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Abstract. On the real line, the Dunkl operators

Du(f) ()= L @y S e wys g

are differential-difference operators associated with the reflection group Z; on R, and
on the R? the Dunkl operators {Dk,]- }}i:l are the differential-difference operators asso-

ciated with the reflection group Z4 on R”. In this paper, in the setting R we show that
b€ BMO(R,dm,) if and only if the maximal commutator M}, is bounded on Orlicz

spaces Lo (R,dmy). Also in the setting RY we show that b € BMO(R?, h?(x)dx) if and
only if the maximal commutator Mj,; is bounded on Orlicz spaces Lo (R, 12 (x)dx).
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1 Introduction

Norm inequalities for several classical operators of harmonic analysis have been widely
studied in the context of Orlicz spaces. It is well known that many of such operators
fail to have continuity properties when they act between certain Lebesgue spaces and,
in some situations, the Orlicz spaces appear as adequate substitutes. For example, the
Hardy-Littlewood maximal operator is bounded on L? for 1 < p < oo, but not on L}, but
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using Orlicz spaces, we can investigate the boundedness of the maximal operator near
p=1, see [13] and [4] for more precise statements.

Let T be the classical singular integral operator, the commutator [b,T| generated by T
and a suitable function b is given by

(b, T)f =0T (f) = T(bf). a1

A well-known result due to Coifman, et al. [3] (see also [11]) states that b € BMO(IR")
if and only if the commutator [b,T] is bounded on L7 (IR") for 1< p < co.

Maximal commutator of Hardy-Littlewood maximal operator M with a locally inte-
grable function b is defined by

Myf(x) =sup g [ 6(6)~b(w)I1£ (o) ey,

B>x

where the supremum is taken over all balls B C R” containing x. We refer to [2] for a
detailed investigation of the operators M, and the commutator of the maximal operator
[b,M] and references therein. For the boundedness of these operators in Orlicz space
L®(RR") see for instance [5,7].

In [9], Dunkl introduced a family of first order differential-difference operators which
play the role of the usual partial differentiation for the reflection group structure. For a
real parameter v > —1/2, we consider the Dunkl operator, associated with the reflection
group Zo on R :

Note that D_; /p =d/dx.
In the setting RY the Dunkl operators {Dk,]-}?zl, which are the differential-difference

operators introduced by Dunkl in [9]. These operators are very important in pure math-
ematics and in physics. They provide useful tools in the study of special functions with
root systems.

It is well known that maximal operators play an important role in harmonic anal-
ysis (see [21]). Harmonic analysis associated to the Dunkl transform and the Dunkl
differential-difference operator gives rise to convolutions with a relevant generalized
translation. In this paper, in the framework of this analysis in the setting R, we study
the boundedness of the maximal commutator M;, and the commutator of the maximal
operator, [b, M, ], on Orlicz spaces Lo (R,dm, ), when b belongs to the space BMO(R,dm,,),
by which some new characterizations of the space BMO(RR,dm, ) are given. Also in the
setting R? we study the boundedness of the maximal commutator M,y and the com-
mutator of the maximal operator, [b, M|, on the Orlicz space Lo (]Rd,h%(x)dx), when b
belongs to the space BMO(RR?,hZ(x)dx), by which some new characterizations of the s-
pace BMO(IRY, h2(x)dx) are given.
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The organization of this paper is as follows. In Sections 2 and 3, we give some prelim-
inaries in the Dunkl setting, respectively, on R and IR¥. We then present the boundedness
of maximal commutators associated with Dunkl operators in Orlicz spaces Lo (R,dm, ) in
Section 4 and the boundedness of maximal commutators associated with Dunkl opera-
tors in Orlicz spaces Lo (IRY,h2(x)dx) in Section 5.

Finally, we make some conventions on notation. By A < B we mean that A <CB with
some positive constant C independent of appropriate quantities. If A SB and BS A, we
write A~ B and say that A and B are equivalent.

2 Preliminaries in the Dunkl setting on R

Let v> —1/2 be a fixed number and m, be the weighted Lebesgue measure on R given by
-1
drmy (x) = (zv+lr(u+1)) x[2*1dx, VxeR.

For any x € R and r >0, let B(x,r):={y €R:|y| €|max{0,|x|—r},|x|+7[ }. Then B(0,r) =

|—r,r[and

m,B(0,r) =c, 1?2,

where ¢, := 2" (v+1)T(v+1)] -

The maximal operator M, associated with Dunkl operator on the real line is given by

Myf(x):=sup (m,B(x,r)"" | o ) lam(y), VreR

r>0

and the maximal commutator My, , associated with Dunkl operator on the real line and with
a locally integrable function b € LI°°(R,dm, ) is defined by

My f ():=sup(mB(er) " [ o) =b(y)lIfy)ldm(y), VxR

r>0

For a function b defined on R, we let, for any x € R,

() 0, if b(x) >0,
b (x): {\b(x)], if b(x) <0

and b (x):=|b(x)|—b~ (x). Obviously, for any x€R, b™ (x) —b~ (x) =b(x). The following
relations between [b,M, ] and My, are valid :
Let b be any non-negative locally integrable function. Then

16, M,]f(x)] <My, () (x), VxeR

holds for all f € LI°¢(R,dm,).
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If b is any locally integrable function on IR, then
[[b,My]f (x)| < My, (f)(x)+2b" (x)M, f(x), VxeR (2.1)

holds for all f € Llloc(lR,di) (see, for example, [2]).

