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1 Introduction

The instability of the interface between two different densities of fluid under
the action of gravity or inertial force, as early as 1950, was clearly pointed out by
G.L. Taylor, and is often named after him, actually earlier than him, L. Rayleigh in
1900 and S.H. Lamb in 1932 also talked about this problem in some sense, people
sometimes call Rayleigh-Taylor or Rayleigh-Lamb-Taylor instability. This interfacial
instability phenomenon can be found not only in astrophysics, but also in laster
fusion and high-speed collision. It is very important even for hydraulic machinery
and various engines. The linear development stage of interface instability is relatively
clear. However, there are still many problems in nonlinear development that need
to be recognized. The relevant research has very important practical and theoretical
value.

In the mathematical analysis theory, since 2003, there have been some break-
through works on the RT instability of compressible fluids [1,2], free boundary prob-
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lems [3] and MHD fluids [4]. Of course, these theoretical results are still far away
form the actual physical mechanics. There is still a big gap in the problem.

2 Some RT Instability Mathematical Models

2.1 Double infinite fluid Taylor instability

We consider the two-layer infinite fluid shown in Figure 2.1, where each of den-
sities p1 and py occupies a half plane of ¥y > 0 and y < 0, and gravity g is parallel
to y axis, pointing to its negative direction, that is § = —gj.

y
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Figure 2.1

The deviation of the initial position of the interface from y = 0 is a small amount,
that is y = e cos k.

Assume that the two-layer fluid is in a static state at the initial moment, and
thus is initially non-rotating. For an ideal incompressible fluid, the fluid remains
free-curl in the subsequent movement. Thus, the velocity potential ®; (i = 1,2) can
be introduced corresponding to the upper layer and lower layer of fluid. Then under
two-dimensional conditions, ®; (i = 1,2) satisfies the Laplace equation

Dipe + CI)iyy =0, 2=1,2. (2.1)

If we suppose that the interface position during the movement is y = n(z,t). And
its derivative is the first-order small amount of €, then

F(r,t) =y —n(z,t) =0. (2.2)
Therefore,

oF _ _

oF oF

— =1, —=-n,~ (2.3)
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The normal vector of the interface is 7 = %, and the normal velocity of the
interface is D,, = —%ﬁt. The following subscripts (i = 1, 2) respectively denote the

physical quantities in the flow on two sides of the interface, and the conditions of
equal pressure and normal velocity on both sides of the fluid interface are continuous
p1=p2, Dn=q -n=q-n, (2.4)
where p is the pressure and ¢ is the velocity.
On the interface F(r,t) =0,
OF

— 5y = V&1 VF =V, VE (2.5)

In the case of potenial, the momentum equation can be integrated
1 P
@+ (VO) 4+ U() = (1), (2.6)

where U(r) is the potential of mass power, f'(t) is an arbitrary function. In (2.6),
we can choose p1 f1(t) = pafa(t), then under the condition of retaining a first-order
small amount, on y = n(x,t), there are

ne = 1y = Poy,  p1(P1s + gn(x,t)) = pa(Por + gn(z,t)). (2.7)

Since 7 is a first-order small quantity, ®; is also a first-order small quantity, and the
relevant quantity on y = n can be performed by Taylor expands, that is

09,
Ty = @i|y:0 + 0(52). (28)

That is, the relevant derivative of (2.7) can be expanded by the value of y = 0, which

Pily=n = Pily=0 + 1

implies (2.7) still holds on the unknown active boundary y = 7, but it is also fixed
on the fixed boundary y = 0 after linearization. This greatly simplifies the solution
of the problem. ®; obviously meets the infinity disappearing condition, that is

r=o00, 1 =0, y=-0c0, Py=0, (2.9)

For the two-material interface, the initial conditions should also be given. We only
discuss harmonics with zero initial velocity of k:

n(x,0) =ecoskx, mn(z,0)=0. (2.10)

In general, for a variety of £ harmonics, we can use the Fourier series expansion
method, which can be solved by linear superposition method.

Since the equation is linear, the variable x appears only in the initial condition
as cos kx, so it is desirable to choose

Di(z,y,t) = @i(x,t)coskx, mn(z,t) = A(t)coskz. (2.11)
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We substitute this into (2.10) and get A(0) =&, A’(0) = 0. Also we insert them into
Laplace equation, then obtain

Piyy — ki = 0. (2.12)
Therefore the solution takes the following form: ¢; = e™¥A;(t). By the infinity

condition (2.9), we know @1 = A (t)e ", @o = Aa(t)e*¥. Substituting these results
into the boundary condition y = 0 in (2.7), we have

pr(AL(t) + gAL(t) = pa(Aa(t) + gAa(t)),  A(t) = —k1 A1 = kA,

Differentiate the second equation of the above system with respect to ¢, then sub-
stitute it into the first equation of the above system, and eliminate A;(¢) and As(t).
Finally, we obtain

Alt) —n2A@M) =0, ng= /22" P2 kg 9.13
R e (213

Now we will discuss it in two situations.
(1) p1 > po, that is, the heavy fluid is located above the light fluid. At this time
ng is purely real, A(t)=ae "!+be™!. Due to the existence of the ™! formal solu-

tion, A(t) grows exponentially over time, that is, the disturbance is unstable. This
phenomenon is explained in Figure 2.2. When a fluid with a density of p; invades
into a fluid with a density of ps, the gravity of the portion of the fluid is G «~ Vp1g.

SIS
\pz o

44 -

Figure 2.2

And its buoyancy is the weight of the invading fluid that is discharged in the
same volume, that is, the buoyancy is F' ~ V pag.

When p; > po, the gravity is greater than the buoyancy, and this part of the
invading fluid continues to sink, causing the disturbance on the interface to develop
further, which leads to instability.

Taking into account the initial conditions (2.10), we have

y = n(x,t) = ecoshngt + cos kx. (2.14)

Here coshngt = (™! 4 e~"0%)/2 is the hyperbolic cosine. If the initial condition
(2.10) is changed to n(x,0) = 0, n(z,0) = € cos kz, then the form of the interface is
Yy = nio sinh nt cos kx.

In a more general case, it should be a linear superposition of two solutions.
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After finding the expression of the interface shape n(z,t), it is not difficult to
get the form of ¢;(t).
(2) p1 < p2, ng = img, where ng is the pure imaginary number. At this time

y = n(x,t) = e cosmot + cos kx. (2.15)

Then the disturbance on the interface no longer develops, but it oscillates with
time. The interface is stable corresponding to the gravity less than buoyancy in
Figure 2.2, and the density p; of the fluid invading into the density ps of the fluid
is retracted again, such that the interface disturbances are no longer considered.

Now we discuss the incompressible fluid with a density of p, a thickness of h
under the gravitational field whose the direction is downward. In order for the fluid
to be suspended and stationary, a pressure difference must be given to the lower
surface. Since the ideal incompressible flow is initially at rest, it is curl-free.

As before, we can introduce the velocity potential. Let ®° be the case correspond-
ing to the undisturbed static, and ¢ be the additional velocity potential formed by
the interface disturbance. The velocity potential is ® = ®(©) 4. In the case of ignor-
ing high order quantities, the pressure can be expressed as p = —p(®Y +p; + gy f(t)).
Firstly we take into account the zero-order situation.

On the upper surface y = 0, p1 = —p(®Y + f(t)).

On the lower surface y = —1, py = —p(CIJ,SO) —gh+ f(t)).

Obviously, ®) is only a function of ¢, then we obtain ps — p1 = pgh.

Now discuss the disturbance on the interface. On the upper surface, we have
y = m1(z,t); on the lower surface, there is y = —h+mny(x, t). Since the pressures of the
upper and lower surfaces, p1 and po, satisfy the zero-order quantity, the disturbance
pressure is

y=0, @r+gm=0,
y=—h, @+gm=0.

2.2 Finite thickness double interface fluid

In practice, we often encounter complex situations of fluids with limited thick-
ness.

In addition, the second condition of (2.5) can be linearized to

y=0, ne=py,
y=—h, M=y
The perturbation of the Fourier component with cos kx is still discussed, so that
¢ satisfies the Laplace equation, by choosing ¢ = (Ae*¥ + Be™*¥)e™ coskx, 1 =

t

a1e™ coskxr and 1y = age™ cos kx. Substituting these into the boundary condition

of y =0, we get
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n(A+ B)+ga; =0, na; =(A— B)k.
Substituting into the condition of y = —h, we have
n(Ae ™ 4 Bekh) 4+ gas = 0, nay = k(Ae " — BeMh).
Eliminating a1 and ay from these four equations, we get
A(n® 4+ kg) + B(n® —kg) =0, A(n®+kg)e ™ + B(n* — kg)e*" = 0.

Thus, the conditions for the non-trivial solutions of A and B are n? = Fkg.

For simplicity, we take mg = v/kg. Then the two real roots of n are n = £my.
Obviously for A = 0, ¢ = Be *et™0t coska is the solution of the lower surface
problem. For B = 0, ¢ = Ae*e®0t cos ka is the solution of the upper surface
problem. When ¢ = 0, the fluid should be at rest, so the solution in the general form
can be written as ¢ = [Asin(mgt)e*” + Bsh(mqt)e "] cos k.

Obviously the first term in square brackets represents a solution that vibrates
over time, while the second term represents an unstable solution. Correspondingly,
the two surface disturbances should also have the following form of solution:

m = [Ay cosmot + Bichmot| cos kx, ne = [Aa cos mot + Bach mt] cos kx.
Substituting these into the kinematic conditions of y = 0, y = —h, we can get
mo[— A sinmgt + Bishmgt] = k[Asin mgt — Bshmot],
mo|—Ag sinmgt + Bash mgt] = k‘[ﬁe_kh sinmot — BeFPsh mot].
Therefore,
moAiq _ moAgeFh B moB1 _ moBae
k k ' k k ’

where Ay = Aje ¥ By = Byjekh. Assuming that the upper and lower surface

iy g

disturbances at the initial moment ¢ = 0 are 177 = €1 coskx and 1y = egcoskx.

Obviously we have A1 + By = &1 and As + By = &9, which can be written as

Aje Fh 4 BieF = g9, Thus, we have

kh B — €2—E€1  _kh 51—€2€7kh _kh B _62—6167
L= —2kn® T _e—2kh © 0 P27 T ToRR

_51—8267 kh

A= 1—e—2kh
and

m(x,t)= o2k [(e1 —e2e™") cosmot + (e2 —e1e " )e ™ cosh myt] cos ku,
—e

_kh)e_kh cos mot + (€2 — 51e_kh) cosh mot} coskz.

(2.16)

772(357 t) = 1_ e 2kh [(51 —&2€
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For €5 = 0 and £; = 0, the expression of (2.16) is very interesting, so it can be seen
as the correlation and perturbation between the upper and lower surfaces.

