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Abstract

This paper is devoted to investigate the existence and uniqueness of the
solution of Landau-Lifshitz-Bloch-Maxwell equation. The Landau-Lifshitz-
Bloch-Maxwell equation, which fits well for a wide range of temperature, is
used to study the dynamics of magnetization vector in a ferromagnetic body.
If the initial data is in (H*, L?, L?), the existence of the global weak solution
is established. If the initial data is in (H™*1, H™ H™) (m > 1), the existence
and uniqueness of the global smooth solution are established.

Keywords Landau-Lifshitz-Bloch-Maxwell equation; global solution; para-
magnetic-ferromagnetic transition; temperature-dependent magnetic theory;
Landau-Lifshitz theory

2010 Mathematics Subject Classification 82D40; 35N30; 35Q60;
35Q61

1 Introduction

In this paper, we consider the periodic initial value problem of the following

equations
07 9
EzAZ—l—Zx(AZ%—H)—k(l—i-MZ] )Z, (1.1)
%f—l—aE:VxH, (1.2)
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0H 0z
V.-(H+BZ)=0, V-E=0, (1.4)

Z(x+2De;, t)=Z(z,t), H(z+2De;,t)=H(z,t), E(zx+2De;,t)=FE(z,t), (1.5)
with the initial conditions
Z(x,0) = Zo(x), H(x,0) = Ho(z), E(x,0)= Ey(x), =e€R% (1.6)

where o, k, 1, 3 are positive constants, Z € R? is the spin polarization, H(x,t) =
(H1, Ho, H3) is the magnetic field, E(x,t) = (Ey(z,t), Ea(x,t), E3(x,t)) is the elec-
tric field and H® = AZ + H is the effective magnetic field. z € Q ¢ R?, d = 2,3,

d
Q= 1][(-D,D),t>0.
j=1
Here the operator V is defined as follows:

VoV - (Ozy 5 Ozy,0), d=2, x:(xl,x2)€R2,
* (Opy, Oy Ozs), d=3, x=(x1,29,33) € R

System (1.1)-(1.4) was studied in [4] under the additional assumption that tem-
perature is equal to constant. In [3,4], Berti et. al. proposed a model for the
study of the dynamics of magnetization vector in a ferromagnetic body. This model
fits well for a wide range of temperature, and then can be used to establish a link
between micromagnetics and the phase transition occurring from paramagnetic to
ferromagnetic regimes.

System (1.1)-(1.4) generalizes some classical models for magnetically saturated
bodies such as the well known Landau-Lifshitz equation. Landau-Lifshitz equation
well describes the magnetization dynamics of ferromagnet at low temperature [22].
The Landau- Lifshitz-Gilbert equation is described as follows

M; =M x AM — AM x (M x AM), M € S?, (1.7)

where M (z,t) = (Mq(z,t), Ma(x,t), M3(x,t)) is a magnetization vector, A > 0 is a
Gilbert constant, “x” denotes the vector outer product. Equation (1.7) has been
investigated widely. Many important results have been obtained, see [6,17,20, 21]
and therein references.

Equation (1.7) with A = 0 is so-called Schrodinger map [5]. This Schrodinger
map has been widely studied in [1,2,5,7,8,19,21,24-26] and therein references.

The model of [4] is very close to the Landau-Lifshitz-Bloch (LLB) equation. In
order to describe the dynamics of magnetization vector Z in a ferromagnetic body
for a wide range of temperature, Garanin et. al. [10-12] derived the Landau-Lifshitz-
Bloch (LLB) equation from statistical mechanics with the mean field approximation.
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At high temperature (6 > 6., 0.-Curie value), the LLB model is commonly used to
describe the dynamics of magnetic fields with non-constant modulus.
The LLB equation is given as follows

L1 LQ
Zy=-—~Z x H ¢ Z(Z-H"Z - =7 x (Z x H! 1.8
t Y + ’2’2 ( ) ’2’2 ( )a ( )
where v, L1, Lo are constants, ~ is the gyromagnetic ratio, H*% is the effective field.
By introducing the dimensionless field z, (1.8) can be rewritten as follows

il i yaL f

o= —yzx H ¢ L (HT . 2)z — =2 x (2 x H°

AR A i e ek

with ya = L1, ya; = Lg. Here q| and a, are dimensionless damping parameters

that depend on the temperature, and are defined as follows [3]

2. 0= )\(1—32), if 0 < 6.,

ay(0) =
300 a||(0), it > eca

where A > 0 is a constant. In [23], the author pointed that if L; = L, (1.8) can be
reduced as follows

Zy = kiAZ +~Z x AZ — k(1 4 p|Z)?) Z, (1.9)

where k1 > 0, ko > 0, v > 0, u > 0. The existence of weak solution for equation
(1.9) has been obtained in [23]. Equation (1.9) with £ = 0 is used to discuss
the hydrodynamics of Heisenberg paramagnet, see [9] and therein references. The
existence and uniqueness of global smooth solution of equation (1.9) with & = 0
were established in [18].

Inspired by the ideas in [13-17], we will consider the existence of the global weak
solution and the global smooth solution of Landau-Lifshitz-Bloch-Maxwell equation
(1.1)-(1.6).

Note that system (1.1)-(1.4) is over-determined. Therefore we have to assume
that the initial functions Zy, Hy and Ej satisfy the following equations

V.- (Ho+BZy) =0, V-Ey=0 (1.10)

in distribution.
Let (Zo, Ho, Eo) € (H™, H™ H™). For m = 0, the existence of global solu-
tions of problem (1.1)-(1.6) is proved.

Theorem 1.1 Assume that Zo(x) € H),. (), Ho(z) € L3..(Q), Eo(z) €

L2,.(), and (1.10) is satisfied. The constants k,o,u, 3 are positive. Then the

per
periodic initial value problem (1.1)-(1.6) has at least one global generalized solution

(Z(x,t), H(x,t), E(x,t)) such that
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Z(x,t) € LX(0,T; H' () N L2(0,T; H(2)) 1 C*3)(0, T; L2(9)),
E(z,t), H(z,t) € L®(0,T; L2, () nCO9(0, T; H¢()), for any € € (0,1).

per
Theorem 1.2 Assume that Zo(z) € H'(RY), Ho(z) € L2(R?), Ey(x) € L?(RY),
and (1.10) is satisfied. The constants k, o, p, B are positive. Then there exists a global
generalized solution (Z(x,t), H(z,t), E(z,t)) of the initial value problem (1.1)-(1.4)
(1.6) such that
Z(z,t) € L0, T; H(RY)) N L2(0, T; H2(R%)) 0 ¢©3)(0, T; L4 (RY)),
H(z,t), E(z,t) € L®(0,T; L*(RY) n 90, T; H~¢(RY)), for any € € (0,1).

For more regular initial data, that is m > 1, not only the existence but also the
uniqueness of global solution of problem (1.1)-(1.6) are proved.

