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Abstract

Consider the n-dimensional incompressible Navier-Stokes equations

%u—a&u—l—(u-V)u—l—Vp:f(x,t), V-u=0,V-f=0,
u(x,0) =up(x), V-ug=0.

There exists a global weak solution under some assumptions on the initial
function and the external force. It is well known that the global weak solutions
become sufficiently small and smooth after a long time. Here are several very
interesting questions about the global weak solutions of the Cauchy problems
for the n-dimensional incompressible Navier-Stokes equations.

e Can we establish better decay estimates with sharp rates not only for
the global weak solutions but also for all order derivatives of the global
weak solutions?

e Can we accomplish the exact limits of all order derivatives of the global
weak solutions in terms of the given information?

e Can we use the global smooth solution of the linear heat equation, with
the same initial function and the external force, to approximate the glob-
al weak solutions of the Navier-Stokes equations?

e If we drop the nonlinear terms in the Navier-Stokes equations, will the
exact limits reduce to the exact limits of the solutions of the linear heat
equation?

e Will the exact limits of the derivatives of the global weak solutions of
the Navier-Stokes equations and the exact limits of the derivatives of the
global smooth solution of the heat equation increase at the same rate
as the order m of the derivative increases? In another word, will the
ratio of the exact limits for the derivatives of the global weak solutions
of the Navier-Stokes equations be the same as the ratio of the exact
limits for the derivatives of the global smooth solutions for the linear
heat equation?
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The positive solutions to these questions obtained in this paper will defi-
nitely help us to better understand the properties of the global weak solutions
of the incompressible Navier-Stokes equations and hopefully to discover new
special structures of the Navier-Stokes equations.

Keywords the n-dimensional incompressible Navier-Stokes equations; de-
cay estimates with sharp rates; exact limits; appropriate coupling of existing
ideas and results; Fourier transformation; Parseval’s identity; Lebesgue’s dom-
inated convergence theorem; Gagliardo-Nirenberg’s interpolation inequality
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1 Introduction
1.1 Mathematical model equations

Consider the Cauchy problem for the n-dimensional incompressible Navier-Stokes
equations

aatu—aAu—l—(u-V)u—kVp:f(x,t), V-u=0,V-f=0, (1)
u(x,0) =up(x), V-uy=0. (2)

The real vector valued function u = u(x,t) represents the velocity of the fluid at
position x and time ¢. The real scalar function p = p(x,t) represents the pressure of
the fluid at x and t. The positive constant a > 0 represents the diffusion coefficient.
See Leray [7], Temam [14] and [15].

Consider the Cauchy problem for the linear heat equation

%V—OJAV:f(X,t), V-v=0,V -f=0, (3)
v(x,0) = ug(x), V-ug=0. (4)

Can we use the solution of the linear heat equation to approximate the solution
of the Navier-Stokes equation? Theorems 2 and 4 given in Subsection 1.5 not only
provide a positive solution but also demonstrate how well it approximates.

1.2 Previous related results

Let us review several well known results about the n-dimensional incompressible
Navier-Stokes equations (1)-(2).

The existence and regularity of the global weak solutions: First of all,
let us consider the case n = 2. If the initial function ug € S(R?) and the external
force f € LY (RT, L2(R?)) N C>°(R™ x RT), then there exists a unique global smooth
solution

uc C°(R? x RT).

See Leray [7], Temam [14] and [15]. Secondly, let us consider the case n > 3 (basi-
cally, n=3 or n=4). Suppose that the initial function uyg € L?(R") and the external
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force feL'(RT, L?(R™)). Then there exists a global weak solution ucL>(R*, L2(R")),
such that Vu € L?(R*, L?(R")). Moreover, there holds the following elementary
uniform energy estimate

{/ s e /:/ IVu(x, T)|2dXdT}1/2
< {/n\uo(Xﬂdx}l/?Jr/ooo {/n |f<xat)|2dx}l/2dt'

Additionally, there holds the following formal representation for the global weak
solution

1 ‘x—y\Q
u(x,t) = (47rat n/2/ eXp< ot uy(y)dy
[ x-yP]
——|f
{47rat—7 n/Q/ oXp da(t—1)] (y,7)dy pdr
[ x-yP]
{ dra(t — 1)]"/2 /nexp | da(t—71)| (u-Vu(y,7)dy ¢ dr