2.3 Fluid interface movement of finite thickness two-sided vacuum
As is shown in Figure 2.3, there is a finite thickness of d incompressible fluid
with a density of p, where outside the horizontal infinite upper and lower surfaces

is vacuum, and the gravity field force is ¢ = ge_;.

y 4 Upper surface 7]"(x,t)
d y > d- Vacuum / g
0 X
—d __ Vacuum /
p= d Lower surface U](X,T)
Figure 2.3
Set
Fu({lj‘,y,t) :y_nu(xat)a (217)
Flz,y,t) =y +d 1 (x,1), (2.18)

which denote the equations of motion for the upper and lower interfaces respectively,
where n*(z,t) and n!(x,t) respectively are perturbations of the upper and lower inter-
faces. Again, letting ®°(¢) be the initial undisturbed velocity potential, the velocity
potential of the disturbing fluid is ®(x,y,t) = ®°(t) + p(x,y,t). Here ¢ is the addi-
tional velocity potential caused by the disturbance interface with V2 = 0. Accord-
ing to the Bernoulli equation, the pressures on the upper and lower interfaces are

o 1
P =—p| G + 5 (V2 +gn" + (1)), (2.19)
e 1
L (9% 1 2 _ !
= p[ 5 T5(V®)" —gd+gn +f(t)} (2.20)
where f(t) is a function. For the undisturbed situations,
" 090 090
PO = —p| T+ 1], PO = —p[ e+ 1), (2.21)

which satisfy the pressure balance condition p'® — p©) = pgd. Therefore the
disturbance pressure is zero on both interfaces, that is,
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‘980 1 2 w| U

p[—at +5(Ve) +gn } =0, y=n" (2.22)
dp 1 2 1] o

P[T)t +§(Vs0) +gn} =0, y=17. (2.23)

As [—%—f/|VFH is known as interface normal velocity and 7 = VF/|VF| is the

normal vector, we have

oF
VFY
ot u
_ _ve. VE = 2.24
Y v YT (2.24)
OF!
ot VF !

Substituting these into equations (2.17) and (2.18), we get
o _ 9p0dn" | Oy

ot~ oz oz oy
o' Bpdnt  dp !

ot = owos Tay V=T (220

y=n", (2.26)

According to (2.22), (2.23), (2.26), (2.27), we expand 7% 7', ¢ as the power of
the small parameter £ and obtain

n"(x,t) = eny'1(t) cos kx + 52[775‘70(15) + 3 o(t) cos 2ka] + - -,
n'(x,t) = 577I171(t) cos kx + &* [né70(t) + 77l272(t) cos2kx] + -+,
o(z,y,t) = 5[ekyA1,1(t) + e_kyBLl(t)] cos kx

+e2{Ag0(t) + [ Aga(t) + e M By o(t)] cos 2k} + - -+ .

In the case of the first-order approximation o(¢), we can obtain a second-order
coupled ordinary differential equation system

d27]7f,1 B 2¢—¢ d277l1,1 L2 1—e %
a2 1+e2€ a2 7 1t e%
4% 4 2¢=¢ iy ,1-—e%

— _ - - l _
dt2 1+e2€ 42 7T o n1 =0, (2.29)

=0, (2.28)

where 42 = gk is the square of the linear growth rate of classical RT1(Ar = 1),
& = kd.
The initial conditions are

d7711‘,1 d7711,1

b =0 — 4, :07 ! = :b7
771,1|t—0 a dr li—o 771,1‘15 0 dt

= 0. 2.30
0 (2.30)
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From these, we get

nii(t) = ﬂ[acos vt + e Sbcosh ], (2.31)
) — e~
1 _
nt L (t) = ﬂ[e‘ﬁa cosyt + bcosh~t], (2.32)
) — e~

where @ =a —be ¢, b=b— ae¢.
In the second order of o(¢?), the coupled ODE is

d277u 26_2§ d277l 1—
3’2 — — ;’2—1-272 — 77224—7 2k a 2¢1 cosh 2T
dt 1+e % dt 1+e %

1 —2¢ -2
_56 c1b” cos 2T — mcab cosT coshT
ef + 26 _
20 ey cqpsin Tsinh T + :_r © ab} 0 (2.33)
ets
d?nb , 2e72 d%ny 2 1—e % 12
; 2 1 2,4
2 1re% qp Y 11 ot Moo+ k[zb c1 cosh 2T
—56 cra” cos 2T — mcab cosT coshT
3 2¢
e %y sin Tsinh T + %b&} —0, (2.34)

where @ = a —b(e ¢ +e£)/2, b=b—ale ¢ +e)/2, ¢; = (1 +e%)/(1 —e % +
e 4 —e768) ¢y = a? + b2 — ab(e ¢ +ef), T = ~t and the initial conditions are

dnj o
0)=0 “(t=0)=0
N3 ( ) ) dt ( ) )
d l
From these, we deduce
5o(t) = E (;)2 [ — e %P cosh? T +a2cos® T — iD bcosh V2T
772,2 - 2\1 — e—2§ 1+ 6726 1
1 1—e 2 _
_ngd cos V2T — 2¢~¢ mab cos T cosh T] , (2.36)
l (t)—k( ! )2[ b’ cosh? T + 2p_ 1 plheoshvar
M2,2\l) = o\1 _ o2 cos e 24a2 cos Tt
e 2¢ 1—e 2 _
B Do cos V2T + 2e*571 n e—2§ab cos T cosh T] , (2.37)

which are shown in Figure 2.4.
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(@)

Figure 2.4: (a) kd =0.2, vt =4.2, ---, (b) kd = 0.8x7 vt =4.9
2.4 Variable density fluid layer
Here we don’t discuss a two-layer fluid with a density discontinuity, but a single-
layer fluid with a density distribution in the y direction. This distribution is also
unstable under certain conditions. The fluid is heated from the bottom and has
different densities at different temperatures. Then it leads to convection. Without
disturbance, the fluid is at rest. At this time

dp(O) B ©)
" (v)g-

Therefore we get
P =- / PO (y)gdy + f(t).

In case of disturbance
p=p"+p, p=p"+/

And w, v are first-order small quantities. The continuity equation can be written as

/ dp©®
a—p+p(°><@+av) +oh— —o.

ot o ' dy v dy
We take
o o0
ox Oy ’
then,
op’ dpl®
F dy
In the momentum equation, for the disturbance term, we have
0u O _ @ o _

gu —0 9v — g
Prottor = Pty T P9

Assume that the disturbance has the form €7t that is

p/ — p(y)ent-‘rika:’ ,0/ — ﬁ(y)ent—i-ika:? u/ — ﬂ(y)ent—&—ikx’ ’U, _ @(y)ent—i—ik:c_
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Substituting these into the above equation, we get
v _ d,o<0>
dy ’

thku=——, np=
Eliminating @ from the first and third equations, we deduce

ap
p(o)nﬁ +ikp =0, p(o)m} + d—z = —gp.

dy

pOn v +k*p=0.
dy

And by the second and fourth equations, there is

dp v dp©®
(0) hl
P nu + dy _n g dy
Eliminating p from the last two equations, we have
d dv kg dpl®
O~k g =0, 2.38
dy(p dy pv+n2 dyv (2.38)
If you do not consider the density distribution in the y direction, % =0, then
Pu(y) o
T k“v(y) = 0.

That is, 7 = ae®™¥. Now we discuss the case of p(®) = p(O(y). For simplicity, we
only study the case:

p©) = pee, B = const.
Substituting these into (2.38), we have

27 _dv
Z+ﬁdZ—k2(1—gﬁ)v=o. (2.39)

Taking the form solution of v ~ e?¥, there is

P+ Bg—k (1—ﬂ) 0.

Therefore, we have
@(y) — Alequ +Ageq2y,

Here q1, ¢o is the two roots for the above equation, that is

QI:;{—B+\/52+4]€21—'96)}, a2 = { \/ﬂ2+4k2 gﬂ)}

(2.40)
Assuming that the layer of fluid is between the two solid walls of y = —h and y = 0,
by y =0, 9(y) = 0, we get A4y — A; = A, and v(y) = A(e?¥ — e®2Y). Due to
y = —h, T(y) = 0, we have e(@~9)" = 1 which holds only when
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2mms
©—@=—F (2.41)
Thus,
B(y) = Ae2@Ta)yfes(@—a)y _ o—3(@1-w)yy,
In accordance with (2.40), (2.41), we have
7 = Be 3% sin Y (2.42)
and
V95 (2.43)

n= .
Vit [5 4 22
It can be seen from the above equation that 5 > 0, that is, as the density gradient

of the fluid is the same direction as g, the above density distribution of the fluid
layer is unstable. For short waves,

n ~ /gB.

That is, the index n is proportional to 6%, the greater the density gradient, the more
unstable the instability.

2.5 The Taylor instability of viscous fluids

The two-layer semi-infinite fluids occupy the y > 0 and y < 0 planes, respectively,
with densities of p; and ps. The gravitational acceleration is perpendicular to the
interface, along the negative direction of y. In the case of incompressibility, the
continuous equation can be written as

Uz + vy = 0.

The momentum equation is the following NS equation

ou 1 "
" + (u-V)u+ =Vp u+g

On the material interface F(7,t) = 0, the interface normal velocity is continuous

with
oF

S ot

And the tangential velocity is continuous, the stress equation is

= (u1 - V)F = (ug - V)F,

Njo1jk = NjO25k,

where o5 (i = 1,2) is the viscous stress tensor of the two fluids with

Ouij | 8“““), i=1,2,

8.%‘7; ox 5

p; is the fluid pressure, and i = 1,2 means two different fluids.

Oijk = —PiOjk + Mi(
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Set the form of the interface to be F(7,t) = y — n(x,t) = 0, where 7j(z,t) is a
small amount, then 77 = —an—i— j And the corresponding u, p are first-order small
quantities, then the momentum equation can be linearized to

Di i Di 12 .
Uit‘i‘ﬂ = %(uix:c‘i‘uiyy% Uit‘i‘i? = J(”iwz""viyy)_g? 1=1,2.

p7, 7 p’L (3

For viscous fluids, the flow is not no-curl, since the potential function is insuffi-
cient to satisfy the momentum equation. We choose

U = g + Wiy, vy =Pjy — Vi, i=1,2.

Substituting this into the momentum equation, we have

<(I)it + i) = &(‘I/m:p + \Iliyy)y - \Ilitg,n (q)zt + J) = &(\pmx + \I’iyy)z - \Ijitz -9
i/ Z )

If we set U;; = %(\I’le‘ + Wiyy), then

i

Pi

Pi

Pi

P.
D, + p*z +gy=f(t), pi=—pi(Pi+ gy).

(2

According to the existing vector expression of 7, the equation of motion and
stress conditions on the interface can be written as

y=0, uy =uz, N =v1="02, Olzy= Oouy,
1

1
Olgx — O2yy = E<E + R72> = =Ygz

Here, the surface tension is considered in the normal pressure difference, ¥ is the

surface tension coefficient, and the corresponding stress is

ou; ov; ov;
Tizy = 'ul[ﬁiy + ax:|a Tiyy = —Pi +2M077'

Representing u;, v; as a function expression for ®; and W;, substituting them into
the above expression and converting the condition on the interface y = 0 to

{(I)lx + \Ijly = (I)Qgc + \I]2y>

(2.44)
Tt = (I)ly -V, = CI)Zy — Uy,

we obtain
M1 [2(1)1:(;11 + \Illyy - \Illxx} = M2 [2@29@ + \I’Zyy - \I’2J:x]’
P1 ((plt +g77) + 2;“!1 ((I)lyy - \Ijlwy) + Ena:w =pP2 <(I)2t +y77) + 2#2 <(I)2yy - \IIQ;Uy)- (245)

Assume that the initial perturbation of the interface is n(x,0) = ecoskz. In
order for ®; to satisfy the conditions of the Laplace equation and x = 400, we take
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n(x,t) = ae™ coskx, ®; = A M coskx, By = Ce™ M coska.