Recall also that Orlicz space was first introduced by Orlicz in [15,16] as a generaliza-
tions of Lebesgue spaces L. Since then this space has been one of important functional
frames in the mathematical analysis, and especially in real and harmonic analysis. Orlicz
space is also an appropriate substitute for L! space when the space L! does not work.

To introduce the notion of Orlicz spaces in the Dunkl setting on R, we first recall the
definition of Young functions.

Definition 2.1. A function ®:[0,00) — [0,00] is called a Young function if ® is convex, left-
continuous, lim,_, o ®(r) =P(0) =0 and lim,_, o O (r) =oco.

From the convexity and ®(0) =0 it follows that any Young function is increasing. If
there exists s € (0,00) such that ®(s) = oo, then ®(r) = oo for all r >s. The set of Young
functions such that

0<®(r)<oo  forall 0<r<oo

is denoted by V. If ® € ), then @ is absolutely continuous on every closed interval in
[0,00) and bijective from [0,00) to itself.
For a Young function @ and 0 <s < oo, let

O 1(s):=inf{r>0:®(r) >s}.
If ® <€), then ® ! is the usual inverse function of ®. It is well known that
r§¢_1(r)q~>_l(r) <2r for any r >0, (2.2)

where ®(r) is defined by

o0 =00,

7

B(r) = { sup{rs—®(s):s€[0,00)}, re[0,00)
A Young function ® is said to satisfy the A,-condition, denoted also as ® € Ay, if

P(2r) <CP(r), Vr>0

for some C>1. If PEA,, then P ). A Young function P is said to satisfy the V,-condition,
denoted also by ® € V,, if

1
< — >
d(r) < ZCQD(Cr), Vr>0

for some C>1. In what follows, for any subset E of R, we use ), to denote its characteristic
function.
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Definition 2.2. (Orlicz Space). For a Young function ®, the set
Lo(R,dmy):= {fe LY(R,dm, ) :/ D (k|f(x)|) dmy(x) < oo for some k>0}
R

is called the Orlicz space. If ®(r):=r* for all r € [0,00), 1 < p < oo, then Lo(R,dm,) =
Ly(R,dm,). If ®(r):=0 for all r € [0,1] and ®(r) := oo for all r € (1,00), then Lo(R,dm,) =
Leo(R,dm,). The space L%¢(R,dm,) is defined as the set of all functions f such that fx, €
Lo (R,dm,,) for all balls BC R.

Lo (RR,dm,) is a Banach space with respect to the norm

||f|\L¢,V::inf{)\>O:/R<D(|f</\x>‘> dmv(x)gl}.

For a measurable function f on R and f >0, let
m(f,t)y:=my{xeR:|f(x)|>1t}.
Definition 2.3. The weak Orlicz space
WLo(R,dmy):={f € LY (R):[|fllwL,, <o}
is defined by the norm
| fllweg, :=inf{A>0 : stEECID(t)m(A, t)v <1}.

We note that || fl[wrq,, <I|fllL,/

sup®(t)m(f,t)y =suptm(f, &7 (t)), =suptm(®(|f]),t)u,

t>0 t>0 t>0

/]RCD( F(0)] ) dm, (x) <1, supq>(t)m( f t)vgl. (2.3)

£ 1ILe, £0 Iflwee,”

The following analogue of the Holder inequality is well known (see, e.g., [17]).

Theorem 2.1. Let the functions f and g be measurable on R. For a Young function ® and its
complementary function ®, the following inequality is valid

/]le(X)g(X)l dimy (x) <2(flL, 1811,

By elementary calculations we have the following property.

Lemma 2.1. Let @ be a Young function and B be a ball in R. Then

HXB HLq)/l/ - HXB HWLq)(]R,di) =

d-1 ((mV(B))il) .
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By Theorem 2.1, Lemma 2.1 and (2.2) we obtain the following estimate.

Lemma 2.2. For a Young function ® and for the ball B the following inequality is valid:

L] dm(y) <2my(B) @7 (mu(B) ) 1/ .

The known boundedness statement for M, in Orlicz spaces on spaces of homoge-
neous type runs as follows.

Theorem 2.2. ([6]) Let ® be any Young function. Then the maximal operator M, is bounded
from Lo (R,dmy,) to WLe(R,dm,, ) and for ® € V, bounded in Le(R,dm,).

