COMMUNICATIONS
IN
MATHEMATICAL

RESEARCH
34(1)(2018), 47-53

One Parameter Deformation of Symmetric
Toda Lattice Hierarchy

XIONG ZHEN
(Department of Mathematics and Computer, Yichun University, Yichun, Jiangzi, 336000)

Communicated by Du Xian-kun

Abstract: In this paper, we study one parameter deformation of full symmetric Toda
hierarchy. This deformation is induced by Hom-Lie algebras, or is the applications of
Hom-Lie algebras. We mainly consider three kinds of deformation, and give solutions
to deformations respectively under some conditions.
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1 Introduction

Consider the following equation given by
d

L=BL-LB=[B, I, (1.1)

where L is an n x n symmetric real tridiagonal matrix, and B is the skew symmetric matrix
obtained from L by
B=1L-o— Lo,

where L (<o) denotes the strictly upper (lower) triangular part of L. In order to study the
Toda lattice of statistical mechanics, the equation (1.1) was introduced by Flaschkal’| and
this further was studied by Kodama et al.[23,

The notion of Hom-Lie algebras was introduced by Hartwig et al.[¥ as part of a study
of deformations of the Witt and the Virasoro algebras. In a Hom-Lie algebra, the Jacobi
identity is twisted by a linear map, called the Hom-Jacobi identity. Some g-deformations
of the Witt and the Virasoro algebras have the structure of a Hom-Lie algebra (see [4] and
[5]). Because of close relation to discrete and deformed vector fields and differential calculus
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(see [4], [6] and [7]), more people pay special attention to this algebraic structure and their
representations (see [8] and [9]).
We give an application of Hom-Lie algebras. Define a smooth map
B: Ry — GL(V), B(s) € GL(V),
where R; is a subset of R, s € R;. In this paper, Ry = R\ {0}, or Ry = R.

We mainly consider the following system:

d _ _ _ _

L =B)BB(s) LB(s)” ~ B(s)LA(s) ' BA(s) = [B. Lg(s), (1.2)
where s € Ry, and s is not dependent on variable t. [ -, -]g(s) is just a Hom-Lie bracket, and
(al(V), [+, - ]8(s), Adg(s)) is a Hom-Lie algebra (see [9]), where Adg()(L) = B(s)LB(s)~ .

We study system (1.2) which is based on the following points:

(1) (1.2) is one parameter deformation of (1.1). Deformation theory is a very important
field in singularity theory and bifurcation theory, and has many applications in science and
engineering (see [10] and [11]).

(2) (1.2) is equivariant under the action of Lie group

{Adp(s) [ 5 € B} : Adgs) © [B, Llg(s) = [Adp(s)(B), Adg(s)(L)]a(s)-
This kind of differential equations is very important in equation theory and bifurcation
theory (see [10] and [11]).

(3) For a Hom-Lie algebra (gi(V'), [ -, - |g(s), Adg(s)), when B(s) = I, it is just a Lie
algebra (gl(V), [+, - ]), where I, is the n x n identity matrix.

The general framework is organized as follows: we first introduce the relevant definitions:
one parameter deformation, I'-equivariant and so on; then, we give definitions of 3(s) and
prove that {Adg | s € R1} is a Lie group. Second, we give three kinds of one parameter
deformation of (1.1). Then, we study these deformations respectively and give solutions. At

last, some problems are given.

2 Preliminaries

We first give some definitions, one can find these definitions easily in [10] and [11].

Definition 2.1  An equation
gz, s) =0,

where x is an unknown variable, and the equation depends on an parameter s(€ R). For a

fized s, let g1(x) = g(x, so). Then we call g(x, s) is one parameter deformation of gi(x).

Definition 2.2 A smooth map g : R™ x R — R" is I'-equivariant, if for anyy € ', I
is a Lie group, we have

g(yz, s) =g(z, s),

where vz is the Lie group I' action on R™.
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Definition 2.3 Let f,g : X — Y be continuous maps. We say that f is homotopic
to g if there exists a homotopy of f to g, that is, a map H : X x [0, 1] — Y such that
H(z, 0) = f(z) and H(z, 1) = g(x).