Set
Uy = Be ™Y gin k, Wy = De™2Y T gin kx,

Substituting these into (2.43) and considering the disappearance condition at y =

m; = k2+@.
V 27

Substituting the above ®; and V¥, expressions into the inner boundary conditions
(2.44) and (2.45), eliminating a, we get

+o00, we deduce

A+B+C+ D=0,
kA+mB — kC +myD =0,
201 k> A+ p1(m? 4+ k*)B + 2u0k®C — pa(m2 + k*)D = 0,

a a
(ﬁ —npy — 2u1k:2>A + (ﬁ — 2,u1m1k:)B + (pan + 2u2kz2)C — 2uamaokD = 0.
Here a = (p1 — pa)kg — k3.

The non-trivial solution of the above homogeneous equations of A, B,C and D
exists under the condition that the corresponding coefficient determinant is zero,

that is

1 1 1 —1
k ma —k meo 0
211 pi(k2+m?)  2uk®  —pa(k? +md) '

a _
n

2 2
T —np1 — 21k 2uimik  npa 4+ 2uok —2uamok

Expanding this determinant and substituting m into this, we get

+4nk = 0. (2.46)

1 1
(o po)n?l{ S— —
pik 4\ p5 + pepen pok + \/pf + papin

When the viscosity p; is large, n becomes smaller. We ignore the term with n in
the root of (2.46), that is take u;k? > p;n, or approximately choose m; = k. Thus
we get

2
—a + + n27+4nk20.
[ (101 P2) ]k(ﬂl +/1'2)

Meanwhile we choose v = (p1 + p2)/(p1 + p2), therefore

— kY

n=-—vk2t | Phg 42t - T (2.47)
p1+ p2 p1P2

We focus on the unstable root where the coefficient before the square root is

positive, so that in the case of no viscosity, the index n is ng
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- k3%
no:\/m Ppg— 22 (2.48)

P1+ p2 P12

We discuss it two situations.

(1) ng > vk?, that is, when k or viscosity is small, by (2.47) we obtain

3 2,2
n:no[l—iﬁ+;<lﬁ)) —} (2.49)

From these we can see the viscosity reduces the RT instability. The larger k is, the
more significant it is.

(2) ng < vk?, by (2.47) we get

no
’I’L[)m.

That is, n quickly decreases with the increase of k, especially as k — k.. By (2.48)

p1L— P2 k2
Ny (1 - f>.
o \/;01 + p2 g k2

This is the case where n tends to zero near k.. When > = 0, regardless of surface

(2.50)

n —=

we can obtain

tension,
pPL—p2 g
n o~ —
p1 + p2 2vk
That is, when k is large enough, n asymptotically approaches the k£ axis in the form

of a curve.

2.6 Ablation instability

We consider a simplified model, discuss the ideal incompressible fluid, and assume
that the effect of heat conduction is mainly the motion that derives the phase change.
It has a certain velocity or acceleration, which is ignored in the equation. Let the
section be at an average speed of Uy moves forward in the direction of y with an
acceleration of g, the densities before and after the cross section are p; and ps
respectively, taking the coordinate system moving along the section, here the speed
of the “1” zone in the coordinate system is

Vi = —Up, (2.51)

along the opposite direction of y.
Conservation of mass momentum in a coordinate system with a constant cross-

section can be written as
p1q1 - = p2q2 - N,
p1+p2(q-n)® =p2+ (g2 - n)?, (2.52)

q-7T=4q2"T,
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here n and 7 represent the normal and tangential directions of the section, respec-
tively. p;,pi (i = 1,2) are respectively the densities and pressures on both sides,
gi (i = 1,2) denote the velocities of the section on both sides that are moving in
motion. Assume that the section is the following form:

Yy = 77(90715)7
where 7 is a small amount, then

Here D,, is the normal velocity of the section. In this way, the pressure and speed
can be expanded to

pi=p" 40+ = Vi) (2.53)
(0)

Here p;” and VJ are the zero-order quantities corresponding to the undisturbed
case, and the second term is the first-order small quantity. The previously selected
coordinate system is just the coordinate system that does not move the no section
between the no disturbances, rather than that corresponds to the point on the
section between the disturbances. In order to apply the conservation condition on

the section, the following local coordinate transformation must be taken
G = uj — Dpn = u; — n1J. (2.54)

Substituting the relevant quantities into (2.52) respectively we can obtain the
relationship between the following zero-order and first-order quantities on both sides
of the discontinuity:

The zero order quantity

p1V1 = paVo =m, Pgo) +pVE= pgl) + paVs, (2.55)

and the first order quantity

pr(0) — ) = pa (v — ),
P+ 2m(uf? — i) = i + 2m(us) — ), (2.56)

u(ll) +Vin: = u(zl) + Vang.

Next we solve the first-order quantity. The front of the ablation section is originally
static and therefore non-curl. However, the rear of the section, that is, the “2” area
may be non-rotating, but may also be rotated. We discuss two cases below.

Case 1 There is no swirling flow after the cross section, since it is non-rotating
in both areas, we can choose

WV =V, =12 (2.57)

)
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Under incompressible conditions, we have
Ad; =0, i=1,2. (2.58)

Integrating the momentum equation and taking the first-order small quantity,
the following pressure disturbance expression can be obtained:

P = —pi{ @i+ Vidiy + gy + i1} (2.59)

Substituting this into (2.56), we can get the condition of the section between y =
n(z,t). Since the zero-order quantity is uniform, the value of the first-order quantity
on y = n(x,t) can be Taylor expanded. Ignoring the high order small quantity, we
deduce the condition on the y = 0 fixed boundary

p1(P1y — ne) = p2(P2y — me),
p1{®i — Vi®1y + gn} = pa{ P2 — Vo Doy + gn}, (2.60)
1z + Ving = Po + Von,.

For simplicity, we discuss the case where both layers are semi-infinite fluids, by
assuming that a fluid with a density of p; occupies a semi-infinite plane of y > 0,
and a fluid with a density of ps occupies a semi-infinite plane of y < 0.

Assume that the initial moment of disturbance is in the form of coskz. To

guarantee that ®; satisfies the Laplace equation and the corresponding infinity dis-
appearance condition, we choose

n=ae"coskr, ®; =A™ coskr, ®y= B coska. (2.61)
Substituting these into (2.60), we get
p1(—=kA —na) = p2(kB — na),
p1(nA+VikA + ga) = p2(nB — V2kB + ga),
— kA —Vika = —kB — Vaka.

This is a homogeneous linear algebraic equation for a, A and B. The condition for
this non-trivial solution is that the corresponding coefficient determinant is zero,
thus we can obtain the following dispersion relation:

_ 2
n:i\/p1+p2kg_pV1(V2 ViR
P1— P2 P1 — P2

(2.62)

Considering that (2.55), we have

Ap(0) 2
n:iVM+m@— P (2.63)
P1— P2 P1 — P2
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Here Ap(©) = pgl) —péo) = p1V1(Va—V7) is the ablation pressure. We have previously
assumed the area “1” is an ablated medium, so p; > pa. By (2.55), |va| > |v1] and V;
are negative, the ablation pressure is positive. When g > 0, that is the accelerating
ablation, instability may occur, but when g < 0, n is pure, that is the deceleration
ablation is stable.
Next we discuss a few special cases:
(1) When p1 > p2, (2.60) can be written as
n==x4/kg— AL(O)kQ, (2.64)
P1
where g > 0 corresponds to the RT instability case, but slows the development
of instability due to the presence of ablation pressure. When Ap(® = p19/k, the
instability can be truncated.
(2) When p1 ~ p2, (2.63) can be written as

= i\/wkg _ ‘/12]{2'
PL— P2

When g > 0, the instability develops rapidly. When g < 0, the section is quickly

oscillated.
Now consider that the ablation product area is a swirling flow, and in the case
of a spin in the “2” area, we choose

ugl) = Py, + Uy, ’Uél) = (I)Qy — Wy,

The “1” area is still non-rotating. There are four physical quantities to be deter-
mined, which are n, ®1, ®3, and W,. But the boundary condition (2.56) contains
only three equations. The problem is uncertain. Landau assumed the normal veloc-
ity is zero when discussing the combustion

= ofl =l

There is a supplementary condition from (2.56)

1 1
A0 =50,
To get the expression (2.59) for the perturbation pressure pgl) in the “2” area, we

must take
Oy + Vo Wy, = 0.
Thus the momentum equation can be satisfied. If we take Wy ~ e¥T™2Y gin kz, then
mo = —n/Va.
Note that Vo < 0, so mo > 0. Therefore @4 satisfies the disappearing condition
as y — —oo. Set
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n = ae™coskx, @ = A Meoskx, By = Be"Meoskz, Wy = ce™ M Vsinks.

Substituting these into the boundary condition of y = n(x,t) and expanding on vy,
we can get four constants which are determined relative to a, A, B and c¢. These
four constants satisfy homogeneous linear algebraic equations, and the existence
condition is that the corresponding coefficient determinant is zero. Thus,

kV; — V1k? V;
n— PRV + P1 P2k9+ pP1V1 (Vg— p1V1 ) (2.65)
p1+ p2 p1+ p2 p1+ p2 p1+ p2

Since Vi < 0, V4 < 0, when p; > pa, the second item in (2.65) square brackets
can be omitted, we get

(2.66)

k|\V; — V1 Vok?
:_Pl\l\i P1 P2k9+P112 .
p1+ p2 p1+ p2 P1+ p2

g = 0 is the combustion instability case discussed by Landau, If p; > ps,

n = —]{7|V1| +vkg+ V1 Vak2.

When the burning speed is v, = —V7, there is

n~\kg+ V1V2k2.

At this time, the instability is more serious. When k is a small constant, that
is, for long waves, the term V;V5k? is ignored, there is

n=—k|Vi| + Vkg.

Storm used a similar formula and multiplied a correction factor to estimate the
instability of the laser ablation interface.

2.7 RT instability of magnetic field in MHD
As is shown in Figure 2.5, the ideal magnetohydrodynamics equations can be
expressed as:

)
ot

d 1
P2 +Vp=pg+—(V x B) x B, (2.68)

de Ho

OB
E=-2 2.

