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Abstract. In this paper we prove an O’Neil inequality for the convolution operator
(G-convolution) associated with the Gegenbauer differential operator G,. By using an
O’NEeil inequality for rearrangements we obtain a pointwise rearrangement estimate
of the G-convolution. As an application, we obtain necessary and sufficient conditions
on the parameters for the boundedness of the G-fractional maximal and G-fractional
integral operators from the spaces L, to L, and from the spaces L, to the weak
spaces WLy, ;.
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1 Introduction

For 1<p<oo,let L,, (R4, sh**xdx) be the spaces of measurable functions on R, =
(0,00) with the finite norm

1

P
HfIILp,A(M:(/]R |f(chx)|Psh2Axdx> . 1<p<oo,
1flle., =1 flleow,) =esssup|f(chx)|,

XE]R+
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where 0 <A < % is a fixed parameter.
Denote by A?h ; the shift operator (G-shift) (see [9])

Al (Chx):C/\/ f(chxcht—shxsht cosg) (sing)** dg,
0

generated by Gegenbauer differential operator G,

GEGA:(xz—l)%_A%(xz—l)A+%%, x € (1,00), AE(O, %>,
where ( 1)
I'(A+3 T A1, )
Chr=—r 2= </ (sing) d(p>
r()r() \o

The Gegenbauer differential operator was introduced in [5]. For the properties of the
Gegenbauer differential operator, we refer to [3,4,10-12].
The shift operator A%, generates the corresponding convolution (G-convolution)

(fog) (chx):/]R f(cht) AL, g(chx)sh* tdt.

The paper is organized as follows. In Section 2, we give some results needed to fa-
cilitate the proofs of our theorems. In Section 3, we show that an O’Neil inequality for
rearrangements of the G-convolution holds. In Section 4, we prove an O’Neil inequali-
ty for G-convolution. In Section 5, we prove the boundedness of G-fractional maximal
and G-fractional integral operators from the spaces L, ) to L, and from the spaces L1\
to the weak spaces WL, . We show that the conditions on the boundedness cannot be
weakened.

Further A <B denotes that exists the constant C >0 such that 0 < A <CB, moreover C
can depend on some parameters. Symbol A~ B denote that A SB and B S A.

2 Some auxiliary results

In this section we formulate some lemmas that will be needed later.

Lemma 2.1. 1) Let 1<p<oo, fE€ L, (Ry), then forall t e R,
|adf|, <l
Ly

2)Let1<p,r<q<oo, 45 =1, pp'=p+p, f€Lpa(Ry), g€ Lra(Ry). Then fbg e
Ly (R4 ) and

=

Ifoglle,, <l fllz,lgll,.
(see [9], Lemmas 2 and 4).
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For all measurable set E C [0,00), uE=|E|, = [sh*tdt. We denote H(x,r) = (x—r,x+
7’) ﬂR+, i.e.,

[ (0,x+r), 0<x<r, -
H(x,r)—{ (x—r,x+r), r<x<oo, H(O,r)=(01),
.
H(x,r)|, = / shdt,  |H(0,r)|, = / sh? it
H(x,r) 0

Lemma 2.2. For any measurable E C R the following relation holds

/ Aanf (chx)sh? tdt ~ / (st du,
E H(x,r

where r =sup E.

Proof. First we prove that

/wAchtf(chx)shMtdt:/Oof(chu)sh”‘u du. (2.1)
0 0

Indeed
0 1
:CA/OO </”f (xt—m\/ﬁcosq)) (singo)”‘_ldq)) (fz—l)Af%dt,
1 0

Making the substitution z=xt—v/x2—1v/t>—1cos ¢, we get

1

cosp=(xt—z) (1) 1 (2—1) 7 dp=(1-x2—F—242xtz) *dz
(sing)? 1 = (1— 22— P22+ 2xtr) 2 (2= 1) 2 (2—1) 7

Then we have
/ooAtf(x) (t2—1)“%dt:q (-1) 1A
1

) xt-‘rmm A—1
x/ / (1-x*—#—2*+2xtz)"  f(z)dz | dx.
1 xt—vx2—1v12—1

Since xt— V2 —1vVE2-1<z<xt+V/x2—-1V2-1
& |z—xt| <V2-1VER -1 & 22 2xtz4 2R <P -2 — 241
o 2 2xtz<1—x*—1 & X 2xtz+ 22 <1—-22— P+ 22
EN (x—zt)zg (zz—l) (tz—l) & |x—zt| < V-1V -1
= zt—@@ﬁzt—k@@
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and

1<zt—vVz22—1V2 -1<x<zt+Vz2—1/t?* -1 < o0,

then by changing the order of integration we obtain

/;oAtf(x) (2-1)" 2ar=c, (2-1)2

) Zt+mm A—1
x/ / (1—x*——22+2xtz)" dx | f(z)dz.
1 zt—V/z22—1V/12 -1

On the other hand

1—x?— 1> — 224 2xtz= (zt+\/z7~—1\/ t2—1—x> <x—zt—|—\/zz—1\/ t2—1>.

Then use of the formula (see [2], p. 299)

b 1— v— _ v ()T (v)
/u(x—a)} Yb—x)" dx=(b—a) ! Foto)

by p=v=A, we have

/looAtf(x) (#-1)" " at

2 0 1 00 _1
:C)LZZ)‘lIlj(éﬁ%/l (zz—l))Hff(z)dz:/1 f(z) (22—1))L 2dz,

21T (A+1)

since (see [2], p. 952) T'(2M) = ﬁ( ]

Further we have

/Achtf(chx)sh”‘t dt
E

— / Aanf (chx)xe (cht)sh? t dt = / F(cht) A (chx)sh?t dt, (2.2)
0 0

N|—=

where xg-characteristic function of the set E C R, and also

( )f(chu)sh”‘u du:/oof(chu))(H(x,r)(chu)sh“u du. (2.3)
H(x,r 0

Now we prove that from (2.2) and (2.3) the assertion of lemma follows, i.e.,

/ F(cht) Aguxe(chx)sh®'t dt%/ f(chu)XH(x/r)(chu)shZAu du
0 0
< A XE (Chx) ~ XH(x,r) (Cht)' (2.4)

Indeed -
Acnxe(chx) :C/\/O Xe(x,t),(sh )* lde,



94 V.S. Guliyev, et al. / J. Math. Study, 53 (2020), pp. 90-124

where (x,t) , = chx cht —shx shtcos g, and

1, if (%, )
XE(x't)<P:{ 0, if (x, )
Let r=supE. Since |x—t| <ch(x—t) <(x, t)(pgch( t), then |[x—t|>r=(x,t), >

