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1 Introduction
Let A denote the class of functions of the form
“+oo
fE) =2+ anz" (1.1)
n=2

which are analytic in the open unit disk U = {z: |z| < 1}. Further, we denote by S the
class of all functions in A which are univalent in U. A function f in S is said to be starlike

/
of order a, 0 < a < 1, and is denoted by S*(«) if Re{z]{((j)} > a, z € U, and is said
z
. . zf"(z)
to be convex of order o, 0 < a < 1, and is denoted by K(«) if Req 1+ 70 > a,
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z € U. Mocanu!!! studied linear combinations of the representations of convex and starlike
functions and defined the class of a-convex functions. In [2], it was shown that if
2f'(2) < Zf”(2)> }
Red (1 —« +all+ > 0, zeU,
(-5 )

then f is in the class of starlike functions S*(0) for a be a real number and is in the class

of convex functions K(0) for a > 1.

Further, We say that f(z) € A is a-starlike in U if f(z) satisfies
1+2f"(2)

f2)f (Z)W #0, 2l <1

wef (9) (1) >0}

For such a-starlike functions, Lewandowski et al.[¥ proved that all a-starlike functions

and

are univalent and starlike for all o (o € R).
In [4], it was shown that if

S22

+

@ e a=z0 2l

—5
then f € S*(0).
+oo +oo
For the function f(z) =z + Y. a,z™ and g(2) = 2+ > b,2™, let (f * g)(z) denote the

n=2 n=2

Hadamard product or convolution of f(z) and g(z), defined by

+oo
(f * g)(Z) =z+ Z anbnz". (1'2)
n=2

For 0 < a < 1and A > 0, we let @x(h, @) be the subclass of A consisting of functions
f(2) of the form (1.1) and functions h(z) given by

+oo
hz)=z+Y hnz",  hy >0 (1.3)
n=2

and satisfying the analytic criterion:

(f xh)(2)

Re[(l)\) Jr/\(f>s<h)'(z)} > a, 0<a<l, A>0.

Tt is easy to see that Qx, (h, @) C Qa,(h, @) for Ay > Ay > 0. Thus, for A > 1,0 < a < 1,

Qa(h, @) C Q1(h, @) ={f,h € A: Re(f xh)'(2) > o, 0 < a < 1} and hence Qy(h, «) is
univalent class (see [5]-[7]).

We note that Q>\<1iz, a) = Qx () (see [8]).

It is well known that every function f € S has an inverse f~!, defined by
) =2 zeU
and

FUT W) =w,  Jwl <ro(f), ro(f) =

)

W~ =
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where

FHw) = w — agw? + (242 — a3)w® — (5a3 — Sagas + ag)w* + - - -

A function f € A is said to be bi-univalent in U if both f(z) and f~!(z) are univalent
inU.

Let X denote the class of all bi-univalent functions in U given by (1.1). The class of
bi-univalent functions was introduced by Lewin[?) in 1967 and was showed that |as| < 1.51.
Brannan and Cluniel’® conjectured that |as| < v/2 for f € ¥. Netanyahu'* showed that

4
max |as| = 3 if f € Y. Recently, many authors investigated bounds for various subclasses

of bi-univalent functions (see [12]-[17]).

The object of the present paper is to introduce several subclasses of the function class
X and find estimates on the coefficients |az| and |ag| for functions in these new subclasses
of the function class X employing the techniques used earlier by Peng et al.['l

2 Coefficient Estimates

In the sequel, it is assumed that ¢ is an analytic function with positive real part in the unit
disk U, satistying ¢(0) = 1, ¢’(0) > 0, and ¢(U) is symmetric with respect to the real axis.
Such a function has a Taylor series of the form

©(2) =14+ Biz+ Boz® + B32® +-- -, B, > 0. (2.1)
Suppose that u(z) and v(z) are analytic in the unit disk U with u(0) = v(0) = 0, |u(z)| < 1,
lv(z)] < 1, and

u(z) = b1z + f bz, v(z)=c1z+ +ZOO 2", |z] < 1. (2.2)
It is well known that (see [18i_;.172) "
b1l <1, b <1— b1, || €1, Jeof 1= ey (2.3)
By a simple calculation, we have
©(u(2)) =1+ Bib1z + (Byby + Bab3)2? + -+ - | |z] <1, (2.4)
o(v(w)) =1+ Bicyw + (Bieg + Bach)w? + - - -, lw] < 1. (2.5)

Definition 2.1 A function f € X given by (1.1) is said to be in the class M s (h, a, ¢),

a > 0, if the following conditions are satisfied:
(1- a)z(f *h)'(2) z(f *h)"(z)
(fxh)(z2) (f*h)'(z)
w((f*h)" ) (w w((f*xh)™H"(w
o= o e
where the function h(z) is given by (1.3) and (f * h)~(w) is defined by:
(f *h) M (w) = w — ashow® + (2a3h3 — aghz)w? + - - (2.6)

+a(1+ )<go(z), zeU

and

) <e@)  weu
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We note that for h(z) = li’ the class My (h, a, ¢) reduces to the class Mx(«, @)
-z
studied by Peng et al. (see [16], Definition 2.3).