V X ETR (2.69)

E=—uxB. (2.70)
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Y B©® _,©®
g
Heavy Fluid
0 X
Light Fluid
Figure 2.5

Linearizing (2.67)-(2.70) and expressing as the “0” order and the “1” order small
perturbation scale, there are

p= ,0(0) + p(l)’ u = u(o) + u(l)’ p= p(o) _|_p(1)’ B = B(O) + B(l)

Substituting these into (2.67)-(2.70), we obtain the linearized equations

82;1) +ul® . vpl) 44 . vy =, (2.71)
0 (315(;) L v 1@ W(o>> + o (515:)) INON W(m)
_ Wy v<p<1> n Bm)ﬂ(”) + L(BO.vBW L B .yBOY  (279)
Ko Mo
31;:) — BO .y, £ pM .y _ 0 . yph _ 0. ypO. (2.73)
In additional, using the incompressible conditions
v -u) = 0. (2.74)

Use the following initial flow field distribution

U(O) =0, B = Bo(y)em, 9(0) = —g¢y,
and set u() = yWe, —I—U(l)ey, B = B¢, + C(l)ey. Substituting the above initial
fluid distribution and small perturbation into equations (2.71)-(2.73), there is
0= ag(tl) + v(l)dgj) +u® Ogj:)’
(0)(8u(1) 4O ouV) du(U)) _ _3p(1) cM qBO)

(2.75)

TR o ” (2.76)

Ox po dy
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1 1 1 0 1 1 0 0 1
p<0>(a“() (0)81)()) 0 CopV  BO oW B<>d3<>+3<>30<>

o " ow dy po Oy po dy po Ox
(2.77)

823:) ~ By ag;U +o dz;m o) dff;o) — agoiﬂ , (2.78)

821) _ B 3;;1) 0 83‘;)7 (2.79)

Setting

(P, u®, oW M BW cM = (5(y), a@(y), 5(y), B(y), Bly), Cy))emt. (2.81)

Substituting (2.81) into (2.75)-(2.80) gives u(®) = 0 and

dp©®
O=np+7 gy : (2.82)
O dB©
np 0w = —ikp + < , (2.83)
po dy
dp BOdB BdBO®  BO_
Og = 5 P _b7d6 5
np\o = + ik C, 2.84
g 7y o dy  po dy o (2:84)
_ dB©
B=ikBOu -7 2.
n i u—v Q" (2.85)
nC = ikBV)7y, (2.86)
&5
0 = ik + d—;, (2.87)

where n = v — iw, 7 represents the linear growth rate, and w = w(k) is the distur-
bance frequency.

The second-order eigenvalue equation for the perturbation velocity ¥ can be
obtained by simplifying the above algebraic equations

d%o dp® dv dp©®
2 (0) 2dp — 122,05 4 12 L
n-p dy2+n7dy —dy n’p*v + gdyv
1 d*z dB©) 4z
= | —K(BOY2__ — k2B —__— 1 4By, 2.
MO[ (B™) 42 dy dy+ ( )v] (2.88)

Integrating (2.88) from —oo to co, we can obtain the following simple form:

00 % g (0) RS
—n2k/ p(o)vdy+k2g/ g vdy = — (B(O))Qﬁdy. (2.89)

0o —00 Y Ho J -0
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Set

=_ = —klyl _ Umax€ y Y > 07 — 1
U = Umax€ { o, 1 < 0. k 3y (2.90)
— y
p1 p12pze v,y >0,
p© = (2.91)
PL— P2
p2 + 5 er y <0,
By —B
By — 12 2e 2LyB, y >0,
B = B , (2.92)
By + 12 2e75 . y <0,
where L, and Lp are the density and the magnetic field filter layer widths, respec-
tively.
Ark k? By — B3)?  (B1— By)?
n? = T8 B%+B§—( 1= B (B 2)], (2.93)
kL, +1  po(p1+ p2) 1+1/kLp ' 2+4/kKp

where Ar = (p1 — p2)/(p1 + p2) is the Atwood number.

3 Some Mathematical Analysis Theory Results

In this section we mainly introduce some theoretical analysis results of Guo Yan
and his collaborators.

3.1 Linear instability of compressible viscous fluids
As is shown in Figure 3.1, we consider a horizontal infinite flat area Q = R? x
(—m,l) C R3.

(1) 0 Y

% -
Figure 3.1

Consider the compressible NS equation:

{atpi + div(prus) =0

_ . (3.1)
p+(Our +ug - Vuy) + divSy = —gp4 €,
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where
2 . :
Sy = Py(psl) —ex(py) (Du:t + Dui — gdlvuif) — 01 (py)divugl,
under the jump condition on the interface
U — (u— =0,
(u) s — (u-)lse (3.2)
(S+ - V)ls@ — (5= v)lsw =cH - v,

where ¢ > 0, H is the mean curvature of the surface.
The boundary is
u_(z1, x2, —m,t) = uy(z1,22,0,t) =0, for any (z1,z2) € R?, t > 0. (3.3)
Set the density and the speed to be periodic on the space Q4 (t),
{pi(:ﬂ + 2w Lkiey + 2w Lkoes, t) = pi(z,t), x € Qi(t), (3.4)
ut(z+ 2nLkiey + 2nLkgea, t) = us(x,t), =€ Qi(t).

In the Lagrange coordinates, we can rewritten the equations as another form.
Thus we can solve this equations in the fixed domain.
Setting Q2 = R? x (-m,0), Q, = R? x (0,1), there exists a mapping:

N+ Qx — Q4(0), (3.5)

such that g = n3{zs = 0}, n% = {ws =1}, n° = {z3 = —m}.
Define a flow mapping n:

{87577:‘:(1'7” j U:t(n:t(wvt)vt)7 (3.6)
n(z,0) = n(z),
where Q4 () =0y (Qx,t), X(t) = ne{{zs = 0}, t}.
Defining the Lagrange unknowns
{U:I:(xat) = u:l:(n:t(xvt)7t)> (37)
qi(x’ t) = Pi(ni(fﬂa t)a t)'

By introducing 9+, v+, ¢+, AT = (Dn)~!. In Lagrange coordinates, the evolution
equations for v, q,n are

81;?7@‘ = Uy,
Orq + qAi;0jv; = 0, (38)
qOw; + AjkOkTij = —gqAi0ims,

where the viscous stress tensor T is

2
Ti; = p(q)1ij — €(q) (Ajkakvi + A Okv; — g(Alk(akvl)Iij)> —0(q)(Aworur)Ii; (3.9)
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with I;; being an element of 3 x 3 matrix 1.
To obtain the jump conditions, for a quantity f = fi, we define the interfacial
jump as

[[f1] == f+lzs=0 — f—l|zs=0- (3.10)

The jump conditions across the interface are

[[v]] =0, (3.11)
[[Tn]] = cHn, (3.12)

where
Oun X Oai (3.13)

n= ,

011 % 92n|z5=0

for the unit normal to the surface X(t) = n(z3 =0,t) and H for twice the mean
curvature of X(t),

292, . 2452
_ (\8177\ 95 22(5177 23277)313277+ |23277’ a177) n (3.14)
|Oun|?|0anl? — 017 - Do
Finally, we require the no-slip boundary condition
v_(x1, 2, —m,t) = vy (21, 22,1, 1) = 0. (3.15)
In the following we seek a steady-state solution, by taking
v=0, n=1Id, q(z,t) = po(x3),
n({x3=0})={x3=0}, H=0, n=e3, A=1.
We deduce the following ODE
dp(po)
=— 1
s 900, (3.16)
subject to the jump condition
[[p(po)]] = 0. (3.17)
To solve this we introduce the enthalpy function defined by
z Pl
ha(z) = / i:?") dr. (3.18)
1

To discuss the Rayleigh-Taylor instability, we must prove the fluid is denser above
the interface, that is pg > pg » then

[[pol] = pg — pg > 0. (3.19)

The solution is then given by Py (p) = K+p7, K+ >0, v+ > 1,
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1

_—1 1
((PE)V__l - g(;;_,y_ )963) 771 ' oag <0,
g gy — 1) N5 Kivy 14,1
po(x3) = (/ﬁ”l—il‘s)* , 0<a3 < ————<(pg)" ",
(65) Kyvy 9(’Y+—1)( )
7+ Fyyp—1
0, x5 > — Tt _(pEyL
( gl =1
(3.20)
For a polytropic gas law, par > p, is equivalent to the conditions
K N+, _. 2= K
(7) " (pg)* > py, if and only if (pg)- T > = (3.21)
K, K_

If v4 = ~_, for any p; > 0, K_ > K is required. If 7, # v_, then K_, K >0
can be arbitrary, but we must require that p, > 0 must satisfy

_ (Ko

> (= .= > Y
Po (K,) g T+
__ (K No—o

<(—) R > .
Po K. T+ =7

We now linearize the nonlinear problem (3.8) around the steady-state solution v = 0,
n = 1d, ¢ = pgp. The obtained linearized equations with n, v, ¢ are

81577 =,
(3.22)
0¢q + podive =0

and
2
po0v + V(P (po)q) + gpes + gpoVns = div (50(Dv + DvT — g(divv)l) + 60(divv)l),
(3.23)
where g0 = £0(po), do = do(po)-
The jump conditions is linearized to
[[v]] =0,
260 (3.24)

HP/(,OO)QI —eo(Dv+ Dv') — (50 - ?>(diVU)IH€3 = 0z, 27363,

under the initial data 1n(0) = ng, v(0) = vy, ¢(0) = qo, that satisfy the jump and
boundary conditions in addition to the assumption that [[ng]] = 0, which implies
that 7(¢) is continuous across x3 = 0, for any ¢ > 0.

3.2 Growing mode ansatz
We will look for a growing normal mode solution to (3.22), (3.23) by first assum-
ing an ansatz

At At

v(z,t) =w(x)e™, q(z,t) =q(x)e™, nx,t) = ﬁ(m)e)‘t, (3.25)
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for some A > 0. Plugging the ansatz into (3.22)-(3.23), we may solve the first and
second equations for @, 7 in terms of v. By doing so and eliminating them from the
third equation, we arrive at the time-invariant equation

N pow — V(P (po)podivw) + gpoVws — gpodivwes
2 3.26
:div()\eo (Dw + Dw' — g(divw)l> + )\So(divw)l). (3.26)

This is coupled to the jump conditions [[w]] = 0 and

2
Hmo — 2c0+ P'(po)dive] + Aeo(Dw + DwT)H =~y mwses,  (3.27)

with the boundary conditions w_(x1, 2, —m) = w4 (x1,x2,l) = 0. Notice that the
first jump condition implies the assumptions on

Since the coefficients of the linear problem (3.26) depend only on the x3 variable,
we define

wy () = —ip(x3)e™ S, wa(x) = —ib(w3)e™ C, wy = (w3)e™ (3.28)
diviw = (&1 + &0 + wh)e™ €, (3.29)

261 §0+&p Gy —¢)\
Dw+ Dw™ = | &0+ & 26,0 (o) — @) | €C. (3.30)

&y —¢') &y —0) —2y/
For each fixed &, we arrive at the following system of ODEs for ¢(x3), 0(z3), ¥ (x3)
and A,
1
—(heod!) + [ Mo+ Aolél? + € (odo + A0 + P (po)eo) |
1 1
=—¢1](Mo+3 A0 (p0)po ) ¥/ +(Ach=gp0)t) | —162 | Ao+ 5 Ac0+P' (po)po 0, (3.31)
1
—~(heot)' + [A2po + Aeolé]? + E(Modo + 3A0 + P (p0)po) |0
1
=f€2[<k5o+§A60+P’(po)po) Y +(Aeg—gpo)¥ ] —&ié2 [A50+ Ao +F (po)po} v, (3.32)

- [(4/\60 + Ao + P’(po)po)lﬁ/}l + (X%po + Aeol€ )

3
= [V + 520 + Ploo) €1+ 0)] + (990 = Aeh) €1+ &20). (3.3
The first jump condition yields
[[s]] = [[6]] = [[¥]] = 0. (3.34)

The second jump condition becomes
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, (60— ¢)
[[()\50 — gx\Eo+P/(p0)>(wl+§1g0+§29)63 + Aeg i(fgw—el) ]] = J|§’2¢63,
21’
(3.35)
which implies that

[Aeo(¢’ — &9)]] = [[Aeo (0 — &4)]] = O, (3.36)
and that
[[(A0+ 3000+ P podo) (@' + 610+ 28)] | + e 10— 6)]) = oy (337)
The boundary conditions
p(=m) = ¢(l) = 0(-=m) = 0() = P(—m) = P(I) = 0 (3.38)
must also hold. If (¢,0,1) is a solution to (3.31)-(3.33) for &€ € R? and ), then
for any rotation operator R € SO(2), (¢,0) = R(1,0) is a solution to the same

equations for E = R¢ with ¢, A unchanged. So, by choosing an appropriate rotation,
we may assume without loss of generality that & = 0, and & = |£|. In this setting

0 solves — (Aeol”) + (N2po + e0l€)0 = 0,
6(—m) = 6(1) = 0, (3.39)
[[0]] = [[Ae0']] = 0.