Theorem 1.3 Assume that d=2, QCR?, k,p,0,8>0, (Zo(x), Ho(x), Eo(z)) €
(HPEH(), Hiz (), HE()), m > 1, and (Zo, Ho, Eo) satisfies (1.10). Then there
exists a unique global solution (Z, H, E) of the periodic initial value problem (1.1)-
(1.6). Moreover, we have

(73]
Z(z,t) € [ W0, T; Hypf'=2(9)),

per
s=0

H(x,t), E(x,t) € ﬂ W (0,75 Hye, °(2)),  for any T > 0.
s=0
Theorem 1.4 Assume that d = 2, k,u,0,8 > 0, (Zo(x), Ho(x), Ep(x)) €
(H™TY(R?), H™(R?), H™(R?)), m > 1, and (Zo, Ho, Ey) satisfies (1.10). Then
there exists a unique global solution (Z, H, E) of the initial value problem (1.1)-(1.4)
(1.6). Moreover, we have
[=57]
Z(w,t) € () WLO,T; H™H172(R?),
s=0
H(x,t), E(z,t) € ﬂ W2 (0,T; H"5(R?)), for any T > 0.
5=0
Theorem 1.5 Assume thatd=3, QCR3, k,u,0,8>0, (Zo(x), Ho(z), Eg(z)) €
(H;’;;"l(Q), Hp(Q), Hpe (), m > 1, (Zo, Ho, Eo) satisfies (1.10), and there exists
a positive constant 69 < 1 such that || Zo||m1, () < do. Then there exists a unique
global solution (Z,H, E) of the periodic initial value problem (1.1)-(1.6). Moreover,

we have

(L]
Z(zt) e (] Wa0,T; HIF=2(Q)),
s=0

m

H(x,t), E(z,t) € ﬂ W3, (0,T; Hye, *(S2)),  for any T > 0.
s=0
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Theorem 1.6 Assume that d = 3, k,p,0,8 > 0, (Zo(z), Ho(z), Eo(z)) €
(H™TY(R3), H™(R3), H™(R3)), m > 1, (Zo, Ho, Ey) satisfies (1.10), and there ex-
ists a positive constant 6o < 1 such that || Zo|| g1 (rsy < do. Then there exists a unique
global solution (Z,H, E) of the initial value problem (1.1)-(1.4) (1.6). Moreover, we
have

[75]
Z(x,t) € () W0, T; H™H2(R?)),
s=0

H(z,t), E(z,t) € [\ W5(0,T; H"*(R?)), for any T > 0.
s=0
Remark 1.1 In Theorems 1.5 and 1.6, we only assume that ||Zo||z: is small

enough, no matter the size of (Hy, Ey) and ||AZy||gm (m > 0). Indeed, Zy can be
highly oscillatory initial value. For example,

7TJ($1+"'+JJd))

Zo(x) = J 1 sin( 5

1Zollzz,, = O(J7272%), asJ— oo,
IV Zolla,, = O(T72%), as J — oo,
1AZol| 2, = O(J272a), as J — 00,

per

IAZo|| g, = O(J*™F272%) 1 as J — oc.

per

If a € (O, 1/2), then Zj satisfies the condition of Theorem 1.5 with J > 1, that is
HZOHH;ET < 1. But [|AZyl|gy, (m > 0) is large enough with J > 1.

In the proofs of Theorems 1.1-1.6, the main difficulties are that system (1.1)-
(1.4) is over-determined and equation (1.1) is quasi-linear. The over-determination
is overcame by using the conservation of Maxwell equation (1.2)-(1.4). Other main
ingredients, which are applied to obtain a priori uniform estimates, consist of the
symplectic structure of the term Z x AZ, the dissipation of the term —k(1+ u|Z|?)Z
and the regularity which is derived from the term AZ of equation (1.1).

In order to solve problem (1.1)-(1.6), let us introduce the following transforma-

tion
w=H+pZ, (1.11)
and rewrite equations (1.1)-(1.6) as follows
07
o =AZ+Zx (AZ+w) —k(1+pZ)Z, (1.12)
OFE
— +0E =V x(w—pZ), (1.13)

ot
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ow
— =—-VxE 1.14
ot o (1.14)
V-w=0, V-E=0, (1.15)
Z(x+2De;, t)=Z(z,t), w(x+2De;,t)=w(x,t), E(x+2De; t)=E(x,t), (1.16)
Z(x,0) = Zo(z), w(z,0) =wo = Ho(z) + BZo(z), E(x,0)= Eo(). (1.17)
We first construct the solutions of equations (1.12)-(1.14) with (1.16) (1.17),
and then prove that these solutions satisfy equation (1.15) under condition (1.10).

Consequently, we get that there exist solutions of problem (1.12)-(1.17).

This paper is organized as follows. In Section 2, the Galerkin approximate so-
lutions of problem (1.12)-(1.14) with (1.16) (1.17) are constructed, and a priori
uniform estimate of these solutions in (H*', L2, L?) is established. In Section 3, the
existence of the generalized solutions of problem (1.12)- (1.17) is proved. Conse-
quently, Theorems 1.1 and 1.2 are proved. In Section 4, a priori uniform estimates
of the Galerkin approximate solutions in (H™*1, H™ H™) (m > 1) are established,
and the existence and uniqueness of the global solution of problem (1.12)-(1.17) are
proved. Consequently, Theorems 1.3-1.6 are obtained.

2 Approximate Solutions and A Priori Estimates for
the Periodic Initial Value Problem

We use Galerkin method to solve equations (1.12)-(1.14) with (1.16) (1.17). In
this section, we first establish a priori estimates for the approximate solutions of
(1.12)-(1.14) with (1.16) (1.17).

Let wy(r) € Hpo () (n = 1,2,---) be the unit eigenfunctions satisfying the
equation

Awp + Apwn =0 (2.1)
with periodicity wy,(x—De;) = wp(z+De;) (i =1,2,--- ,d),and A, (n =1,2,---) be
the corresponding eigenvalues which are different from each other. {w,(z)} consists
of the orthogonal normal of H};, (Q2), m =0,1,---.

Therefore

Zo(x) = aosws(x), wolx) = Bosws(x), Eolz) =Y osws(x),
s=1 s=1 s=1

N N N
ZON(:E) = Z O[QSOJS(IE), wON(x) = Z ﬁOsws (-73)’ E()N(ﬂf) = Z 'YOsws(aj)v
s=1 s=1 s=1
where

OéOs:/QZO(:L')Ws(:E)dwv 608 :/QWO(‘%‘)WS(:L‘)dx’ WOSZ/QEO(ZE)(’US(ZE)dx'
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If (Zo, wo, Eo) € (HIHH (), H,.(Q), HZ,.(Q)) (m > 0), then

per per per

||Z0N — ZOHHZ,Z;.H — 0, as N — o0, (2.2)

||w0N — w0||Hg}3T — 07 as N — o0, (23)

| Eon — EoHpr;T —0, as N — oo. (2.4)

Denote the approximate solution of problem (1.12)-(1.14) by Zn(z,t), wn(x,t)

and En(z,t) defined in the following forms

N N

Zy(z,t) =D an(Bws(z), wy(z,t) =Y Ban(t)ws(z),
3;1 s=1

EN(xat) = Z'YSN(t)ws(x)' (2'5)
s=1

Here asn(t), Bsn(t) and ysn(t) are three dimensional vector-valued functions, s =
1,2,--- N, N=1,2,---, which satisfy the following system of ordinary differential
equations of first order