3 Preliminaries in the Dunkl setting on IR*

We consider R? with the Euclidean scalar product (-,-) and its associated norm ||x|| :=
V/ {x,x) for any x € R%. For any v € R?\ {0} let 0, be the reflection in the hyperplane
H, cR? orthogonal to v:

oo(x):=x— (ﬁ?;h?)v, VxeR?,

A finite set R CIRY\ {0} is called a root system, if c,R=R for all v € R. We assume that it is
normalized by ||v||>=2 for all v € R.

The finite group G generated by the reflections {Uy}v cr 1s called the reflection group
(or the Coxeter-Weyl group) of the root system. Then, we fix a G-invariant function k:R—C
called the multiplicity function of the root system and we consider the family of commuting
operators Dy ; defined for any f € C'(RY) and any x € R? by

Dk,jf(X): x)+ Zk f( (x))<v,ej>, 1<j<d,

U€R+ x v>

where C!(IR?) denotes the set of all functions f:IRY — R such that { Fr } are continuous

on R, {el} are the standard unit vectors of R? and R is a positive subsystem. These
operators, defmed by Dunkl [9], are independent of the choice of the positive subsystem
R and are of fundamental importance in various areas of mathematics and mathemati-
cal physics.

Throughout this paper, we assume that k, > 0 for all v € R and we denote by h the
weight function on R given by

- H ](x,v)]k”, VxeR.

U€R+

The function f is G-invariant and homogeneous of degree 7y, where 1=} ,cr, ko
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Closely related to them is the so-called intertwining operator V (the subscript means
that the operator depends on the parameters «;, except in the rank-one case where the
subscript is then a single parameter). The intertwining operator Vi is the unique linear
isomorphism of ®,>0P, such that

V(Py) =Py, Vi(1)=1, Din:Vkaax forany i€ {1,...,d}
1

with P, being the subspace of homogeneous polynomials of degree n in d variables. The
explicit formula of Vj is not known in general (see [19]). For the group G:=Z4 and

e (x):=TT%,|x:|% for all x €R?, it is an integral transform

d _
ka(x)::bk / f(xltl,"',xdtd)H(1+ti) (1—t?>kl 1dt, VxeR%. (3.1)
i=1

[~114 =

Let B(x,r) :={y € R%: |x—y| < r} denote the ball in R¥ that centered in x € R? and
having radius r > 0. Then having

B(0, z/
BONk=,

A= (/S“h%(x)da(x)) _1,

S4=1 s the unit sphere on R? with the normalized surface measure do.
The maximal operator My, associated with the Dunkl operator on R is given by

12 (%) dx — Ak A2

where

M )=sup(1Bnl) [ F IRy, VreR!

r>0

and the maximal commutator My associated with the Dunkl operator on R? and with a
locally integrable function b € L**(RY,h2(x)dx) is defined by

Mysf(x)i=sup (1Be)) [ () -b)IF Wy, vxeR’

r>0

In what follows, for any subset E of R?, we use yx, to denote its characteristic function.
Now, we introduce the notion of Orlicz spaces in the Dunkl setting on R as follows.

Definition 3.1. (Orlicz Space). For a Young function ®, the set
Lo(R?, 12 (x)dx)
::{fe LY (R, 12 (x)dx) :/ dCI>(A|f(x)\) h2(x)dx < oo for some A >0 }
R
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is called the Orlicz space. If ®(r): =" forall r € [0,00), 1 < p < 00, then
Lo(RY 2 (x)dx) =L, (R, 1 (x)dx).

If®(r):=0forall r€[0,1] and ®(r):=oo for all r € (1,00), then
Lo(RY, h2(x)dx) = Leo (R, 12 (x)dx).

The space L (IR?, h2(x)dx) is defined as the set of all functions f such that fx, € Lo (R?,h2(x)dx)
for all balls BCRY.

Lo(IR,h2(x)dx) is a Banach space with respect to the norm

HfHLQk::inf{A>0:/RdCD(|f(/\x)|) hi(x)dxg}.
For a measurable function f on R and ¢ >0, let
m(f, k= {x €R™:|f(x)] >t}
Definition 3.2. The weak Orlicz space
WLo (R, i (x)dx) == { f € LY (R i (x)dx) || f [l wrg,, < 0}

is defined by the norm
. f
-— . s <
£l WLe, : mf{/\>0 : igg@(t)m(/\, t)k _1}.

We note that HfHWLcD,k < HfHLQk/

sup®(t)m(f ) =suptm(f, @7 (t))x=suptm(P(|f]), )k,

t>0 t>0 t>0

/W‘D< i) ) ()dx<1, supqp(t)m(L

1/ L £>0 £ I

The following analogue of the Holder inequality is well known (see, e.g., [17]).