Multiplying this equation by 6, integrating over (—m,), integrating by parts, and
using the jump conditions yield

m
/ Aol + (V2po + Aeolé[2)6% = 0, (3.40)
-1
which implies that § = 0, since A > 0. This reduces to the pair of equations for ¢, v:

4 1
—Mpop = —(Aeg!) + [€]2 <§A80 + g)\éo + P'(po)po)go

Hel[ (3o + 32c0 + Ploodpo) o + O —gpo)],  (3.41)
oo = ~[ (224 260+ P(oo)oo) ]+ Acolefs
1[0+ 3he0 + P(p0)) o + (om0~ Ael)e] . (342
along with the jump conditions
fel) = [191] = [Deol’ ~ l€l)] =0, (3.3

[[(Mo -+ 3200+ P (oo 0 + lele)] | + () — lelul] = oleP, - (3.44)

and the boundary conditions
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3.3 Statement of main results

In the absence of viscosity, ¢ = § = 0 and for a fixed spatial frequency £ # 0,
(3.41), (3.42) can be viewed as an eigenvalue problem with eigenvalue —\2. Such a
problem has a natural variational structure that allows for the construction of solu-
tions via the direct methods and for a variational characterization of the eigenvalue
according to

2 _ E(@ﬂb)
—A\“ =inf T ) (3.46)
where .
Blo.v) =3 [ Ploum(s +1elo)* — 20mive. (3.47)
and L
I ¥) =5 /_m po(0® +4?). (3.48)

Unfortunately, when viscosity is present, the natural variational structure breaks
down since \? appears quadratically as a multiplier of pg and linearly as a multiplier
of €9 and Jdp. Since the equations imply a quadratic relationship between A and
various integrals of the solution, they can be solved for A to determine the sign
of ReA. On the other hand, the appearance of A both quadratically and linearly
eliminates the capacity by using constrained minimization techniques to produce
solutions to the equations.

In order to circumvent this problem and restore the ability to use variational
methods, we artificially remove the linear dependence on A. To this end, we define
the modified viscosities € = sey, 5=2s8 , where s > 0 is an arbitrary parameter. We
then introduce a family of modified problems given by

—Npop = —(E¢') + €2 < A+ 0P (po)ﬂo)‘ﬂ

HEl[ (5 38+ Ploo)oo )8 + @ = gpo)o]. (3.49)
—Npotp = —[(t +0+ P (po)po) ] + 8l
A[(G+ =+ Pooloo)e) +opo—20e].  (350)

along with the jump conditions

fel) = [ = [Peo(s — Il =0, (351)
[[(5+ 38+ P o)) ' +1610)]| + (B ~ lelol] = oy, (3:52)

and the boundary conditions
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p(—=m) = ¢(l) = Pp(=m) = () = 0. (3.53)
A solution to the modified problem with A\ = s corresponds to a solution to the
original problem.
Modifying the problem in this way restores the variational structure and allows
us to apply a constrained minimization to the viscous analogue of the energy F
defined above to find a solution to (3.49),(3.50) with A = A(|s|,s) > 0, when s > 0
is sufficiently small and precisely when

0< Il <lgle = /2220, (3.54)

We then further exploit the variational structure to show that A\ is a continuous
function and is strictly increasing in s. Using this, we show in Theorem 3.6 that the
parameter s can be uniquely chosen so that

s = A(|sl, s), (3.55)

which implies that there exists a solution to the original problem (3.41),(3.42). This
choice of s allows us to consider A = A(|¢|), which gives rise to a solution to system
(3.32),(3.33) as well.

Theorem 3.1 For & € R2, so that 0 < |£|2 < g[[po]] /o, there exists a solution
o =p(x3), 0 =0(&x3), v =1(&xz3) A= AE) >0 to (3.32),(3.33) satisfying the
appropriate jump and boundary conditions so that ¥ = ¥(&,0) # 0. The solutions
are smooth when restricted to (—m,0) or (0,1), and they are equivariant in & in the
sense that if R € SO(2), that is a rotation operator, then

¢ = p(RE, x3) Rii Rip 0\ [¢(§, x3)
0= H(Rg, .383) = R21 R22 0 (9(5, 1'3) . (356)
Y = P(RE, x3) o 0 1 P(E,r3)

Without surface tension (o = 0), it is possible to construct a solution to (3.55)
with A > 0, for any £ # 0, but with surface tension (¢ > 0) there is a critical
frequency ||, = \/g[[po]]/o for which there is no solution with A > 0 being available
if [€] > [€]c- In the nonperiodic case, we capture a continuum || € (0, [£].) of growing
mode solutions, but in the 27 L periodic case we find only finitely many solutions.
Indeed, if

o
9llpol]
then there is a positive but finite number of spatial frequencies ¢ € (L712)? with
|€] < |€|e- On the other hand, if

< L, (3.57)

: (3.58)
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then our method fails to construct any growing mode solutions at all. It is important
to know the behavior of A(|£|) as |¢| varies within 0 < [¢]| < [£].. It is easy to show
that A(]¢]) is continuous and satisfies

A  AdlE]) = o A(IE]) = (3.59)

In the nonperiodic case, this 1mphes that there is a largest growth rate
0<A= max X 3.60
o Jmax (1€1)- (3.60)

In the periodic case for L satisfying (3.57), the largest rate is always achieved and
is given by

0 < A = sup {A([E)[¢ € (L1 2)% (€] € (0,[¢]) }- (3.61)
Note that in general A;, < A.

The stabilizing effects of viscosity and surface tension are evident in these results.
Without viscosity or surface tension, there is A(§) — oo, [{| — oo. With viscosity
but no surface tension, all spatial frequencies remain unstable, but the growth rate
A(§) is bounded. With viscosity and surface tension, only a critical interval of spatial
frequencies is unstable, and A(|¢|) remains bounded. Finally, with viscosity, surface
tension and the periodicity L satisfying (3.58), there do not exist any growing modes.

In the periodic case when L satisfies (3.57), the solutions to (3.32),(3.33) con-
structed in Theorem 3.1 immediately give rise to growing mode solutions to (3.22),
(3.23).

Theorem 3.2 Suppose that L satisfies (3.57), and let &1, &5 € (L71E)? be lattice
points such that & = —&a, M(&) = Ar, where Ap is defined by (3.66). Define

’&}(é-v .%‘3) = _W(fa x3)61 - 7“9(& 1:3)62 + ’Qb(& 1:3)63’ (362)

where @, 0,1 are the solutions provided by Theorem 3.1. Writing ' = x1e1 + zae2,

we define
3 2
n(x,t) = etel Z w(&;, 23)eS v(x,t) = Apelrt Z w(&;, z3)e®'é (3.63)
=1 =1
and
2 -
q(z,t) = 3) Y (€&, w3)) + €i0(8, w3) + O (&5,w3))e™ C. (3.64)
J=1

Then n,v,q are real solutions to (3.22),(3.23) with the corresponding jump and
boundary conditions. For every t > 0, we have n(t),v(t), q(t) € H*(Q), and

In@)ll e = e[l ge, o) llgs = ™ o) g, Na(®)llgs = €™ [1g(0)]] -
(3.65)
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Remark 3.1 In this theorem, the space H¥(€2) is not the usual Sobolev space of
order k, but what we call the piecewise Sobolev space of order k. In the nonperiodic
case, although A = A(|¢|) may be achieved for some & € R?, [£] € (0,]£].), no L3(9)
solution to (3.22),(3.23) may be constructed.

Theorem 3.3 Let f € C(0,|¢|.) be a real-valued function. For & € R? with

€] € (0, |¢]c) define
W(E, x3) = —ip(&, x3)er — i0(E, x3)ea + (&, x3)es, (3.66)

where ©, 0,1 are the solutions provided by Theorem 3.1. Writing ' = x1e1 + x2e2

we define
want) = g3 [ FOEDBE a)e Ve S, (3.67)
oant) = g3 [ MEDSIENTIE zape e ag, (3.69)

) = 15 [ FUED(Enpl,m0) + @€, 73) + 0ry (€. a)e Ve e, (3.60)

Then n,v,q are real-valued solutions to the linearized equations (3.22),(3.23) along

with the corresponding jump and boundary conditions. The solutions are equivariant

in the sense that if R € SO(3) is a rotation that keeps the vector es fived, then
n(Rx,t) = Rn(z,t), v(Rz,t) = Ru(x,t), q(Rz,t) = q(z,1). (3.70)

For every k € N we have the estimate

1
_ 3
O+ 10O + a0V < O ([ 141611 7(DPac) < .
(3.71)
for a constantn C depending on the parameters p(jf,pi, g,0,m,l; moreover, for every
t > 0 we have n(t),v(t),q(t) € H* and
e Dn(0) e < In@) e < e 0 (0)] g,
e Dw(0) | i < [0z < 0 (0)| g, (3.72)
g (0) e < Nlg(®) e < e lg(0)][ g

inf  A(§) > 0 and A is given by (3.60).
|€|€supp(f)

To state the result, we first define the weighted L? norm and the viscosity semi-

where A\o(f) =

norm by
2 2
o2 = [ polvf?, |v)3 = 6—ODv—f—DvT—fdiVUI + So|divo]?. 3.73
Q Q

Theorem 3.4 Let v,1n,q be a solution to (3.22),(3.23) along with the corre-
sponding jump and boundary conditions. Then in the nonperiodic case
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@+ IlvlI3+18e0 ()11 < Cem(H@w(o)II?HIU(O)II?HIU(O)H§+U/RQ Iszva(O)IQ),

for a constant C = C(pa—L,pi,A,a,é, o,9,m,l) > 0. In the periodic case with L
satisfying (3.57), the same inequality holds with A being replaced with Ap,.