Therefore, from |x—¢t| > r it follows that A xe(chx
In this way we obtain

Achtxg(chx):CA/ (sing)** dp=A(x,t,r). (2.5)
{(pGOn] x,t <r}
Taking in (2.4) cos¢ =y, we obtain
1
_ oAl _ chx cht—r
A(x,t,r)—C;\/(P(x,t,r) (1-y*)" "dy, where go(x,t,r)—ishx T

Since ch(x—t) <r<ch(x+t) then we have —1 < ¢(x,t,r) <1. Therefore we have

A(x,t,r):CA/

@(x,t,r)
Let —1<¢(x,t,r) <0. Then

A(x,t,r) :CA/

@(x,t,r)

1 1
(=) Tay<cy [ (1-yA) ay=1. (2.6)
-1

1 1
(1—1/2)%161}/2@/ (1) dy

1

>C2 ! [ -y ay==—cu. @7)
0

Now let 0 < ¢(x,t,r) <1. Then

A(x,t,r) :CA/

@(x,t,r)

0o 1 A1 00
—CA/ ) A1<2—u> du:C/\/ X u M 2u—1)""tdu

1—g(xt,r)

Ytr
o2 -1c, / w2 M u— 1M ldu=22-1¢, / u+1)72AuA71du
1+(p )

1- (pxtr

1 1—¢(x,tr)
(1—u))"1(1+u))"1du:C/\/ w12 —u)* tdu
0

1+¢(xtr)

=210, [ (1) Pt tau =22, / (14u) 2t

> -1c, / u > 6 quu:Q (2.8)
(14u) (1+u)2r = 2 2A° '
Combining (2.7) and (2.8) for —1 < go(x,t,r) <1 we get
A(x,t,r) 2 1. (2.9)

From (2.6) and (2.9) we get (2.4) and consequently the assertion of Lemma 2.2. O
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The following two inequalities are analogue of [13] and have an important role in
proving our main results.

Lemma 2.3. Let 1 <p <g<coand v and w be two functions measurable and positive a.e. on
(0,00). Then there exists a constant C independent of the function ¢ such that

(/Ooo </tho(chu)du>qw(cht)dt>; <C (/Ooo@(cht)pv(cht)dt); (2.10)

if and only if

1
'

B=sup </ww(cht)dt) ! </0 o(cht)™F dt> , (2.11)
r>0 r

where p+p' = pp’. Moreover, if C is the best constant in (2.1), then
B<C<k(p,q)B. (2.12)

Here the constant k(p,q) in (2.12) can be written in various forms. For example (see [7])

=

7

1
P (07 YN o g "\
Kpa)=pH () rk(pa) =0+ ()7 orkipa) = (1+5)" (1+2) "
Proof. Necessity. If ¢ >0 and supp ¢ € [0,7], then

/roo</0t(l’(chu)du> w(cht)d / [( / / ><pchu du] w(cht)dt
/(/ (chu)d > w(cht)dt.

For this we have

([m</()t¢(chu)du>q (cht)d > </ w(cht) dt> (/Or(p(chu)du>
g( /Ooo< /th)(chu)d )q (cht)d ) ( o (cht)Po( cht)dt) ,

(/fw(cht)dt)z (/Or(p(chu)du> <C </Org0(cht)lﬁ’v(cht)dt>;. (2.13)

| o(chu)* P for u<r,
qo(chu)_{ 0, for u>r.

==

ie.,

Suppose
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Then by (2.13)

(/roow(cht)dt); (/Orv(chu)lpldu>
<C (/Orv(chu)(lpl)p“du> % =C </0rv(chu)1pldu>é.

From this it follows that

</roow(cht)dt) % </Orv(chu)1i"du> v <C. (2.14)

Sufficiency. Suppose

t / ar’
h(t)= </0 o(chu)t=P du) . (2.15)

By Holder inequality we have

</OOO </Otg0(chu)du>qw(cht)dt)g
= (/OOO </Ot(p(chu)h(u)v(chu)ll’h1 (u)v_ll’(chu)du>

g{/ooo (/Otgo(chu)h(u)v(chu)idu) w(cht)dt

X </th(u)_plv(chu)idu> p/dt}q. (2.16)

0

r

q q

w(cht)dt)

Now we prove that if ¢, >0, r>1 then

</Ooo¢(6ht) (/tho(chu)duydt) % S/Ooo(p(chu) (/uoor,b(cht)dt> %du. (2.17)

Indeed, since expression on the left hand in (2.17) is equal to

(fow (f:‘”“’”ﬁ?(C’i“)Xmoo) (t>du) rdt) ’

where X[, «) is the characteristic function of the [u,00), by Minkowsky inequality we have

/000 </OOO (wteht) gchu) 1 (t>)rdt> aus _/Oooﬁo(chu) </uoo‘/’(6ht)df) a
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According to (2.17) right-hand (2.16) is estimate expression

/Ooo ((p(chu)h(u)v(chu)%)p (/:o (/Ot (h(u)"’%(chu)) fdu) ﬂw(cht)dt) du.

Take into account (2.15) in (2.18) we obtain

a
- v

/:o (/Ot (h(u)_p/v(chu)>pdu> w(cht)dt
:/uoo </0tv(cl’lu)_pp, (/Ouv(chx)lp,dx)_

<=

1
q

du) w(cht)dt.

Suppose
tp(t):/tv(chu)l”/du, W' (t)=v(cht)' 7,
0

we have

/Otv(chu);f, (/{)”v<chx)1p/dx> du:/otv(chu)lp/lp(u)—;du

= [t tau= [ g (= Lo

¢ /
=q </ o(chu)'™F du> i
0

then the integral (2.19) is equal to

_1
1’4

Therefore
9

97

(2.18)

(2.19)

(2.20)
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From this and (2.20) it follows that

0”217<A%@mﬁlmm>AW@MMt

§B$ (q/)%/uww(cht) </toow(cht)du> 7$dt

11

a4 [ g q
:Bq_l(q’)ﬁ// (/ w(chu)du) w(cht)dt =M. (2.21)
u £
Suppose
/w(cht)dt:y(u):y’(u):w(chu),
then
® -3 IR 1 b o _ 1 ! !
[T @) = [T ) = )7 F = gnl =gu’
q/
From this, (2.21), (2.11) and (2.15) we obtain
1
M=Bi"1 (q’)%q (/ w(cht)dt) '

_1
7

<8 (¢ g ([ otehyae) " =B (g) g (ha))

Therefore the expression (2.18) is less than

i
4 q

Y q(n(u) ") du

/ooo <¢<Chu)h(u)v(chu)%)” (Bq (¢)

=B”(q')7 qs/oogo(chu)”v(chu)du.
0

1
From this and (2.16) it follows that the inequality (2.10) holds with constant B(g") *’ q%.
Moreover, if C is the best constant in (2.1), then

1

B<C<B(q)"q".