Let
G ={Adg(s | s € Ri}.
We know that
Adp(s)(B) = B(s)B(s) .
Then we have
Adgy) = Adggy-1,  Adg(ay) © Adg(s,) = Adp(s)a(en):
So, G is a Lie group.

Proposition 2.1 A map Fy : R\ {0} — G is given by Fi(r) = Adg(, where B(r) =
rI,. Then Fy is a homomorphism from a Lie group (R\ {0}, x) to a Lie group G.

Proof. Tt is obvious that (R;, X) is a Lie group. We have
Fl(T’l?”Q) = Adﬁ(rlrg) = Admm[n = Adﬁ(h) o Adﬁ(rg) = Fl(rl) 9] Fl(Tg).
In particular, we have
Fi(1)=Ad;, = 1I,.

Proposition 2.2 A map F> : R — G is given by F»(6) = Adg), where
I, - 0 0
B(0) = 0 cosf —sind
0 sinf  cosf

Then Fy is a homomorphism from a Lie group (R,+) to a Lie group G.

Proof. Tt is obvious that (R, +) is a Lie group. We have
I, 0 0
B(01 + 63) = 0 cos(fy+02) —sin(61+602) | =B(61)8(62).
0 sin(6; +62) cos(fy + 62)

The following is correct:

F(01 +02) = Adp (o, 16,) = Adp(a)p(e:) = Adp(ar) © Adp(e) = F2(01) 0 F2(62),

F3(0) = Adg(g) = I..
The proof is completed.

Remark 2.1  Define H : SO(n) x [0,1] — SO(n) by
I, o 0 0
H(9, s)= 0 cos(sf) —sin(sh) |,
0  sin(sf) cos(sH)
then 3(0) is homotopic to I,,. Similarly, when
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cos 0 —sin @
B4(0) = 0 I, o 0 ,
sin 6 0 cos

we have 3;(0) is homotopic to I,. Then

cosf 0 —sin 6
0 I, - 0
sin 6 0 cos 6
is homotopic to
I, o 0 0
0 cosf —sinf

0 sinf  cosf

So, we just study
I, O 0
B(0) = 0 cosf —sinf

0 sinf  cos6

Now, we let

I, o 0 0
B\ = 0  cosh(A) sinh()) |,
0  sinh(A) cosh(A)
where N N
cosh(\) = i, sinh(X\) = c-e
2 2
We have

cosh?(\) — sinh?(\) = 1,
2sinh () cosh(\) = sinh(2),
cosh?(\) + sinh?(\) = cosh(2)),
I, o 0 0
BNt = 0 cosh(A)  —sinh(A)
0  —sinh(A) cosh())
Obviously, by a direct calculation, we also have

cosh(A1) sinh()\) cosh(Az) sinh(A2) \ [ cosh(A1 +A2) sinh(A; + A2)
sinh(A1)  cosh()\;) sinh(\2) cosh(Ag) |\ sinh(A; +X2) cosh(A + o) |~

Proposition 2.3~ With above notations, a map I3 : R — G is given by F3(\) = Adgy).
Then Fs is a homomorphism from a Lie group (R,+) to a Lie group G.

Proof. By a direct calculation, we have
Fs(A1 4 X2) = Adga ) = Adpn)sin) = Adgn) © Adgon) = Fa(A) 0 F3(A2).
At the same time, we have
Fg(O) = Adﬁ(o) =1,.
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Remark 2.2  We can also define H : SO(n) x [0,1] — SO(n) by
I, o 0 0
H(\, s) = 0  cosh(sA) sinh(s))
0  sinh(sA\) cosh(s))
Then B(A) is homotopic to I,,.

3 Main Results
3.1 Case of 3(r)

In this case, (1.2) has the following form:

d 1
=B Ljg) = (BL- LB). (3.1)
We have the following theorem.

