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1 Introduction

Let A denote the class of functions of the form

f(z) = z +

+∞∑
n=2

anz
n, (1.1)

which are analytic in the open unit disk U = {z : |z| < 1}. Further, we denote by S the

class of all functions in A which are univalent in U . A function f in S is said to be starlike

of order α, 0 ≤ α < 1, and is denoted by S∗(α) if Re

{
zf ′(z)

f(z)

}
> α, z ∈ U , and is said

to be convex of order α, 0 ≤ α < 1, and is denoted by K(α) if Re

{
1 +

zf ′′(z)

f ′(z)

}
> α,
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z ∈ U . Mocanu[1] studied linear combinations of the representations of convex and starlike

functions and defined the class of α-convex functions. In [2], it was shown that if

Re

{
(1− α)

zf ′(z)

f(z)
+ α

(
1 +

zf ′′(z)

f ′(z)

)}
> 0, z ∈ U,

then f is in the class of starlike functions S∗(0) for α be a real number and is in the class

of convex functions K(0) for α ≥ 1.

Further, We say that f(z) ∈ A is α-starlike in U if f(z) satisfies

f(z)f ′(z)
1 + zf ′′(z)

f ′(z)
̸= 0, |z| < 1

and

Re

{(
zf ′(z)

f(z)

)α(
1 +

zf ′′(z)

f ′(z)

)1−α

> 0

}
.

For such α-starlike functions, Lewandowski et al.[3] proved that all α-starlike functions

are univalent and starlike for all α (α ∈ R).

In [4], it was shown that if

Re

(
αz2f ′′(z)

f(z)
+

zf ′(z)

f(z)

)
> −α

2
, α ≥ 0, z ∈ U,

then f ∈ S∗(0).

For the function f(z) = z +
+∞∑
n=2

anz
n and g(z) = z +

+∞∑
n=2

bnz
n, let (f ∗ g)(z) denote the

Hadamard product or convolution of f(z) and g(z), defined by

(f ∗ g)(z) = z +

+∞∑
n=2

anbnz
n. (1.2)

For 0 ≤ α < 1 and λ ≥ 0, we let Qλ(h, α) be the subclass of A consisting of functions

f(z) of the form (1.1) and functions h(z) given by

h(z) = z +
+∞∑
n=2

hnz
n, hn > 0 (1.3)

and satisfying the analytic criterion:

Re

[
(1− λ)

(f ∗ h)(z)
z

+ λ(f ∗ h)′(z)
]
> α, 0 ≤ α < 1, λ ≥ 0.

It is easy to see that Qλ1(h, α) ⊂ Qλ2(h, α) for λ1 > λ2 ≥ 0. Thus, for λ ≥ 1, 0 ≤ α < 1,

Qλ(h, α) ⊂ Q1(h, α) = {f, h ∈ A : Re(f ∗ h)′(z) > α, 0 ≤ α < 1} and hence Qλ(h, α) is

univalent class (see [5]–[7]).

We note that Qλ

(
z

1− z
, α

)
= Qλ(α) (see [8]).

It is well known that every function f ∈ S has an inverse f−1, defined by

f−1(f(z)) = z, z ∈ U

and

f(f−1(ω)) = ω, |ω| < r0(f), r0(f) ≥
1

4
,



NO. 1 GUO D. et al. BI-UNIVALENT FUNCTIONS DEFINED BY CONVOLUTION 67

where

f−1(ω) = ω − a2ω
2 + (2a22 − a3)ω

3 − (5a32 − 5a2a3 + a4)ω
4 + · · ·

A function f ∈ A is said to be bi-univalent in U if both f(z) and f−1(z) are univalent

in U .

Let Σ denote the class of all bi-univalent functions in U given by (1.1). The class of

bi-univalent functions was introduced by Lewin[9] in 1967 and was showed that |a2| < 1.51.

Brannan and Clunie[10] conjectured that |a2| <
√
2 for f ∈ Σ . Netanyahu[11] showed that

max |a2| =
4

3
if f ∈ Σ . Recently, many authors investigated bounds for various subclasses

of bi-univalent functions (see [12]–[17]).

