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Abstract: A Lie 2-bialgebra is a Lie 2-algebra equipped with a compatible Lie 2-
coalgebra structure. In this paper, we give another equivalent description for Lie
2-bialgebras by using the structure maps and compatibility conditions. We can use
this method to check whether a 2-term direct sum of vector spaces is a Lie 2-bialgebra
easily.
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1 Introduction

1.1 Background

This paper is a sequel to [1], in which the notion of Lie 2-bialgeras was introduced. The
main purpose of this paper is to give an equivalent condition for Lie 2-bialgebras. Generally
speaking, a Lie 2-bialgebra is a Lie 2-algebra endowed with a Lie 2-coalgebra structure,
satisfying certain compatibility conditions. As we all know, a Lie bialgebra structure on
a Lie algebra (g, [+, -]) consists of a cobracket §: g — g A g, which squares to zero, and
satisfies the compatibility condition: for all z,y, z € g,
[z, y]) = [z, 0(y)] — [y, 6(x)].

Consequently, one may ask what is a Lie 2-bialgebra. A Lie 2-bialgebra is a pair of 2-terms of
Lo-algebra structure underlying a 2-vector space and its dual. The compatibility conditions
are described by big bracket (see [1]). And an L..-algebra structure on a Z-graded vector
space can be found in [2]-[4]. This description of Lie 2-bialgebras seems to be elegant, but
one cannot get directly the maps twisted between them and compatibility conditions. This

is what we will explore in this paper.
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This paper is organized as follows: In Section 1, we recall the notion of big bracket, which
has a fundamental role in this paper. Then, we introduce the basic concepts in Section 2
which is closely related to our result, that is, Lie 2-algebras and Lie 2-coalgebras, most of
which can be found in [3]. Finally, in Section 3, we give an equivalent description of Lie
2-bialgebras, whose compatibility conditions are given by big bracket.

1.2 The Big Bracket

We introduce the following Notations.

(1) Let V be a graded vector space. The degree of a homogeneous vector e is denoted
by |e].

(2) On the symmetric algebra .#*(V'), the symmetric product is denoted by ©.

It is now necessary to recall the notion of big bracket underlying the graded vector spaces

[1]. Let V = @ Vi be a Z-graded vector space, and Vi] be its degree-shifted one. Now, we
kEZ
focus on the symmetric algebra .7*(V[2] & V*[1]), denoted by .#*. In order to equip .7*

with a Lie bracket, i.e., the Schouten bracket, denoted by { -, -}, we define a bilinear map
{, '} * @5 = 7 by:

(1) {v,v'}={e, &} =0, {v, e} = (=)"|v | &), v,0" € V[2], &, &' € V*[1];

(2) {e1, ea} = —(=1)UealT3)e2l+3) fe, o1} e; € 7

(3) {e1, ea ®es} = {e1, ea} ®ez + (=1)Uelt3le2ley © {ey, €3}, e; € .7°.
Clearly, {-, -} has degree 3, and all homogeneous elements e; € .#* satisfy the following
modified Jacobi identity:

{e1s {ea, ea}} = {{er, e}, ea} + (~1)IalFD=FD e, e, eq}). (1.1)

Hence, (., ®, {-, - }) becomes a Schouten algebra, or a Gerstenhaber algebra, see [1] and
[4] for more details. Note that the big bracket here is different from that in [5], which is
defined on .7*(V @ V*) without degree shifting.

For element F' € SP(V[2]) ® S9(V*[1]), we define the following multilinear map: for all
x; € S*(V]2]),

Dp: Z*(V2))® - -@7*(V[2]) = *(V]2])

g-tuples

by
DF(xlf" 7$q) = {{{{F, .%'1}7 :L‘Q},"- 7xqfl}7 xq}'

Lemma 1.1 The following equations hold:
(1) [Dp(@1, 22, -+, x9)| = @] + [wa| + -+ [2q] + [F| + 3¢;
(2) DF(Ila cee L Ty, $i+17 cee -Tq) — (_1)(|m1|+3)(|xz+1|+3)DF(:El’ ey xi+17 Tiy vy xq)_

Proof. Since the degree of big bracket is 3, we apply this fact g-times to obtain (1).
If ¢ =2, by (1.1), we have

{.%‘1, {x27 F}} = {{xla 1‘2}, F} + (_1)(|x1|+3)(|x2\+3){m27 {xh F}}
= (=1)Umal 3z +3) £ L) FYY.
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It is easy to check that if {xy, {z2, F}} = {{F, 2}, x1}, then
{2, {z1, F}} = {F, a1}, 22}
and if {z1, {za, F}} = —{{F, 22}, x1}, then
{z2, {21, F}} = —{{F, :1}, 22}.