) t) <1 (3.2)

Theorem 3.1. Let the functions f and g be measurable on RY. For a Young function ® and its
complementary function ®, the following inequality is valid

D) (@) dx 20| fll1g, € 1g,

By elementary calculations we have the following property.
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Lemma 3.1. Let ® be a Young function and B be a ball in R?. Then
1

@1 ((1Bl) ")

By Theorem 3.1, Lemma 3.1 and (2.2) we obtain the following estimate.

HXB ||L<1>,k = ||XB HWLq)(]Rd,hﬁ(x)dx) =

Lemma 3.2. For a Young function ® and for the ball B the following inequality is valid:

LI B e)x <218 @ (1B1) ) 17 1,

The known boundedness statement for M in Orlicz spaces on spaces of homoge-
neous type runs as follows.

Theorem 3.2. ([6]) Let @ be any Young function. Then the maximal operator My is bounded
from Lo (IRY,h2(x)dx) to WLe (R, h2(x)dx) and for ® € V, bounded in Lo (R?, 1 (x)dx).

4 Boundedness of maximal commutators associated with Dunkl
operators in Orlicz spaces Lo (IR,dm,,)

In this section, we investigate the boundedness of the maximal commutator M}, and the
commutator of the maximal operator, [b, M, ], in Orlicz spaces Lo (R, dm, ).
We recall the definition of the space BMO(R,dm,).

Definition 4.1. Suppose that b€ LI°°(R,dm, ). Let

1
Bl smo() = - / b(y)—b dm, (y),
Wlsviory = sup g [ ) ~bisn (9] ()
where, for any x € R and >0,
By i — b [ bl dm)
Blxr) = mvB(x,r) B(x,r) Y vy

Define
BMO(IR,di)::{beLlf’C(lR,dmv) : ||b||BMO(V)<oo}.

Modulo constants, the space BMO(R,dm, ) is a Banach space with respect to the norm

Il Bmow)-
We will need the following properties of BMO-functions (see [11]):

1

1 [
~ _— — P .
Blsvio~ sup (g fo 1) =aion Pma()) @)

xeR,r>0
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where 1 <p < oo and the positive equivalence constants are independent of b, and

t
bp(xr) —baixt) | < CllbllBMow) ln; forany xeR and 0<2r<t, (4.2)

where the positive constant C is independent of b, x, r and ¢.

Next, we recall the notion of weights. Let w be a locally integrable and positive func-

tion on (R,dm, ). The function w is called a Muckenhoupt A1 (R,dm, ) weight if there exists
a positive constant C such that for any ball B

1 .
m /Bw(x)dmy(x) <Cessinfw(x).

XE€B

Lemma 4.1. ([6, Chapter 1]) Let w € A1(R,dm,). Then the reverse Holder inequality holds
that is, there exist q > 1 and a positive constant C such that

<mvl(B)/Bw(x)qdmv(x)>;ngC(B)/Bw(x)dmu(x)

for all balls B.

Lemma 4.2. Let ® be a Young function with ® € Ay, B be a ball in R and f € L, (B). Then we
have

zm1<B>/B!f (x)|dmy (x) <@~ (my (B) 1) |Ifl,,, <C <ml<B> K “‘”pd’””(")) E

for some 1 < p < co, where the positive constant C is independent of f and B.

Proof. The left-hand side inequality is just Lemma 2.2.
Next we prove the right-hand side inequality. Our idea is from [10]. Take g€Lg , with

HgHLg,(lR,dmy) < 1. Note that ® € V, since ® € A,, therefore M, is bounded on Lg(R,dm,)
from Theorem 2.2. Let Q:=||My ||, -1, and define a function

k
ZM"g ak Vx€eR,
where
gl k=0,
Mﬁg:: Myg, k:]-,
M,(Mk1g),  k>2.

For every g € Lg(IR,dmy) with [|g|1_ (R dm,) <1, the function Rg has the following
properties:

e |g(x)| <Rg(x) for almost every x €R;
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o [RglL,, <2l8lls,;

55

e M,(Rg)(x)<2QRg(x) forall x€RR, thatis, Rg is a Muckenhoupt A; (R,dm, ) weight

with the A; constant less than or equal to 20Q.

By Lemma 4.1, there exist positive constants g >1 and C independent of ¢ such that for

all balls B,

(i yRterams o) E 5] Jo R8O ).

By Lemma 2.2, we obtain

1
q

IRglp =B (s [ Re(x)dm )

<y (B) /1 [ Re(dm, (x)

HRgHL$ /
v <C v B 71/{]
1 (m,(B)1) — my(B)

<Cm, (B)~V7

ot (mV(B)—l) ‘
Thus, we have

[ @g@ldm, ()< [ 1FIRg(x)dm, (1) £, o) 1R8]l 00

1 , v 1
< (st @ Fam ) s PR

Since the Luxembourg-Nakano norm is equivalent to the Orlicz norm we obtain

g€ Lg(Ram), [gl,, <1

£l <sup{| [ £, )

1 / v !
SC(mV(B) / If(X)I"dmv(x)) &1 (my(B) 1)’

Consequently, the right-hand side inequality follows with p=¢'.

