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1 Introduction

In this paper we prove the existence of solutions to the nonlinear anisotropic degenerate
elliptic equations with variable exponents, of the type

−
N

∑
i=1

Diai(x,u,∇u)+g(x,u,∇u)= f , in Ω,

u=0, on ∂Ω,

(1.1)

where Ω⊆RN (N ≥ 3) is a bounded domain with smooth boundary ∂Ω and the right-
hand side f in L1(Ω), Diu = ∂u

∂xi
. We suppose that ai : Ω×R×RN → R, i = 1,.. .,N are
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Carathéodory functions such that for almost every x in Ω and for every (σ,ξ)∈R×RN

the following assumptions are satisfied for all i=1,...,N

|ai(x,σ,ξ)|≤β

(
|k(x)|+|σ|p(x)+

N

∑
j=1

|ξ j|pj(x)

)1− 1
pi(x)

, (1.2)

N

∑
i=1

(ai(x,σ,ξ)−ai(x,σ,η))(ξi−ηi)>0, ∀ξ ̸=η, (1.3)

N

∑
i=1

ai(x,σ,ξ)ξi ≥α
N

∑
i=1

|ξi|pi(x)

(1+|σ|)γi(x)
, (1.4)

where β>0, α>0, and k∈ L1(Ω), γi : Ω→R+, pi : Ω→ (1,+∞) are continuous functions
and p is such that

1
p(·) =

1
N

N

∑
i=1

1
pi(·)

.

We introduce the function

p∗(x)=

{
Np(x)

N−p(x) , if p(x)<N,
+∞, if p(x)≥N.

(1.5)

The nonlinear term g :Ω×R×RN →R is a Carathéodory function such that for a.e. x∈Ω
and all (σ,ξ)∈R×RN , we have

|g(x,σ,ξ)|≤b(|σ|)
(

c(x)+
N

∑
i=1

|ξi|pi(x)

)
, (1.6)

g(x,σ,ξ)·σ≥0, (1.7)

where b : R+→R+ is a continuous and increasing function with finite values, c∈ L1(Ω)
and ∃ρ>0 such that:

|g(x,σ,ξ)|≥ρ

(
N

∑
i=1

|ξi|pi(x)

)
, ∀σ such that |σ|>ρ. (1.8)

In [1], the authors obtain the existence of renormalized and entropy solutions for the
nonlinear elliptic equation with degenerate coercivity of the type

−div[a(x,u)|∇u|p(x)−2∇u]+g(x,u)= f ∈L1(Ω).

For g ≡ 0 and f ∈ Lm(·)(Ω), with m(x)≥ m− ≥ 1, equation of the from (1.1) have been
widely studied in [2], where the authors obtain some existence and regularity results for
the solutions. If g≡|u|s(x)−1u,

ai(x,u,∇u)=
|Diu|pi(x)−2Diu
(1+|u|)γi(x)
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and f ∈ Lm(Ω), with m ≥ 1, existence and regularity results of distributional solutions
have been proved in [3].

As far as the existence results for our problem (1.1) there are three difficulties associ-
ated with this kind of problems. Firstly, from hypothesis (1.2), the operator

Au=−
N

∑
i=1

Diai(x,u,∇u)

is well defined between W1,−→p (·)
0 (Ω) and its dual space

(
W1,−→p (·)

0 (Ω)
)′

. However, by as-
sumption (1.4), if we take for example

ai(x,un,∇un)=
|Diun|pi(x)−2Diun

(1+|un|)γi(x)

un(x)= |x|
n(p++−N)

(n+1)p++ −1, |x|≤1

where p++ is defined as in (2.3),

the operator A is not coercive. Because, if ∥un∥W1,−→p (·)(Ω) tends to infinity then

⟨Aun,un⟩
∥un∥W1,−→p (·)(Ω)

→ 0.