/Q Ziws(x)dz = — /Q V 2y Vs () + /Q Zy % (AZy + wy )ws(@)dz
—/Qk(l + plZN|?) Zyws(z)de, (2.6)
/Qthws(:r)dx =— /Q(V x En)ws(x)dz, (2.7)
/QENth(:c)d:v + J/QENws(x)dx = /Q (V x (wy — BZN))ws(z)dz  (2.8)
with the initial conditions
asn(0) = /QZN(QU,O)wS(:U)dx = /QZO(m)ws(x)dx = s,
Ban (0) = /Q wi (@, 0)ws (2)dz = /Q wo(z)ws (2)dz = o, (2.9)
1v(0) = [ Ex(a,0)o)de = | Bo(ahona)de = 0.
Obviously, we have
/Q Zniwos(@)dz—ax (8), /Q wws (2)dz= By (£), /Q Enws(z)dz =/ n (). (2.10)
For simplicity, we introduce a notation as follows

Iz =11l p=2. (2.11)
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Lemma 2.1 Assume (Zo(z), wo(x), Eo(x)) € (HL, (Q), L2.,(Q), L2..(Q)), then

for the solutions of the initial value problem (2.6)-(2.9), we have the following esti-
mate

OiggT[HZN(.,t)HHl @ + lon GOz, @ + 1ENG D, @) < Ko, (212)

per per

T
/ ‘|AZNH%12)ET(Q)dt < Ky, foranyT >0, (2.13)
0

where Ky and K1 are constants which are independent of N and D.
Proof Multiplying (2.6) by asn(t), and summing up the results with respect
tos=1,2,---,N, we get

1d
sl Zn I3+ [ IVZu(0Pde +k [ (L ulzyPlzyPde =0,
Q Q
Since k, > 0, one has
1Zn ()3 < 1 Zn(,0)]3e M < || Zo(z) |32, (2.14)
t t
/0 \|VZN(~,t)|]§dt+k/0/Q(1 bl Za ) Zx Pdedt < 2 Zo(2) |2 (2.15)

Making the scalar product of Bsn(t) with (2.7) and the scalar product of vsn(¢)
with (2.8) respectively, adding the two obtained equalities, and then summing up
the results with respect to s =1,2,--- , N, we get

1d
5&(HEN(-¢)H§ + wn (5 0)13) + ol En (- 013
ag
= ﬁ/(v X ZN) . ENd$ < §||EN||% +C||VZN||%2- (2.16)
Q

From (2.16) and (2.15), we have
t
HEN(Ht)”%"‘HwN('vt)”%‘|‘0/0 IEN (-, T)3d7 <[|Eo 3 +[lwoll3+C | ZolI 2. (2.17)

Making the scalar product of —Asasn (t) with (2.6), summing up the results with
respect to s = 1,2, - -, N, and noticing that

N

AZn = =) Aty (t)ws (),
s=1

we have

/ZNt-AZNdxz/AZN-AZNd:c—k/(HMZNP)ZN-AZNd;c
Q Q Q

—|—/(ZN XwN>-AZNd:E,
Q
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—k/(1+M]ZN\2)ZN-AZNda::kHVZN]%—Ir/ k| Zy|2V Zx - V Zyda
Q Q

4 / kuV|Zy 2 - V| Zy[2de,
QO

and then

1d

2 dt

+/ ku]ZN|2\VZN2dx+/ kuW]ZNﬂzda::—/(ZN X wy) - AZydz. (2.18)
Q Q Q

IVZn ()3 + 1AZN I3 + RV ZN]13

By Gagliardo-Nirenberg inequality and estimates (2.14) (2.17), we obtain

1+4

1—4
’ —/(ZN xwn) - AZydz| <[lwnll2|[ZN [ [AZN]2 < Cllunll2] Znlly *[IAZN];
Q

1 4 _
<SIAZNE+C ZolI3+ [wol3+Eoll3) 77 [ Zol5e ™.
(2.19)

Applying (2.18) (2.19) and Gronwall inequality, we can prove estimates (2.12) and
(2.13).

Lemma 2.2 Assume that the conditions of Lemma 2.1 are satisfied. For the
solution (Zn(x,t), wy(x,t), En(z,t)) of the initial value problem (2.6)-(2.9), there
is the following estimate

1Zne(s Ol -2(0) + [ENe GO 1) + [[wnve (5 D) -1@) < K2, for any t >0,
where Ky is independent of N and D, H=™(S2) is the dual space of the space H,¢,.(2).

Proof For any ¢ € H2.., ¢ can be represented as

per?

Y = ¥YN + ¢N7
where
N 00
PN = Zﬁsws(fﬂ), PN = Z Bsws ().
s=1 s=N-+1

For s > N + 1, it yields that

/ Znws(x)dz = 0.
Q

Then by Lemma 2.1, there are the following estimates
/Zthodx:/ Znipn (z)dz
Q Q

Z—/VZNVQONdJH-/ZNX(AZN+wN)<pN($)dx—k/(1+,UJ‘ZN’2)ZNg0Ndx
Q Q Q
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_—/VZNVgONdl'—i—/(VZNXZN)-VQONdl‘
Q Q

+/(ZN X wN) . QDNd$ — k/ (1 + M|ZN|2)ZNQONd$
Q Q
<|IVZnl2Venllz + IVZN21ZN sl Ven|la + [ ZN]lallwn|2llen ]l
+C(1Zn 1§ + 12N 13) o x|l
< Cllenllmz,, @ < Cllellnz, @
Similarly, for s > N + 1, it yields that

/ wyws(z)de = 0, / Enws(z)dz = 0.
Q Q

Then by Lemma 2.1, there are the following estimates

/QENtSde:/QENtSONdx<Cl(HENH2+||U)N||2+”ZN||2)(||V90N||2+”90N”2)<01H‘PHHl :

per

per’

Jumnpda=[wniondo<Call ExllalVon lo<Callol
Q Q
Thus the following estimate holds

| Zntll -2) + 1 Enella—1() + lwnellg-10) < K.
This lemma is proved.

Lemma 2.3 Assume that the conditions of Lemma 2.1 are satisfied. For the
solution (Zn(x,t), wy(x,t), En(x,t)) of the initial value problem (2.6)-(2.9), there
are the following estimates for any ti,to > 0

1
1ZNn(t1)—2Zn (s ta) o< K3t1—t2|3,
lwn (5 t)—wn (- t2) | =+ En (- t1) —EN (- to) [ p- Ka|t1 =], for any €€(0,1),
where the constants K3 and K4 are independent of N and D.
Proof By the Sobolev interpolation inequality of negative order, it yields that

1 2
1Zn (1) = Zn(t2)lle < ClZn (1) = Zn (s )l -2y 128 (5 1) = Zn (k) 7
to L
< CH aZthH

ot lu—@
Similarly, for any € € (0,1), we have

lwn (- t1) —wn ()l g + | En(t1) — En(st2)|| g

< Cllwn (- t1) = wn ()1 [[wn (-, t1) — wn (- 2)]13~°
+C|En(-t )—EN(' )| -1 1 En (st )—EN(',t2)||§_E

t2
/ wn 4 o+ CH —8EN dt
¢y Ot

< Clts — 13,

gc‘ < Cltg — ty°.