We have the following result from (4.1) and Lemma 4.2.

Lemma 4.3. Let be BMO(R,dm, ) and ® be a Young function with ® € A,. Then

18l mo) ~ sup @~ ((B(x,r) ™) [b(-) = b

7
x€R,r>0 Loy(B(x1))

where the positive equivalence constants are independent of b.

By Theorem 2.2 and Theorem 1.13 in [2] we obtain the following theorem.

(4.3)
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Theorem 4.1. Let b € BMO(R,dm,) and ® € V,. Then the operator My, is bounded on
Lo (R,dm,,), and the inequality

My, fll e, < CollbllBmow) 1 f Il ey (4.4)
holds with the positive constant Cq independent of f.
The following theorem is valid.

Theorem 4.2. Let be BMO(R,dm,) and ® be a Young function. Then the condition ® € V; is
necessary for the boundedness of Mj,,, on Lo (R,dm,).

Proof. Assume that (4.4) holds. For the particular symbol b(-) :=1log|-| € BMO(R,dm,)
and f:=xp(, for all ¥ >0, (4.4) becomes

, (4.5)

’ ‘ My XB(0,r) Lo

L <C HXB(O,r)

where r:= (ajuv) =V (2"+2), B:=B(0,r), a,:=m,B(0,r), u>0and v>1. By Lemma 2.1 and
(2.2), we have
1
Los  @=1((m,B(0,r)) ")
1 1 1 ~

= = — o (uv).
B &1 (r2-2(m,B(0,1)) ) - O (uv) =0T (uo)

HXB(O,r)

On the other hand, if x¢ B(0,r) then B(0,7) C B(x,2|x|) because for any y € B(0,7) we have
|x—y| <[x|+yl < [x|+7<2]x].

AISO fOr eaCh y € B(O,r), we haVe
"{‘
_ > AR
I Ilerefore

M Xs0,) (1) > —— b(x)—b(y)| dmy (y)

— myB(x,2|x]) /B(x,2|x)mB(0,r) |
r 2u4-2 |x|
> = — ).
= <2|x|> log (")
Following the ideas of [14], for g:=®~! (1) xp(gs) with s:= (au) "/ 2+2) we obtain

/]RCTD(\g(x)\) diny (x) < umy B(0,8) = us?+2n, B(0,1) = 1.
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Since the Luxembourg-Nakano norm is equivalent to the Orlicz norm

11, i=sup { [ 1Fg00] a0 gy, <1

(more precisely, [|f||Lo, <I|fll7,, <2[lfllLs,), it follows that

*

’ ‘ My XB(0,r)

LCID,V

—sup{ [ Ms, 50, (D50 e (5): [ B(1g(x)]) . () <1
287 w) [ Muxaon (x) dim ()

> (u) [

(7 |x|
B(0,5)\B(0r) \2|x|

r

log( > dmy(x)

_ D) 1 x|
~ 22424, up /B(O,s)\B(O,r) |x[20+2 log (7) drm, (x)

_ 9w R ) 2
—22V+3a1uv(2v—|—2)a1(10g;> _22V+3(2v+2)uv(10gv> '

Hence, (4.5) implies that

& (u)
22v3(2u4-2)uv

(logv)? < %@’1 (uv)

for u>0and v > 1. Thus, taking v=exp(+/(2v+2)C; ~2%) we obtain

2v+5

28 (u) <& (nexp(y/ (2v+2)C12°1"))

for u>0 or
(2t) <exp(y/(2v+2)Cy 277 )D(t)
for every t >0, and so & satisfies the A, condition. O

By Theorems 4.1 and 4.2 we have the following result.
Corollary 4.1. Let b € BMO(R,dm,) and ® € Y. Then the condition ® € V, is necessary and
sufficient for the boundedness of My, on Le(R,dm,).

Theorem 4.3. Let be L'°°(R,dm, ) and ® be a Young function. The condition b€ BMO(R,dm,)
is necessary for the boundedness of My, on Le(R,dm,).
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Proof. Suppose that M, is bounded from Lo (R,dm,) to Le(R,dm, ). Choose any ball B
in R; by (2.2), we have

[ 16 el dmy )

< [ [ 1) ~b) x (2) i (2) i ()
< [ My (1) ) ()

2

SﬂT/B M (X5) [ H1|‘L§L,(B)
2

Sm ||XB HLcD,y ||XB HL&W <C.

Thus, b€ BMO(R,dm,). O

By Theorems 4.1 and 4.3 we have the following result.

Corollary 4.2. Let ® be a Young function with ® € V,. Then the condition b€ BMO(R,dm,,)
is necessary and sufficient for the boundedness of My, on Lo (IR,dm,).
From (2.1) and Corollary 4 we deduce the following conclusion.

Corollary 4.3. Let ® be a Young function with ® € V,. Then the conditions b™ € BMO(R,dm,)
and b~ € Lo (R,dm,, ) are sufficient for the boundedness of [b,M,] on Lo (R,dm,)).