So, the classical methods used in order to prove the existence of a solution for (1.1) cannot
be applied. The second difficulty is represented in the fact that g(x,u,∇u) can not be
defined from W1,−→p (·)(Ω) into its dual, but from W1,−→p (·)(Ω)∩L∞(Ω) into L1(Ω). The
third difficulty appears when we give a variable exponential growth condition (1.2) for
ai. The operator A possesses more complicated nonlinearities; thus, some techniques
used in the constant exponent case cannot be carried out for the variable exponent case.
For more recent results for elliptic and parabolic case, see the papers [4–8] and references
therein.

The paper is organized as follows. In Section 2, we present results on the Lebesgue
and Sobolev spaces with variable exponents both for the isotropic and the anisotropic cas-
es, and state the main results. The proof of the main result will be presented in Section 3.
We start by giving an existence result for an approximate problem associated with (1.1).
The second part of Section 3 is devoted to proving the main existence result by using a
priori estimates and then passing to the limit in the approximate problem.

2 Preliminaries and statement of the main result

2.1 Preliminaries

In this sub-section, we recall some facts on anisotropic spaces with variable exponents
and we give some of their properties. For further details on the Lebesgue-Sobolev spaces
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with variable exponents, we refer to [9–11] and references therein. Let Ω be a bounded
open subset of RN (N≥2), we denote

p+=max
x∈Ω

p(x), p−=min
x∈Ω

p(x) (2.1)

and
C+(Ω)={p∈C(Ω) | p−>1}.

Let p(·)∈C+(Ω). We define the space

Lp(·)(Ω)=

{
u : Ω→RN measurable |

∫
Ω
|u(x)|p(x)dx<∞

}
then the expression

∥u∥p(·) :=∥u∥Lp(·)(Ω)= inf

{
λ>0 |

∫
Ω

∣∣∣∣u(x)
λ

∣∣∣∣p(x)

dx≤1

}
,

defines a norm in Lp(·)(Ω), called the Luxemburg norm. The space
(

Lp(·)(Ω), ∥u∥p(·)

)
is

a separable Banach space. If 0<meas(Ω)<+∞ and p1,p2∈C+(Ω) with p1≤p2 in Ω, then
the embedding Lp2(·)(Ω) ↪→ Lp1(·)(Ω) is continuous. Moreover, if 1< p−< p+<+∞, then
Lp(·)(Ω) is uniformly convex, hence reflexive and its dual space is isomorphic to Lp′(·)(Ω)
where 1

p(·)+
1

p′(·) =1. For all u∈Lp(·)(Ω) and v∈Lp′(·)(Ω), the Hölder type inequality∣∣∣∣∣∣
∫
Ω

uvdx

∣∣∣∣∣∣≤
(

1
p−

+
1

p′−

)
∥u∥p(·)∥v∥p′(·)≤2∥u∥p(·)∥v∥p′(·),

holds true. We define the variable exponents Sobolev spaces by

W1,p(·)(Ω)=
{

u∈Lp(·)(Ω) | |∇u|∈Lp(·)(Ω)
}

,

which is a Banach space equipped with the following norm

∥u∥1,p(·)=∥u∥p(·)+∥∇u∥p(·).

Next, we define W1,p(·)
0 (Ω) as the closure of C∞

0 (Ω) in W1,p(·)(Ω). Finally, we in-

troduce a natural generalization of the variable exponents Sobolev spaces W1,p(·)
0 (Ω) that

will enable us to study with sufficient accuracy problem (1.1). Let −→p (·)=(p1(·),...,pN(·)),
where pi : Ω→ (1,+∞) are continuous functions. We introduce the anisotropic variable
exponents Sobolev spaces

W1,−→p (·)(Ω)={u∈Lpi(·)(Ω) |Diu∈Lpi(·)(Ω), i=1,...,N},
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with respect to the norm

∥v∥1,−→p (·)=
N

∑
i=1

(
∥u∥Lpi(·)(Ω)+∥Diu∥Lpi(·)(Ω)

)
. (2.2)

We introduce the following notation p++,p−−∈R+ as

p++=max{p+1 ,...,p+N}, p−−=min{p−1 ,...,p−N}. (2.3)

We denote W1,−→p (·)
0 (Ω)=W1,1

0 (Ω)∩W1,−→p (·)(Ω) with respect to the norm (2.2).