H- H-1
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This lemma is proved.

By using the above estimates of the approximate solution, we have:

Lemma 2.4 Under the conditions of Lemma 2.1, there exists a unique global
solution (asn(t), Bsn(t),vsn(t)) (s =1,2,--- N, t € [0,T], for any T > 0) of the
initial value problem for the ordinary differential equations (2.6)-(2.9). Moreover
this solution is continuously differentiable.

3 Existence of Generalized Solution

This section is devoted to prove the existence of the generalized solution for
the periodic initial value problem (1.12)-(1.17). First we give the definition of the
generalized solution.

Definition 3.1 A triple of three-dimensional vector functions (Z(z,t), w(z,t),
E(z,t)) € (L>(0,T; H)., (), L>(0,T; L2,,.(Q)), L>(0,T; L2.,.(Q))) is called the
generalized solution for the periodic initial value problem (1.12)-(1.17), if for any
vector-valued test function o(x,t) € C1([0,T); nge(Q)) with p(x,t)|(=r = 0, and

for any scalar test function &(z,t) € C'([0, T]; C}.,.(2)), the following equations hold

// 7 - ppdadt —/ VZ - Vedrdt — // (Z xVZ)-Vedadt

T Qr T

—l—// (Z x w) - gpdxdt—k:// (14ulZ2*)Z - goda:dt—i—/ Zy - p(z,0)dz=0, (3.1)
T QT Q

//QT E - ¢t(x,t)e°tdxdt + //QT e"t(V x ) - (w — BZ)(z, t)dzdt
+/§2E0($)g0(x,0)dx =0, (3.2)

//QT w - wt(x,t)dxdt—//T(V X ) - E(x,t)d:cdt—i—/ﬂwo(x) - o(z,0)dz=0, (3.3)

/ V¢ - wdadt =0, (3.4)

Qr

/ Ve - Edadt = 0, (3.5)
Qr

Z(x,0) = Zy(x), w(z,0)=wo(z), E(z,0)=Ey(x), ze€Q, (3.6)

where Qr = Q x [0, 7.
Lemma 3.2 Let the initial vector functions (Zy(x), Ho(z), Eo(x)) satisfy the
condition

/ Ve - Ey(z)da =0, / Ve - (Ho(x) + BZo(x))dz = 0, (3.7)
Q Q

Jor all £(z) € CL.(Q). Then for any &(x,t) € C1([0,T]; Cpr () with &(x,T) =0
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and & = &(x,0), we have from (3.2) and (3.3) that
/ V¢ - E(x, t)dzdt =0, / V¢ - w(z,t)dedt =0,
Qr Qr

that is (3.4) and (3.5) hold.
Proof Take

T
pla,t) = /0 Ve, T /0 e 7TV, 7)dr.

Noting that &(z,t) € C1([0,T); CL.,.()), by (3.2) we get

per

T
/ E - Védadt +/ GOTdT/ Vé(x,7) - Ep(xz)dx = 0.
Qr 0 Q

Since
/ Vé(x,7) - Ep(x)dx =0,
Q
we obtain
/ E - Védzdt = 0.
Qr
Letting

T
Y= /Ot Vf(w,r)dT—/O V¢(x, 7)dr,
we have from (3.3)
T
//T w - V&dadt — /O/Q(HO + BZy(x)) - V&daxdT = 0.

From

/Q (Ho + BZo(x)) - Védz =0,

// w-Vfdmdt:// (H + BZ) - Védzdt = 0.

This lemma is proved.
Theorem 3.1 Assume that Zo(z) € H).,. (), Ho(z) € L3..(Q), Eo(z) €

L2,.(), and (3.7) is satisfied. The constants k,o, i, B are positive. Then the pe-

per

it follows that

riodic initial value problem (1.12)-(1.17) has at least one global generalized solution

(Z(x,t),w(z,t), E(x,t)) such that
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Z(x,t) € L®(0,T; HY(Q)) N L2(0,T; HX(Q)) N ¢ ©3)(0, T; L2(Q)),
E(z,t),w(z,t) € L>(0,T; Lier(Q)) NCO90,T; H4(Q)), for any e € (0,1).
(3.8)

Moreover, we have

sup [1Z(- )]

0<t<T per () + Hw('yt)”L2

per

@ * HE('J)HL;W(Q)} < Ko, (3.9)
t
/0 IAZ|[Z;  (dt < K1, (3.10)

12:Co )l -2(0) + 1B )l -1(0) + lwel, )l -1(0) < Ko, (3.11)

where K; (j =0,1,2) is a constant which is independent of D.
Proof For any vector-valued test function ¢(x,t) € C1([0,T]; H2..(Q2)) with

pre
o(x,t)|t=r = 0, we define an approximate sequence

N
on(z,t) = Z an (t)wn (),
n=1

where

an(t):/ﬂgo(x,t)wn(m)dx.

We know that oy is uniformly convergent to o(x,t) in C1([0,T]; H2..(9)), that is,

pre
len = ellerqormz,, @) — 0, as N — oo. (3.12)

From the uniform estimates of the solution {Zy(z,t), wy(z,t), Ex(z,t)} in
Lemmas 2.1 and 2.2, by the Sobolev imbedding theorem and Lions-Aubin lem-
ma, it yields that there exists a subsequence, which is still denoted by {Zy(z,1),
wy(z,t), En(z,t)}, such that

Zn(w,t) = Z(z,t) weak® in L>(0,T; H,,,(Q)) N L*(0,T; H},.(2)), (3.13)
Zni(z,t) = Z(z,t) weak™ in L>(0,T; Hp_eg,(Q)), (3.14)
Zn(z,t) = Z(x,t) strongly in LY(0,T; WpE(Q)), 2<g<oo, 2<p<6, (3.15)
Zn(x,t) = Z(z,t) strongly in L1(0,T;LF,.(Q)), 2<g<oo, 2<p<oo, (3.16)
wy(z,t) = w(z,t) weak® in L>(0,T; L]%er(Q)), (3.17)
En(z,t) — E(x,t) weak™ in L>(0, T} L?M(Q)). (3.18)

Making the scaler product of as(t) with (2.6), the scaler product of as(¢) with
(2.7), the scaler product of e“‘as with (2.8), and summing up the products with
respect to s =1,2,--- | N, we get
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// ZNt~g0Nd£Cdt—/ AZN-QONdxdt—// (ZN X (AZN—FU)N))'QONdl‘dt
T Qr T
Tk // (1+ 1|2y [2) Zy - ondadt = 0, (3.19)
T
/ / wit - o (@, £)dadt = — / / (V x Ex) - o (@)dudt, (3.20)
T T
// g(e‘ftEj\;) ~on(z,t)dedt = // e’ (V x (wy — BZy)) - ondadt.  (3.21)
Qr dt Qr

Rewriting (3.19), we get

// ZN @Ntdxdt—/ VZN V@Ndxdt // ZN X VZN) VQONd:Edt
Qr

// ZN X ’LUN pnydadt — // 1 +M|ZN| ZN pndadt
T

/Q I (2,0) - ox (x,0)da = 0. (3.22)