5 Boundedness of maximal commutators associated with Dunkl
operators in Orlicz spaces Lo (IRY, 1% (x)dx)

In this section, we investigate the boundedness of the maximal commutator M, and
the commutator of the maximal operator, [b, M), in Orlicz spaces Lo(R? 1% (x)dx). In-
deed, these results and their proofs are similar to those presented in Section 4 with slight
modifications. For the convenience of the reader, we give the details.

We recall the definition of the space BMO(IRY, 12 (x)dx).

Definition 5.1. Suppose that b € L1°°(R? h2(x)dx). Let

1
lollonon = sup s [ 1b)~baun | B (w)dy,

x€R4,r>0

where, for any x €RY and r >0,

1
b xr:zi/ b(y) 12 (y)dy.
BN = Bl Ig Jpcan Y)Y
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Define
BMO(RY, 12 (x)dx) 1= {b € L9 (RY, 12 (x)dx)  ||b smog) < oo}.

Modulo constants, the space BMO(R?, 12 (x)dx) is a Banach space with respect to the

norm ||- HBMO(k)-
We will need the following properties of BMO-functions (see [11]):

1
1 v
b ~ su (/ b(y) — g |PHE( d) , (5.1)
H HBMO(k) xe]Rler)>O |B(X,1’) |k B(xr) ’ <y B(x,r) ‘ k ]/) Y

where 1 <p < co and the positive equivalence constants are independent of b, and

t
‘bB(x’r) —bp(xp) ‘ <C||bllpmock) ln; forany x€R? and 0<2r<t, (5.2)
where the positive constant C is independent of b, x, r and ¢.

Next, we recall the notion of weights. Let w be a locally integrable and positive func-

tion on (R?h?(x)dx). The function w is called a Muckenhoupt A1(RY,h2(x)dx) weight if
there exists a positive constant C such that for any ball B

x€B

|'3|/w(x)h%(x)dngessinfw(x).
kB

Lemma 5.1. ([6, Chapter 1]) Let w € A1(R?,h2(x)dx). Then the reverse Holder inequality
holds, that is, there exist q > 1 and a positive constant C such that

1 7 C
<|B|k/3w(x)qhi(x)dx> S\B]k/gw(x)h%(x)dx

for all balls B.

Lemma 5.2. Let ® be a Young function with ® € Ay, B be a ball in RY and f € L x(B). Then
we have

2|;|k/3|f(x)|hi(x)dx§q)_l(B’k_l) I

<c( |, If(x)l”h%(X)dxyp

for some 1 < p < oo, where the positive constant C is independent of f and B.

Proof. The left-hand side inequality is just Lemma 3.2.
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Next we prove the right-hand side inequality. We use some ideas from [10]. Take g €
Lg (IR, h2(x)dx) with ||g]| L, <1. Note that ® € V; since ® € A, therefore My is bounded
on Lg(IRY,h2(x)dx) from Theorem 3.2. Let Q:= [My||Lg,~1g, and define a function

>, Myg(x)
Reo(x):= k , Vxe]Rd,

where
. 81, k
ng:: ng/ k
M(M'g), K
For every g€ Lg (R?, 12 (x)dx) with ||g|| Ls, <1, the function Rg has the following prop-

0,
=1,
>2.

erties:
e |g(x)| < Rg(x) for almost every x € RY;

o IRgllLg, <2l8llLg):
e Mi(Rg)(x) <2QRg(x) for all x € RY, that is, Rg is a Muckenhoupt A; (R?,12(x)dx)
weight with the A; constant less than or equal to 2Q.

By Lemma 4.1, there exist positive constants 4 >1 and C independent of g such that for

all balls B,
1 i C
—_— quhzxdx) <—/R x)h2(x)dx.
(137, foRemiar) " < o [ Reto)ii)

By Lemma 3.2, we obtain

1 q
I8l =B (157 Rex)h3 ) )

<IBIY" 5 [ R (0

1/ HRgHLj ~1/ 1
<ClB|, T e <ClB|; qﬁ'
@-1(|B| ") (IBJ ")

Thus, we have

[ @@ x)dx

< [ 1R <, ) RS 00

1 , PN |
—C<|B|k/B’f(x)|q hi(x)dx) o (BT
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Since the Luxembourg-Nakano norm is equivalent to the Orlicz norm we obtain

1y <sup{ | [ Fg( )

g€ Ly (R I2(x)dx), ng%kg}

1
1 " / I 1
<C / X)|The(x dx> _—.
<C (G TR EIE)” S
Consequently, the right-hand side inequality follows with p=g. O

We have the following result from (5.1) and Lemma 4.2.
Lemma 5.3. Let b€ BMO(R?, 12 (x)dx) and ® be a Young function with ® € A,. Then

, 5.3
Lox(B(x1)) ©3)

Ibllsmo~ sup @ (B(xr)[)||b(-)~bp(en

xeR4,r>0
where the positive equivalence constants are independent of b.
By Theorem 3.2 and Theorem 1.13 in [2] we get the following theorem.