According to [10], W1,−→p (·)
0 (Ω) is a reflexive Banach space.

Theorem 2.1 ([10]). Let Ω ⊂RN be a bounded domain and −→p (·) = (p1(·),p2(·),...,pN(·))∈
(C+(Ω))N . Suppose that

p+(x)< p∗(x) for all x∈Ω. (2.4)

Then

∥u∥Lp+(·)(Ω)≤C
N

∑
i=1

∥Diu∥Lpi(·)(Ω), ∀u∈W1,−→p (·)
0 (Ω),

where p+ is defined as in (2.1), p∗ as in (1.5), and C is a positive constant independent of u. Thus

∑N
i=1∥Diu∥Lpi(·)(Ω) is an equivalent norm on W1,−→p (·)

0 (Ω).

Proposition 2.1. Suppose that the hypotheses of Theorem 2.1 are satisfied. Then, for all u ∈
W1,−→p (·)

0 (Ω) we have

1

Np−−−1
∥u∥p−−

1,−→p (·)−N≤
N

∑
i=1

∫
Ω

|Diu|pi(x)dx≤N+∥u∥p++
1,−→p (·). (2.5)

Proof. Put

I=
{

i∈{1,...,N} |∥Diu∥pi(·)≤1
}

and J =

{
i∈{1,...,N} |∥Diu∥pi(·)>1

}
.

Thanks to (Proposition 2.1 in [3]), we have

N

∑
i=1

∫
Ω

|Diu|pi(x)dx=∑
i∈I

∫
Ω

|Diu|pi(x)dx+ ∑
i∈J

∫
Ω

|Diu|pi(x)dx

≥∑
i∈I

∥Diu∥
p+i
pi(·)

+ ∑
i∈J

∥Diu∥
p−i
pi(·)

≥
N

∑
i=1

∥Diu∥
p−−
pi(·)

−∑
i∈I

∥Diu∥
p−−
pi(·)

≥
N

∑
i=1

∥Diu∥
p−−
pi(·)

−N.
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Using the convexity of the application t∈R+ 7→ tp−− ,p−−>1, we obtain

N

∑
i=1

∫
Ω

|Diu|pi(x)dx≥ 1

Np−−−1
∥u∥p−−

1,−→p (·)−N,

N

∑
i=1

∫
Ω

|Diu|pi(x)dx≤∑
i∈I

∥Diu∥
p−i
pi(·)

+ ∑
i∈J

∥Diu∥
p+i
pi(·)

≤N+
N

∑
i=1

∥Diu∥
p++
pi(·)

.

We will use through the paper, the truncation function Tk at height k (k > 0), that is
Tk(s) :=max{−k,min{k,s}}.

Lemma 2.1 ([12]). Let g∈Lp(·)(Ω) and gn∈Lp(·)(Ω) with ∥gn∥p(·)≤C. If gn(x)→g(x) almost
everywhere in Ω, then gn ⇀ g in Lp(·)(Ω).

Lemma 2.2 ([13]). Let u∈W1,−→p (·)
0 (Ω), then Tk(u)∈W1,−→p (·)

0 (Ω) for all k> 0. Moreover, we

have Tk(u)→u in W1,−→p (·)
0 (Ω) as k→∞.

Lemma 2.3 ([13]). Let (un)n be a bounded sequence in W1,−→p (·)
0 (Ω). If un ⇀u in W1,−→p (·)

0 (Ω),

then Tk(un)⇀Tk(u) in W1,−→p (·)
0 (Ω).

Lemma 2.4 ([13]). Assume that (1.2)-(1.4) hold and let (un)n be a sequence in W1,−→p (·)
0 (Ω) such

that un ⇀u in W1,−→p (·)
0 (Ω) and

N

∑
i=1

∫
Ω

(ai(x,un,∇un)−ai(x,un,∇u))(Diun−Diu)dx→0.

Then, un →u in W1,−→p (·)
0 (Ω) for a subsequence.