Theorem 2.1 Let f given by (1.1) be in the class Mx(h, o, ¢), a > 0. Then
BivB,

\a2| S 3 (27)
hay/(1+a)|Bf — (1+ a)Bs| + Bi(1 + )2
and
By )
_ Bs| < Bjy:
h3(1+a)’ Zf‘ 2| —_ 1’
9519 BB~ (14 ) Bal + (1 + ) Byl Bl (28)
i 2 L=z if | Bs| > By.

h3(1+a)(|B — (1 + a)Ba| + Bi(1 + )’

Proof. Let f € Mx(h, a, ¢), & > 0. Then there are analytic functions u,v: U — U given
by (2.2) such that

C= e © (” (f*h)/(z)) (u(2)) (2.9)

w((f*h)™ 1) (w w((f*h)H)"(w
N Ly R (s (T
Now, equating the coefficients in (2.9) and (2.10), we get
(1+ a)ashy = Byby, (2.11)
2(1 + 2a)azhs — (14 3a)a3hi = Biby + Bob?, (2.12)
— (1 + @)aghy = Byaa, (2.13)
(34 5a)azhs — 2(1 + 2a)azhs = Bycy + Bacs. (2.14)
From (2.11) and (2.13) we get

and

)=et@). @

b1 = —(Cq, (215)
a2 = BY(b% + cf) '
27 2h3(1 + )2
Adding (2.12) and (2.13), we have
2(1 + a)azhs = By (b + c2) + Ba(b3 +c3). (2.17)
Substituting (2.15) and (2.16) into (2.17), we get
By (14 a)?(by + ¢2)

by = : 2.18
V7 2(1 4 a)B? — 2By(1 + )2 (2.18)
Substituting (2.15) and (2.18) into (2.16), we get
B3(b2 + CQ)
2 1
= . 2.19
2 2(1 + a)h3(B? — B2(1+ «)) (2.19)

Then, in view of (2.3), we have
(1 +a)h3|BY — Ba(1 + o)lfaz]® < BY(1 — [by[*). (2.20)
From (2.11) and (2.20) we get
BivB;
hay/(1+ @)|B? — (1 4+ @)Ba| + Bi(1 + a)?’

las| <
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Next, from (2.12) and (2.14) we have
4(1 4 2a)(1 4+ a)aghs = (3 + 5a)Biby + (1 + 3a)Bica + 4(1 4 2a) Bob3.
Then, in view of (2.3), we have
4(1 + 2a)(1 + a)hslaz| < 4(1 4 20) By + 4(1 + 2a)[|Ba| — Bi]|b1|?.
Notice that

‘b1‘2:(1+0‘) hQ‘ o2 < Bi(1+ «)
B? |B? — (14 a)Bs|+ Bi(1+a)’
we get
B
S S if |By| < By;

ol < hs(1 + o) [B2| < By
3] <

B |B? - (1 B 1 B, |B

11Bf — (1 + «)Ba| + (1 + ) By |Bs| if |By| > Bu.

hs(1+a)(|Bf — (1+a)Bs|+ Bi(1 + )’
This completes the proof of Theorem 2.1.

Remark 2.1  Putting h(z) =

in Theorem 2.1, we obtain the results obtained by

Peng et al. (see [16], Theorem 2.3).