The object of the present paper is to introduce several subclasses of the function class

Σ and find estimates on the coefficients |a2| and |a3| for functions in these new subclasses

of the function class Σ employing the techniques used earlier by Peng et al.[16]

2 Coefficient Estimates

In the sequel, it is assumed that φ is an analytic function with positive real part in the unit

disk U , satisfying φ(0) = 1, φ′(0) > 0, and φ(U) is symmetric with respect to the real axis.

Such a function has a Taylor series of the form

φ(z) = 1 +B1z +B2z
2 +B3z

3 + · · · , B1 > 0. (2.1)

Suppose that u(z) and v(z) are analytic in the unit disk U with u(0) = v(0) = 0, |u(z)| < 1,

|v(z)| < 1, and

u(z) = b1z +
+∞∑
n=2

bnz
n, v(z) = c1z +

+∞∑
n=2

cnz
n, |z| < 1. (2.2)

It is well known that (see [18], P.172)

|b1| ≤ 1, |b2| ≤ 1− |b1|2, |c1| ≤ 1, |c2| ≤ 1− |c1|2. (2.3)

By a simple calculation, we have

φ(u(z)) = 1 +B1b1z + (B1b2 +B2b
2
1)z

2 + · · · , |z| < 1, (2.4)

φ(v(ω)) = 1 +B1c1ω + (B1c2 +B2c
2
1)ω

2 + · · · , |ω| < 1. (2.5)

Definition 2.1 A function f ∈ Σ given by (1.1) is said to be in the class MΣ (h, α, φ),

α ≥ 0, if the following conditions are satisfied:

(1− α)
z(f ∗ h)′(z)
(f ∗ h)(z)

+ α

(
1 +

z(f ∗ h)′′(z)
(f ∗ h)′(z)

)
≺ φ(z), z ∈ U

and

(1− α)
ω((f ∗ h)−1)′(ω)

(f ∗ h)−1(ω)
+ α

(
1 +

ω((f ∗ h)−1)′′(ω)

((f ∗ h)−1)′(ω)

)
≺ φ(ω), ω ∈ U,

where the function h(z) is given by (1.3) and (f ∗ h)−1(ω) is defined by:

(f ∗ h)−1(ω) = ω − a2h2ω
2 + (2a22h

2
2 − a3h3)ω

3 + · · · (2.6)
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We note that for h(z) =
z

1− z
, the class MΣ (h, α, φ) reduces to the class MΣ (α, φ)

studied by Peng et al. (see [16], Definition 2.3).

Theorem 2.1 Let f given by (1.1) be in the class MΣ (h, α, φ), α ≥ 0. Then

|a2| ≤
B1

√
B1

h2

√
(1 + α)|B2

1 − (1 + α)B2|+B1(1 + α)2
(2.7)

and

|a3| ≤


B1

h3(1 + α)
, if |B2| ≤ B1;

B1|B2
1 − (1 + α)B2|+ (1 + α)B1|B2|

h3(1 + α)(|B2
1 − (1 + α)B2|+B1(1 + α))

, if |B2| > B1.

(2.8)

Proof. Let f ∈ MΣ (h, α, φ), α ≥ 0. Then there are analytic functions u, v : U −→ U given

by (2.2) such that

(1− α)
z(f ∗ h)′(z)
(f ∗ h)(z)

+ α

(
1 +

z(f ∗ h)′′(z)
(f ∗ h)′(z)

)
= φ(u(z)) (2.9)

and

(1− α)
ω((f ∗ h)−1)′(ω)

(f ∗ h)−1(ω)
+ α

(
1 +

ω((f ∗ h)−1)′′(ω)

((f ∗ h)−1)′(ω)

)
= φ(v(ω)). (2.10)

Now, equating the coefficients in (2.9) and (2.10), we get

(1 + α)a2h2 = B1b1, (2.11)

2(1 + 2α)a3h3 − (1 + 3α)a22h
2
2 = B1b2 +B2b

2
1, (2.12)

− (1 + α)a2h2 = B1c1, (2.13)