1
Theorem 3.1  System (3.1) is integrable. If L is a solution of system (1.1), then —L is a

r
solution of system (3.1).

So, in this case, deformation system (3.1) does not change properties of the solution of
system (1.1).

3.2 Case of 3(0)

We just consider n = 2. Let

a ¢
L= :

where a, b, ¢ are functions which are independent of variable ¢. Then system (1.1) can be
written as the following form:

dL—[B = 2¢2 bc — ac
a7 T T U be—ae —2¢2 '

System (1.2) has the following form:

d
= [B, L]gw)

—L
dt
2c2 bec — ac ) 9 ac — be 2c?
= cos 6 cos(26) + 2sin 6 cos” 0 . (3.2

bec—ac —2c2 2¢2 bc — ac

By a direct calculation, we have the following results.

Proposition 3.1  In this case, we have
tr([B, L]g@)) =0,
(B, L]g(e) = [B, Ll
[B, Ligo+x) = —[B, Lig)-
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a c

Theorem 3.2  System (3.2) is integrable. If L = ( ! ) is a solution of system (1.1),
c

then

a c , ) c a .
cos 6 cos(26) b + 2sinf cos” 0 + constant matriz
c a ¢

is a solution of system (3.2).

Remark 3.1  When § = g+ km, k € Z, the solution of system (3.2) is a constant matrix.

So, in this case, parameter 6 has changed properties of the solution of system (1.1).

3.3 Case of 3()\)

In this case, we just consider n = 2. By a direct calculation, the system (1.2) has the

following form:

d
—L = [B, L)

dt
2¢2 bc — ac . bec —ac —2¢2
= cosh(A) cosh(2X) 0 + cosh()\) sinh(2)) )
bc —ac —2c 2¢ bc — ac

—cosh(2A)be  sinh(2))ac ) (3.3)

2sinh(A
+ 2sinh( )( —sinh(2\)be  cosh(2A)ac

Then, we have the following facts.

Proposition 3.2
tr([B, L]g(\)) = 2(bc — ac) sinh()),
tr([B, Llj) = 2(bc — ac) cosh(X).

From the above discussion, we have the following theorem.
Theorem 3.3  The system (3.3) is integrable if and only if A = 0.

So, the parameter A change the integrability of system (1.1).

4 Problems
When n = 3, we let
a x 0 0 z 0 1 0 0
L=| x b y |, B=| —z 0 vy |, B(@) =1 0 cosf® —sind
0 y c 0 -y O 0 sinf cosf

Therefore, the system (1.2) has the following form:



NO.

1 XIONG Z. SYMMETRIC TODA LATTICE HIERARCHY 53

a1 G122 a13
d

&L = [B, L},@(g) = az1 G2 Q23 ) (4.1)

azyp asz2 as3

where

a1 = 2z cos 0,

a1z = bx cos? § — zesin? 6 — ax cos O 4 xysin(260),

ayg = %(bx — cx)sin(20) + 2zysin? 0 — axsin 6,

a1 = bz cos? @ + zcsin? @ — ax cos ) — zysin(26),

a9y = —212 cos? 0 + y*(cos O + cos(30)) — 2cy cos? O sin O + by cos O sin(26),

a3 = —x%sin(26) + y*(sin 6 + sin(36)) + cy(cos O — sin O sin(26)) — by cos O cos(26),
az = —axsind — 2zxysin® 6 + %(bx — cx) sin(20),

azy = —x”sin(26) — by(cos § — sin Osin(20)) + y*(sin 6 + sin(36)) + cy cos 6 cos(26),
azz = —2x? sin? 6 — 2by sin 6 cos? @ — y*(cos O + cos(30)) + cy cos O sin(26).

Thus,

tr([B, Llg@e) #0,  [B, Lljy) # [B, Lla)-

So, is this system (4.1) integrable? When n > 3, system (1.2) is integrable?
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