Q=

This completes the proof of the lemma. O

Lemma 2.4. Let 1 <p <q<coand let v and w be two functions measurable and positive a.e. on
(0,00). Then there exists a constant C independent of the function ¢ such that

(/Ooo (/tw¢(chu)du>qW(cht)dt) % <C (/Oooq)(cht)”v(cht)dt) " (2.22)
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if and only if

1
7

1
By =sup </ w(cht)dt> ' </ v(cht)lpldt> " <oo.
r>0 0 r

Moreover, the best constant C in (2.22) satisfies the inequalities By <C <k(p,q)B;.

Proof. Necessity. If ¢ >0 and supp ¢ € [r,0), then

/Or (/tooﬁo(Chu)du) qw(cht)dt
:/Or K/trJr/roo) qo(chu)du]qw(cht)dt:/or (/rw(P(Chu)du>qw(cht)dt,

From this according to (2.22) we have

(/Oy (/rooqo(chu)du>qw(cht)dt> % = (/Orw(cht)dt> ;/roo(p(chu)du

< ( /0 ” ( / oogo(chu)du) qw(cht)dt) % <C ( /0 oogo(cht)%(cht)dt> ”,

ie.
1 1
(/ w(cht)dt) q/ ¢(chu)du<C </ q)(cht)Pv(cht)dt> gy
0 r r
Suppose
| v(chu)*=¥, for u>r,
plchu) = { 0, for u<r.

Then by (2.24)

(/wa(chi?)alt‘)17 (/roov(chu)l_p/du>
<C </roov(chu)(1”/)p+1du) % =C (/roov(chu)lp/du> %

From this it follows that

1
7

(/Orw(cht)dt>}' (/roov(chu)l_”/du) " <c.

Sufficiency. Suppose

1
7

h(t)= (/toov(chu)l_p/du> "

99

(2.23)

(2.24)

(2.25)

(2.26)
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By Holder inequality we have

(/OOO </too<p(chu)du>qw(cht)dt)g

= (/Ooo (/toogo(chu)h(u)v(chu)Flﬂh_l(u)v;(chu)du>qw(cht)dt>

q

g{/ow <</t°°(p(chu)h(u)v(chu)édu> pw(cht)dt) '

a
7

X (/ooh(u)_p,v(chu)l;’/du> ’ dt}q. (2.27)
t

Now we prove that if ¢, >0, r >1 then

<.Aw¢(0ht) ( /t oogo(chu)du>rdt> % < /O " o(chu) ( /O uqJ(cht)dt) ' (2.28)

Indeed, since expression on the left hand in (2.28) is equal to

(/Ooo </000¢<Cht)}¢(m“)x[o,u] (f)du> rdf) %,

where x(o,,)-is the characteristic function on the (0,u) and by Minkowsky inequality is
less than

P
q

/000 </0oo <¢(Cht)%¢(cm)x(0lu) (t))rdt> %du = /OOOQD(Chu) </ou¢(6ht)dt> 7du.

According to (2.28) right-hand (2.27) is estimate by expression

q

/Ooo (cp(chu)hw)v(chu)é)p(/ou (/too (h(u)P'v(chu)>p”,du>plw(cht)dt)qdu. (2.29)

Take into account (2.26) in (2.29) we obtain
y 1
o / e / q
/ (/ o(chu)'™? </ o(chx)'™F dx> du) w(cht)dt. (2.30)
0 t u

$(8)= ol du, /(1) =o(ent) ¥

~Js

Suppose
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we have

/Oov(chu)l_p/< v(chx)1™ ”dx) chu)1 P (u)” ¥ du
t
dy

= [Ty ) Hau= [y

:;¢(t)13:q/ (/too (chu)'~ pdu) ,

but then the integral (2.30) is equal to

==

1

(7) v /Ou (/th(Chu)l”/du> " w(cht)dt.

From (2.23) it follows that

but then

From this and (2.31) it follows that

4

(9) v /Ou (/tmv(Chu)lp'du> " w(cht)dt

§Bf/ (q/)g//ouw(cht) (/Otw(chu)du>;,dt

1_
ql

:Bi’f1 (q’)vi’/u </Otw(chu)du> w(cht)dt= M.

0

Suppose
/0 " w(cht)dt=0(u) = 6' (1) =w(chu),
then y : y : ]
/O 0'(1) e(t)‘mt:/o 6(t) 7 d o(t)=q 6(u)1.
From this, (2.32), (2.23) and (2.26) we obtain

9
7

M=B]"(¢)"q ( /0 uw(cht)dty

<=

<Bi(q' )i’q </uoow(cht)l_p/dt> ) =B] (q’)%q(h(u))_q.

101

(2.31)

(2.32)
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Therefore the expression (2.29) is less than

[ (otehuyntuyoteh)?)” (B1(g")? (h)) ) ' a

PF oy
q

:Bf(q’) Vi /Ooogo(chu)pv(chu)du.

1
7

From this and (2.27) it follows that the inequality (2.22) holds with constant B (q')"' g

o=-

3 O’Neil inequality for rearrangements of G-convolution

In this section, we will establish a relation between shift operator A%, and
A-rearrangement of f. We show that for the G-convolution an O'Neil inequality for rear-
rangements holds. Let f:R; — IR be a measurable function and for any measurable set
E, uE=|E|y = [;sh*'x dx. We define A-rearrangement of f in decreasing order by

f*(cht) =inf{u >0: fi(u) gsh;}, t>0,
where f, denotes the A-distribution function of f given by

feu)=HxeRy:|f(chx)|>u}],, u=0.

Further we need some properties of A-rearrangement of functions which are
analogous from [1,7].

Observe that f, depends only on the absolute value |f| of the function f, and f. may
assume the value +-oco.

Proposition 3.1. Let f, g, fu, (n=1,2,...) measurable and nonnegative functions on R.. Then
(i) f. is decreasing and right-continuous on [0,00).
(ii) If | f (chx)| <|g(chx)| u— a.e., then f.(u)<g.(u) for u>0.
(iii) If | f (chx)| §li}$1_1>ioro1f |fu(chx)| p—a.e., then

f.(u) < liminf (f,), () foru>0.

The proof of this properties is precisely the same how the Proposition 1.7 from [7].

Proposition 3.2. The following equality is valid

t
* — — >
f*(cht)=myg, <sh2>, t>0,

where m is the Lebesgue measure.
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Proof. Since f. is a decreasing function by Proposition 3.1 (i) it follows that

sup{u:f*(u)>sh;}:m{u:f*(u)>sh;}.

Hence we get

f*(Cht):mf{”:f*(”)SSh;}=Sup{u:f*(u)>sh;}

t t
:m{u:f*(u)>sh2}:mf* <sh2>. O
The next proposition establish some properties of the decreasing rearrangement.