(3 + 5α)a22h
2
2 − 2(1 + 2α)a3h3 = B1c2 +B2c

2
1. (2.14)

From (2.11) and (2.13) we get

b1 = −c1, (2.15)

a22 =
B2

1(b
2
1 + c21)

2h2
2(1 + α)2

. (2.16)

Adding (2.12) and (2.13), we have

2(1 + α)a22h
2
2 = B1(b2 + c2) +B2(b

2
1 + c21). (2.17)

Substituting (2.15) and (2.16) into (2.17), we get

b21 =
B1(1 + α)2(b2 + c2)

2(1 + α)B2
1 − 2B2(1 + α)2

. (2.18)

Substituting (2.15) and (2.18) into (2.16), we get

a22 =
B3

1(b2 + c2)

2(1 + α)h2
2(B

2
1 −B2(1 + α))

. (2.19)

Then, in view of (2.3), we have

(1 + α)h2
2|B2

1 −B2(1 + α)||a2|2 ≤ B3
1(1− |b1|2). (2.20)

From (2.11) and (2.20) we get

|a2| ≤
B1

√
B1

h2

√
(1 + α)|B2

1 − (1 + α)B2|+B1(1 + α)2
.
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Next, from (2.12) and (2.14) we have

4(1 + 2α)(1 + α)a3h3 = (3 + 5α)B1b2 + (1 + 3α)B1c2 + 4(1 + 2α)B2b
2
1.

Then, in view of (2.3), we have

4(1 + 2α)(1 + α)h3|a3| ≤ 4(1 + 2α)B1 + 4(1 + 2α)[|B2| −B1]|b1|2.
Notice that

|b1|2 =
(1 + α)2h2

2

B2
1

|a2|2 ≤ B1(1 + α)

|B2
1 − (1 + α)B2|+B1(1 + α)

,

we get

|a3| ≤


B1

h3(1 + α)
, if |B2| ≤ B1;

B1|B2
1 − (1 + α)B2|+ (1 + α)B1|B2|

h3(1 + α)(|B2
1 − (1 + α)B2|+B1(1 + α))

, if |B2| > B1.

This completes the proof of Theorem 2.1.

Remark 2.1 Putting h(z) =
z

1− z
in Theorem 2.1, we obtain the results obtained by

Peng et al. (see [16], Theorem 2.3).

Example 2.1 (1) For

h(z) = z +
+∞∑
n=2

[
1 + ι+ γ(n− 1)

1 + ι

]m
zn, ι, γ ≥ 0, m ∈ N, (2.21)

this operator contains in turn many interesting operator (see [19]). Theorem 2.1 becomes

|a2| ≤
B1

√
B1[

1 + ι+ γ

1 + ι

]m√
(1 + α)|B2

1 − (1 + α)B2|+B1(1 + α)2

and

|a3| ≤



1[
1 + ι+ 2γ

1 + ι

]m B1

(1 + α)
, if |B2| ≤ B1;

1[
1 + ι+ 2γ

1 + ι

]m B1|B2
1 − (1 + α)B2|+ (1 + α)B1|B2|

(1 + α)(|B2
1 − (1 + α)B2|+B1(1 + α))

, if |B2| > B1.

(2) For

h(z) = z +

+∞∑
n=2

Γn−1(α1)z
n, (2.22)

where

Γn−1(α1) =
(α1)n−1 · · · (αq)n−1

(β1)n−1 · · · (βs)n−1(1)n−1
, n ≥ 2, (2.23)

q ≤ s + 1, αi ∈ C (i = 1, 2, · · · , q), and βj ∈ C\Z−
0 (j = 1, 2, · · · , s), where Z−

0 =

{0,−1,−2, · · · }, this operator contains in turn many interesting operators (see [20]). Theo-

rem 2.1 becomes
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|a2| ≤
B1

√
B1

|Γ1(α1)|
√
(1 + α)|B2

1 − (1 + α)B2|+B1(1 + α)2

and

|a3| ≤


B1

|Γ2(α1)|(1 + α)
, if |B2| ≤ B1;

B1|B2
1 − (1 + α)B2|+ (1 + α)B1|B2|

|Γ2(α1)|(1 + α)(|B2
1 − (1 + α)B2|+B1(1 + α))

, if |B2| > B1.