Theorem 3.5 In the periodic case let L satisfy (3.58). For j > 1 define the
constants K; > 0 in terms of the initial data via

W’U )2 /P/ £0)Po i1 g -1 2
K, = divo) — I (0
e e} 0(0) = L0 as00)

o i 2
/ 5 Varan0f lus (O] (3.74)
(2rLT)?
Then solutions to (3.22),(3.23) satisfy
3
(@)l =+ lIn(®)ll2 < [n(0)[lr + [7(0)ll2 + t([[0(0)[l1 + [lv(0)[l2) + 2t/ K1, (3.75)

o)+ IOl < o)l + [0(0)]2 + 3vEVE, (3.70
and for j >1 1 o
sup 510001 + [ 10}(v)d < 2k, (.17
>0 2 0
sup [0f0 1)} < 10F0(0) B + 2/K; /K. (5.79

3.4 A family of modified variational problems
In order to understand A in a variational framework we consider the two energies

g b
Blot) = JIP@O +5 [ G o pom)’ + [10)° ~ 20mlelov

l
w5 [ R - - - R+ g ), 69

2
and 1 /L ) )
o) =5 [ mle +0), (350
which are both well defined on the space Hg ((—m, 1)) x H&((—m 1)). Consider a set
A= {(p,9) € Hy((—=m,1)) x Hy((=m.1))|J(¢,¥) = 1}. (3.81)

We want to show that the infimum iqr;lfAE((P’ 1) solves (3.49),(3.50) along with the
€

)

corresponding jump and boundary conditions. Also notice that by employing the
identity —2ab = (a — b)? — (a® + b?), and the constraint on J (¢, 1)), we may rewrite

l ~
Blp8) = ~olel+ ToC )41 [ Gl (ool + Il +glelpo(o )

l
by [ (0~ I+ 0~ 1€l + 50+ €)= ~glel, (52)
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where € = se(pg), s € (0,00),

E(%lﬁ) = E(¢a¢;3)7 (383)

p(s) = (;nf)E(so 5 8). (3.84)

Proposition 3.1 FE achieves its infimum on A.

Proof First note that (3.82) shows that E is bounded below on A. Let
(¢n,¥n) € A be a minimizing sequence. Then ¢, 1, are bounded in Hg((—m,1))
and 1, (0) is bounded in R, so we can choose a subsequence (¢, ¥n) — (@, 1) weak-
ly in H} x Hg, and (¢n,¥n) — (p,1) strongly in L? x L2. The compact embedding
H} cc H3 — C° implies that ¥, (0) — ¥(0) as well. Because of the quadratic
structure of all the terms in the integrals defining F, the weak lower semicontinuity
and strong L? convergence imply that

E(p,0) < lirginfE(gpn,l/Jn) = iI}lf E. (3.85)

That (p,1) € A follows from the strong L? convergence.

We now show that the minimizer constructed in the previous result satisfies
Euler-Langrange equations equivalent to (3.49),(3.50).

Proposition 3.2 Let (p,9) € A be the minimizers of E and = E(p,1), then
(¢, ) are smooth when restricted to (—m,0) or (0,1) and satisfy

ppoyp = —(2¢") + €7 (42/3 + 0 + P (po) po)e

+HIEN[(6 +2/3+ D' (p0)po)t" + (€' — gpo)¥], (3.86)
ppot = —[(42/3+ 8 + p'(po) po)y'] + &l¢*0
—[E[[((6 +2/3 41 (po)po)e) + (gp0 — )], (3.87)
along with the jump conditions
] = [[W]] = [[€(¢" = [€l)]] = O, (3.88)
[[(6+2/3+ ' (po)po) (' + €|@)]] + [[E(W' — [€]@)]] = ol€[(0),  (3.89)

and the boundary conditions p(—m) = (1) = P (—m) =¥ (l) = 0.
Proof Fix (po,%0) € Hi((—m,1)) x H}((—=m,1)). Define

3t 7) = J(p + tpo + 7,9 + tio + TY), (3.90)
and note that j(0,0) = 1. Moreover, j is smooth,

l . l
g] (0,0) = /_m po(pot) + Yorp), %(0,0) :/ po(@? +4?) = 2. (3.91)

So, by the inverse function theorem, we can solve 7 = 7(¢) in a neighborhood of 0 as
a C! function of ¢ so that 7(0) = 0, j(t, 2(t)) = 1. We differentiate the last equation
to obtain
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0j 0j

E(O7 0) + 5(0, 0)7'(0) = 0, (3.92)
hence ' l
#0) =3 200 =5 [ plos +vov). (3.93)
Since (¢, 1) are minimizers over A, we make variations with respect to (g, 1) to
find that 1
0= ELZOE(“’ o +7(8)p, ¥+t + 7)), (3.94)

which implies that
0 = o[¢[*1(0) (10(0) 4 7(0)(0))
1 _
+/_ (5+ % +p’(po)po) (W' + [€le) (g + 7' (0)9" + [€]o + €] (0)p)

l

- / 9l€lo0 (¥ (oo + 7' (0)¢) + (W0 + 7' (0)))
l
+ / (W' — |El0) (¥ + 7 (0% — [€lo — [€1(0))

l
+ / W' — €le) (¢ + 7 (0)¢ — €l — €17 (0)%). (3.95)

Rearranging and plugging in the value of 7/(0), we rewrite this equation as

1 _
P01+ | (54540 (po)on) (6 +Elo) (05~ o) —lelom(ma )

l

l
+/_ 6((¢'—!€|@0)(1/)6—|€900)+(<P'—!§|1/))(<P6+!§|¢o))ZM/ po(pop+ioy), (3.96)

—m
where the Lagrange multiplier is p = FE(p, ). Since g, are independent, this

gives rise to the pair of equations
l

l
/_ 20y + (54 42/3 + 1/ (p0)po) € 20 — / (elélpo)

—m

l l
+|§|/_ [(6+2/3+ D (po)po)d’ + (' — gpo)¥]eo zu/_ popwo, (3.97)
and

ol (0)ko(0) + /l (3 35+ 8 Goudon) !+ (54 5+ 5/ ool €]
l

l l
- / Elelovo) + / 2620 + (5 — gpo)l€le] o = u / oo, (3.98)

By making variations with ¢, 19 compactly supported in either (—m, 0) or (0,1),
we find that ¢, 1) satisfy (3.86),(3.87) in a weak sense in (—m, 0) or (0,1). The stand-
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ard bootstrapping arguments then show that (,) are in H¥(—m,0)(H*(0,1)) for
any k£ > 0, and hence the functions are smooth when restricted to either interval.

To show that the jump conditions are satisfied, integrating the terms in (3.97), we
find that

[E(¢" = [€l¥)]]9(0) = 0. (3.99)
Performing a similar integration by parts in (3.98) yields the jump condition
0= ol¢*(0) — [[(6 +8/3+ 1 (po)po) + ¢ + [€le)] — [EW' — [¢l@)]].  (3.100)

The conditions [[¢]] = [[¢]] =0, ¢(—m) = ¢(l) = Y(—m) = ¥ (I) = 0 are satisfied
trivially since

ot € HY(=m, 1) < CY3 ((—m, 1)).

We now show that for s sufficiently small, the infimum inf E over A is in fact
negative.

Proposition 3.3 Suppose that 0 < |¢|? < g[[po]]/o. Then there exists an so > 0
depending on the quantities pg, P+, g, €4, 0, m, 1, |E| so that for s < sg, there is
p(s) < 0.

Proof Since both F and J are homogeneous of degree 2, it suffices to show that

nf E(p,v)
(eap)eHExHY J (9, 9)

<0, (3.101)

but since .J is positive definite, we may reduce to construct any pair(y,v) € Hg x H}
such that E(p,1%) < 0. We assume that ¢ = —’/|£| so that the first integrand term
in E(p,1) is vanished. We must then construct a ¢ € H3 so that

l

B) = B(-50) = Lo [ gpuntsd (G +16)" + 407 <o

We employ the identity ¥’ = ((1/)?)'/2, an integration by parts, and the fact that
po solves

dp(po)
dus = —9p0
to write
I AL 270 1 [0
/_mg”owz [m;ﬂ]o_2/0 ap? + [gp;¢ ]_m—2/_mgp6w2
0 2 2 l
__9[1/1; )] [[po]]+92/ p/(ﬂgo)¢2_ (3.102)

Note that [[po]] = p™ —p~ > 0 so that the right-hand side is not positive definite.
For o > 5 we define the test function v, € H3(—m,[) according to
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IS

2

c(l—%) , x3 € (0,1),
2
3

Va(x3) = 2 (3.103)
(1 n W) 2 zye (—m,0).
Simple calculations then show that
1
5 VrT(m+ DT (a+1)
a)” = = 0q(1), 3.104
| wa e (3.101)
where 0,(1) is a quantity that vanishes as o — oo, and that
l w// 2
/ <(\§| - |£|¢) +4(¢’)2> <C, (3.105)
for a constant C' depending on «, m, [, |£|. Combining these, we find that
~ 2 _
Fwa) < JEE=glleoll oy 4 (3.106)

- 2
for a constant C' depending on a,poi,pi,g,ei,m,l, |€]. Since o|€? < g][po]] we
can choose an « sufficiently large so that the sum of the first two terms is strictly
negative. Then there exists an sp > 0 depending on the various parameters so that
for s < sg, we have E (1) < 0, thereby this proves the result.
Remark 3.2 We can prove u(s) < —Cy + sC; by

alél* — gllpo]]
2

$(0) #0, [€* < gllpo]l/o. Ep, ) < 0.
Lemma 3.1 Suppose that (p,v) € A satisfies E(p,¢) < 0. Then ¥(0) #

0, [&1* < gllpoll/o-
Proof A completion of the square allows us to write

P (po)po(¥’ + 1€l9)* — 2gp0l€ b

2
= (\/p’(Po)Po(¢/+!§|SO)— 9V ¢) + 2gpopp’ —

(¥(0))* <0

2
g-¥vo 9
/ Y. (3.107)

P'(po) P'(po)
Integrating by parts as in (3.102), we know that
l 2
g
| 2ap0’ = 52257 = gl (0" (3.108)
—m P'(po)

Combining these equalities, we can rewrite E(p, 1) as

Be) =3 [ lm (3+2) @ + 119 + ¥ (po)oo (' + lel) - p,f’po)¢)2

al&1* — gllpo]]

5 v0).

l
+3 [ o~ e+ - Il +
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From the nonnegativity of the integrals, if E(p,v) < 0, then ¥(0) # 0, |£]> <
gllpol/o-

Proposition 3.4 Let p : (0,00) — R be given by (3.84), then the following
conclusions hold:

l.ue C’loo’cl(((),oo)), and in particular p € C°((0,00)).