Proposition 3.3. The following properties holds.
(i) f*(cht) >u <= f.(u) >shi;
(ii) f and f* are equimeasurable, that is, for all

felu)=|{x€Ry:|f(chx)| >u}]A:m(sh;>O:f*(cht)>u) =my(u);
(iii) If EER , then

(fxe)"(cht) < f*(cht)x(o |, (cht), t>0;
(iv) Ifu>0and f,(u) <oo, then

F(fe(u)) <u and f*(f.(u)—e)>u forall 0<e< f*(cht).
Ift>0and f*(cht) <oo, then

£ (F*(cht)) < sh% and f. (F*(cht)—g) > sh% forall 0.
Proof. (i) First assume that f, (1) > sh%. Then, since f, is a decreasing function, we have

inf{v:f*(v) gsh;} >u.

Thus f*(cht) > u.
Now assume that

f(cht)>u <— inf{v:f*(v) gsh;} >1.

Thus, since f, is a decreasing function, we get f. (1) >sh}.
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(ii) Let m be the Lebesgue measure on IR .. Then by (i) we get

mf*(u):m<sh;ZOif*(Cht>>”> :m<sh£20:f*(u)>sh;>

=m0, fe(u)] = fe(u) = {x € R :|f(chx)[ > u},.

(iii) Since (fxg) (chx) < f(chx) for all x € E we have by Proposition 3.1 (ii) and Propo-
sition 3.2 that

(fxe), () <fi(u), u>0 <= inf{uZO:(fXE)*(u)gsh;}
= inf{uEO:f*(u)gsh;} — (Fxe)" (cht) < f*(cht), t>0.

On the other hand, since

(fxe), (W) =[{x Ry :[(fxe) (chx)| >u}|) <|E[,

we have
(fxe)"(cht)=0, cht>|E|,.

Combining these two estimates we can conclude that
(fXE)* (Cht) Sf* (Cht))( [0,|E|A] (Cht), t>0.

(iv) Assume that f. (1) <oo. Since f; is a decreasing function then suppose by assum-
ing that cht= f. (1) we get

£ Fla)) = eht)=ing {s20:1.(9) <sh |
ginf{SEO:f*(s) <cht:f*(u)} <u.

Also, forall e>0
£ (Fol) —€) =inf{s = 01 £.(5) < () —¢} = .
Now assume that f*(cht) < oo, then
£ (F* (cht)) = f. <inf{u20:f*(u) gshé}) gshé
by the right-continuity of f.. Furthermore, for all ¢ >0 by (ii) we have
fo(f*(cht) —e) = [{x € Ry :|f(chx)| > f*(cht) e},
=m({s>0:f"(chs) > f*(cht)—e}) Zshé.

This completes the proof of the proposition. O
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Proposition 3.4. For any E C R the following equalities are valid

/E]f(chx)]sh”‘xdx:/Omf*(u)du:/ooof*(cht)dt. (3.1)

Proof. We first prove (3.1) for simple positive functions. Let f be a positive simple func-
tion on E of the form

f(chx)= iocjxgj(chx), (3.2)
j=1

where a1 >a>...>a, >0, E;j= {x €R;: f(chx)= oc]-} and x is the characteristic function
of the set E. All E; are pairwise disjoint sets. Then

fulu) = f;/sjmj(ux
L

where ﬁ]:ZLl |Eil,, Ba=[ajy1,&}), j=1,...,n and a1 =0.
Thus we have

/Ooof* (u)du :/Ooo (j—zl‘BjX[aj+1,uj)(u)> du

=Y B du=Y Bj(aj—aj)
=1 =1

Xj+1
=PB1 (a1 —a2)+ P2 (a2 —az)+...+Buiy
=181 —aaBa+azBa—a3B3+ .+ &y_1Bn—1—&nBu_1+&nBn

=1 f1+ar <ﬁ2 _,Bl) R | (,Bn—l _ﬁan) +anfun= i“] ‘ E]‘A (3.3)

j=1

Further since
n
f*(cht) = Za]x[ﬁj—l,ﬁj) (cht),
j=1

then

/Ooof*(cht)dt
:/O"" (i“fx[ﬁjl,ﬁj) (ChX)) dt
=1

n Bi n n
:ZDC]/ dt= Za](ﬁ]—ﬁ]_l):Za]‘E]‘A (34)
j=1 Bj-1 j=1 j=1



106 V.S. Guliyev, et al. / J. Math. Study, 53 (2020), pp. 90-124

As E= 27:1 E;j, then

n n
E“]"EJ‘AZZ/ f(chx)shmxdx:/f(chx)sh“xdx.
=1 j=1"Ej E

From this, (3.1) and (3.4) it follows that (3.1) is satisfied for simple functions. The gen-
eral case follows from Proposition 3.1 (iii), Proposition 3.2 and the monotone convergence
theorem. ]

Proposition 3.5. Let 0 <p < co. Then

/Ooo |f(cht) |psh2)‘tdt:p/oooup1f*(u)du:/ooof*(cht)f’dt.

Proof. Since f is p-measurable function, || f||” is a y-measurable function for 0 < p < cc. By
Proposition 3.3 (ii) it follows that |f|? and (f*)? is equimeasurable, then by Proposition

3.4 we have
°° T WY bl A LAC "
|f(cht)|"sh™*tdt=p uP~du | sh* tdt
0 0o \Jo

:p/ ub~1 (/ shZ)‘tdt> du
JO J{te[0,00):| f(cht)>ul}
—p [t o) F(cht) > u
0
:p/ up_lf*(u)du:/ f*(cht)Pdt.
0 0
This completes the proof of the proposition. O

Proposition 3.6. For any measurable E C R such that |E|, <t the following inequalities are
valid

/E|f(chx)|sh2Axdx§/OlElAf*(chu)du§/Otf*(chu)du.

Proof. If t = oo, then the inequality is true by Proposition 3.4. Assume that t < co. Then by
Proposition 3.4 and Proposition 3.3 (iii) we obtain

/E\f(chx)\sh”‘xdx:/ooo|f(chx)XE(chx)|sh2Axdx:/Ooo(f)(E)*(chu)du

© |E[x t
g/o f*(chu))qolwm(chu)du:/oE f*(chu)dug/o f*(chu)du. =

From Proposition 3.6 we immediately obtain the inequality

t
sup ]f(chx)|sh2Axdx§/f*(chu)du.
0

sup|E| =t E
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Proposition 3.7. Let f and g be measurable functions on R.. Then the following inequality is
valid

/Ooo | f(chx)g(chx)|sh* xdx < /Ooof*(cht)g*(cht)dt.