for all x € R™ and ¢t > 0, where

n o n 2

p(X,t) = (_A)_l Z 9210 [uk(x>t)ul(xat)]'
=1 1=1 CTRIT

Furthermore, if up € H*"*1(R") and f € LY(R*, L2(R")) N L}(R*, H*™L(R")),
then there exists a unique local smooth solution u € L*(0,e; H*™+1(R")), such
that Vu € L?(0,e; H*™TL(R™)), where ¢ > 0 is an appropriate positive constant.
Additionally, the global weak solution coincides with the local smooth solution
before a possible singularity occurs at a finite time. See Leray [7], Temam [14]
and [15]. If the initial function ug € L?(R™) N L™"(R™) and the external force f €
LYR*, L2(R™)) N LYRT, L"(R™)) are large, then after a long time, the global weak
solutions u € L*°(R*, L2(R")), such that Vu € L?(R*, L2(R")), become sufficiently
small and therefore becomes sufficiently smooth: u € L>®((T, c0), H?>™*+1(R")), such
that Vu € L?((T,00), H*™*1(R")), for all positive integers m > 1, where T > 1
is a sufficiently large positive constant. See Leray [7] and Miyakawa and Sohr [11].
See also Heywood [3] and Kato [4]. For the partial regularity of suitable weak solu-
tions, Caffarelli, Kohn and Nirenberg [1] proved that the one-dimensional Hausdorff
measure of the set consisting of all space-time singular points is zero. Later, Lin [8]
improved and simplified their proof and obtained the same partial regularity result.
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Necas, Ruzicka and Sverak [16] proved that there exists no self-similar solution of
the form

u(x, t) zu( Tx_t).

A very interesting, natural question arises: When the global weak solutions
become a global smooth solution? Under appropriate conditions, there are positive
solutions to this important question. First of all, if the initial function uy € S(R™)
and the external force f € LY(RT, L?(R"))NC>(R" x RT) are reasonably small, then
there exists a unique global smooth solution u € C*®°(R" x R™). See Fujita and Kato
[2] and Lei and Lin [5]. If ug € S(R"*) and f € LY(R*, L2(R")) N C*°(R™ x R"), and
if there exist positive constants A > n > 3 and p > 2, with n/A + 2/ < 1, such that

00 w/A
/ {/ |u(x,t)|)‘dx} dt < oo,
O n

then the global weak solutions become the global smooth solution
uc C®[R" x RT).
See Serrin [10].

Very recently, Lei and Lin [5], Lei, Lin and Zhou [6], Peng and Zhou [12] es-
tablished very interesting results for (1)-(2), including the existence of large global
smooth solution with special initial function for n = 3. In particular, Lei, Lin and
Zhou derived new uniform energy estimate by virtue of a special structure of helic-
ity, which is crucial with respect to the natural scalings for (1). The new energy
functional is coercive for a class of initial functions. Then they constructed a family
of large global smooth solutions of (1)-(2) with finite energy based on the uniform
energy estimate in [6].

Decay estimates with sharp rates: Suppose that the initial function ug €
LY(R™) N L?(R™) and the external force f € L}(R" x R*) N L} (R*, L2(R")). Then
(140 [ uextPdx < G,
for all time ¢ > 0. Moreover, there hold the following the decay estimates with sharp
rates

(1 +1)2+n2 / Vu(x, f)2dx < Cy,
Rn

(1+ t)3+"/2/ |Au(x, t)]*dx < O,

n

n

(1 +t)2m+1+n/2/ ]Amu(x,t)Ide < Cs,

(14 )2mt24n/2 / VA™u(x, ) Pdx < O,

n
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for all positive integers m > 1 and for all time ¢ > T, where Cy > 0, C1 > 0, Cy > 0,
C3 > 0 and C4 > 0 are positive constants, independent of u and (x,t). See Oliver
and Titi [9] and Schonbek and Wiegner [13].

1.3 Main motivations, main purposes, main difficulties and main
strategies
Motivation: Consider the Cauchy problem for the homogeneous heat equation

FrAde alAv =0, v(x,0)=vy(x),

where o > 0 is a positive constant. Let the initial function vo € L!(R™). There
exists a global smooth solution, given explicitly by

1 x—yP?
vix,1) = (4mat)n/? /Rn P <_ 4ot vo(y)dy.

It is very easy to derive the representation of the Fourier transformation

V(& 1) = exp(—alg[*)Vo(€),
for all (¢,t) € R" x RY.
Let m > 0 be any integer. Then by using Parseval’s identity, the representation
of the Fourier transformation, Lebesgue’s dominated convergence theorem and a
simple change of variables, we have the following exact limit

a2 " 205 = £ am | 2
e [ amy( ) Pax - o /R e v (e, 1) 2a
2m+n/2
- t(%)n/R €4 ™ exp(—2a|€]2t) [Vo (€)[*dé
1

— e L 1™ exp(=2alnP)o(e ) P

g L I exo(-2alniac{ [ v0<x>dx}2,

as t — oo.
Very similarly, we have

VAT v(x, t)Fdx = ————— [ [§""F[V(& 1)[7d¢
R” (271') Rn
752m—i—1—i—n/2 A2 o )
- [ es(=2alolm ) g
1

— e [ 01" exp(-2ala)Role~ )

= e [t esp(-2apiin{ [ vatax)
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as t — 0o. These limits are optimal if

/n vo(x)dx # 0.