Rewriting (3.20), we get

// wn(x,t) - goNtd:Udt—// (V X on) - EN(x,t)dxdt—i—/wN(a:,O) ~on(z,0)dz=0.
T Qr Q

(3.23)
Rewriting (3.21), we get

/ En - (pnie”))dadt + // "V x on) - (wn — BZN)(x, t)dzdt
Qr T

/ EN )dx =0. (3.24)
(2.2)-(2.4) and (3.12) imply that

/ Zn(2,0) - on(z,0)dx — / Zo(x) - p(x,0)dz, as N — oo,

Q Q

/ wn(z,0) - pn(z,0)dr — / wo(z) - ¢(x,0)dxr, as N — oo,
Q Q

/ En(z,0) - pn(z,0)dz — / Eo(z) - ¢(x,0)dz, as N — oc.
Q Q
Note that
// (ngpN)-ENdwdt—/ Vx(LpN—cp)-ENd:):dt—i—/ V x - Eydadt
T Qr Qr

—/ Vx(gpN—go)-ENdmdt—i—// (V x @) - Edxdt
Qr T

+//T(v x @) - (BEy — E)dadt.
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(3.12) means that

1
2
’/ V x (ox — ) - ENdxdt‘ < (// V(on — ¢)\2dxdt> 1Exllz20p) = O,
Qr Qr
as N — oo. (3.18) implies that
’// (ngo)-(EN—E)d:L'dt’ — 0, as N — co.
T
Therefore we have
// (VxnpN)-ENdxdt%// (V x ¢)- Edzdt, as N — oc.
T T

Similarly we can prove that

// wy - enedrdt — // w - pedxdt,
QT T

/ En - (onee”)dadt — // E - (pie”t)dadt,
Qr T

// "V x o) - (wy—BZy)(z, t)dzdt — //T "V x ) - (w—BZ)(z, t)dadt,

T

// Zn - pnedzdt — // Z - pdadt,
Qr T

/ VZpn - Vondxdt — / VZ - Vpdzdt.
Qr Qr

as — 00. (3.15) (3.16) and (3.12) imply that
Zn xVZn — Z x VZ strongly in L*(Qr),
(1+ulZn1*) 2y = (L + plZ1?)Z strongly in L*(Qr),
ZN X on — Z x ¢ strongly in L*(Qr).

Thus we obtain that

// (Zn x VZy) - Vondadt — // (Z xVZ) -Vedrxdt, as N — oo,
T T
// (ZwaN)-goNdazdt%// (Z x w) - pdxdt, as N — oo,

Qr Qr

// (14w Zn2) Zy - ondzdt — // (1+ulZPZ - pdadt, as N — ooc.
Qr Qr

Therefore, taking N — oo in (3.22)-(3.24), we obtain that the limit functions
Z(x,t), w(x,t), E(x,t) satisfy the integral equalities (3.1)-(3.3). By Lemma 3.2,
equations (3.4) (3.5) hold. Obviously (3.6) holds. The generalized global solution of
the periodic initial value problem (1.12)-(1.17) is obtained.
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Employing the proof of Lemma 2.3, we get
7€ O3 (0,T; 12,(Q), w,EecCO)(0,T;H (), forany ee (0,1).

per

This theorem is proved.

Since a priori estimates (3.9)-(3.11) are uniform with respect to D, by using the
diagonal method and letting D — oo, we can get the following result.

Theorem 3.2 Assume that Zo(z) € H'(RY), Ho(z) € L2(R?), Ey(x) € L?(RY),
and (3.4) is satisfied. The constants k,o, u, 3 are positive. Then there exists a glob-
al generalized solution (Z(z,t),w(x,t), E(x,t)) of the initial value problem (1.12)-
(1.15) (1.17) such that

Z(z,t) € L=(0,T; HY(RY) n C©3) (0, T; L2(RY)),
w(z, t), Bz, t) € L=(0,T; L*RY)) n ¢ 0, T; H(RY), for any € € (0,1).

4 Regularity and Global Smooth Solution

In this section, we devote to proving the existence and uniqueness of global
smooth solution to the periodic problem (1.12)-(1.17) and the initial value problem
(1.12)-(1.15) (1.17). For this aim, we study the regularity of Galerkin approximate
solution (Zn,wn, En) of the problem (2.6)-(2.9).

In Subsection 4.1, we consider the case of d = 2. For this case, the global smooth
solution exists and is unique no matter the size of the initial data (Zy, Hy, Fo).

In Subsection 4.2, we consider the case of d = 3. For this case, we only establish
the existence and uniqueness of global smooth solution provided ||Zp||z: is small
enough.

The following Gagliardo-Nirenberg inequality will be used many times.

Lemma 4.1(Gagliardo-Nirenberg Inequality) Assume that v € L1(Q)), D™u €
L"(Q), QCcR", 1<qr<oo,0<j<m. Then

107l ey < i por @)l (4.1)

where C(j, m;p,r,q) is a positive constant, and

1 ] 1 m 1
J=ota( =)+ 0-a)

p n r o on

L <a<.
m
4.1 Dimension d = 2

In this subsection, we consider the special case which d = 2 and = € Q C R2.
We first establish a priori estimates of Galerkin approximate solution (Zy,wy, En),
and then prove the existence and uniqueness of the solution (Z,w, E).

Lemma 4.2 Assume that Zo(z) € H2,,.(Q), wo(z), Eo(z) € HL.(Q), Q C R?.
Then for the solutions of problem (2.6)-(2.9), we have
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T
[HAZNH%ﬂ\va(-,t)H%+HVEN(-,t)H%}+/ IVAZy|3dt<K3, for any T>0,
0
(4.2)

sup
0<t<T

where the constant K3 depends only on ||Zo(z)| g2

per

@ [[Ho(@)|m1,, @) and
HEO(:E)HHZI)ET(Q), and is independent of N and D.

Proof Making the scalar product of A2agy with (2.6), summing the resulting
equality with respect to s =1,2,--- , N, and noting that

N
AZy = NMagy(Hws(x),

s=1
we get
1d

§&HAZN||§ +||VAZy|3 = —/ (VZn x (AZNn 4+ wn)) - VAZyda
Q

—/(ZN X VUJN) . VAZNdl'

Q

—k/(l + 1| Zn|?) Zy - A% Znda. (4.3)
Q

By Holder inequality, we have

‘/Q (VZN X (AZN +wN)) -VAZndz| < ||VZNHL°°(HAZNH2 + HZUNHQ)HVAZNHQ.