Definition 2.2 A function f ∈ Σ given by (1.1) is said to be in the class BΣ (h, λ, φ),

λ ≥ 0, if the following conditions are satisfied:

(1− λ)
(f ∗ h)(z)

z
+ λ(f ∗ h)′(z) ≺ φ(z), z ∈ U

and

(1− λ)
(f ∗ h)−1(ω)

ω
+ λ((f ∗ h)−1)′(ω) ≺ φ(ω), ω ∈ U,

where the function h(z) is given by (1.3) and (f ∗ h)−1(ω) is given by (2.6).

We note that for h(z) =
z

1− z
, the class BΣ (h, α, φ) reduces to the class BΣ (λ, φ)

studied by Peng et al. (see [16], Definition 2.5). Also for φ(z) =

(
1 + z

1− z

)α

, the class

BΣ (h, α, φ) reduces to the class BΣ (h, α, λ), which is introduced and studied by EI-Ashwah

(see [17], Definition 1). And for φ(z) =
1 + (1− 2β)

1− z
, the class BΣ (h, α, φ) reduces to the

class BΣ (h, β, λ), which is introduced and studied by EI-Ashwah (see [17], Definition 2].

Theorem 2.2 Let f given by (1.1) be in the class BΣ (h, λ, φ), λ ≥ 0. Then

|a2| ≤
B1

√
B1

h2

√
|(1 + 2λ)B2

1 − (1 + λ)2B2|+ (1 + λ)2B1

(2.24)

and

|a3| ≤


B1

h3(1 + 2λ)
, if B1 ≤ (1 + λ)2

1 + 2λ
;

B1|(1 + 2λ)B2
1 − (1 + λ)2B2|+ (1 + 2λ)B3

1

h3(1 + 2λ)(|(1 + 2λ)B2
1 − (1 + λ)2B2|+ (1 + λ)2B1)

, if B1 >
(1 + λ)2

1 + 2λ
.

(2.25)

Proof. Let f(z) ∈ BΣ (h, λ, φ), λ ≥ 0. Then there are analytic functions u, v : U −→ U

given by (2.2) such that

(1− λ)
(f ∗ h)(z)

z
+ λ(f ∗ h)′(z) = φ(u(z)) (2.26)

and

(1− λ)
(f ∗ h)−1(ω)

ω
+ λ((f ∗ h)−1)′(ω) = φ(v(ω)). (2.27)

Since

(1− λ)
(f ∗ h)(z)

z
+ λ(f ∗ h)′(z) = 1 + (1 + λ)a2h2z + (1 + 2λ)a3h3z

2 + · · ·
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and

(1−λ)
(f ∗ h)−1(ω)

ω
+λ((f ∗h)−1)′(ω) = 1− (1+λ)a2h2ω+(1+2λ)(2a22h

2
2−a3h3)ω

2+ · · · ,

it follows from (2.4), (2.5), (2.26) and (2.27) that

(1 + λ)a2h2 = B1b1, (2.28)

(1 + 2λ)a3h3 = B1b2 +B2b
2
1, (2.29)

− (1 + λ)a2h2 = B1c1, (2.30)

2(1 + 2λ)a22h
2
2 − (1 + 2λ)a3h3 = B1c2 +B2c

2
1. (2.31)

From (2.28) and (2.30) we get

b1 = −c1, (2.32)

a22 =
B2

1(b
2
1 + c21)

2h2
2(1 + λ)2

. (2.33)

By adding (2.29) to (2.31), we have

2(1 + 2λ)a22h
2
2 = B1(b2 + c2) +B2(b

2
1 + c21). (2.34)

Substituting (2.32) and (2.33) into (2.34), we get

b21 =
B1(1 + λ)2(b2 + c2)

2(1 + 2λ)B2
1 − 2B2(1 + λ)2

. (2.35)

