I=10 0 O
0 0 0

It is easy to see that I is a strongly C' M-reversible ideal of R. Next we show that R/I is a
strongly C M-reversible ring. To this end, if

n [ @ bi 0 u; v; 0

a= Z 0 a; ¢ |9, 8= Z 0 wu; w; |hy
=1 0 0 a j=1 0 0 U j
are elements in (R/I)§M such that a8 = 0, then we have
> aigi Y bigi 0 2. ujhy >0 vih; 0
i=1 i=1 Jj=1 Jj=1
0 Yagi X cigi 0 > ujhy Y2 wih; | =o0.
i=1 i=1 J=1 J=1
0 0 > aigi 0 0 > ujh;
i=1 j=1

Therefore, we have

(Zaigz) (Z%’U) =D aiwg, (u))f(gi hy)gih; = 0.
i=1 j=1 1.7
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This implies that a;wg, (u;) = 0, and thus a;u; = 0, since S is an M-rigid ring. Because S

n m
is a division ring, we have > a;g; =0 or > u;h; = 0. In any case, it can be easily checked
i=1 j=1

that Sa = 0, as desired.
However, we have an affirmative answer as the following proposition.

Proposition 2.5 Let R be a ring and M be a monoid with a twisting f: M x M — U(R)
and an action w: M — Aut(R). Suppose that R/I is strongly CM -reversible for some w-
invariant ideal I of R. If I is M -rigid, then R is strongly C' M -reversible.

Proof. Suppose that @ = > a;g;, 8= > bjh; € RIM with af = 0. Then we have
i=1 j=1

@:Zdigi, B:ZB]‘h]‘ S (R/I)ﬂM,
i=1 j=1
where a; = a; + I, l;j = b; + I. On the other hand, since

i=1 j=1
we have
0=ap
— (dlgl 4+ -+ dngn)(51h1 4+ -+ l;mhm)

= (al + I)‘I’gl (bl =+ I)f(glv hl)glhl +--+ (an + I)‘Dgn (bm + I)f(gn, hm)gnhm

= (alwgl (bl)f(glu hl) + I)glhl + -+ (an(f‘)g71 (bm)f(gnv hm) + I)gnhm
in (R/I)§M. Therefore, we have

pa = (ijhj> <ZC—M9¢> =0,
j=1 i=1

since R/I is strongly C'M-reversible, and thus Sa € T§M. Since I is an M-rigid ring, I§M
is reduced by Lemma 2.5. It follows that

(Ba)? = (Ba)(Ba) = Blaf)a =0,
which implies that Sa = 0. This shows that R is a strongly C' M-reversible ring.

A ring R is called right Ore, if for any a,b € R with b regular, there exist a;,b; € R with
b1 regular such that ab; = ba;. Note that R is right Ore if and only if the classical right
quotient ring @ of R exists. Note that if there exists the classical right quotient ring @ of
R and M is a monoid with w: M — End(R) a monoid homomorphism, then the induced
map w: M — End(Q) defined by @,(ab™!) = wy(a)-wy(b) ™! extends w and is also a monoid
homomorphism with ab~! € Q, where a,b € R, g € M and b is regular.

It was shown in Theorem 2.6 of [3] that a ring R is reversible if and only if its classical
right quotient ring is reversible. Moreover, the authors of [15] also proved that a ring R
is strongly right a-reversible if and only if its classical right quotient ring is strongly right
a-reversible. More generally, we have the following theorem.
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Theorem 2.2 Let M be a monoid with a twisting f: M x M — U(R) and an action
w: M — Aut(R). If R is a right Ore ring with a classical right quotient ring @, then R is
strongly C' M -reversible if and only if Q is strongly C M -reversible.

Proof. Assume that a = 3 a;g;, 8= > bjh; € QM such that af = 0, where a;,b; € Q
i=1 j=1

and g;, h; € M for all 4, j. Since wy,, wp; € Aut(R) and R is a right Ore ring with classical
right quotient ring @, by Proposition 2.1.16 of [16], we can assume that

a; = PiWg, (uil)a bj = (jWh; (vil)
with p;, ¢; € R for all ¢, j and regular elements u,v € R. Also by Proposition 2.1.16 of [16],
there exists a ¢; € R and a regular element s € R such that u='q; = ¢;s7! for each j. Let

a1 = Y. pigi, fr =Y q;jh; and B2 = > ¢jh;. Then we have
i=1 j=1 i

Jj=1

I
IS
e

¢
&

V2l

€
k‘:‘
=

-
~—
N
>
<~

= alﬂzw,:jl 5wy, (v)
since wy; is an automorphism of R for each hj;. Therefore, we have a182 = 0, and hence
a1 =0 in REM.
Moreover, there exists a d; € R and a regular element ¢t € R such that v='p; = d;t~! for

each i again by Proposition 2.1.16 of [16]. Let ay = Z d;g; € REM. Then we have

i=

0=aqtp = ZI% gzz%h *Zvd gzz(bh = vanf.
=1

It follows that as3;1 = 0 in R * M, and thus Biag =0 smce R is a strongly C'M-reversible

ring. Therefore, we have

=" qywn, (v wn, (piwg, (™) f(hy, gi)hsg:
=Y qiwn, (0 piwg, () £ (B, gi)hygs

= ZZ QjWhj(ditflwgi (uil))f(hj, gi) . hjgi
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n

m
=Y ashy Y dit wg (u g
j=1 i=1

= ﬂlagwg_il(t_lwgi (u™h)).
By the definition of a strongly C'M-reversible ring, @ is a strongly C'M-reversible ring and

we are done.

Proposition 2.6  Let M be a monoid with a twisting f: M x M — U(R) and an ac-
tion w: M — Aut(R). If R is an M-rigid CM-Armendariz ring, then R is strongly CM -

reversible.

Proof. Let a =a1g1 +asgs + -+ angn, 8 =b1hy + bohy + -+ + bphy, € REM such that
af = 0. Since R is CM-Armendariz, we get a;wg, (b;) = 0 for all 4, j. This implies that
a;b; = 0 for all 7, j since R is M-compatible. Because R is a reversible ring, bja; = 0 for all
i, j. Then bjwp; (a;) = 0 for all ¢, j, and hence

Ba=>"bjwn, () f(hany Gn)hmgn = 0.
i

This implies that R is strongly C' M-reversible.
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