By Gagliardo-Nirenlerg inequality, we get
1 1
IVZN (e < CIIVZN| 72 IV ZN]I3 - (4.4)

Thus, we have

‘ / (VZn x (AZNn 4+ wn)) - VAZydz
Q

1
< GIVAZN I + IV Zoll2, [lwollz, | Bollz) (1 + 1AZN]2), (4.5)

where we have used the estimate (2.12). Similarly, we get

< [1Zn]l=IVAZN|2[[Vwn2

/(ZN X VwN) . VAZNdl‘
Q

1
< SIVAZN|Z + O+ [1AZN D) [Vwnlz,  (46)

)k/(lJru\ZN]z)ZN - A*Zndx
Q

:‘]{Z/ (VAZN . VZN+/LV(|ZN|QZN) . VAZN)dx
Q
< k|IVAZN |2V Zx |2 (1 + 3ul| Zx[3~)
1
< SIVAZY[3 +C(1+ [ AZN]3). (4.7)
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where we have used Sobolev imbedding theorem HpeT(Q) C Lpe,(€2). Thus inserting
estimates (4.5)-(4.7) into (4.3), we have

d
A2 13+ IVAZNE < C(1+ (1 AZNIE) (1 + [AZN [ + [ Vwnl3).  (4.8)

Next making the scalar product of Asfs with (2.7) and the scalar product of
AsYs with (2.8) respectively, summing the resulting equalities with respect to s =
1,2,---, N, and noting that

N N
—Awy =) ABan(Bws(z), —AEN =) Aevsn(tws(x),

s=1 s=1

we obtain

201tuvanz = Z/ (V x 0,Ey) - 0jwydr, (4.9)

2dtHVEN||2 +O’||VENH2 = Z/ V X 3 (wN ﬁZN» 8 ENdx (4.10)

Summing (4.9) with (4.10), we get

Q‘g

C(IVonllz + IVEN3) + o VENZ = —52/ (V x 9;Zy) - 0;Enda

N =

g
§HVENI|2 +C|AZyll3, (4.11)

where the following fact has been used

/(V X 8ij) . BjENdx — / (V X 8jEN) . aijdl‘ = 0.
Q Q

Combining (4.8) and (4.11) we have

d
T UAZNI3 + Vw3 + [IVEN[) + IVAZN |3 + ol VEN |3

<C+AZN]3) (1 + 1AZN )5 + [Vwn|3). (4.12)

By using estimates (2.13) (4.12) and applying Gronwall inequality, we can prove
estimate (4.2).

By the induction for m, we can prove the following lemma.

Lemma 4.3 Assume that (Zy(x),wo(x), Eo(z)) € (HZCZ;H(Q) HpL (Q), Hpe, ()
(m > 0), then the solutions (Zn(z), wn(z), En(z)) of the problem (2.6)-(2.9) satisfy
the following estimate
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sup [[|Zn(, )HHmH +||wN(',t)H12qg;T(Q)+HEN( )z, (o))
te[0,7

T
+A HZN(7t)H§_[gz;L2(Q)dt < Km+27 fOT’ any T >0, (413)

where the constant K, 1o is independent of D and N.
Proof From Lemmas 2.1 and 4.2, the estimate (4.13) is verified for m = 0, 1.
Making the scalar product of A2,y with (2.6), summing the resulting equality
with respect to s =1,2,--- , N, and noting that

N
A Zy == Moy (tws(),

s=1

we get

5 dtHVAZNHQ + [|A%Zy 3 = /{A Zn % (AZy +wy)]} - A2 Zydz

—/-c/{A(ZNJru\ZN] ZN)Y - A% Zydz.  (4.14)
Q

By Holder inequality, we have

/Q {AlZy x (AZN +wy)]} - A2 Zndz

2
S2/ ‘(VZN X VAZN) ) A2ZN}d$ + Z (2> / ‘(VjZN X VQ—ij) : AZZN|C1$
Q — \J/ Ja

1
SC{HVZNHLOo IVAZy |2+ IV Zn]| o ||V2jWN||2+HVQZNH2HwN!Loo}HNZNHz
j=0

Using Sobolev imbedding theorem and the estimate (4.2), we get

’/Q{A[ZN x (AZy +wn)]} - A% Zydz

1
< J1A%Zx[5 + C(L+ [ VAZN|S + IVAZN |2 + | Aw]]3), (4.15)

where we have used Sobolev imbedding theorem ngT(Q) C Lpe,(Q). Similarly, we
get

’k/{A(ZN + 1| Zn?ZN)} - A Zyda
Q
<k[A*Zn|2(|AZNll2 + CllZn i< 1A ZN |12 + Cll ZN2= |V ZN|12)
1
< JIIA%Zx|3+C, (4.16)
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where we have used the estimate (4.2), and Sobolev imbedding theorems H2,,.(2) C

per
L. (Q) and Hp,,.() C Lfm,(Q). Thus inserting estimates (4.15) (4.16) into (4.14),

we have
d
EIIVAZNH% +|A%ZN|3 < C(1+ [VAZN5 + [VAZN5 + [[Awn]l3).  (4.17)

Making the scalar product of A2, with (2.7) and the scalar product of A2, with
(2.8) respectively, summing the resulting equalities with respect to s =1,2,--- | N,
and noting that

N N
Nwy =Y NBun(tws(x), A’Eny =) Aryn(tws(x),
s=1

s=1
we obtain
1d )
5@“AU)NH2 = — Q(V X AEN) . Adea;, (4,18)
1d
33l AENIB+ AIAENE = [ (Vx Alwy = 5Zx) - APyde. (419

Summing (4.18) with (4.19), we get
La
2dt
= —[3/ (V x AZy) - AEydx < %HAENHg + C||[VAZy||3, (4.20)
Q

1Awy |3 + |AEN|3) + 0| AEN]3

where the following fact has been used

/(V X AwN) . AENd:IZ — / (V X AEN) : Ade:L’ = 0.
Q Q

Combining (4.17) and (4.20) we have
d
&(HVAZN”% +llAwn |3 + [AEN]3) + [1A%ZN]I5 + o AEN]3
< C(1+|VAZNIE + IVAZNl2 + [|Awn]]3)- (4.21)
Using estimates (4.2) (4.21) and applying Gronwall inequality, we get

2 2 2
i I Zn (s, 0 + lon GOz, ) + IEN G D2, @)

T
+/0 HZN(~,t)H%I§W(Q)dt < Ky, forany T >0, (4.22)

where the constant K4 is independent of N and D.
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Now assume that the estimate (4.13) is valid for m = M > 2, that is, we have

ZN ()12 L3 En(,t) |5
t:{%%} [1Zn )||H117\81T+1(Q)+||7«UN(7 )HH%T(Q)_‘_H N (- )HH]%T(Q)]

T
+/ HZN(-,t)HiIMH(Q)dt < Kpryo, forany T >0, (4.23)
0 per

where the constant Kjryo is independent of N and D. Next we will prove (4.13)
with m =M + 1.