Substituting (2.32) and (2.35) into (2.33), we get

a22 =
B3

1(b2 + c2)

h2
2(2(1 + 2λ)B2

1 − 2B2(1 + λ)2)
. (2.36)

Then, in view of (2.3) and (2.32), we have

|a2|2 ≤ B3
1(1− |b1|2)

h2
2|(1 + 2λ)B2

1 −B2(1 + λ)2|
. (2.37)

From (2.28) and (2.37) we get

|a2| ≤
B1

√
B1

h2

√
|(1 + 2λ)B2

1 − (1 + λ)2B2|+ (1 + λ)2B1

. (2.38)

By subtracting (2.29) from (2.31) and a computation using (2.32) finally leads to

2(1 + 2λ)a3h3 = 2(1 + 2λ)a22h
2
2 +B1(b2 − c2). (2.39)

Then, in view of (2.3) and (2.32), we have

2(1 + 2λ)h3|a3| ≤ 2(1 + 2λ)h2
2|a2|2 +B1(|b2|+ |c2|)

≤ 2(1 + 2λ)h2
2|a2|2 + 2B1(1− |b1|2).

It follows from (2.28) that

(1 + 2λ)h3B1|a3| ≤ h2
2[(1 + 2λ)B1 − (1 + λ)2]|a2|2 +B2

1 .

Notice that (2.38), we have

|a3| ≤


B1

h3(1 + 2λ)
, if B1 ≤ (1 + λ)2

1 + 2λ
;

B1|(1 + 2λ)B2
1 − (1 + λ)2B2|+ (1 + 2λ)B3

1

h3(1 + 2λ)(|(1 + 2λ)B2
1 − (1 + λ)2B2|+ (1 + λ)2B1)

, if B1 >
(1 + λ)2

1 + 2λ
.

This completes the proof of Theorem 2.2.
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Remark 2.2 (1) Putting h(z) =
z

1− z
in Theorem 2.2, we obtain the results obtained

by Peng et al. (see [16], Theorem 2.5).

(2) If let φ(z) =

(
1 + z

1− z

)α

= 1+2αz+2α2z2+ · · · (0 < α ≤ 1), then inequalities (2.24)

and (2.25) become

|a2| ≤
2α

h2

√
α|1 + 2λ− λ2|+ (1 + λ)2

(2.40)

and

|a3| ≤


2α

h3(1 + 2λ)
, if 0 < α ≤ (1 + λ)2

2(1 + 2λ)
;

2α2|1 + 2λ− λ2|+ 4(1 + 2λ)α2

h3(1 + 2λ)(α|1 + 2λ− λ2|+ (1 + λ)2)
, if

(1 + λ)2

2(1 + 2λ)
< α ≤ 1.

(2.41)

The bounds on |a2| and |a3| given in (2.40) and (2.41) are more accurate than that given by

Theorem 1 in [17].

(3) If let φ(z) =
1 + (1− 2β)z

1− z
= 1 + 2(1 − β)z + 2(1 − β)z2 + · · · (0 ≤ α < 1), then

inequalities (2.24) and (2.25) become

|a2| ≤
2(1− β)

h2

√
|2(1 + 2λ)(1− β)− (1 + λ)2|+ (1 + λ)2

(2.42)

and

|a3| ≤



2(1− β)

h3(1 + 2λ)
, if

1 + 2λ− λ2

2(1 + 2λ)
≤ β < 1;

2(1− β)|2(1 + 2λ)(1− β)− (1 + λ)2|+ 4(1 + 2λ)(1− β)2

h3(1 + 2λ)(|2(1 + 2λ)(1− β)− (1 + λ)2|+ (1 + λ)2)
,

if 0 ≤ β <
1 + 2λ− λ2

2(1 + 2λ)
.

(2.43)

The bounds on |a2| and |a3| given in (2.42) and (2.43) are more accurate than that given by

Theorem 2 in [17].