By induction, we conclude the proof.

Lemma 1.2  For any E € S¥(V[2]) © S{(V*[1]), F € SP(V[2]) ® S4(V*[1]), we have for
all z; € S*(V]2)),

Dip,py(z1, -5 2p)
= Z €(0)DE(DF(To), s To(g))s To(g+1)s *** » To(n))
oesh-(q,l—1)
— (—1)(EEFTES) Z €(@)Dr(DE(Toay, = s To@))s To(41)s " s To(n))s
oesh-(l,g—1)

where n = q+1—1, and here sh-(j, n—j) denotes the collection of all (j, n— j)-shuffles, and
(o) means that a sign change (—1)U#i+3)(2i01l43) happens if the place of two successive

elements x;, x;1+1 are changed.

Proof. Ifn=1, by (1.1), we get that
HE, F}, o} ={E, {F, z}} - (_1)(‘E‘+3)(‘F‘+3){F7 {E, z}}.
If n > 2, by (1.1) and Lemma 1.1, the result can be derived easily.

2 Lie 2-algebras and Lie 2-coagebras

2.1 Lie 2-algebras

We now pay special attention to Lyo-algebra structure restricted to 2-terms V = 0@ g, where
6 is of degree 1, and g is of degree 0, while the shifted vector space V[2] and V*[1] should be
considered. One can read [1] and [6] for more details of L.-algebras, where the notion of
Lo-algebra is called an SH (strongly homotopy) Lie algebras. And the degrees of elements
in g, 0, g*, and 0* can be easily obtained by a straight computation (see [1] and [4]). The
following concept is taken from [1] and [6]:

Definition 2.1 A Lie 2-algebra structure on a 2-graded vector spaces g and 6 consists of
the following maps:

(1) a linear map ¢: 0 — g;

(2) a bilinear skew-symmetric map [+, -]: gAg— g;

(3) a bilinear skew-symmetric map - > -: g\ 0 — 6;

(4) a trilinear skew-symmetric map h: gAgAg— 0,
such that the following equations are satisfied: for all x,y,z,w € g, u,v € 6,

(a) [[=, y], 2] + c.p. + dh(x, y, 2) = 0;

(d) y=(z-u)—z>=(y>u)+z, 9y = uth(d(u), z, y) = 0;
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(¢) o(u) = v+ ¢(v) = u=0;

(d) oz - u) =z, p(u)];

(e) h(lz,y], z, w) +c.p. = —w > h(z, y, z) + c.p.,
where c.p. stands for cyclic permutation.

In the sequel, we denote a Lie 2-algebra by (0, g; ¢, [, -], - > -, h) or simply (6, g).
One may be confused with these notions since in [1] the same notions are used to denote
the strict Lie 2-algebras, which are different from our weak sense. But in this paper, the
notions denote the weak cases without other statements.

We should point out that the notion of Lie 2-algebras stands for different meaning in
different literatures. The notion of semidirect Lie 2-algebras is not a special case of our
Lie 2-algebras in [2], where Baez and Crans treat semidirect Lie 2-algebras as a 2-vector
space endowed with a skew-symmetric bilinear map satisfying the Jacobi identity up to a
completely antisymmetric trilinear map called Jacobiator, which also makes sense in terms
of its Jacobiator identity. By contract our definition of Lie 2-algebras is that of 2-term
L-algebra in [1] and [6]. The reader should distinguish these concepts. However, Baez and
Crans[® have given a one-to-one correspondence between the notion of Lie 2-algebras and
2-term L.-algebra.

Before we prove a proposition, we give the following lemma.

Lemma 2.1  There is a bijection between the linear maps ¢, [+, -], - = - and h of Lie 2-
algebra and the data el?, €2, €91 and 93, where e} € 0*Gg, €2 € (0%g*)og, €)1 € g*©0*©0
and %3 € (®g*) © 0.