2.2 Statement of main result

We will extend the notion of distributional solution, see [12, 13], to problem (1.1) as fol-
lows:

Definition 2.1. Let f ∈ L1(Ω) a measurable function u is said to be solution in the sense of
distributions to the problem (1.1), if

u∈W1,−→p (·)
0 (Ω), g(x,u,∇u)∈L1(Ω), and ∀v∈W1,−→p (·)

0 (Ω)∩L∞(Ω) (2.6a)
N

∑
i=1

∫
Ω

ai(x,u,∇u)Divdx+
∫

Ω
g(x,u,∇u)vdx=

∫
Ω

f vdx. (2.6b)

Our main result is as follows

Theorem 2.2. Let f ∈ L1(Ω). Assume (1.2)-(1.8) and (2.4). Then problem (1.1) has at least one
solution in the sense of distributions.
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3 Proof of the main result

3.1 Approximate solution

Let ( fn)n be a sequence in L∞(Ω) such that fn → f in L1(Ω) with | fn|≤ | f | (for example
fn =Tn( f )) and we consider the approximate problem−

N
∑

i=1
Diai(x,Tn(un),∇un)+g(x,un,∇un)=Tn( f ) in Ω,

un ∈W1,−→p (·)
0 (Ω).

(3.1)

Lemma 3.1. Let f ∈ L1(Ω). Assume (1.2)-(1.8) and (2.4). Then, problem (3.1) has at least one
solution in the sense of distributions.

Proof. Let us define the operator An from W1,−→p (·)
0 (Ω) into its dual

(
W1,−→p (·)

0 (Ω)
)′

, by

Anu=−
N

∑
i=1

Diai(x,Tn(u),∇u) and gk(x,s,ξ)=
g(x,s,ξ)

1+|g(x,s,ξ)|/k
.

Note that gk(x,s,ξ)s≥0 , |gk(x,s,ξ)|≤ |g(x,s,ξ)| and |gk(x,s,ξ)|≤ k for all k∈N−{0}.

We define Gk :W1,−→p (·)
0 (Ω)→

(
W1,−→p (·)

0 (Ω)
)′

, by

⟨Gku,v⟩=
∫
Ω

gk(x,u,∇u)vdx.

Consider the following problem

Anunk +gk(x,unk ,∇unk)=Tn( f ) in Ω, unk ∈W1,−→p (·)
0 (Ω). (3.2)

Lemma 3.2. Let f ∈ L1(Ω). Assume that (1.2)-(1.8) and (2.4) hold, then the problem (3.2) has
at least one solution unk in the sense of distributions.

Lemma 3.3. The operator Bn
k=An+Gk from W1,−→p (·)

0 (Ω) into
(

W1,−→p (·)
0 (Ω)

)′
is pseudo-monotone,

moreover, Bn
k is coercive in the following sense

⟨Bn
k v,v⟩

∥v∥1,−→p (·)
→+∞ if ∥v∥1,−→p (·)→+∞ for v∈W1,−→p (·)

0 (Ω).

Proof of the Lemma 3.3. Thanks to the Hölder inequality, we have for all u,v∈W1,−→p (·)
0 (Ω)

|⟨Gku,v⟩|≤
(

1
p−i

+
1

(p−i )
′

)
∥gk(x,u,∇u)∥p′i(·)∥v∥pi(·)
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≤C0

(
1

(p−−)
+

1
(p−−)′

)(
k(p++)

′
meas(Ω)+1

) 1
(p−−)′ ∥v∥1,−→p (·)

≤C1∥v∥1,−→p (·). (3.3)

Thanks to the Hölder inequality and (1.2), we have for all u,v∈W1,−→p (·)
0 (Ω)

|⟨Anu,v⟩|≤2
N

∑
i=1

∥∥∥∥
(

k(x)+|Tn(u)|p(x)+
N

∑
j=1

|Diu|pj(x)

)1− 1
pi(x) ∥∥∥∥

p′i(·)
∥Div∥pi(·)

≤C2∥v∥1,−→p (·). (3.4)