Example 2.1 (1) For

I1+e+79(n-1) n
z+ Z |:1—|—L:| z, Ly > O, m € N, (221)
this operator contains in turn many interesting operator (see [19]). Theorem 2.1 becomes
Bi1v B
jaz| <
and
1 B
m ! ) if ‘B2| < By;
1+c+29]" (14 a)
14
laz| < )
1 Bl|Bl —(1+C¥)BQ|+(1+OZ)Bl|B2‘ .
o 5 s if ‘Bg| > Bjy.
ot " (A +a)(B— (1 + a)Ba] + Bi(l + a))
14+
(2) For
2)=z+ Z Ih—1(aq)z", (2.22)
where
Furfa) = 0ot Lty (2.23)

(ﬁl)nfl"'(ﬂgnfl(l)nfl’ -
g <s+1 o € C((i=12-,9),and 8; € C\Zy (j = 1,2,---,s), where Z; =
{0,—1,—2,- -}, this operator contains in turn many interesting operators (see [20]). Theo-
rem 2.1 becomes
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BivDB

las| <
|1y (a1)|v/(1+ @)|B? — (14 a)Bs| + By (1 + )2
and
B .
_ ) e+ Bl = B
las| < Bi1|B2 — (1+ a)Bs| + (14 «)By|Bs| if |By| > By,

[ T2(e)|(1+ @)(|B = (1+ a)Ba| + Bi(1+ @)’

Definition 2.2 A function f € X given by (1.1) is said to be in the class Bx(h, A, ),
A >0, if the following conditions are satisfied:

(f xh)(2)

(1-X) AR () <pz),  zEU

and

(1=2) A +R)TH (W) <pw),  we,

(f #h)~Hw)
w
where the function h(z) is given by (1.3) and (f * h)~1(w) is given by (2.6).

We note that for h(z) = %, the class By (h, a, ¢) reduces to the class Bx (A, @)

1 [e3%
studied by Peng et al. (see [16], Definition 2.5). Also for ¢(z) = (1 + Z) , the class
-z

Byx(h, a, ¢) reduces to the class By (h, a;, A), which is introduced and studied by EI-Ashwah

(see [17], Definition 1). And for ¢(z) = #

class Bx(h, 8, A), which is introduced and studied by EI-Ashwah (see [17], Definition 2].

, the class By (h, a, ¢) reduces to the

Theorem 2.2 Let f given by (1.1) be in the class Bx(h, A, ¢), A > 0. Then
Bi1vB;

as| < 2.24
laz] < ho/|(1+2N)B? — (1 4+ A\)2Ba| + (1 + \)2B; (224)
and
B , (1+A)?
— B < ~
ol < hs(1+2))’ B s N
Qa,
= By|(1 4 20)B% — (14 A)?By| + (1 + 2)\)B? i s L’
hs(1 4 2X)(J(1+20)B2 — (1 4+ A)2By| + (1 + A\)2By)’ T
(2.25)

Proof. Let f(z) € Bx(h, A\, ¢), A > 0. Then there are analytic functions u,v: U — U
given by (2.2) such that

(1= WL ey () = ptut) (2.26)
and

=)D (@) = elot)) (227

Since

(1 - A)% + /\(f * h)’(z) =1 + (1 + /\)aghQZ + (1 + 2)\)&3]]322 + -
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and
h -1
(1— )‘)w +A((fxh) 1) (w) = 1= (L+ N)ashow + (1 +2X)(2a3h3 — aghz)w® + - -,
it follows from (2.4), (2.5), (2.26) and (2.27) that
(1 + /\)a2h2 = Blbl, (228)
(1 + 2\)ashs = B1by + Byb?, (2.29)
— (1 + )\)aghg = B¢y, (230)
2(1 + 2\)azh3 — (1 + 2X\)azhs = Byca + Bacl. (2.31)
From (2.28) and (2.30) we get
bl = —C1, (2.32)
B (b3 + ¢?)
2 iy + ¢
= . 2.
“ 7 921+ N2 (2:33)
By adding (2.29) to (2.31), we have
2(1 4 2X\)a3h3 = Bi(b2 + c2) + Ba(b7 + 7). (2.34)
Substituting (2.32) and (2.33) into (2.34), we get
s Bi(l+M)*(ba+c2)
2 _ . . (2.35)
91+ 20 B2 — 2B5(1 + \)2
Substituting (2.32) and (2.35) into (2.33), we get
B3 (bg + ¢2)
2 1(b2 +c2
= . 2.36
2T R22(1 1 20 B? — 2By(1+ M)2) (2:36)
Then, in view of (2.3) and (2.32), we have
Bi(1—[bi[*)
2< L . 2.37
ool < S A N B - B T 7] (237)
From (2.28) and (2.37) we get
BivB
lag| < LVl : (2.38)
ha/|(1+2X)B? — (1 4+ \)2Bs| + (1 + \)2B;
By subtracting (2.29) from (2.31) and a computation using (2.32) finally leads to
2(1 + 2N)aghs = 2(1 + 2\)a2h3 + By (by — c2). (2.39)
Then, in view of (2.3) and (2.32), we have
2(1 + 2\)hslas| < 2(1 + 2M)h3|az|* + Ba(|ba| + |eal)
< 2(1+ 2\)h3|as|® + 2B1(1 — |b1]?).
It follows from (2.28) that
(1+ 2\)h3Biag| < h3[(1 4 2X)By — (1 + A)?]|az|* + B;.
Notice that (2.38), we have
B 2
— ifB1§(1+>\);
) < hs(1+ 2\) 1+2)
as] <
’ By|(1 4 20) B2 — (14 A)2By| + (1 4 2)\) B} i o (LEN)?
hs(1+2X)(J(1+2X)B2 — (1 4+ A)2By| + (1 + A\)2By)’ T

This completes the proof of Theorem 2.2.