Proof. We prove this inequality for positive simple functions and the general results will
follow by Proposition 3.1(iii), Proposition 3.2 and the monotone convergence theorem for
measurable functions on R . Let f be a simple function of the form

f(chx) er])(g (chx),
j=1
where a1 >ay>...>a, and E;CRy, E;NEy =9, k#]. Let
j j
Bi=) E, =) |El,, 70=0
i=1 i=1

and Bj=waj—wj11, ay+1=0. By Proposition 3.6 we get

” chx)e(chx)|sh* xdx = sh* xdx
&g
0

o <i‘8jXBj(Chx)> g(chx)
j=1

n n B
:ZIBJ‘/ ‘g(ChX)‘ShZ/\XdXSZ,B]‘/’ /‘Ag*(cht)dt

L |Bf|/\ * ! L/
:Z( —j41 /0 g (cht)dt:sz]-/ ¢*(cht)dt

j= j=1 Yi-1
:‘/0 <ZD‘]'X[%‘1/Y;)<Cht)> g* (Cht)dt:/o f* (Cht)g* (Cht)dt.
j=1

Proposition 3.8. For any t >0 the following equality is valid

sup [ [f(chx) sl xdx = / ' (chu)du, (3.5)
|E[r=t 0

Proof. We need to consider two separate cases, according to whether a number does or
does not lie in the range of the distribution function f, of f. Suppose first there exists a

v >0 for which f.(v) = shg. In that case, it follows that (see Proposition 3.3 (iv))

) =f (shy ) <v

and so

shy =fu(v) <. (£ (sh5) ) <o (" (cha)) <shs,
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ie.,

o) =

E:{xelR+:|f(chx)|>f* (sh%)}.

Therefore, let

Then

folxe () =f. (max{u.f* (s3 ) })

and by the equimeasurability of f and f* (see Proposition 3.3(ii)) we have

m-gosig () <min (- (1), 3} =i £ 1), 7}
= min{f* () £+ (£ (h3) ) } = F- (max{us* (sh3) })- 66

Let e >0 be arbitrary and take chtyp=min { fe(u), shg } —e&. Then by Proposition 3.3(iv)

f*(ChtO)X[o,shg] (chto) = f*(chto) > f* (fu(u)—g) >u,
that is

Mf (u)=m {t >0: f*(cht)x(o,sne) (cht) > u}

Zchtozmin{f*(u), sh%}—e. (3.7)

From (3.6) and (3.7) since € was arbitrary, we have

Mg, (0= Fe (max o f* (sh5) }) = (e (@)

for u>0. Hence fxg and f* Xjos0) are equimeasurable and because by (3.1) we obtain
/shy

[ 1) lsiedx= [ | e (cho)| s v
E 0
o shé
= / fr(eht)x g (cht)dt= / " F*(chu)du.
0 (0,sh %] 0

Take sh5 =t we obtain (3.5). The case where t is not the range of f. prove the same when
of Lemma 2.5 from [7]. O

The function f** on Ry is defined by

f**(cht)zi/otf*(chu)du, t>0.
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Since f* is decreasing then

“*(cht) = “(chu)du> f*(cht)- du *(cht).
f(

We denote by WL, (R) the weak L, ) space of all measurable functions f with finite
norm

1
A
HfHWL,,,,\:sup<sh2> f*(cht), 1<p<eo.
t>0

Lemma 3.1. For any measurable set E CIR . and for any y € Ry

sup Achy|f (chx)|sh* x de/f (chu)d
|E[r=t

These inequalities immediate follows from Lemma 2.2 and (2.28).

The following theorem is one of our main results which shows that an O’Neil inequal-
ity for rearrangements of the G-convolution holds. The methods of the proof used here
are close to those [6].

Theorem 3.1. Let f, g be positive measurable functions on R. Then for all 0 <t < oo

t 00
(f@g)**(cht),gf**(cht)/ g**(chu)du+/ f*(chu)g™ (chu)du. (3.8)
0 t
Proof. For t >0 we choose a measurable set E; such that
{xeRy:|f(cht)|>f*(cht)} CE;C{x€Ry:|f(chx)| > f*(cht)}.

Let
fi(chx)=(f(chx)—f*(cht)) xe,(x), fa(chx)=f(chx)— fi(chx).

For any measurable set A C Ry with measure |A|, =t, we have

/ (gD f1) (chx)sh*x dx:/ </ f1(chy) Aé\hyg(chx)sh”‘y dy> sh*x dx
A
_/ f1(chy)sh*'y dy/ A8 (chx)sh* x dx.

Hence by Lemma 3.1 we obtain
t
/ (8@ f1) (chx)sh*x dxg/ g*(chu)du/ f1(chy)sh*'y dy
A 0 R+
t
S/ g**(chu)du/ f1(chy)sh*'y dy
0 R

~ (/Eff(chy)sh”‘y dy—tf*(cht)) /Otg**(chu)du.
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Thus by (3.5) we have

(g@ﬁ)**((?ht):% sup | (§®f1)" (chx)sh*x dx

|A‘/\:t A

¢
S(F (eht)=f*(cht)) [ g (chu)dn.
0
Next, estimate (¢ f>)" (cht). Taking into account Lemma 3.1 and (3.5) we have

(Aé‘hyg(chx)) ' (chu) < <A?hyg(chx)) " (chu)

N— sup / Achyg (chx) hmy)*dygg**(chu), (3.9)
Yial=

hence by Proposition 3.7 we get
(g6 f2) (chx) < [ i (che) (Abyg(chx)) (el < [ f5 (chu) g™ (chu)
,Sf*(cht)/otg** (chu)du+/toof*(Chu)g**(chu)du.
Consequently by (3.5) we have
(g®f2)™" (cht) Sf*(cht)/Otg**(chu)du—k/toof*(chu)g** (chu)du.
Therefore we obtain (3.8). O

Theorem 3.2. Ifgc WL, ,(R), 1<r<co, then

(fo8) (cht) <(f®8)™ (cht) 5 ngHWL,A

X ((shé)y/otf* (chu)alu—k/tOo (sh%)i

Proof. Since f e WL, ) (R4 ), we have

1
r

f*(chu)du) . (3.10)

1
* £\ " *% ’
)= (sh3) Il g7 < (sh3) e

Taking into account inequality (3.8) we get the inequality (3.10). O
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4 O’Neil inequality for the G-convolution

In this section we prove O’'Neil inequality for the G-convolution.