Then by using (3.3) and (3.4) we conclude that Bn
k =An+Gk is bounded. For the coercivity,

by using (1.4), (1.7), and (2.5), we get

⟨Bn
k u,u⟩≥

N

∑
i=1

∫
Ω

ai(x,Tn(u),∇u)Diudx≥
N

∑
i=1

∫
Ω

α

(1+n)γi(x)
|Diu|pi(x)dx

≥ C3

Np−−−1
∥u∥p−−

1,−→p (·)−C3N,

then
⟨Bn

k u,u⟩
∥u∥1,−→p (·)

≥ C3

Np−−−1
∥u∥p−−−1

1,−→p (·)−
C3N

∥u∥1,−→p (·)
→+∞ as ∥u∥1,−→p (·)→+∞.

It remains to show that Bn
k is pseudo-monotone. Let (um)m be a sequence in W1,−→p (·)

0 (Ω)
such that 

um ⇀u, in W1,−→p (·)
0 (Ω),

Bn
k um ⇀χn

k , in
(

W1,−→p (·)
0 (Ω)

)′
,

limsup
m→∞

⟨Bn
k um,um⟩≤⟨χn

k ,u⟩.
(3.5)

We will prove that

χn
k =Bn

k u and ⟨Bn
k um,um⟩→⟨χn

k ,u⟩ as m→+∞.

Firstly, since W1,−→p (·)
0 (Ω) is compactly embedded in Lp−−(Ω), then um →u in Lp−−(Ω) and

um →u a.e. in Ω, (3.6)

for a subsequence still denoted (um)m. The sequence (um)m is bounded in W1,−→p (·)
0 (Ω).

Then, by (1.2) we have ai(x,Tn(um),∇um) is bounded in Lp′i(·)(Ω). Therefore, there exists
a function φn

i ∈Lp′i(·)(Ω) such that

ai(x,Tn(um),∇um)⇀ φn
i in Lp′i(·)(Ω) as m→∞. (3.7)
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Similarly, since (gk(x,um,∇um))m is bounded in L(p−−)
′
(Ω) with (p−−)′ is the conjugate

exponent of (p−−), there exists a function ψk ∈L(p−−)
′
(Ω) such that

gk(x,um,∇um)⇀ψk in L(p−−)
′
(Ω) as m→∞. (3.8)

For all v∈W1,−→p (·)
0 (Ω), we have

⟨χn
k ,v⟩=

N

∑
i=1

∫
Ω

φn
i Divdx+

∫
Ω

ψkvdx. (3.9)

Using (3.5), (3.8), (3.9), and that um →u in Lp−−(Ω), we have∫
Ω

gk(x,um,∇um)umdx→
∫
Ω

ψkudx, (3.10)

therefore, thanks to (3.5), (3.9), and (3.10), we write

limsup
m→∞

N

∑
i=1

∫
Ω

ai(x,Tn(um),∇um)Diumdx≤
N

∑
i=1

∫
Ω

φn
i Diudx. (3.11)

On the other hand, by (1.3), we obtain

N

∑
i=1

∫
Ω

ai(x,Tn(um),∇um)Diumdx

≥
N

∑
i=1

∫
Ω

ai(x,Tn(um),∇um)Diudx

+
N

∑
i=1

∫
Ω

ai(x,Tn(um),∇u)(Dium−Diu)dx.

In view of Lebesgue dominated convergence theorem and (3.6), we have

ai(x,Tn(um),∇u)→ ai(x,Tn(u),∇u) in Lp′i(·)(Ω).

By (3.7) and (3.5), we get

liminf
m→∞

N

∑
i=1

∫
Ω

ai(x,Tn(um),∇um)Diumdx≥
N

∑
i=1

∫
Ω

φn
i Diudx,

this implies, thanks to (3.11), that

lim
m→∞

N

∑
i=1

∫
Ω

ai(x,Tn(um),∇um)Diumdx=
N

∑
i=1

∫
Ω

φn
i Diudx. (3.12)



10 H. Khelifi and F. Mokhtari / J. Partial Diff. Eq., 33 (2020), pp. 1-16

By combining (3.5), (3.10), and (3.12) we deduce that ⟨Bn
k um,um⟩→⟨χn

k ,u⟩ as m→∞. Now,
by (3.12) we obtain

lim
m→∞

N

∑
i=1

∫
Ω

(ai(x,Tn(um),∇um)−ai(x,Tn(um),∇u))(Dium−Diu)dx=0.