72 COMM. MATH. RES. VOL. 34

Remark 2.2 (1) Putting h(z) = 1 i in Theorem 2.2, we obtain the results obtained

by Peng et al. (see [16], Theorem 2.5).

1+2
2) If 1 =

@ e o) = (1
and (2.25) become

) =142az+2a%2%2+--- (0 < a < 1), then inequalities (2.24)

2
las| < c (2.40)
hov/all +2X — N2 + (1 + A\)2
and
2a ) (1+ )2
e fo<ca< 1Y
ol < hs(1+2)) PSS Y= 00 1oy 1)
o= 202|1 + 2X — A2| + 4(1 + 2)\)a? (1 N)? - '

ha(l+ 20 (el 120 — A2[+ (1+ N2 " 2dt2n ~¢°
The bounds on |az| and |as| given in (2.40) and (2.41) are more accurate than that given by
Theorem 1 in [17].

(3) If let @(z) = w =1+2(1-8)2+2(1-p8)22+-- (0 < a < 1), then
inequalities (2.24) and (2.25) become
laz| < 20 ) (2.42)
T he /204201 = B8) — (T + A2+ (14 N)2
and
2(1 - B) L1420 —\? .
(1520 oy <Pt
201 = B)|2(1 +20)(1 — B) — (1 + A)?| +4(1 +2)0)(1 — B)?
|a| < ; > =, (2.43)
s(1+20(2(1+20)(1 = 8) = (L + A+ (1 +A)?)
. 142X\ — A2
if0<pg< m

The bounds on |as| and |as| given in (2.42) and (2.43) are more accurate than that given by
Theorem 2 in [17].

Definition 2.3 A function f € X given by (1.1) is said to be in the class Cx(h, A, @),
A >0, if the following conditions are satisfied:

A
((fh)“) (F* () =< plz),  zeU

z
and

((f*h)l(w)

w

A
)Y@ <), we,
where the function h(z) is given by (1.3) and (f * h) "1 (w) is given by (2.6).
By applying the method of the proof of Theorem 2.2, we can prove the following result.

Theorem 2.3  Let f given by (1.1) be in the class Cx(h, A\, ¢), A > 0. Then

2] < B1vV2B,
1= ha/I(N2 — BA + 6)B2 — 2(2 — N2B3| + 2(2 — N2B;
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and
B1 . (27>‘)2
- B, <=7/ .
ol < hsl3 — 2\ i Brs TN
a
o= 2B3]3 — 2\| + By |(A% — 5\ + 6)B2 — 2(2 — \)2By| PESCEDY:
h3|3 — 2M[[[(A2 = 5A + 6) B2 — 2(2 — A\)2By| + 2(2 — A\)2By]’ T3 =2

Definition 2.4 A function f € X given by (1.1) is said to be in the class Lx(h, a, ¢),
a > 0, if the following conditions are satisfied:
df*hY@0>“( df*hY%@>1a
2o - ) (1 LY < o(2), zeU
(e () () a2

and

(W> a <1 * w((((;**:))— 11))//(/0(:;)
where the function h(z) is given by (1.3) and (f x h)~1(w) is given by (2.6). We note that

11—«
) < p(w), weU,

for h(z) = %, the class Ly (h, a, @) reduces to the class Ly (a, @) studied by Peng et al.
-z
(see [16], Definition 2.4).
By applying the method of the proof of Theorem 2.1, we can prove the following result.

Theorem 2.4  Let f given by (1.1) be in the class Lx(h, o, ¢), a > 0. Then
Bi1v2B;

las| < 5
hav/](02 —3a+4)B} — 2(2 — a)2By| + 2B; (2 — )2
and
2B,
=t if |Bs| < B
lag| < hs(a? — 3o+ 4)’ V1Bl < By
az| >
2B1|(a? — 4)B} —2(2 — a)?By| +4(2 — a)?B,|B
1[(0® =30+ 4)B? — 22— 0)’By| + 4(2 — 0)* B1|By| if |Bal > Bu.

ha(a? —3a +4)(|(a® — 3a + 4)B2 — 2(2 — @)2Bs| + 2B1(2 — a)2)’

in Theorem 2.4, we obtain the results obtained by

Remark 2.3  Putting h(z) = 1 :
Peng et al. (see [16], Theorem 2.4).