Theorem 5.1. Let b€ BMO(RY,h2(x)dx) and ® € V,. Then the operator My, is bounded on
Lo(IRY,H2(x)dx), and the inequality

[Mpxf Lo, < CollbllBrmog) ILf Il Lox (5.4)
holds with the positive constant Cy independent of f.

The following theorem is valid.

Theorem 5.2. Let be BMO(IRY, 12 (x)dx) and ® be a Young function. Then the condition @€V
is necessary for the boundedness of My on Lo (R, h?(x)dx).

Proof. Assume that (5.4) holds. For the particular symbol b(-):=log|-|€BMO(R? 12 (x)dx)
and f:=xp(q,) for all 7>0, (5.4) becomes

, 5.5
Lo (5.5)

HMb'kXB(O,r) Lo <C HXB(O,r)

D

where 7:= (ajuv) "/ (+2) B:=B(0,r), a,:=m,B(0,r), u>0 and v>1. By Lemma 3.1 and
(2.2), we have

1
Lox @-1((|B(0,7)[x) ")
= ! = L iN_l uv).
oG maaony) ) 0w Wt

HXB(O,r)
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On the other hand, if x¢ B(0,r) then B(0,r) C B(x,2|x|) because for any y € B(0,r) we have
|x =yl <[x[+y| < x| +7<2]x].

Also for each y € B(0,7), we have

b(x)—bly) > Tog (1),

-
Therefore,

1
My kX5(0,) 7/ b(x)—b(y)| K2(y)d
b,kXB(0,r) ( ) |B(x 2|x|)|k x2|x\)ﬂB(0,r)| (x) (y)| k(y) Y

r 2y,+d ’x|
> — — ).
- (2]x|) log< r )
Following the ideas of [14], for g:=®~ (1) xp(gs) with s:= (au) "/ ?%*?) we obtain
/cp 19(x)]) K2(x)dx < u|B(0,s) | = us?7|B(0,1) | =1.

Since the Luxembourg-Nakano norm is equivalent to the Orlicz norm

11y, i=sup [, £ B0 gy, <1

(more precisely, || f||L,, <If sz <2||fllLyy), it follows that

*

HMb,kXB(O,r) .

D,k

—sup{ [, [Mosxaon (5 (6)| (s [ B(g()l) B (x)dx <1}

28 w) [ Muscson (x) B (x)dx

- 27i+d x|
>H-1 ¥ 2
> (u)/(OS)\BOr (2|x|) 1og( : )hk(x)dx

&D’l(u) 1 x| ,
221ty /B(O,s)\B(O,r) || 27etd Og( r ) k(x)dx
Cff)il(u) s\ 2
:m(%-l-d)al (log;)
O~ (u)

_ 2
_227k+d+1(27k+d)uv(logv) .
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Hence, (5.5) implies that

> '(u)
227 +d+1 (Z'Yk -|—d)uv

(logo)? < Zu—cz)l&)’l (uv)

for u>0and v>1. Thus, taking v=exp(\/ (27, +d)C; 2%&) we obtain

~_1 ~ 1 'yk+d+3
207 (u) <@ (uexp(y/ (27x+4d)Cy -2 )
foru>0or
~ 29 +d+3  ~
(26) <exp(y/ (21 +d)Cr 2757 )b (1)
for every t >0, and so ® satisfies the A, condition. O

By Theorems 5.1 and 5.2 we have the following result.

Corollary 5.1. Let b€ BMO(IRY,h2(x)dx) and ® € Y. Then the condition ® € V, is necessary
and sufficient for the boundedness of My on Lo (IR%, h2(x)dx).

Theorem 5.3. Let be LI°°(RY,h2 (x)dx) and ® be a Young function. The condition be BMO(R?
h2(x)dx) is necessary for the boundedness of My on Lo (R?,h?(x)dx).

Proof. Suppose that My is bounded from Lo (R?,h?(x)dx) to Lo (R?,h?(x)dx). Choosing
any ball B in IR¢, by (2.2), we obtain

|B| /|b bB|h2 (y)dy
|B|k/ |B|k/| 2)|x; (2) hi (z)dz B (y)dy

2
< ol Jy Mo 1)) hM)dyS@HMb,k(xB)|\L¢,k<3)||1u%,k<g>
2
<1y, 1% g 16 lig, < C

Thus, b€ BMO(RY, h2(x)dx). O

By Theorems 5.1 and 5.3 we have the following result.

Corollary 5.2. Let ® be a Young function with ® € V. Then the condition b € BMO(RRY
h2(x)dx) is necessary and sufficient for the boundedness of My, on Lo (IRY,h2(x)dx).
From (2.1) and Corollary 5 we deduce the following conclusion.