Theorem 4.1. 1) Let 1 <p<g< oo, %%—%:%, fel,y(Ry), WL,y (Ry). Then fdge
Ly (R4 ) and

If®8lL,, <Al lglwe,,. (4.1)

L7 N L5
where A=27 -5 [ (p)i(q")" +pig? ).
2 Letp=1,1<q<oo, f€L1y(Ry), §EWL A (Ry). Then fg e WL, ) (Ry) and

r
If ®lwe,, S =7 1l lIgllwe,,- (4.2)

1 1 1
Proof. 1) Let feL, (R4 ), gEWL, ) (Ry), 1<p<g<ocoand o= P + o From Proposition
3.5 and inequality (3.10) applied Minkowski inequality we get

Hf@SHLM - H(f@g)*HLq(O,oo)

S%HgHWLM {(/Ooo <Sh;> </Otf*(chu)du>‘7dt>;
+ (/Ooo (/too (sh;>_%f*(chu)du>th> ;]

Srz_lrl Igllwe,, [(/Ooot—'l (/Otf*(chu)du>th>‘l’
" </ooo </too”}f *<Chu>du)th> 3’] ,

By Lemma 2.3, for the validity of the inequality

(/Ooot_z (hr *@h”)d”)th <ci( 75 (e ’1’>

it is necessary and sufficient that

_1
r

1

1
© 4 Na/rt NV /g ~4 11,1
su u- rdu /du) =(--1 supt’ * 1 <oo,
t>€ </f ) ( 0 (1’ ) t>§
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=

- 1
Note that C; < ( g — 1) = Furthermore, by Lemma

1.1
P4
2.4, for the validity of the inequality

</000 (/toouif "(chu) du>th) % <G </ooof *(cht)Pdt> %,

it is necessary and sufficient condition that
t i 00 / L/ / -5
9 P v 11
sup </ du) </ uprdu> :<P_1) supt” 71 <oo.
t>0 \/0 t r >0

1
= 1
l l

= =

Note that C; < (— - 1) pq (p')r p%qr’ and 1 —1=1 By using these inequalities and
applying Proposition 3.5 we obtain

Ifoglly,, SAIflL, lI8lwe,..

R O o
where A:Z%-rjl ((p’)q (q)" +pigr >
2) Let p=1,1<q<oo, fE€L1)(Ry) and g€ WL, (R ). By inequality (3.10) and
Proposition 3.5 we have

1
t\17 X
HfﬁBgIIWLq,A:Stug’ <5h2) (fog)" (cht)
>

1
r

Sl sup (sng) ' ((sn2) [ s (chya

1
,7 N . T
[ (sh3) T (chdu) =gl

X (sup Otf*(chu)duvLsup (shé) ;/too (shZ)‘l’f*(chu)du>

t>0 t>0

HgIIWLM 1 Nes0.00) S 57 M-l lwg

This complete the proof. O

5 Boundedness of G-fractional integral operatorin L, »

We define the G-fractional maximal function by

M F(chx) = h o hx)shy d 51
& (o) =sup [ o) b chr)siy dy, 61

r>0
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the G-fractional integral by

J&* f(ehx) = /O " g(chy) Al f(chx)si?y dy, (5.2)

where H(0,7)=(0,r), and
4a(a—21-1) (53)

The following relation holds (see [5], Lemma 1.1)
r r\2A+1
|H(OIT)|A=/ sh®Mdt ~ (Shz)ém ’ 0<r<2,
° (ch5)™, 2<r<oo,

and since sht <cht <2sht for t > 1, then

7\ 2A+1
(Shi) ,  0<r<2,

|H(O,7)[,~ 4 (54)
(sh§> , 2<r< o0

We show that g(chx) € WL s, (R4), 0<a<2A+1. Let 0 <x <2. By definition of g,
A+1—a”

we have

8«(H) ={x€(0,2): [g(chx)|>t}[,

= sh*Mx dx:/ o shPxdx
{xe(0.2): lg(chn)|>t} {re2): (sn3)™" >t}

:/ L yshPxdx= ‘H(O,t%fﬁ) ‘ )
{xe(O,Z): shg<tm} A

Taking into account (5.4) we have

£\ " 2aTa
()~ (sh2> , 0<t<2. (5.5)
Now let 2 <x < oo, then from (5.3) we get

g«(t)=H{xe2,00): [g(chx)|, >t}

= sh*'x dx:/

4A(a—21-1) shZAx dx
{rel200): [g(chn) >t} -t}

{xe [2,00): (sh% ) 2A+1

2 2041
2A+1 }Sh xdx= ‘H <O,t4/‘("‘*2’\*1)> ‘/\

/{xe[Z,oo); (5h§)<t4ua—u-1)
2A+1

£\ "zt
~ <sh2> ,  2<t<oo, (5.6)
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with it follows from (5.4).
From (5.5) and (5.6) it follows that

2A+1

t\ A Tl-a
[ AGE (sh2> , 0<t<oo. (5.7)

From (5.7) we have

“(eht) —inf 0:0.(x) < L Y By hx>zfﬁla< Lt
" (cht)=infq x >0:9.(x) <s 5 =inf< x .(s > <s 7

_2A41—a B (R
=inf x>0'shz> shE S shE o (5.8)
in tshy 2 > 5 . .
2A+1

Since p = 5347—; then from (5.8) we obtain

t %* £\ -z £\ "o
lglhon o =sup (shy) e~ (sng) " () o1 69

2A+1—a” t>0

By definition of f**, we get

1t 1ty x\Lrata p\
ok _ = * _ = e > v )
g**(cht) t/og (chx)dx t./o (sh2> dx> (sh2> (5.10)

On the other hand

. IR L Tt = - 27t x\ 1+t
g (=7 [ (sh3) dx—tjz(:) L (s3) dx

1 ¢\ o - , ) . £\ o .
- _ “jp_o-i—1p) = —j=lgpZ i1
gt2<sh2j+2> (2772 t)-E(Z shz) 2

=0 =0
,1+L ) ,1+L
t 241 X 1 t 2A+1

From (5.10) and (5.11) it follows that
g™ (cht)~g*(cht), 0<t<oo. (5.12)

Corollary 5.1. Let 0 <a <2A+1. Then the following inequalities hold
(&) (enty < (J&£) (ent)
p\ 2ir L gt o/ 4\ ]
< <sh2) / f*(chu)du—i—/ <sh2> f*(chu)du. (5.13)
0 t
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Indeed by the definition of convolution we have

J&* f(chx) = /R g(chy) Ay, f (chx)sh*'y dy = (f @g) (chx).

+

From this, Theorem 3.2 and (5.7) we have (5.13).

Lemma5.1. Let 0<a <2A+1. Then

LA 22)\-1—1—04 -
Mg" f(chx) < W]c’ (1f1) (chx).

Proof. From (5.2) we have

J& (I f1) (chx)

0 2it1 AL chx 2/+1 chx
— / Chy|,£§\+1_)a| Sthy dy-}-Z/ Chy’f((z/\+2’ )S 2/\]/ dy
=2 (shy) =172 (shy) ™ ’
z JEY (1) (chx +21“f (1f1)(chx), (5.14)

]—700

where

+1 AA chx
) = [ S )

i (Sh%)Z/\-i-l—Dc

24 AL, |f (ch)]

sh*'y dy,

A,
&Y (D ehs) = [ e iy dy.
shy
Further we have
M a—2A—1 2
Gy (D) = (sn2)" 7 [0 Ab f (ch)lshy dy,

1 (a—2A—1) 2f+1

JE (1) (chx) > (sh 2! )“ | (chix)[sh?y dy

> (Sh 2]) a—2A-1

o chy

2j+1

[ Ayl f (chx)[sh*y dy.