Definition 2.3 A function f ∈ Σ given by (1.1) is said to be in the class CΣ (h, λ, φ),

λ ≥ 0, if the following conditions are satisfied:(
(f ∗ h)(z)

z

)λ

((f ∗ h)′(z))1−λ ≺ φ(z), z ∈ U

and (
(f ∗ h)−1(ω)

ω

)λ

[((f ∗ h)−1)′(ω)]1−λ ≺ φ(ω), ω ∈ U,

where the function h(z) is given by (1.3) and (f ∗ h)−1(ω) is given by (2.6).

By applying the method of the proof of Theorem 2.2, we can prove the following result.

Theorem 2.3 Let f given by (1.1) be in the class CΣ (h, λ, φ), λ ≥ 0. Then

|a2| ≤
B1

√
2B1

h2

√
|(λ2 − 5λ+ 6)B2

1 − 2(2− λ)2B2|+ 2(2− λ)2B1
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and

|a3| ≤


B1

h3|3− 2λ|
, if B1 ≤ (2− λ)2

|3− 2λ|
;

2B3
1 |3− 2λ|+B1|(λ2 − 5λ+ 6)B2

1 − 2(2− λ)2B2|
h3|3− 2λ|[|(λ2 − 5λ+ 6)B2

1 − 2(2− λ)2B2|+ 2(2− λ)2B1]
, if B1 >

(2− λ)2

|3− 2λ|
.

Definition 2.4 A function f ∈ Σ given by (1.1) is said to be in the class LΣ (h, α, φ),

α ≥ 0, if the following conditions are satisfied:(
z(f ∗ h)′(z)
(f ∗ h)(z)

)α(
1 +

z(f ∗ h)′′(z)
(f ∗ h)′(z)

)1−α

≺ φ(z), z ∈ U

and (
ω((f ∗ h)−1)′(ω)

(f ∗ h)−1(ω)

)α(
1 +

ω((f ∗ h)−1)′′(ω)

((f ∗ h)−1)′(ω)

)1−α

≺ φ(ω), ω ∈ U,

where the function h(z) is given by (1.3) and (f ∗ h)−1(ω) is given by (2.6). We note that

for h(z) =
z

1− z
, the class LΣ (h, α, φ) reduces to the class LΣ (α, φ) studied by Peng et al.

(see [16], Definition 2.4).

By applying the method of the proof of Theorem 2.1, we can prove the following result.

Theorem 2.4 Let f given by (1.1) be in the class LΣ (h, α, φ), α ≥ 0. Then

|a2| ≤
B1

√
2B1

h2

√
|(α2 − 3α+ 4)B2

1 − 2(2− α)2B2|+ 2B1(2− α)2

and

|a3| ≤


2B1

h3(α2 − 3α+ 4)
, if |B2| ≤ B1;

2B1|(α2 − 3α+ 4)B2
1 − 2(2− α)2B2|+ 4(2− α)2B1|B2|

h3(α2 − 3α+ 4)(|(α2 − 3α+ 4)B2
1 − 2(2− α)2B2|+ 2B1(2− α)2)

, if |B2| > B1.

Remark 2.3 Putting h(z) =
z

1− z
in Theorem 2.4, we obtain the results obtained by

Peng et al. (see [16], Theorem 2.4).

Definition 2.5 A function f ∈ Σ given by (1.1) is said to be in the class STΣ (h, α, φ),

α ≥ 0, if the following conditions are satisfied:

z(f ∗ h)′(z)
(f ∗ h)(z)

+ α
z2(f ∗ h)′′(z)
(f ∗ h)(z)

≺ φ(z), z ∈ U

and
ω((f ∗ h)−1)′(ω)

(f ∗ h)−1(ω)
+ α

ω2((f ∗ h)−1)′′(ω)

(f ∗ h)−1(ω)
≺ φ(ω), ω ∈ U,

where the function h(z) is given by (1.3) and (f ∗ h)−1(ω) is given by (2.6). We note that

for h(z) =
z

1− z
, the class STΣ (h, α, φ) reduces to the class STΣ (α, φ) studied by Peng et

al. (see [16], Definition 2.2).
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By applying the method of the proof of Theorem 2.1, we can prove the following result.