Proof. 1If the data ¢}9, €f2, i1 and €93 are given, then we let ¢(u) = D.io(u), [z, y] =
D.z (x,y), x> u= DE%(I, u), h(z, y, z ) = D3 (z,y, z) forall z, y, z € g, u,v € 6.
Conversely, for all z,y, z € g, u € 0, if the structure maps ¢, [-, -], - = - and h are given,
we take e8] = fo © ¢(u), where (u | fo) = 1. So, we have
( )—{5017U}: P(u).
Similarly, we take g5 = fa' © fg O [z, y], €81 = fa © fo © (x> u) and €95 = fi? © f2?
52 ® h(z, y, z) such that

(@] 5=l fgh=

(ulfo) =(x| fg) =1,

@] [ =W P =11 =1

By the language of big bracket, a Lie 2-algebra can be described in a beautiful manner:

Proposition 2.1 A Lie 2 algebra structure on a pair of graded vector spaces 6 and g is
a solution | = i + (3 + 1 + el to the equation

{l, I} =0,
where el € 0* ©g, el € (O%g*) g, €Y € g ©0* ©0 and 73 (@3 *)©0. Here the bracket
stands for the big bracket described in Section 1.2. Moreover, if €58 = 0, we call it a strict
Lie 2-algebra.
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Proof. By Lemma 2.1, it is easy to see that ¢(u) = D.io(u), [z, y] = D.z2(z, y), x = u =
D o (z, u) and h(zx, y, z) = D, 03 (z,y, z) for all x,y,z € g, u,v € 6.

Since | = 30 + &2 + 91 + €92, we get

{1, 1} = {e00, €00} + {e81, ef1} + 2{ents eop} + 2{eons €41
+2{eq1, efo} + 2{enp, €11} + 2{ea 10} + 2{eM1, e%0 -
By Lemma 1.2, we have
Da,iy(, y, 2) = Dyqz a2y(w, y, 2) + 2D 0 cosy (@, y, 2)
= 2(Deg2(Degz (2, ), 2) + e.p.) + 2Dcpo (Deoa (w, y, 2))
= 2([le, 4], 2]+ c.p. + Dbz v, 2)):
D, iy(x, y, u) = 2D0 cosy(z, y, u) + Dcor oy (2, y, u) + 2Dz o1y (2, y, u)
= 2D.03(Deyo(u), 2, y) + 2(=Dg1 (Deor (z, u), y) + Degr (Deor (y, w), )
+2D01 (D2 (2, y), u)
= (b)) +y > (&= w) — = (y = ) + [o 9] = u);
Dy, (@, u) = 2D 2y (2, u) + 2D o1y (2, u)
=2D2(D.0(u), ) 4+ 2D0 (D01 (2, u)
= 2([¢(u), 2] + o(z = u));
Dy, iy(u, v) = 2D 10 o1y (u, v)

= 2(Do1(D.y0(u), v) + Dot (Deio(v), u))
= 2(p(u) = v+ ¢(v) = u);

Dy, (@, y, 2, w) = 2Dz 05y (2, y, 2, w) + 2D 01 03y (2, y, 2, w)
= 2(D.3(Desz(x, y), 2, w) + c.p. + Deor (Deos (2, y, 2), w) + c.p.)
= 2(h([z, y], 2z, w) + c.p. + w = h(z, y, z) + c.p.).

Hence, {I, I} = 0 if and only if the right hand side of these equations vanish, which implies

that (6, g) is a Lie 2-algebra.

Remark 2.1  Note that in [1], a strict Lie 2-algebra is equivalent to a Lie algebra crossed
module. Similarly, one may ask what is a Lie 2-algebra crossed module, this work has been

solved in [8]. The reader can read this for more details.

Example 2.1 Let V3 be a 3-dimensional vector space. Then we can construct a Lie
2-algebra as follows:

O: R — V3 is the trivial map;

[-,-]: V3 x V3 — V3 is the crossed product;

->=-: V3 AR — R is given by a > k = k(ae), where e= (1, 1, 1);

h: V3 A V3 AV — R is its mixed product.

One can easily check that R @ V3 becomes a Lie 2-algebra.
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2.2 Lie 2-coalgebras

As we all know, if (g*, [, -]«) is a Lie algebra, then (g, d) is a Lie coalgebra, where (z |
[€, ¢l«) = —(6(x) | ENg) for all x € g, £,¢ € g*. Similar to the relation between Lie algebras
and Lie coalgebras, if (g*, 6*) is a Lie 2-algebra, then we call (0, g) a Lie 2-coalgebra.