In this way

TEM (£ (chx) = JEY (1) (cha) + TS (| f]) (chx)
2]+1

A 2211
> (sh 2]> Chy |f (chx)|sh®y dy.
2]
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Note that
M] Na—2A—1 (21 "
(D ehx)= (sn2) " [ Al If (eho) sy dy
Na—2A-1 (2
= (sh2)) [ Al | (e sy dy
. a—2A—1 2]
- (sh 21 -2) chy |f (chx)|sh*y dy. (5.15)
But
v i1 i1 2A+1—w 2A+1 i1 2A+1—w
(sh272) > (2sh 217" =221 (s 2l ,
then

<Sh 2].)06—2/\—1 S 2“_2/\_1 (Sh 2]._1> a—2A—1

and therefore from (5.15) we have

., Na—2A—1 21
JE(1f1) (ehx) > (sh 2/) [ Al |f () sy dy

. a—2A—1 2]
—20 2 (gh 2 ) Ay |f (chix) [shy dy
O

a—2A—1
> (1—2”"”’1) (sh 2] / Achy |f (chx)|sh*!y dy.

If we take the supremum with respect to j€Z in the both sides of the above inequality,
then we get

supJ& (| £]) (chx)

jez
N a—2A+1 2/'+1
> (1-2%"21) xcsup (sh 21)“ Ay I (chx) sy dy. (5.16)
jez
On the other hand, from (5.1) we have
: N a—2A—1 21'+1
MM f(chx) < sup (sn2) A |f (chx)|sh?y dy. (5.17)
IS
Thus, the assertion of Lemma 5.1 follows from (5.14), (5.16) and (5.17). O

Corollary 5.2. Let 0 <a <2A+1, then for 0 <t < oo

(ME'F) (cht) < (ME'F) ™ (cht)
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=1 et 0 a9
5 (Sh t) + / f*(ChM)dLl-i—/ (Sl’l E) 2A+1 f*(chu)du.
2 0 ¢ 2

Corollary 5.3. Let 0 <a <2A+1. Then
DIfl<p<2tl fel,)(Ry)and %—%: i, then JErfeLyy(Ry) and

& f

o, SIfle

2)Ifp=1, fELia(Rs) and 1—} =g, then [ f € WLy (Ry) and

] I
Indeed, from (5.5) it follows that

J& f(chx) = (f*g) (chx).

Suppose 7= 5 fﬂ'} ~ and use (5.9) in (4.1) we have the assertion 1) of Corollary 5.3. From

the condition 2) it follows that =5 )%f{l - Therefore the assertion 2) follows from (5.9)

and (4.2).

Theorem 5.1. Let 0 <a <2A+1. Then
Difl<p< 2)%1, then the condition %— e s I8 necessary and sufficient for the bound-

q
edness of ]é’/\f”om Ly (R4) to Ly (Ry).
2) if p=1, then the condition 1— % =5 A”jrl is necessary and sufficient for the boundedness of
JM from Ly (R+) to WLy » (R+).

Proof. Sufficiency of Theorem 5.1 follows from Theorem 4.1.

Necessity 1). Let 1<p <t fe L, ,(Ry) and J%* be bounded from Lya(Ry) to
Loa(R:) ie.,

e, SIfIlL,.- (5.18)

Moreover assume that f(x) > 0 is increasing. We define the dilation function f;(chx) as
follows:

f(ch(tht)x)<fi(ch(ctht)x), 0<t<1, (5.19a)
f(ch(tht)x) < fi(ch(sht)x), 1<t<oo. (5.19b)
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From (5.18) for 0 <t <1 we have

il = </Ooo (e x)|pShZAde> % = (/O"" |f (ch t)x!pshz"xdx> %
=(th t)% (/Ooo‘f(ch u)\”sh“(th t)udu);

1
<(th t)% </ |f(ch u)|psh2Audu> '
0

2241

0" Il = (55 ) Wl

1 _2A+1
5( AR I, < h )7 M1 fllL, (5.20)
C P

where in the second step we used the transformation (cth t) x =u and dx = (tht) du. On
the other hand,

Uil = ([ 0 psisas) > ([irenennopaisas)’

l 1

=(cth t)% (/ |f (ch u)|¥ sh®* (cth t)udu> > (ctht) = </ |f(chu)|Ps hmudu>

=(cth )7 HfllL L2 (ctht)” W T f Nl = (sh )t
Let 1 <t < oo, then from (5.19) we have

Wil = ([t ) > ([ irnin s paitsas)

=(cth t)% (/oo|f(ch u)|Psh?* (cth t)udu)p (ctht) = </ |f(chu)|Ps hmudu>
2(etht) 7 Ul =0T [l 622)

On the other hand,

Al (521)

1 fellr,, < </O°°\f(ch(sh t)x)\pshmxdx> % —(sht) 7 (/Ooo|f(ch u)|psh2)‘5:;tdu);

2A+1 2A+1

1
<) ([Tl st ) "< s 523
0
Combining (5.20)-(5.23) we obtain

_2A+1
il =k 0* 5 [ £l 0<t<eo) (529)
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Further from (5.2) for 0 <t <1 from (5.19), we get

LM:</OOO ]?;'Aft(Ch x)‘qshz)\xdx>37§ </Ooo
—(th t)1 (/O""
<(tht)""" </0°°

—(tht)"7 || f

1§ f J& f(ch(cth t)x) ‘qshz’\xdx> !

JEf(ch u) ’qshm(th t)udu) '

TS f (ch u) ’qshmudu> '

< cht\ T
=)
> /°°
er_< 0
z(cthtﬁ(/
0
> (cth )55 </°°
0
2241
_ ﬂ T oA
_<sht> Je"f
Now let 1 <t <oo. Then from (5.19) we have

A
—(cth t)7 </O°°

>(ctht) 0 1),

S(shy i

Lga

JEf

J&f

, (525
Lox (5.25)

Analogously

J& fo TN f(ch(th t)x) ’qshmxdx> !

JEMf (chu) ‘qsh‘ZA (cth t)udu) '

TS f (ch u) ‘qshmudu> '

>(sht) 1

Lga

JEf (5.26)

Lga

TS f (ch(th t)x) ‘qshmxdx) '

TN i

J& F (chu) ‘qshz)‘ (cth t)udu> !

> (sh t)_%

q.A

J&f (5.27)

Ly

On the other hand

L2
—(sht)"i (/Ow

Combining (5.25)-(5.28) we obtain
1§ f

]é'Aft

J& f(ch(sh t)x) ‘qsh”‘xdx> '

1
TSN f (ch ) ]qsh””du) T<(sh T (5.28)

sht

Ly,

A
~(sht)y 1

Lga

, 0<t<eo. (5.29)

9.7

I,
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Taking into account (5.18) and also (5.29) and (5.24), we get

2A+1

~ == A < 241
N(Sh t) q ]G ft L N(Sh t) g HftHLp,A
A
2k 2 +(2A+1)
< (s ) Yy = (sh PG g
If%—% T, oA (Ry,G), we have qA:Oast—>O.
If %—% > ﬁ, then forall f€L,,(R¢,G), we have . =0as t—>oo.