These results may be improved if [, vo(x)dx = 0

Motivated by the exact limits of the global smooth solution of the homogeneous
heat equation, we will establish the exact limits of the global weak solutions of
the Cauchy problem for the n-dimensional incompressible Navier-Stokes equations.
Let u = u(x,t) represent the global weak solutions of (1)-(2) corresponding to
up = up(x) and f = f(x,t), and let v = v(x,t) represent the global smooth solution
of (3)-(4) corresponding to vp = up(x) and r = f(x,t). The first purpose is to

establish the following estimates

t2m+1+”/2/ |A™u(x,t)[2dx < A(m,n, o, 6,¢) + B(m,n, o, 8,e)t ™",

1 1
t2m+2+n/2/ IVA™u(x,t)[2dx < A(m + 50, e) + B(m +35
Rn

) >5a€>t_na
B n,«x

and

t2m+1+n/2 |Am[u(x7 t)—V(X, t)] ‘QdXSC(m, n,a, o, 5)—|—'D(m, n,a, o, 5)t7”7
Rn

1 1
Zmt2tn/2 |VAm[u(x,t)—v(x,t)HQdXSD(nH—i,n,a,(5,6)+D(m+§,n,a,(5,€>t_",
Rn
for all positive integers m > 1 and for all time ¢ > T, where A(m,n,«q,d,¢),
B(m,n,a,d ), C(m,n,a,d,c), D(m,n,a,d c) are positive constants, independent
of time ¢, 0 < § <1 and 0 < € < 1 are small positive constants.
The main purpose of this paper is to accomplish the following exact limits

lim {(1 +t)1+"/2/ \u(x,t)]zdx},

t—o00

lim
t—o0

tl_i)m { + 1) 2m+1+”/2/ |Amu(x,t)]2dx},
{ a

+ 1) 2m+2+n/2/

1+1) 2+”/2 \vu(x,t)de} :

lim
t—o00 n

|VA™u(x, t)2dx} ,

and

t—o00

lim {(1 + t)lHn/2 / lu(x, t) — v(x, t)|2dx} ,
lim {(1 +1)27/2 / IV[u(x,t) — v(x,t)]|2dx} ,

t—o00
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i {1 0214072 [ JAm G ) < v 0] Pax).

t—o00

Jim {(1 | 1)2mt2n)2 / VAT fu(x,1) —v(x,t)]|2dx},

t—o0

for all positive integers m > 1, in terms of the following integrals
/ qbij(X)dX +/ @Z)ij(X)dth,
R” 0 JR"
¢ij(x)dx + / Yij(x,t)dxdt — / / wi(x, t)u;(x, t)dxdt,
R'Il 0 R’VL 0 n

/ / wi(x, t)u;(x, t)dxdt,
0 n

where ¢;; = ¢;;(x) are functions related to the initial function and v;; = v;;(x, t) are
functions related to the external force, for alli =1,2,3,--- ;nand j =1,2,3,--- ,n.

Here are more motivations to study the exact limits:

(1) to study the influence of the nonlinear functions (u- V)u and Vp on the
limits;

(2) to study the influence of the initial function up and the external force f on
the limits;

(3) to study the influence of a special structure of the n-dimensional incompress-
ible Navier-Stokes equations on the limits;

(4) to study the precise asymptotic behaviours of the energies [, |A™u(x, t)[*dx
and [, [VA™u(x,t)[*dx on (T',00) to obtain more uniform energy estimates, where
T > 1 is a sufficiently large positive constant.

One technical difficulty to study the exact limits is that the integral

e[t )

of the exponential function exp[—a|n|?(1 — 7)] with respect to n over R™ is divergent
at 7 = ¢, for all t > 0. One of the main technical advances is to make use of the
decay estimates with sharp rates for the derivatives of the global weak solutions and
the following particular integral

[ Loetadil,

’n‘n+5

to control the integral

/ il

2

t - o~
/ exp [— an|? <1 — %)} {(u- V)ut™2n,7)+Vp(t~?n,1)}dr| dn,
(1—e)t
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for all positive integers m > 1 and for all sufficiently large time t > T, where
0<d<1and0 < e <1 are small positive constants.

The uniform energy estimates of all order derivatives of the global weak solutions
for the general case (when both the initial function and the external force are large)
have been open. Therefore, the existence and uniqueness of the global smooth
solution u € C*®(R"™ x R') of (1)-(2) have been open. For the main purposes, we
only need the existence and decay estimates with sharp rates of the local smooth
solution on (7, 00). These results are well known.