Besides, we have the following:

Proposition 2.2 A Lie 2-coalgebra structure on a pair of graded vector spaces 6 and g
is a solution ¢ = e} + €99 + el + &% € LY to the equation

{c, c} =0,
where e} € 0* © g, €3 € 6* © (©%0), el} € g* ©g© 0 and €3} € g* © (©30).

We would give an equivalent condition of a Lie 2-coalgebra by the language of maps and
compatibility conditions. The following notations are taken from [1]:
(1) Wi, = {w € g A (A*710): terpecw = —teipebwl, k> 1, €, € g%
(2) The bilinear map: for all z € g, u € 0,
Dy: N (g 0) = N (g 0)
defined by
Dyl + ) = d(u)

is a degree-0 derivation with respect to the wedge product.
The maps and compatibility conditions of a Lie 2-coalgebra can be summarized as follows.

Theorem 2.1 A Lie 2-coalgebra structure on (0, g) is equivalent to the following linear
maps 0: g — Wo CgNB,w:0 —>0AN0, andn: g— 0 ANOABO such that

(w+6)6 = Dyn;

(4) wn=nd.
Here we regard both w and § as degree-1 derivations on A®(g®0), and n as degree-2 by letting
wlg =0, 6|9 =0 and n|sp = 0.

Proof. According to Proposition 2.1, a Lie 2-coalgebra structure on (6, g) is equivalent to
the fact that (g*, 6*) is a Lie 2-algebra, which consists of the following linear maps:
T gt — 0%
[+, ]e: OF NO* — 0%
o R AAN: M s
m: 0* AO* N O* — g*,
such that for all £,¢ € g%, K, K1, K2, K3, kg € 0%,
(a) [[k1, Kals, k3]« +c.p. — T m(k1, Ko, K3) = 0;
(b) ro> (k1> &) — k1D (ko> &) + [K1, Kol > & —m(¢T(€), ki, K2) = 0;
() ¢ (E)ps=—¢"(s)>&;
(d) ¢"(k>&) = [k, &7 (&)
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(e) m([k1, Kalx, K3, Ka) + C.p. = —Ka > m(K1, K2, K3) +C.p.
Then a triple of linear maps (§, w, ) is defined by: for all x € g, u € 0, ¢ € g*,
K, K1, K2, k3 € 0%,

(0(2) [EAR) = (x| r>E),
(w(u) [ K1 A ko) = —(ul [r1, Kols),

(n(x) | k1 A k2 Ak3) = —(x | m(k1, K2, K3))-
Note that

(0p(u) [ ENR) = ((u) | K> &)

—(u| 9" (k1))
(Dgw(u) | EAR) = = (w(u) | o7 () A k)
—(u| [r, T (E)])-
So, Dyw = §¢ is equivalent to (d).
(W(u) | K1 A k2 Akg) = —(w(u) | [51, Kol A k3 +c.p.)

(u | [[K1, Kals, k3]s +c.p.),
(96(u) | 5 A iz A ) = — (B(u) | m(a, iz, ms))

= (u| ¢"m(k1, K2, K3)).

Hence, w? = n¢ is equivalent to (a).
(Wo(x) | EN K1 A Ke) = {wd(x) | K1 Ak AE)
= (6(x) | [k1, K2l A E)
= (z | [k1, Ko« > ),
(00(x) | EN KL ARa) = (0(x) | (k1> E) Ak — (ke &) AKr)
= (@ | he > (k1> &) — K1 (k2> E)),
— (n(x) | §7(&) A k1 A k)

= (x| m(¢"(€), k1, K2))-
Therefore, (w+ 6)d = Dyn if and only if (b) holds.

(Dgn(x) | €A k1 A k)

(wn(x) | kK1 A2 A3 ARy) = — (n(x) | [K1, K]« A K3 A Kg + Cp.)
= (x| m([k1, Kols, K3, Ka) + cp.),
Md(z) | k1 ANk A3 Akg) = —(§(x) | m(k1, ke, K3) A Ka + C.p.)
= — (x| ky>m(K1, Ka, K3) + C.p.).

Thus, wn = nd if and only if (e) holds.
Meanwhile, since tgig+sw = (A @*(s))w, we have that 6(z) € W3 if and only if (c) holds.