Definition 2.5 A function f € X given by (1.1) is said to be in the class STx(h, a, @),
a > 0, if the following conditions are satisfied:
z(f *h)'(2) +a22(f* h)"(z)
(f = h)(2) (f*h)(2)

=< ¢(2), zeU

and
w((Fx W7 w) @ (fx )7 ()
(f+h)"Hw) (f *h)~H(w)
where the function h(z) is given by (1.3) and (f * h)~(w) is given by (2.6). We note that
for h(z) = 1%/ the class STx(h, o, @) reduces to the class STx (o, @) studied by Peng et

=< p(w), w e,

al. (see [16], Definition 2.2).
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By applying the method of the proof of Theorem 2.1, we can prove the following result.

Theorem 2.5  Let [ given by (1.1) be in the class STx(h, a, ¢), @ > 0. Then
Byv/ By

las| <
ha/](1 + 4a)B? — (1+22)2Bs| + By (1 + 2a)?
and
B .
B,| < By:
ol < hs(1+ 4a)’ if 1B < By
as| <
Bil(1+4a)B? — (1+ 2a)%B 1+ 2a)2B,|B
1/(1+4a)Bf — (14 2a)?Ba| + (1 + 2a)° By | Bs| if |Bs| > By.

hs(1 4 4a)(|(1 + 4a)Bf — (14 20)?Ba| + (1 + 2a)%B;)’

Remark 2.4  Putting h(z) = 7 ° _ in Theorem 2.5, we obtain the results obtained by

Peng et al. (see [16], Theorem 2.2).

Definition 2.6 A function f € X given by (1.1) is said to be in the class Bx(h, A\, k),
A>0,0<k <1, if the following conditions are satisfied:
h
‘(1 7)\)(,]0*7/2)(2) FAS R (2) = 1‘ <k, zeU
and

FA(f )T (W)~ 1

where the function h(z) is given by (1.3) and (f = h)~1(w) is given by (2.6).

(fxh)” (@) hlfl(w) <k, welU,

-y

Theorem 2.6  Let f given by (1.1) be in the class B (h, A\, k), A >0, 0 < k < 1. Then
k

lag| <
hoy/(1+ 20k + (1 + \)2
and

2
k- if k< LV

hs(1+2)) 1+ 2\

las] < 22 (1+\)?

if k>

ha[(1+ 20k + (1 4+ A)?]’ 142X

Proof.  Let f(2) € Bs(h, \, k), A > 0, 0 < k < 1. Then there are analytic functions
u,v: U — U given by (2.2) such that

(1— )\)M +A(f*h) (2) =1 — ku(z) (2.44)
and
(1- )\)Wiiw +AM(f*h) ™ (W) =1 — ko(w). (2.45)

Now, equating the coefficients in (2.44) and (2.45), we get
(1 4+ Naghe = —kby, (2.46)
(14 2N\)aghs = —kba, (2.47)
— (1 + Naghs = —keq, (2.48)
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2(1 4 2\)a3hz — (14 2\)azhs = —kcs. (2.49)

From (2.46) and (2.48) we get
bl = —Cj. (250)

By adding (2.47) to (2.49), we have

2(1 4 2)\)a2h3 = —k(by + c2). (2.51)

From (2.3) and (2.51) we have

k

|as| < (2.52)

hoy/(T 420k + (1 + A)2

Subtracting (2.47) from (2.49) we have

2(1 4 2\)azhs = 2(1 4 2)\)a2h3 + k(ca — ba). (2.53)

Then, in view of (2.3) and (2.53), we have

2(1 + 2\ hslas| < 2(1 4+ 2\)h3|az|? + k(|cz| + |ba])
< 2(1 4 2)\)h3laz|? + 2k(1 — |by[?).

It follows from (2.46) that

(14 2\)hsk|as| < RA[(1 4+ 2\)k — (1 + X)?]|az|* + k2.

Notice that (2.52), we have

2
L, if k< (1"'7)‘);
0] < hs(1+2)) 142
a:
o= 2k? £ (LN
ha[(1+ 20k + (1 + N 1+2x

This completes the proof of Theorem 2.6.
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