Corollary 5.3. Let ® be a Young function with ® € V,. Then the conditions b* € BMO(RRY,
h2(x)dx) and b~ € Loo(RY,h2(x)dx) are sufficient for the boundedness of [b,M] on Lo (RY,
hZ(x)dx).



64 V. S. Guliyev, Y. Mammadov and F. Muslumova / J. Math. Study, 53 (2020), pp. 45-65

Acknowledgments

The authors would like to express their gratitude to the referees for their valuable com-
ments and suggestions. The work of the first named author is partially supported by the
grant of 1st Azerbaijan- Russia Joint Grant Competition (Agreement number no. EIF-
BGM-4-RFTF-1/2017-21/01/1).

References

[1] Abdelkefi C, Sifi M. Dunkl translation and uncentered maximal operator on the real line.
JIPAM ] Inequal Pure Appl Math. 2007, 8(3), 11 pp.

[2] Agcayazi M, Gogatishvili A, Kerim K K, Mustafayev R. A note on maximal commutators
and commutators of maximal functions. ] Math Soc Japan, 2015, 67(2): 581-593.

[3] Coifman R R, Rochberg R, Weiss G. Factorization theorems for Hardy spaces in several vari-
ables. Ann Math, 1976, 103(3): 611-635.

[4] Cianchi A. Strong and weak type inequalities for some classical operators in Orlicz spaces. |
London Math Soc, 1999, 60(1): 247-286.

[5] Deringoz F, Guliyev V S, Hasanov S G. Characterizations for the Riesz potential and its
commutators on generalized Orlicz-Morrey spaces. ] Inequal Appl, 2016, 2016(248), DOIL
10.1186/513660-016-1192-z.

[6] Genebashvili I, Gogatishvili A, Kokilashvili V, Krbec M. Weight Theory for Integral Trans-
forms on Spaces of Homogeneous Type. Longman, Harlow, 1998.

[7] Guliyev VS, Deringoz F, Hasanov S G. Fractional maximal function and its commutators on
Orlicz spaces. Anal Math Phys 2019, 9(1): 165179.

[8] Hassani S, Mustapha S, Sifi M. Riesz potentials and fractional function for the Dunkl trans-
form. J Lie Theory, 2009, 19(4): 725-734.

[9] Dunkl C E Differential-difference operators associated with reflections groups. Trans Amer
Math Soc, 1989, 311: 167-183.

[10] Izuki M, Sawano Y. Characterization of BMO via ball Banach function spaces. Vestn St-
Peterbg Univ Mat MekhAstron, 2017, 4(62): 78-86.

[11] Janson S. Mean oscillation and commutators of singular integral operators. Ark Mat, 1978,
16: 263-270.

[12] Jeu M F E. The Dunkl transform. Invent Math, 1993, 113: 147-162.

[13] Kita H. On maximal functions in Orlicz spaces. Proc Amer Math Soc, 1996, 124: 3019-3025.

[14] Maligranda L, Matsuoka K. Maximal function in Beurling-Orlicz and central Morrey-Orlicz
spaces. Colloq Math, 2015, 138(2): 165-181.

[15] Orlicz W. Uber eine gewisse Klasse von Rdumen vom Typus B. Bull Acad Polon, A(1932):
207-220; reprinted in: Collected Papers, PWN, Warszawa, 1988: 217-230.

[16] Orlicz W. Uber Ridume (LM). Bull Acad Polon, 1936, A: 93-107; reprinted in: Collected Pa-
pers, PWN, Warszawa, 1988: 345-359.

[17] Rao M M, Ren Z D. Theory of Orlicz Spaces, M. Dekker, Inc. New York, 1991.

[18] Rosler M. Bessel-type signed hypergroups on R, in: H.Heyer, A. Mukherjea (Eds.), Prob-
ability Measures on Groups and Related Structures XI, Proceedings of Oberwolfach, 1994:
292-304.

[19] Rosler M. Positivity of Dunkls intertwining operator. Duke Math J, 1999, 98: 445-463.

[20] Rosler M. A positive radial product formula for the Dunkl kernel. Trans Amer Math Soc,
2003, 355: 2413-2438.



V. S. Guliyev, Y. Mammadov and F. Muslumova / J. Math. Study, 53 (2020), pp. 45-65 65

[21] Stein E M. Harmonic Analysis: Real Variable Methods, Orthogonality and Oscillatory Inte-
grals. Princeton Univ. Press, Princeton NJ, 1993.

[22] Thangavelu S, Xu Y. Convolution operator and maximal functions for Dunkl transform. J
Anal Math, 2005, 97: 25-55.

[23] Thangavelu S, Xu Y. Riesz transform and Riesz potentials for Dunkl transform. ] Comput
Appl Math, 2007, 199: 181-195.

[24] Trimeche K. Paley-Wiener theorems for the Dunkl transform and Dunkl translation opera-
tors. Integral Transforms Spec Funct, 2002, 13: 17-38.