3 Lie 2-bialgebras

3.1 Basic Concepts

The following concept is taken from [1].
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Definition 3.1 A Lie 2- bz'algebm structure on a pair of graded vector spaces 8 and g is
a solution € = &) + b2 + eV + 98 + Q) + elh + 98 € LY to the equation

{€, e} =0,
where e} € 0* © g, €30 € 0* © (©20), el € g* © g © 0, e € g* © (©30), et € (0%g*) O g,
sueg<3m®0amu € (@%g*) @4.
In particular, if both €3 and €35 vanish, we call it a strict Lie 2-bialgebra.

It is known that if (g, [, -], 0) is a Lie bialgebra, then (g, [-, -]) is a Lie algebra and
(g, 9) is a Lie coalgebra. Similarly, we have the following lemma which can also be found in

.

Lemma 3.1  If (0, g; €) is a Lie 2-bialgebra, then (0, g; 1), where | = &}{ + &2 + 91 +&93
is a Lie 2-algebra, and (0, g; ), where ¢ = e} + &30 + el +el € # =4 is a Lie 2-coalgebra.

In the view of the proof of Lemma 3.2 below, this fact can be obtained easily.

3.2 Main Theorem

Before we state and prove our main theorem, we give the following lemma.

Lemma 3.2  If(0, g; €) is a Lie 2-bialgebra, then it is equivalent to the following equations:

{ei2 4+ €9+ + 82, ed+ed + 8+ =0, (3.1)
{0t + €21 + €10 + €30, €01 + 91 +erp+ezp) =0, (3.2)
{eops €10} + {e0ps €50} + {11, €7

+{el1, e10} +{ells €50} + {e%6, e} + {16, €10} = 0. (3-3)

Proof. Let a =¢el3+ %1 + &% and b =30 + 1} + 30. Then we have
{e, e} = {l—f—c—séﬁ)7 I+ c—ed?
= {l7 l} + {C, C} + 2{la C} - 2{l7 6(%(1) - 2{67 5 } + {801v 501
={l, 1} + {c, ¢} + 2{a, b}.
By examining each component, we have that {I, I} € SP(V*[1]) ©® V[2], {c, ¢} € S1(V[2]) ®
V*[1] and {a, b} € S*¥(V*[1]) ® SY(V[2]), where p,q, k1 > 2.
Hence, we have {¢, ¢} = 0 if and only if {l, [} =0, {¢, ¢} = 0 and {a, b} = 0. Expanding
these three terms gives the desired result. The proof is completed.
Our main theorem is now ready to be stated.

Theorem 3.1  Given a Lie 2-coalgebra structure (8, w, n) on a Lie 2-algebra (6, g; ¢,
[+, -], - =, h), it forms a Lie 2-bialgebra if and only if the following equations are satisfied:
forallx,y,z €9, ueb,

(1) 8l o)) = [e, 3(u)] — (), ol

2) =z, y]) =2 = ny) —y > n(=);

3) w>u)=a>wu)+ix)>u

(4) wh(z,y, z) = h((x)y, z) + c.p.
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Proof. Let e = el + 01 + 93 + el + 99 +eld + €% € (4.

According to Proposition 2.1, {l, 1} = 0 is equivalent to the fact that (6, g) is a Lie
2-algebra, where ¢(u) = Do (u), [z, y] = Daz(z, y), = u = D.oi(z, u) and h(z, y, z) =
Ds(l)(s)(l'7 y, z) for all z,y,z € g, u € 6. And Proposition 2.2 implies that {c, ¢} = 0 is
equivalent to (6, g) being a Lie 2-coalgebra, i.e., (g*, 8*) is a Lie 2-algebra.