Theorem 2.5 Let f given by (1.1) be in the class STΣ (h, α, φ), α ≥ 0. Then

|a2| ≤
B1

√
B1

h2

√
|(1 + 4α)B2

1 − (1 + 2α)2B2|+B1(1 + 2α)2

and

|a3| ≤


B1

h3(1 + 4α)
, if |B2| ≤ B1;

B1|(1 + 4α)B2
1 − (1 + 2α)2B2|+ (1 + 2α)2B1|B2|

h3(1 + 4α)(|(1 + 4α)B2
1 − (1 + 2α)2B2|+ (1 + 2α)2B1)

, if |B2| > B1.

Remark 2.4 Putting h(z) =
z

1− z
in Theorem 2.5, we obtain the results obtained by

Peng et al. (see [16], Theorem 2.2).

Definition 2.6 A function f ∈ Σ given by (1.1) is said to be in the class BΣ (h, λ, k),

λ ≥ 0, 0 < k ≤ 1, if the following conditions are satisfied:∣∣∣∣(1− λ)
(f ∗ h)(z)

z
+ λ(f ∗ h)′(z)− 1

∣∣∣∣ < k, z ∈ U

and ∣∣∣∣(1− λ)
(f ∗ h)−1(ω)

ω
+ λ((f ∗ h)−1)′(ω)− 1

∣∣∣∣ < k, ω ∈ U,

where the function h(z) is given by (1.3) and (f ∗ h)−1(ω) is given by (2.6).

Theorem 2.6 Let f given by (1.1) be in the class BΣ (h, λ, k), λ ≥ 0, 0 < k ≤ 1. Then

|a2| ≤
k

h2

√
(1 + 2λ)k + (1 + λ)2

and

|a3| ≤


k

h3(1 + 2λ)
, if k ≤ (1 + λ)2

1 + 2λ
;

2k2

h3[(1 + 2λ)k + (1 + λ)2]
, if k >

(1 + λ)2

1 + 2λ
.

Proof. Let f(z) ∈ BΣ (h, λ, k), λ ≥ 0, 0 < k ≤ 1. Then there are analytic functions

u, v : U −→ U given by (2.2) such that

(1− λ)
(f ∗ h)(z)

z
+ λ(f ∗ h)′(z) = 1− ku(z) (2.44)

and

(1− λ)
(f ∗ h)−1(ω)

ω
+ λ((f ∗ h)−1)′(ω) = 1− kv(ω). (2.45)

Now, equating the coefficients in (2.44) and (2.45), we get

(1 + λ)a2h2 = −kb1, (2.46)

(1 + 2λ)a3h3 = −kb2, (2.47)

− (1 + λ)a2h2 = −kc1, (2.48)
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2(1 + 2λ)a22h
2
2 − (1 + 2λ)a3h3 = −kc2. (2.49)

From (2.46) and (2.48) we get

b1 = −c1. (2.50)

By adding (2.47) to (2.49), we have

2(1 + 2λ)a22h
2
2 = −k(b2 + c2). (2.51)

From (2.3) and (2.51) we have

|a2| ≤
k

h2

√
(1 + 2λ)k + (1 + λ)2

. (2.52)

Subtracting (2.47) from (2.49) we have

2(1 + 2λ)a3h3 = 2(1 + 2λ)a22h
2
2 + k(c2 − b2). (2.53)

Then, in view of (2.3) and (2.53), we have

2(1 + 2λ)h3|a3| ≤ 2(1 + 2λ)h2
2|a2|2 + k(|c2|+ |b2|)

≤ 2(1 + 2λ)h2
2|a2|2 + 2k(1− |b1|2).

It follows from (2.46) that

(1 + 2λ)h3k|a3| ≤ h2
2[(1 + 2λ)k − (1 + λ)2]|a2|2 + k2.

Notice that (2.52), we have

|a3| ≤


k

h3(1 + 2λ)
, if k ≤ (1 + λ)2

1 + 2λ
;

2k2

h3[(1 + 2λ)k + (1 + λ)2]
, if k >

(1 + λ)2

1 + 2λ
.

This completes the proof of Theorem 2.6.
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