In view of Lemma 2.4, we get um→u in W1,−→p (·)
0 (Ω) and Dium→Diu almost everywhere in

Ω, then ai(x,Tn(um),∇um)⇀ai(x,Tn(u),∇u) in Lp′i(·)(Ω) and gk(x,um,∇um)⇀gk(x,u,∇u)
in Lθ′(·)(Ω) for all i = 1,...,N, where θ′(x)≥max{pi(·), i = 1,...,N}, so we deduce that
χn

k =Bn
k u, which completes the proof of Lemma 3.3.

Proof of the Lemma 3.2. In view of Lemma 3.3, there exists at least one weak solution unk ∈
W1,−→p (·)

0 (Ω) of problem (3.2) (see [14]).

Lemma 3.4. Let f ∈ L1(Ω), assume that (1.2)-(1.7) and (2.4) hold. Let unk ∈W1,−→p (·)
0 (Ω) be a

distribution solution of (3.2). Then, there exists a constant C(n)>0 such that

N

∑
i=1

∫
Ω

|Diunk |pi(x)dx≤C(n).

Proof. The proof uses the same technique as in (Lemma 4.1 of [3]) and is omited here.

Therefore, by Lemma 3.4 the sequence {unk}k is bounded in W1,−→p (·)
0 (Ω). As a conse-

quence, there exists a function un ∈W1,−→p (·)
0 (Ω) and a subsequence (still denoted by unk )

such that
unk ⇀un weakly in W1,−→p (·)

0 (Ω) and a.e. in Ω as k→∞.

Lemma 3.5. Assume that hypotheses (1.2), (1.7), and (2.4) hold. Let unk ∈ W1,−→p (·)
0 (Ω) be a

distribution solution of (3.2). Then, there exist a subsequence of (unk) denoted by itself, and a

measurable function un ∈W1,−→p (·)
0 (Ω), such that

Th(unk)→Th(un) in W1,−→p (·)
0 (Ω).

Proof. It is similar to the proof of Theorem 4.2 of [13].

3.2 A priori estimates

Lemma 3.6. Assume (1.2)-(2.4). Let un ∈W1,−→p (·)
0 (Ω) be a distribution solution of (1.1). Then,

there exists a constant C≥0 such that

∥un∥1,−→p (·)≤C.
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Proof. Let h>0. Taking Th(un) as a test function in (3.1), then

N

∑
i=1

∫
Ω

ai(x,Tn(un),∇un)DiTh(un)dx+
∫
Ω

g(x,un,∇un)Th(un)dx

=
∫
Ω

Tn( f )Th(un)dx. (3.13)

By dropping the nonnegative term in (3.13), (1.7), and (1.4) we get

N

∑
i=1

∫
Ω

α

(1+|Tn(un)|)γi(x)
|DiTh(un)|pi(x)dx≤h

∫
Ω

| f |dx,

then
N

∑
i=1

∫
Ω

α

(1+h)γi(x)
|DiTh(un)|pi(x)dx≤h∥ f ∥L1(Ω).

Consequently,
N

∑
i=1

∫
Ω

|DiTh(un)|pi(x)dx≤C3. (3.14)

Taking Th(un) as a test function in (3.1), and dropping the first nonnegative term in the
left-hand side, we obtain ∫

{|un|>h}

|g(x,un,∇un)|dx≤∥ f ∥L1(Ω). (3.15)

By combining (1.8), (3.14) and (3.15), for h=ρ, we deduce that

N

∑
i=1

∫
Ω

|Diun|pi(x)dx≤C4+
1
h

∫
{|un|>h}

|g(x,un,∇un)|dx≤C4+
∥ f ∥L1(Ω)

h
=C5.