Hence, by Lemma 3.2, it suffices to prove that (3.3) is equivalent to the four conditions
in this theorem. y

For any E € S*(V*[1]) ® S'(V[2]), we introduce a multilinear map Dg dual to Dg by:
for all & € 7*(V*[1]),

ﬁE(gla 527' ) gl) = {{ B {{E7 51}7 52}5 T gl—l}v fl}

Then the triple of linear maps (6, w, 1) is introduced by: for all x € g, u € 0, K, K1, K2, k3 €
0%, { € g,
(0(2) | ENK) = (x| r>E)

= {1‘, DZ%%(“@ f)}

= {z, {{e10: v}, €}}
= {{z, {e10: w}}, &}
= {{{z, 1o}, £}, €}
= {& {{z, e1o}, £}}
= —{{{e1, 2}, &}, K}
= — {{D.(2), £}, K},

(W) | k1 A ko) = — (u] [k1, Kale)
- {u Do (i1, 52)}

= —{u, {{e31, k1}, 2}
= — {{u, {21, m1}}, w2}
= — {{{u, 3}, k1), w2}
= {{{e21, u}, w1}, Ko}
= {{Dcgo(u), K1}, Ko},

(@) [ k1 A w2 Arg) = — (& | m(ki, ko, K3))

\

= - {ZZ?, Dsgé(nla K2, K’3)}

= —{z, {{{e30, 1}, r2}, w3}}
= — {{z, {{e50, w1}, K2}}, w3}
= — {{{z, {e30, w1}}, w2}, K3}
= — {{{e30: =}, m1}, m2}, K3}
= - {{{Dsg}](x)a K1}, Ko}, K3}
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Since the left hand side of (3.3) belongs to (©?g*) ® g ® 0 + (©20) ® g* ® 0* + (©%g*) ©
(®%0) + (©3g*) © (©20), we have

D ez, ct3y 18, 51 (08, Q) +-e0, ed3 1+ (e8], 38 1+e3, <82} +4=03, 18} (25 ¥), €} K}
= {Dz, 1y (2, y) + Dicor g (2, ), €}, k)
= {{De1s(Dz(z, y)) + Derzcor (Doaa (@), y) — Deazy o1 (Do (y), ), €4, £}
= (=6([z, y]) + [=, 6(»)] — [6(2), y] | £ A K),
{{ID 33 <13 (o33, <081 {08, Q01+ {01, 1+ {<01 e84} +-{<95, €90} +-{(<98, 13} (T, W), R}, o}
= {{Deo1,c00y (%, y) + Dycor iy (@, y), K1}, K2}
= {{Deyo(D.o1(z, u)) + Deor (Dego(u), ) + Deor (Do (2), u), K1}, Kot
= (w(x = u) —x>=wu) —d(x) = u| Kk AKs),
{HD et 11 (e83, G310, €901+ (e01, 1 {eh, <83} {03, €991+ {635, <12} (@ ), i}, kb, i}
= {{{Dyaiz,c013 (%, y) + Dycor o1y (2, y), K1}, Ko}, K3}

= {{{Dsgé(Dsé%(x7 y)) +Ds% (D 9% (1‘), y) - Ds(ﬁ (D 9% (y)v :C), ’il}’ HQ}? H3}

€01 01
= (=n(lz, y]) =y = n(x) + = = n(y) | K1 A K2 A Ka),
D (83, 13} +{e33. <983+ (0, €90} +{e0h, 1)+ {91 93 )+ {e95. <90} + (<93, 13} (5 ¥ 2), K}, o}
= {{De03,c00y (2, ¥, 2) + Doz a1y (2, 9, 2), K1}, K2}
= {{D.w(D.os(x, y, 2)) + Doz (D 11 (2), y, 2) + c.p., K1}, Ka}
= (wh(x, y, z) — h(6(x), y, 2) + c.p. | K1 A K2).
Hence, it follows that (3.3) is equivalent to that the triple (4, w, 1) satisfies four compatibility
conditions. This concludes the proof.
In the following, we give two examples of Lie 2-bialgebras to end up this paper. The first

is a strict one.

Example 3.1  Consider a 2-term complex (g — g/b, m), where g is a Lie algebra and b
is one of its ideal and 7 is the canonical map. Equip the trivial action of g on g/h, then
(g — g/b, 7) is a strict Lie 2-algebra.

As in [3], any Lie 2-bialgebra structure underlying (g — g/bh, 7) is equivalently assigning
a Lie 2-algebra structure on ((g/h)* — g*, 77).

Example 3.2 Following Example 2.1, we can construct a Lie 2-coalgebra structure on
(R — V3). Let R* be a dual space of R, then we can equip a Lie bracket [f, g] = fg — gf
on R*. Hence R* becomes an abelian Lie algebra, then we endow the trivial action of R*
on V5" and the trivial homotopy map. One can check that the maps in Example 2.1 and
above make (R — V3) become a Lie 2-bialgebra.
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