Consequently = 5157+ Again we establish estimate for

q & Ay H Wi From (5.10) for

0<t<1wehave

1

aA H > supr / sh® xdx
]G f WLy A r>0 {xe]R+ ’] f(ch(th t)x ’>r}

= supr(cth t) ] / sh* (cth t)udu
r>0 {ueRy:|J& f(ch u)|>r}

1
q

1
2A+1 21 q
>sup(ctht) o / sh* udu
>0 {ue]R+ ‘]G (chu ‘>r}

2041

= (tht) 9

2A+1

fH >(sht) 0

WLyy

JE f H . (5.30)

WLy

On the other hand from (5.19) we get

1
q
) H < supr / sh* xdx
]G ft WLy~ ,,>IO) {xGH{+:|Ié’ (ch(cth t)x |>r}

1
q

= (tht) ] supr / sh?! (th t)udu
>0 {ueIR+ ’]G f(chu ’>r}

2A+1

sht\ 7 -
< (tht) 7 fHWLM: <cht> I fHWLM
1 2A+1
. W fHWL,M (sht) 7 fHWL,,A (5:31)
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We consider the case 1 <t < co. From (5.19) we obtain

1
q
oA 2A
! sh™ xdx
JG ftHwLW\ (/{xe]m |T&M f(ch(th t)x)|>r} )
1

9
= (ctht) g )7 supr / sh*! (cth t)udu
>0 {ueIlLr |] f(ch u)|>r}

et | (5.32)

> (ctht) i
WLy

2241

>(sht) 4

WLy,

On the other hand,

q
a) <supr / sh* xdx 5.33
Ig ftHWLM_DIg H{xerai| & fen(sn )| >r} 639

1
_ —7 ' YA ! - [ )
=(sht) qi‘iﬁ’r(/{uem: Mf(m)‘>r}5h (Sht)du> <(sht)" 7 || fHWLM

From (5.30)-(5.33) for all t >0, we have

2A+1

ftH ~(sht) 1

WL,

T, (5.34)

WL, A

Let the operator ]é’A be bounded from L; ) (R+) to WL, (R+), i.e.,

oA <
]G fHWLWLN ||f“Ll,/\’

then from (5.24) and (5.34), we have

2A41

I, 0

2A+1

JE |, SO Ufily,

< (sh 1) (sh £~ 1HfH L= (s " @D ey

If1 —% < ﬁ, then for all fe L, (R,G), we have

®,A
! =0ast—0.
I wagM

If1— % > 5, then forall f €Ly 4 (R4,G), we have

=0ast—o0.
Ly
Consequently 1— % = 5T O

Recently, in the work [5] the Gegenbauer-Riesz (G-Riesz) potential

I £ (ch x) = — j /Ooo </O°°r%1hr(ch t)dr> AN Fchx)sh?

r(s
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is introduced, where

hy (ch t):/o

P;‘(ch t) is Gegenbauer function. The following inequality (see [5]), Corollary 3.1) is

) _1
e TP (ch 1) (12 =1)" " 2dy, 0<a<2A+1,

valid
© AN | f(ch x)|sh* tdt

(e l< [
|f (ch x)|sh* tdt

</2 Al lf (ch X)\shZ"tdtJr/oo AN
= Jo (sh %)2A+1—a 2 (sh %)%(2)\4’17&4)

= [ g (chy) A, () 5 et = T 1 1) (ch ). .39

From this it follows that Corollary 5.3 and Theorem 5.1 are valid for G-Riesz potential

IEf(ch x).
From Corollary 5.1 and (5.35) we get
Corollary 5.4. Let 0 <a <2A+1. Then the following inequalities hold
(168)" (ch t) <(I&f) ™ (ch t)

P\ oL gt o/ 4\ ;]
< (shz) / f*(chu)du+/ <sh2> f*(chu)du.
0 t

Corollary 5.5. Let 0 <a <2A+1. Then

1) If1<p<ZEL then the condition L —1 = % is necessary and sufficient for the bound-
p p g 2A+1 Y

o

edness of If; from L, (Ry) to Ly (R+)

2) If p=1, then the condition 1— % = 5147 s necessary and sufficient for the boundedness of
Jr

I‘(";from Ll,)t (]RJr) to WLL],)L (]R )

Proof. Sufficiency of Corollary 5.5 follows from Theorem 5.1 and Corollary 5.3.
2A+1
Necessity 1). Let I¢. be bounded from L, 1 (Ry) to Ly ) (Ry) for 1<p< A{j ,ie.,

G e,, SUFIlL,q- (5.36)

Analogously of (5.25) it can be easily shown that

_2A41
G fellr,, = (sht) 7 [lIGfIl, - (5.37)
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Taking into account (5.25), (5.36) and (5.37), we get

2141 2141
G f L, = (sht) o NG fellp, , S (sht) o [Ifell,,

(Sht)“_M+2\+l £l = (s ht)a+(2A+1 ( p>

| fllL,-

If7—7<2A+1,thenforalleLpA(lR+) we have ||I& fHL =0as t—0.
If1 >2A+1,thenforalleLpA(lR+) we have || I} f||L =0as t— oo.

«
T2A41

2) Suppose that the operator I is bounded from Ly ) (Ry) to WL 5 (Ry), e,
18 Al Sl (5.38)

Therefore we get the equahty s =

From (5.38) we obtain
_2A+1
& fellwe, = (sht) 7 [1IGfllwe,, - (5.39)
q q,
Now from (5.38), (5.39) and (5.24), we have

N EYES I, < 2441
1 Pl = (s 55 NI il 6 )T 1AL
2A l
< (sh )25 (sh 2 7|, = (s G
Ifl—%<u"‘ﬁ, then for all f € L; , (R4 ), we have HIéHWLM:O as t—0.

If 1—% > 57 then forall f €Ly ) (R4 ), we have HIéHWLM =0as t—oo.

Therefore we get the equality 1— % =51 O

Corollary 5.6. Let 0 <a <2A+1. Then

1) ifl<p< ZAD(—“, then the condition % = 5147 I8 necessary and sufficient for the bound-

1
q
edness of M&" from L,y (Ry) to Ly o (R+.).

2) If p =1, then the condition 1—% = giq7 18 necessary and sufficient for of M‘é’A from
LL/\ (IR+) to WLq,A (R+)

Proof. Sufficiency follows from Theorem 5.1 and Lemma 5.1. O

Remark 5.1. We note that the results of this paper are analogues in [3].
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