2. There exists a positive constant Coy = Cg(p(jf,pi,g,si,a,m, l) so that

p(s) = —glg| + sCo. (3.109)

3. u(s) is strictly increasing.
Proof Fix a compact interval Q = [a,b] C C(0,00) and any pair (¢g, o) € A.
We may decompose E according to

E(‘Pv Y, S) = EO(‘)Ovdj) + SEl(Soaw)v (3110)

for
l

_Lﬂz 2 1 / / 2
Eo(p, ) = - @O+ 5 [ H oo + €0 - 20l (3.111)

—m
and

! &
Bue)=5 [ (50t 2@+l ol - o)+ 0+ elo)?) 20. (3.112)

The nonnegativity of Fy implies that F is nondecreasing in s with a fixed (¢,%) € A.
Now, by Proposition 3.1, for each s€(0,4+00) we can find a pair (p,1))€A so that

E(ps,vs;5) = (@ilrpl)feAE(%@b;S) = u(s). (3.113)

We deduce from the nonnegativity of £y, the minimality of (¢s, 1s), and the equality
(3.82) that

E (0,103 b) > E(po, 05 8) > sE1(ps, ¥s) — glé], (3.114)
for all s € Q. This implies that there exists a constant 0 < K = K (a, b, vo, %0, 9, |£|) <

00 so that

sup B (s, ¢s) < K. (3.115)
SEQ

Let s € @, @ = 1,2. Using the minimality of (ps,,%s,) compared to (¢s,,1s,) We

know that

but from the decomposition (3.110), we obtain

E<90527¢82;31) < E<@52,¢52;82) + ’31 - SQIEI(()OSQ7w82)
= p(s2) + |51 — 52| E1 (055, ¥s)- (3.117)
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Together with these two inequalities and employing (3.115), we find that

(1) < p(s2) + Klsp — sl (3.118)
Similarly we can obtain p(s2) < pu(s1) + K|s1 — s2|. Thus
lu(s1) — p(s2)| < Kls1 — saf, (3.119)

which proves the first assertion.
To prove (3.109) we note that equality (3.82) and the nonnegativity of £} imply
that

> —gl¢| +s inf  Eyi(p,). 3.120
p(s) glé| S ol 1(0, 1) ( )

We can easily verify that this infimum, denoted by a constant Cs, is positive.
Finally, to prove the third assertion, note that if 0 < s; < sy < 00, then the
decomposition (3.110) implies that

M(Sl) = E(%Mﬂsl% 31) < E(stszsﬁ 81) < E(¢827¢82;52) = M(SQ)' (3'121)

This shows that p is nondecreasing in s. Now suppose by way of contradiction that
i(s1) = pu(s2). Then the previous inequality implies that

SlE(SDSwwSQ) = SQE(SDSQa'QZ}sz)a (3122)

which means that E;(¢s,,%s,) = 0. This in turn forces ¢s, = 15, = 0, which
contradicts the fact that (ps,,1s,) € A. Hence the equality cannot be achieved, and
W is strictly increasing in s.

Now we know that when 0 < [£]? < g[[po]]/7, the eigenvalue yu(s) is a continuous
function. We can then define an open set S = = !((—00,0)) C (0,00), on which we
can calculate A = /—pu. Note that S is nonempty by Proposition 3.3.

We can now state a result about the existence of solutions to (3.49),(3.50) for
these values of |£], s. To emphasize the dependence on the parameters, we write

o =ws(IEw3),  ©=1s(lEz3), A= A(E],9). (3.123)

Proposition 3.5 For each s € S, 0 < [£]? < g[[po]]/c, there exists a solution
0s(|€], x3), Ys(|E], x3) with A = A(|€],8) > 0 to problem (3.49),(3.50) along with the
corresponding jump and boundary conditions. Solutions 1s(|£],0) # 0 are smooth
when restricted to either (—m,0) or (0,1).

Proof Let ps([¢], ), ¥s(|€],-) € A be the solutions to (3.86),(3.87). Since s € S,
we may write y = —A%, A > 0, which means that the pair ,(|¢|,s),1s(|£], s) solve
problem (3.49),(3.50). The fact that 15(|¢],0) # 0 follows from Lemma 3.1.

In order to obtain solutions to the original problem, we must be able to find
an s € S, so that s = A([¢],s). It turns out that the set S is sufficiently large to
accomplish this.
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Theorem 3.6 There exists a unique s € S, so that A(|¢],s) = \/—u(s) > 0 and
s = A([¢], s)- (3.124)

Proof According to Remark 3.2, we know that u(s) < —Cp+sC;. Moreover, the
lower bound (3.109) implies that u(s) — +o0c0 as s — oo. Since p is continuous and
strictly increasing, there exists an s € (0,00) so that S = pu~!((—00,0)) = (0, s4).
Since g > 0 on S, we define A = /—u. Now define a function ® : (0,s.) —
(0,00) according to ®(s) = s/A(|¢],s). It can be easily check that ® is continuous
and strictly increasing in s. Also, ;I_I}(l) O(s) =0, Sli_)r?* ®(s) = +o0o. Then by the
intermediate value theorem, there exists an s € (0,s4) so that ®(s) = 1, that is
s = A(|¢[, s). This is unique since ® is strictly increasing.

We now use Theorem 3.6 to study s = s(|£|). Since for each fixed 0 < |¢]? <
gllpol]/o, we can uniquely find an s € S so that (3.124) holds. we also write
A = A(|¢]). Using this new notation and the solutions to the equations given by
Proposition 3.5, we can construct solutions to system (3.49),(3.50) as well.

Proof of Theorem 3.1 We may find a rotation operator R € SO(2), so
that R = (]£[,0). For s = s(&) given by Theorem 3.6, define (¢(&, z3),0(&,23)) =
R (p([€], 23), 0) and (£, 3) = (€], z3), where the functions ,(|€], 73), ¥s([€], zs)
are the solutions from Proposition 3.5. This gives a solution to (3.31)-(3.33). The
equivariance in £ follows from the definition.

3.5 Solutions to (3.22),(3.23)

In this section we will construct growing solutions to (3.22),(3.23) using the
solutions to (3.31)-(3.33) constructed in Theorem 3.1. In the periodic case this can
only be done when L satisfies (2.17), but the construction is essentially trivial since
normal mode solutions are in L?(£2). In the nonperiodic case, we must resort to a
Fourier synthesis of the normal modes in order to produce L? solutions.

We begin by defining some terms. For a function f € L?(Q), we define the
horizontal Fourier transform in the nonperiodic case via

f(fb 527 .’173) = /2 f('rla z2, x3)eii(x1§1+m2§2)d$ldx27 (3125)
R

for £ € R%. In the periodic case the integral over R? must be replaced with an
integral over (27 L7)? for ¢ € (L71Z)2. In the nonperiodic case, by the Fubini and
Parseval theorems, we have f € L*(Q) and

[ 1@ Pde = 5 [ 176 au)Pdsdas (3.126)

The period is replaced with 47L? and the integral is replaced with a sum over
(L='Z)? on the right-hand side.
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We now define the piecewise Sobolev spaces. For a function f defined on €2 we
write fy for the restriction to 24 and f_ for the restriction to 2_. For k € N,
define the piecewise Sobolev space of order k by

HQ) = {f| f+ € H*(Q4), f- € H*(Q_)}, (3.127)

endowed with the norm [|f||%,, = ”f”?f’“(fh) + Hfoqk(Q_). Writing I_ = (—m,0),

I, = (0,1), we can take the norms to be given as

k
50 = 3 [ 1+ 1ER) 7104, Fele. gy (3.2
7=0

Lemma 3.2 Suppose 0 < a < b < |{|. and that || € [a,b]. Let (p,0,1) be the
solutions constructed in Theorem 3.1. Then for each k > 0 there exists a constant
Ay > 0 depending on the parameters a, b, ,o(jf, Pi,g,eq,64,m,l,

(& )zt ((=ma0)) T 10CE ) N ae((—ma0)) T 1PEs I (=m0
+ 1€ ) ax0,0y) + 105 a0, + 10 E N ar(0,0)) < Ak

Also, there exists a By > 0 depending on the same parameters so that

H‘P(§7 ) + 6(57 ) + w(& ')HLQ((—m,l)) > Bo.

Proof of Theorem 3.2 It is clear that n, v, q defined in this way are solutions
to (3.22),(3.23). That they are real-valued follows from the equivariance in £ stated
in Theorem 3.1 The solutions are in H*(Q2) at ¢t = 0 because of Lemma 3.2. The
growth in time stated in (3.65) follows from the definition of 7, v, q.

Proof of Theorem 3.3 For each fixed ¢ € R? so that |¢] € (0, [€].),

n(z,t) = f([E)D(E, w3)er1Diei"E, (3.129)
v(z,t) = MIE)) (1§ D(E, wg)erEDei <, (3.130)
q(z,t) = —po(z3) FIE) (E10(E, m3) + E20(€, 23) + D31b(€, 23))e’™ S, (3.131)

then we obtain a solution to (3.22),(3.23).
Since supp(f) C (0, [¢|¢), Lemma 3.2 implies that
sup ]]8];3@(5, e < o0, forany k € N. (3.132)
£esupp(f)

This together with the definition of A, and the dominated convergence theorem
implies that the Fourier synthesis of these solutions given by (3.67)-(3.69) is also a
solution that is smooth when restricted to 2. The Fourier synthesis is real-valued
because f(|¢|) is real-valued and radial because of the equivariance in & given in

Theorem 3.1. This equivariance in ¢ also implies the equivariance of 7, v, ¢ written
in (3.70).
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The bound (3.71) follows by applying Lemma 3.2 with arbitrary & > 0 and
utilizing the fact that f is compactly supported. The compact support of f also
implies that \o(f) > 0, so that Ao(f) < A(|¢]) < A, |£] € supp(f). This then yields
the bounds (3.72).

3.6 Growth of solutions to the linearized problem

In this section we will prove estimates for the growth in time of arbitrary solutions
to (3.22),(3.23) in terms of the largest growing mode: A in the nonperiodic case
and Az in the periodic case, defined by (3.60) and (3.61) respectively. To this
end, we suppose that 7, v, g are real-valued solutions to (3.22),(3.23) along with the
corresponding jump and boundary conditions.

It will be convenient to work with a second-order formulation of the equations.
To arrive at this, we differentiate the third equation in time and eliminate the ¢,n
terms using the other equations. This yields the equation

po0uv — V(P (po)podive) + gpoVus — gpodivues
2
— div (go(Daw + Do) — S(divoo)l + 50(div8tv)l), (3.133)

coupled to the jump conditions [[0;v]] = 0, and
2
H(p'(po)podivv)l—i—so (DO v+Dow )+ (5O—§€0> div&w[} ] e3=—0y, z,03€3. (3.134)

The function d;v also satisfies Opv(x1, z2, —m,t) = Ov(x1,x2,l,t) = 0 at the upper
and lower boundaries. The initial data for dyv(z1, ze, —m,t) = Ow(z1,22,0,t) =0
is given in terms of the initial data ¢(0),v(0) and 7(0) via the third linear equation;
that is, 9;v(0) satisfies

podiv(0) = —gp(0)es — gpoVn3(0)
2
+div (EO(DU(O) + Du(0)") = S(div(v(0)]) + éo(div(v(())))]). (3.135)
The following lemma gives an energy and its evolution equation for solutions to
the second-order problem.