By (2.5), we get ∥un∥1,−→p (·)≤C6. Consequently, there exist a subsequence of un (denoted

by itself) and a measurable function u∈W1,−→p (·)
0 (Ω), such that{

un ⇀u, in W1,−→p (·)
0 (Ω),

un →u, in Lp−−(Ω).

This ends the proof of Lemma 3.6.
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3.3 The strong convergence of the truncation

Lemma 3.7. Assume that hypotheses (1.2)-(1.8) and (2.4) hold, and let un ∈ W1,−→p (·)
0 (Ω) be

a distribution solution of (1.1). Then, there exist a subsequence of un denoted by itself, and a
measurable function u∈W1,−→p (·)

0 (Ω) such that

Tj(un)→Tj(u) strongly in W1,−→p (·)
0 (Ω).

Proof. Let h≥ j> 0 and wn = T2j(un−Th(un)+Tj(un)−Tj(u)). We set φj(s)= s·exp(δs2),
where δ=(l(j)/(2α))2, l(j)=b(j)(1+|j|)γ+

+ , and

φ′
j(s)−

l(j)
α

|φj(s)|≥
1
2

, ∀s∈R.

Let M=4j+h. Since Diwn =0 on {|un|> M} and φj(wn) has the same sign as un on the
set {|un|> j} ( indeed, if un > j then un−Th(un)≥0 and Tj(un)−Tj(u)≥0, it follows that
wn ≥0). Similarly, we show that wn ≤0 on the set {un <−j}.
By taking φj(wn) as a test function in (3.1), we obtain

N

∑
i=1

∫
Ω

ai(x,TM(un),∇TM(un))φ′
j(wn)Diwndx

+
∫

|un|≤j

g(x,un,∇un)φj(wn)dx≤
∫
Ω

Tn( f )φj(wn)dx.

Taking yn =un−Th(un)+Tk(un)−Tk(u), we have

N

∑
i=1

∫
Ω

ai(x,TM(un),∇TM(un))φ′
k(wn)Diwndx

≥
N

∑
i=1

∫
Ω

ai(x,Tk(un),∇Tk(un))φ′
k(wn)(DiTk(un)−DiTk(u))dx

+
N

∑
i=1

∫
{|un|>k}

ai(x,Tk(un),∇Tk(un))φ′
k(wn)DiTk(u)dx

−φ′
k(2k)

N

∑
i=1

∫
{|un|>k}

|ai(x,TM(un),∇TM(un))||DiTk(u)|dx,

that is equivalent to

N

∑
i=1

∫
Ω

(ai(x,Tj(un),∇Tj(un))−ai(x,Tj(un),∇Tj(u)))
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×(DiTj(un)−DiTj(u))φ′
j(wn)dx

≤
N

∑
i=1

∫
Ω

ai(x,TM(un),∇TM(un))φ′
j(wn)Diwndx+(A)+(B)+(C), (3.16)

where

(A) −
N
∑

i=1

∫
{|un|>k}

ai(x,Tk(un),∇Tk(un))φ′
k(wn)DiTk(u)dx,

(B) +φ′
j(2j)

N
∑

i=1

∫
{|un|>j}

|ai(x,TM(un),∇TM(un))||DiTj(u)|dx,

(C) −
N
∑

i=1

∫
Ω

ai(x,Tj(un),∇Tj(u))(DiTj(un)−DiTj(u))φ′
j(wn)dx.

Arguing as in [13], we can prove that

(A)= ε1(n), (B)= ε2(n) and (C)= ε3(n). (3.17)

By (3.16) and (3.17) we conclude that

N

∑
i=1

∫
Ω

(ai(x,Tj(un),∇Tj(un))−ai(x,Tj(un),∇Tj(u)))

×(DiTj(un)−DiTj(u))φ′
j(wn)dx

≤
N

∑
i=1

∫
Ω

ai(x,TM(un),∇TM(un))φ′
j(wn)Diwndx+ε4(n). (3.18)