Making the scalar product of AX*+2qa,y with (2.6), summing the resulting equal-
ity with respect to s =1,2,--- , N, and noting that

N
AMP2Zy = ()M Aoy (Hws(),
s=1

we get

1d
§&HVM+QZNH§ + VM3 255 = - / {VM*ZN x (AZn +wy)]} - VYT Zyde
Q
—k/{VM+1(ZN + 1| Zn12ZN)} - VM3 Znda,
Q
(4.24)

By Hoélder inequality, we have

/{VM+1[ZN X (AZN + ’LUN)]} . VM+3ZNd$
Q

M+1 M1 . '
<> ( . )/ (VI Zy x VM350 Z) . VM8 75| da
=N °

MAL o g . '
T —
§=0 @

2 2
< C{ D IV ZN|= VY Znlla + Y IV Zn|1e VM w2

j=1 J=0
M ‘ ) )

X (M > 3) Y IV Zw[|a (VM3 Zy[la + [V Ty a)
§=3

+HIVM L ZN |2 lwn || 1 } VM3 Zy ]2,

where the characteristic function

1, M>3,
MM2$—{

0, 0<M<2.
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Using Sobolev imbedding theorems and the estimate (4.23), we get
’/{VM+1[ZN X (AZn +wn))} - VM Zyda
Q

1
< EHVMH’ZNH% +C(L+ VY2253 + VY225 |3 + VY o [[3), (4.25)
where we have used Sobolev imbedding theorems

M+2 2,00 M+1 j,00 .
Hper (Q) C Wper (Q)7 H (Q) C Wger (Q)> J = 07 17

per
and
1 4 o
ng);;(Q)CWJ (Q)7 ]—0,1,,M

per

Similarly, we have
‘k/{VM“(ZN +ulZN2ZN)} - VM Zyda
Q

< k|VMEZN|2 VM Zy |2

+C > IV Zn611V72 Zn |l V72 Zn |61V 2 Ziv |2
Ji+je+jz=M+1
1
< ZHVMHZNH% +C(1+(IVM22y]3), (4.26)

where we have used the estimate (4.23) and Sobolev imbedding theorems

HIZN Q) cwibQ), j=0,1,---,M+1.

per per

Thus inserting estimates (4.25) (4.26) into (4.24), we obtain
d
IV 2N B IV 2N <C IV 2N 3+ VY2 2 2+ IV wnl13)
(4.27)

Making the scalar product of AM*!3, with (2.7) and the scalar product of
AM+1y 0 with (2.8) respectively, summing the resulting equalities with respect to
s=1,2,---, N, and noting that

N
AM Ty = ()M AV (Hws(2),

s=1
N
AMPLEy = (=DM AN oy v (Hws (),
s=1
we obtain
1d o o
§&HVM+1U)NH§ == Z /Q(V X O1'OP EN) - ' 0P wydx, (4.28)

Jitje=M+1
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S IV BN 4 oM By

— Z / (V x 8{'03*(wy — BZy)) - 91 03* Enda. (4.29)
Jitje=M+1
Summing (4.28) with (4.29), we get
1d
535 (I Lo |3 + [V Ex ) + 0| 9+ Ex3
=8 Y / (V x 31032 Zy) - 3] 032 Enda
Jitje=M+1
o
< SIVYT BN + OV 25, (4.30)

where the following fact has been used
/Q (V x & 0P wy) - 97100 Enda — /Q (V x 0102 Ex) - 01 8 wydz = 0.
Combining (4.27) and (4.30) we have
%(HVM“ZNH% + IV w3 + [V EN(IZ) + [V 213

< O+ VM2 2y 3+ VY oy [+ VY22 ). (4.31)

Using estimates (4.23) (4.31) and applying Gronwall inequality, we establish the
estimate (4.13) with m = M + 1.

By the induction, this lemma is proved.

Thanks to that the estimate (4.13) is uniform with respect to N, let N — oo,
we obtain the following result.

Theorem 4.1 Assume thatd =2, Q CR?, k,pu,0,8 >0, (Zy(z), Ho(x), Eo(x))

€ (HpFH(Q), HE.(Q),H2.(Q), m > 1, V(Ho + fZy) = 0, V-Ey = 0. Then
there exists a unique global solution (Z,w,E) of the periodic initial value problem
(1.12)-(1.17). Moreover, we have

(7]
Z(z,t) € [ W0, T; Hypf'=2(Q)),
s=0

w(z,t), E(x,t) € ﬂ W3 (0, T; HR%(Q)),  for any T >0, (4.32)

per
s=0
and
. 2 . 2 . 2
s (126Dl + 190 Ol V2Ol o)

T
[ 20 s ) < Koo Sor any T >0, (433)
0

where the constant K40 is independent of D.
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Proof Similar to the proof of Theorem 3.1, let N — 0o, we can prove that there

exists a global solution
(Z,w,E) € (C(0,T; Hyet'(9)), L=(0, T Hye, (2)), L*(0, T Hy, (2)))

of problem (1.12)-(1.17), and the estimate (4.33) holds. The result (4.32) can be
proved by using equations (1.12)-(1.14).

Now we devote to proving the uniqueness. Assume that there exist two solutions
(Zj,wj, E5) (7 = 1,2). Let (¢,4,8) = (Z1 — Zz, w1 — wa, E1 — E3), then (¢,1),§)
satisfies the following equations

)
Ff_ASO_SOX(AZH‘wl)_ZZX(A@+¢):_k(1+ﬂ‘zl|2)‘P—kﬂ(Zl+Z2) 9y, (4.34)

o boE =V x (v ) (1.35)
oy

S =-Vx¢ (4.36)
V=0, V-£=0, (4.37)
o(x+2De;, t)=p(x,t), Y(x+2De;,t)=19(z,t), {(x+2De; t)=E£(x,t), (4.38)
o(x,0) =0, ¥(x,0)=0, &(x,0)=0. (4.39)

Making the scalar product of equation (4.34) with ¢ — Ay, we have

eI + 190, D13} + IV, D3 + 186 (, 1))

=—/{sox<Azl+w1>}-Asodx+/<ZQxAso)-sodw/(zgxzb)-(so—Aso)
Q Q Q

—k /Q{(l +ulZi2)p + (21 + Z2) - 922} - (0 — Ap)da

< C{([AZ1l2 + [[lwrli2)ll@l e | A@ll2 + (|22l 2o ([l 2l Al
+HZallzell 2ol + 1A¢l2) + (1 + 1 Ztl7 + [ Z2llieo)lell2(llell2 + [1Ap]l2)}.

By using Gagliardo-Nirenberg inequality, one has
1 1
lellze < Cllel3 el s, - (4.40)

Applying the estimate (4.33) with m > 1 and inequality (4.40), we get

%%{H@('J)H% + Vel I3} + {IIVe(, O3 + 1Ae(, )13}
< %HA@(-J)H% +C(llpC )5 + Il (- 1)13). (4.41)

Next making the scalar product of equation (4.35) with v, and the scalar product
of equation (4.36) with &, we have
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33 I CDIBHIEC OB ol Ol = =8 [ (V< (-, DIB+Cllo(- 1B
(4.42)

Summing (4.41) with (4.42) and applying Gronwall inequality, we get

lo G013 + 1V, O3 + ¢ O3 + 1IEC, D13 = 0. (4.43)

Therefore the global solution (Z,w, E) is unique for m > 1.

This theorem is proved.

Since a priori estimate (4.33) is uniform with respect to D, by using the diagonal
method and letting D — oo, we can get the following result.