Lemma 3.3 Let v solve (3.133) with the corresponding jump and boundary
conditions. Then in the nonperiodic case,

2 / 2 9 2
3%,00 gzl +2 (po)ro divo— /g Ug‘ —i—/EO‘Dﬁtv—l-Dath—(div@tv)I) +/50]div3tv|2
o 2 2 P'(po) 02 3 Q

g
~o, [ Mool 2 = 19 s (3.136)
Q

In the periodic case, the same equation holds by replacing the integral over R? with

an integral over (2mLT)2.
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Proof We will prove the result in the nonperiodic case, Since the periodic case
follows similarly. Take the dot product of (3.133) with v; and integrate over €.
After integrating by parts, we get

3
/ P00 - v+ (po) po(dive) (divoyw) — gpo (v3divoyw + Oyvzdive) + g/ P v304v3
o, P’ (o)
€0 T 2, .. 2 . 2
+ —‘D(“)tv + Do+ — f(dlv&gv)I’ + do|divov|
0, 2 3 0.
= /2 gparvg@tvg - /2pﬁr(par)pardivv8tv3 — /T€3 - O, (3.137)
R R

where T = (p(po)podive)I + g9 (DO + Dop™ — 2(divow)1/3) + dodivsvl.
Taking the derivatives of both sides of the above equation leads to

2 / 2
‘9/ L +p(po)po‘divv_ g Ug‘
ot Jo, " 2 2 P'(po)
2 2
n / E—O‘Dﬁtv—i—Dﬁth——(div@tv)I’ 4 [ So|divayu)?
0, 2 3 Q.

8 +”U3|2
= — D — 'a .
975 /29/)0 9 /2163 (A%

A similar result holds on _ = R? x (—m, 0) with the opposite sign on the right-hand
side. Adding these two equalities yields

9 0wl* | P'lpo)eo . 9
T A T S LT P 3’
2
+/ E—O‘Datv—l—Dath—g(diV@w)I’ +/ 5o\diV3tv|2
Q 2 3 Q
:8t/ 9[[200”’1}3?_/ [[Tes - Opv]]. (3.138)
R2 R?2

Using the jump conditions, we find that

(oa
- [ [es-0ull= [ ot cydir==0 VurzsVin cadrs=—01] FIVusival

The result follows by substituting this into (3.138).
The following result is devoted to estimating the energy in terms of A.
Lemma 3.4 Let v € H(Q) be so that v(z1, w2, —m) = v(z1,72,1) = 0. In the
nonperiodic case we have the inequality

glleoll, o o 9 /p’(po)po‘ . g 2
vzl — =|V v3|° — dive — )
/]R 2 [oa 2’ o123 o 2 P’ (po) °

2
A? A? 2 2
< /,00|U’2—|—/ 8—O‘DU—I—DUT—f(divv)I’ + doldivel?.  (3.139)
2 Jq 2 Jo 2 3
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In the periodic case, if \/o/g[lpo]] < L, then the same inequality holds by re-
placing R? integral replaced with an integral over (2mrLT)?, and replacing A with
Ar.

Proof We also only prove only the nonperiodic version. Take the horizontal
Fourier transform and apply (3.126) to see that

/
47?2/ 9[[”0”1)2—0%”2—4w2/p<p°)p°divv— Iy
Re 2 | 3‘ 2’ 1,22 3‘ a 2 p’(po) 3
—olé)? . ! e~ o~ ~ P
:/ M‘U3’2_/p(po)p0 z§1v1+z§202+83v3—,iv3 dédzs
R2 2 Q 2 (o)
- 2/\ L o R - R 2
:/ <M’v3|2_/ pi(po)po @§1v1+z§2v2+6303—,iv3 dx3>d€-
R2 2 w2 P'(po)
(3.140)

Consider now the last integrand for fixed £ # 0, and let p(z3) = i1 (€, x3), Q(z3) =
02(&, x3), ¥(x3) =03(&, 3). That is, define

— 0 2 [
Z((p,ejwsazg[[po]]2 <l |2 _/_ p(/;o)po p/(gpo)

Denoting Z(p, 0,1;&) = Z(Rp, RO, R; RE)+Z(Fe, §0, §1; §E), Z is bounded when
©, 0,1 are real-valued functions, which can be applied to study the real and imagi-

2
dzs. (3.141)

&1 + &0 — (0

nary parts of ¢, 0, .

The expression for Z is invariant under simultaneous rotations of ¢ and (¢, 6),
so without loss of generality we may assume that £ = (|¢],0), [£] > 0 and 6 = 0. If
o > 0, then we assume that |¢| < |¢]e. Using (3.79) with & = A(|¢])eo, & = A(|€])do,
we may rewrite Z as

l
2,0, €) = —E(p, v AJel)) + 20D [ ool + il

2

: 1
/_ eo(|¢ = lell* + [ — lele” + s|Y+ elel”), (3.142)

hence
2

A l A l
2000 <5 [ ool 410 + 5 [ a1+ el

A (! .
+3 /_meo<|<ﬁ’\£lw\2+|¢’IE¢\2+3\¢’+!§I¢!2). (3.143)

For |£] > &, the expression for Z is nonpositive, so the previous inequality holds
obviously, and so we deduce that it holds for all [£] > 0.
Together (3.141) with (3.143) for fixed £, we find
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o 2 l / 2
gllpol] — o €] wz_/ Po0)Po e 5 4 ity + 037, — 95| day
2 -m 2 ?'(po)
A2 l 9 A l )
< 2/ plol* + 2/ |i€101 + i€20y + 303 + 0 ]B\ (3.144)
m _

where B = Dv + DvT — 2(divv)I/3. Integrating both sides of this inequality on R?
and using (3.79), we prove the result.
When ¢ > 0 and L is sufficiently small, a better result is available in the periodic
case.
Lemma 3.5 Let v € HY(Q) be so that v(z1,22,—m) = v(z1,72,1) = 0 and
suppose in the periodic case that L satisfies (3.58). Then
divo — —2 V3

/
o
/ g[[po]] |,03|2 _ *’vx1x203|2 _ / P’ (po)po /
@r(T)? 2 2 o 2 P (po)

Proof Apply the horizontal Fourier transform to see that

/
47r2L2/ gllpol] |03|2 B gwxlmng . 47r2L2/ p'(po)po
(27 (T))2 0

2
<0. (3.145)

2

dive — Ig V3

P'(po)
2
dl‘3.

2 2 2

ngo —ol¢|? B2 — 2/ P'(po)po
2

§e(L~12)? ge(L=12)>"

€101 +1&2U2+0503—

g
P (po)
(3.146)

Because of (3.58), there exists a unique ¢ € (L~12)? such that g[[po]] — g|¢|*> > 0,
that is £ = 0. Obviously, if £ # 0, there is

glleol] 52 /’ Pleo)eo |y s 9
2 -m 2 P'(§)
For this we expand the term in the integral and integrate by parts to get

gllpo]] |53|2_/_l P’ (po)po

2 2

2
dzs < 0. (3.147)

3

2 l
~ ~ 1 -
O3v3 — p/‘é_) v3| dxg = 5 /_mp/(po)po|831)3|2, (3.148)

which yields the desired inequality.
3.7 Proof of Theorems 3.4 and 3.5

Proof of Theorem 3.4 Again, we will only prove the nonperiodic case. Inte-
grate (3.136) with ¢ from 0 to ¢ to find that

/ latv (HF / /%ypat ) + Doyu(s)T (dw@v( ))\2+6o\div8w<s>lds

<Ko+ [ 9[[50]]|v3<t>\2 2 Fasars 0 - /Q 2 divo(t) - (o]

(3.149)
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where

_ |8tU(0)\2 / P'(po)po g 2 o 9
KO—/on | ive(0) - p(po)vg(())( F 2V armes(O). (3150)

We may then apply Lemma 3.4 to get an inequality

/ |3tv () // Duy(s) + Doyu(s)T (dlvatv( NI )+5O‘diV8tv(s)]2ds

<Ko+l / ool / %0 (Doyo(s) +-Dojo(s)™~ 2 (divdyu ()T ) +doldivyo (1) .
2/ 2)q, 2 3

(3.151)
Using the definitions of the norms || - [|; and || - ||2, we may compactly rewrite the
previous inequality as
1 2 ! 2 A? 2 A 2
1001+ [ 1on()ds < Ko+ @ + Sl (3152)

Integrati ng (3.152) with ¢ and using Cauchy inequality, we obtain

Alo(®)][5 = Allv(0 ||2+A/ 5), Ov(s))ds

t
§A|v(0)||§+/0 ||8tv(s)||§ds+A2/0 v(s)||3ds. (3.153)

On the other hand, note that

ADLo($)]E = 2A(@0(t), v(t)r < A2[u(s)2 + 10(s) 2 (3.154)

From (3.152)-(3.154), we derive the following differential inequality
Aullo()|T + o153 < Ki + 2A[u(t)|]] + 2A /Ot lv(s)lI3ds, (3.155)
for K1 = 2Ky/A +2||[v(0)|3. An application of Gronwall’s theorem then shows that
RO+ [ Io)ds < O + 5@ 1. @156)

To derive the corresponding bounds for ||v(t)||3, [|0wv(t)]|? , according (3.152), (3.153)
and (3.156), we obtain

1 t
XHatv(t)H%JrHv(t)H%SKWAHU(@H?HA ; [v(s)[13ds <e*™ (2A]|v(0)|[; + K1), (3.157)

Ko < C(||0ww(0)[I5 + [lo(0)1F + [lv(0)]13) +0/R2 |Va12,03(0) [ (3.158)

for a constant C' > 0 depending on p(jf,pi,A,ei, 0+,0,9,m,l.
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Proof of Theorem 3.5 We again integrate (3.136) with ¢ from 0 to ¢ to find

that

2 t 2 2
/ poM + // @‘th(s) + Doy(s)T — fdivatv(s)I’ + do|divayu(s)2ds
0 2 0Ja 2 3

2

9llpo]] 2 O o2 [ PPodpol e 9
§K1+/(M)2 P08 g (1)~ 2 V(1) /Q 200 aivolt) st

We may apply Lemma 3.5 to see that the sum of all of the integrals on the right
side of the previous inequality are nonpositive, and hence

1 t
o+ [ ors) s < K (3159)
0
From this we deduce that
lv(®)ll + [lo(@)llz < o)l + [[0(0)]l2 + 3VEV/ K. (3.160)
Then, using 0;n = v, we get
3
@)1+ IIn@®)ll2 < [n(0)[lr + [7(0) |2 + t([[v(0)[l1 + lv(0)[]2) + 2t2+/K1. (3.161)
To derive the estimates for 8,{1) (>2) we apply & to (3.133). Then w=d v satisfies
the same equation and boundary conditions as v. Similarly we derive the inequality
1 . to
IR IR+ [ 1ofv(s) s < K, for amy 5> 1.
This implies (3.77) holds. Note that
) . t ;
16/ (t)]13 < !\3§U(0)II3+2/0 107 0(s)21107 o (s) |2ds

<ttt [ roger) ( f[1o o)

< [|o/v(0)]13 + 2¢/K; /K41 (3.162)
Thus (3.78) holds.
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