Using (3.18) and arguing as in [13], we get

l(j)
α

N

∑
i=1

∫
Ω

(ai(x,Tj(un),∇Tj(un))−ai(x,Tj(un),∇Tj(u)))

×(DiTj(un)−DiTj(u))|φj(wn)|dx

≥
∣∣∣∣ ∫
{|un|≤j}

gi(x,Tj(un),∇Tj(un))φj(wn)dx
∣∣∣∣+ε5(n). (3.19)

Thanks to (3.18) and (3.19), we obtain

1
2

N

∑
i=1

∫
Ω

(ai(x,Tj(un),∇Tj(un))−ai(x,Tj(un),∇Tj(u)))×(DiTj(un)−DiTj(u))dx

≤
∫
Ω

Tn( f )φj(T2j(u−Th(u)))dx+ε6(n).
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Then by letting h tends to infinity in the previous inequality, we get

1
2

N

∑
i=1

∫
Ω

(ai(x,Tj(un),∇Tj(un))−ai(x,Tj(un),∇Tj(u)))

×(DiTj(un)−DiTj(u))dx→0, as n→∞.

Using Lemma 2.4, we deduce that Tj(un)→Tj(u) in W1,−→p (·)
0 (Ω).

Thanks to Lemma 2.2, we obtain{
un →u, in W1,−→p (·)

0 (Ω),
∇un →∇u, a.e in Ω.

(3.20)

3.4 The equi-integrability of g(x,un,∇un) and passage to the limit

Thanks to (3.20), we have

ai(x,Tn(un),∇un)→ ai(x,u,∇u) a.e. in Ω,

g(x,un,∇un)→ g(x,u,∇u) a.e. in Ω.

Using that (ai(x,un,∇un))n is bounded in Lp′i(·)(Ω), and Lemma 2.1, we obtain

ai(x,un,∇un)⇀ ai(x,u,∇u) in Lp′i(·)(Ω).

Now, let E be a measurable subset of Ω. For all m>0, we have by using (1.6)∫
Ω

|g(x,un,∇un)|dx

≤h(m)
∫

E∩{|un|≤m}

(
c(x)+

N

∑
i=1

|DiTm(un)|pi(x)

)
dx+

∫
E∩{|un|>m}

|g(x,un,∇un)|dx.

Since (DiTm(un))n converges strongly in Lpi(·)(Ω), then for all ε>0, there exists δ>0 such
that meas(E)<δ and

h(m)
N

∑
i=1

∫
E

|DiTm(un)|pi(x)dx<
ε

3
and h(m)

∫
E

c(x)dx<
ε

3
. (3.21)

On the other hand, using T1(un−Tm−1(un)) as a test function in (3.1) for m>1, we obtain∫
{|un|>m}

|g(x,un,∇un)|dx≤
∫

{|un|>m−1}

| f |dx,
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there exists m0>0 such that∫
{|un|>m}

|g(x,un,∇un)|dx<
ε

3
for all m>m0. (3.22)

Using (3.21) and (3.22), we deduce the equi-integrability of g(x,un,∇un). In view of Vi-
tali’s theorem, we obtain

g(x,un,∇un)→ g(x,u,∇u) in L1(Ω).

Finally for, v∈W1,p(x)
0 (Ω)∩L∞(Ω), we have

N

∑
i=1

∫
Ω

ai(x,Tn(un),∇un)Divdx+
∫
Ω

g(x,un,∇un)vdx=
∫
Ω

Tn( f )vdx.

Letting n →+∞, we can easily pass to the limit in this equation, to see that this last
integral identity is true for u instead of un. This proves Theorem (2.2).

Example 3.1. As a prototype example, we consider the model problem
−

N
∑

i=1
Di

 |u|
p(x)
pi(x) (pi(x)−1)

(1+|Diu|)−1Diu+|Diu|pi(x)−2Diu
(1+|u|)γi(x)


+u

N
∑

i=1
|Diu|pi(x)= f , in Ω,

u=0, in ∂Ω,

where f ∈L1(Ω) and γi : Ω→R+, pi : Ω→ (1,+∞) as in Theorem 2.2.
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