Theorem 4.2 Assume that d = 2, k,u,0,8 > 0, (Zo(x), Ho(z), Eo(x)) €
(H™TY(R?), H™(R?), H™(R?)), m > 1, V(Hy + 8Zy) =0, V - Eg = 0. Then there
exists a unique global solution (Z,w,E) of the initial value problem (1.12)-(1.15)
(1.17). Moreover, we have

(]
Z(x,t) e [ Wa0,T; ™1 72(R?)),
s=0

w(z,t), E(z,t) € m W2 (0,T; H"5(R?)), for any T >0 (4.44)
s=0
and

Sup IZC Ol @y + 1w O mge) + 1EC O m @)
€|0,

T
+/ HZ(-,t)H%ImH(RQ)dt < Kpy2, forany T > 0. (4.45)
0

4.2 Dimension d = 3
In this subsection, we consider the special case when d = 3 and =z € Q C R3.
We first establish a priori estimates of Galerkin approximate solution (Zy,wy, En),
and then prove the existence and uniqueness of the solution (Z,w, E).
Lemma 4.4 Assume that Zo(x) € H2,,.(Q), wo(z), Eo(z) € H}

per per

(), Q C R3,
o, B p and k are positive constants. Then for any T > 0, there exists a positive
constant dg < 1 such that if

1Zol| a3, (2) < do, (4.46)
the solutions of problem (2.6)-(2.9) satisfy the following estimate

sup {|AZn|3+ [Vun (-, )15+ [VEN (- )[[5}
0<t<T

9
< S{IIAZol2 + [1Vwo (- )2 + [ VE( t)ll3 + 3+ Bi},  for any T'>0, (447)
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where constant 2 2
B— — 2k, ﬁ— > 2k,

Br = g UQ
0, ﬁ— < 2k.

o

Proof Repeating the proceeding of the proof of Lemma 4.2 and revising some
estimates, we can prove this lemma. In fact, the estimates (2.14) and (2.19) imply
that

¢
IVZn (- )3 + /0 1Z (-, T[T < Cl| ZolIZ (1 + ) (4.48)
where po = || Zo||3 + ||wol|3 + || Eol|3- The estimate (4.4) is replaced by
3 1
IVZn |l < C(0,2500,2,2)|[VZN| 1 IVZN]I3, (4.49)

and the estimate (4.5) is reformulated by

‘/ (VZN X (AZN +wN)) -VAZndx
Q

1
< SIVAZN[5+ CIVZNIS(IAZNIE + 1AZNIE + wn s + wn]3).  (4:50)

Similarly, the estimate (4.6) is replaced by

/(ZN X VwN) : VAZNd:E
Q

< |1ZNllL= IVAZN 2| Vwn|2

1
< GIVAZN L + CllZnlle IVen]z, - (451)
the estimate (4.7) is reformulated by

k;/ Zn - A*Zndz = k| AZN |3, (4.52)
Q

‘k/u\ZNIZZN'AQZNdx < 3kp||VAZN 2|V Zn ||2)| Zn || F o
Q

< SIVAZN[E + Cll Zoll (1 + po) 12132, (4.53)

| =

the estimate (4.8) is replaced by
d
8215+ IVAZNIE + 2k AZy]3

< ClZx7plIVun | + CllZol3 (1 + o) 1 Zx I3
+OIVZNI(IAZNIE + 1AZN 5 + lwn |3 + wnll3), (4.54)

the estimate (4.11) is replaced by

d 2
&(HVUJNH% +||[VEN|3) < ;HAZNH% (4.55)
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and the estimate (4.12) is reformulated by

d 32
SUAZN I3+ IV |3+ IVENI3) + (26— =) 1AZx]3

< CasllZn |72 IV wn 3 + Casll Zoll 7 (1 + p0) 1121242
+CulIVZN13(1AZN 113 + 1AZN |5 + wn]3 + wnll3)- (4.56)
Integrating (4.56) with respect to ¢ from 0 to T, and using the estimate (2.15) (4.48),

we have
s (18Zx[3+ V|3 + |V Ex]B)
< |AZo|l5 + [[Vwoll3 + IV Eoll3 + Casll Zoll3 (o + oo + Jmax. I1AZN|13)
2 4 2
+Ka3l| Zol| 3 (1 + p5) { B + Cas oo, Vw2
2 4 2 2 2\3
+CasllZolFi (1 -+ 08) (120l + s [AZwl + (mas 1AZw13)°] ). (4.57)
Take do > 0 small enough and let || Zo||3,, < do such that
€
max{Kdg, 1} maX{Cdg, 1}”Z0H%{1 (1 + pé) < 5, €€ (0, 1),

where

—242./14712/9 9
€= W To=§(ao+3+/a’k), g =|AZo|5+] Vwo(-, 1) 13+ V Eo (-, )13

7o
Thus we get
(1) max (|AZy[[3+ |[Vwnl]l3 + | VEN]3)

2

2
< 2 2 2 E{ € } € 2\3 4
< [1AZo[l2 + [IVwollz + [V Eollz + 532+ Bk + 7 p + 4(0rgta§<TllAZNllz) (4.58)

Consider the polynomial

62

P(T):ZT3—(1—6)T+QO+3+B]¢-

We find the fact that

P(r)’r:ao >0, P(’f’)’r:m =0. (459)
Thanks to
< —24+2/1+3r2
€
37’(2) ’

there exists an r; > 0 such that

P(r)],_,. .0, <0. (4.60)
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Since (Zn(z,t),wy(z,t), En(z,t)) is continuous with respect to t, we have that

2 2 2
max {IAZy 3 + | Vwnl3 + [ VEx]3)

is continuous with respect to T, and
2 2 2
P( nax {IAZx]3 + [ Vunl3 + [VEN]})

is also continuous with respect to T. Therefore the facts (4.58) (4.59) (4.60) mean
that the estimate (4.47) is valid.

This lemma is proved.

Using Lemma 4.4, Lemma 4.3 can be proved when d = 3. Now repeating the
proceeding of the proofs of Theorems 4.1 and 4.2, we obtain the following results.

Theorem 4.3 Assume thatd=3, QCR3, k, u,0,3>0, (Zo(z), Ho(z), Eo(x)) €
(HPH(), Hp2 (), H2.(), m > 1, V(Ho + $Zy) = 0, V- Eg = 0, and there
exists a positive constant dg < 1 such that HZ[)”H;ET(Q) < 69. Then there exists a
unique global solution (Z,w, E) of the periodic initial value problem (1.12)-(1.17).

Moreover, we have

[
Z(z,t) € [ WL0,T; Hypf' =2 (Q)),
s=0

w(z,t), E(x,t) € ﬁ W3 (0, T; HR%(Q)), forany T >0 (4.61)

per
s=0

and

. 2 . 2 . 2
2 (120 + 0 O, 0+ VGOl o)

T
+/ HZ(7t)”§{m+2(Q)dt S Km+27 fOT any T> 07 (462)
0 per

where the constant K19 is independent of D.

Theorem 4.4 Assume that d = 3, k,p,0,8 > 0, (Zo(x), Ho(x), Eo(x)) €
(H™HL(R3), H™(R3), H™(R?)), m > 1, V(Ho + 8Zy) =0, V- Ey = 0, and there
exists a positive constant 0g < 1 such that || Zo||g1msy < do. Then there exists
a unique global solution (Z,w, E) of the initial value problem (1.12)-(1.15) (1.17).
Moreover, we have

(5]
Z(z,t) € () WL0,T; H" 2 (R?)),
s=0

w(z,t), E(z,t) € m W (0,T; H"5(R3)), for any T >0 (4.63)
s=0
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and
2 2 2
sup [ Z (-, ) [zpm1 sy + 1w ) Fm sy + 1 EC O frm s
t€[0,T]
T
+/ 120 8) gzt < Konia,  for any T > 0. (4.64)
0
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