Here are the main strategies to establish the exact limits of

t2m+1+”/2/ |A™u(x,t)?dx  and t2m+2+”/2/ IVA™u(x,t)|*dx, ast — oo.
R n

First of all, we will couple together the Fourier transformation, Parseval’s identity,
appropriate decomposition of the temporal interval [0, t], Lebesgue’s dominated con-
vergence theorem and Gagliardo-Nirenberg’s interpolation inequality in a new way
to establish the exact limits for the global smooth solution of the Cauchy problem
for the heat equation. Then we will couple together the special structure of the n-
dimensional incompressible Navier-Stokes equations, some uniform energy estimates,
the decay estimates with sharp rates of the derivatives of the global weak solutions
for all sufficiently large time and the exact limits for the linear heat equation to
accomplish the exact limits of the global weak or smooth solution of the Cauchy
problem for the n-dimensional incompressible Navier-Stokes equations (1)-(2).

1.4 Mathematical assumptions

Let us make the following assumptions for the Cauchy problem for the n-dimen-
sional incompressible Navier-Stokes equations.

(A1) Suppose that the initial function ug € L'(R*)NH?™+1(R") and the external
force f € L*(R*xRT)NLY(RT, L2(R"))NL2(R*, H?™FL(R")), for all positive integers
m > 1.

(A2) Suppose that there exist real scalar functions ¢;; € C1(R") N L' (R") and
Vi; € CLR™ x RT) N LYR™ x RY), for all i = 1,2,3,--- ,n and j = 1,2,3,--- ,n
such that

"0
= (Z%%] ZT‘ZSZJ Z 8 an] )
<Z€) wljxt ZE) @bg]xt Za wnjxt>

for all (x,t) € R" x RT.
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Remark 1 The assumptions in (A2) are motivated by the incompressible con-
ditions V - ug = 0 and V - f = 0, by the integrals

/n up(x)dx = 0, /n f(x,t)dx =0,

for all t > 0, and by the special structure of the nonlinear functions (u - V)u and
Vp.
(A3) Suppose that there exist the following integrals

/ (1+ t)2+n/2/ 1£(x, 1) [2dxdt < oo,

0 n

/ (1+ t)2m+2+”/2/ |A™F(x,t)|?dxdt < oo,
0 n

for all positive integers m > 1.
(A4) Let 0 < 0 < 1 and 0 < € < 1 be small positive constants. Suppose that
there exist the following limits

n o n 2
tlirgoz Z {t(n+2+5)/4( sup /n |(_A)(nf2+5)/4¢ij(x’ 7')|dX} =0,

=1 =1 1—e)t<7<t

n n 2
. mA+(n+2+8) /4  AymA(n—2+6)/4,), _
lim D > {t sup /n (=) wm(x,T)!dX} =0,

i=1 j=1 (I—e)t<r<t

for all positive integers m > 1.

Motivation for (A5). Let the initial function ug € L2(R™) N L™(R™) and the
external force f € LY(R*, L2(R")) N LY(RT, L"(R"™)). Then there exists a global
weak solution u € L®°(RT, L?2(R")), such that Vu € L?(R*, L2(R")). It is well
known that after a long time, the global weak solutions become sufficiently small
and sufficiently smooth and there hold the decay estimates with sharp rates for the
global weak solution, for all sufficiently large t > T, see Leray [7]. Without loss
of generality, for the purposes of establishing the exact limits, we may assume that
there exists a global smooth solution, that is, u € L®(R*, H?™*1(R")), such that
Vu € L2(R*, H>™+1(R")), for all positive integers m > 1. However, we will not use
the existence or the uniqueness of the global smooth solution in the mathematical
analysis.

(A5) Suppose that there exists a unique global smooth solution to the Cauchy
problem for the n-dimensional incompressible Navier-Stokes equations: u € L>®(R™,
H?™+L(R")); such that Vu € L?(R*, H?™+L(R")), for all positive integers m > 1.
Moreover, suppose that there hold the following decay estimates with sharp rates
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(10772 [, o)x < o,

n

(1 +t)2+"/2/ |Vu(x,t)?dx < Cy,

n

(1 —|—t)3+"/2/ |Au(x, t)]2dx < O,

n

(1 +t)2m+1+n/2/ |Amu(x,t)]2dx < 037

n

(1 + t)2mt2+n/2 / IVA™u(x, t)[2dx < O,

for all positive integers m > 1 and for all time ¢ > 0, where Cy > 0, Cy > 0, Cy > 0,
C3 > 0 and C4 > 0 are positive constants, independent of u and (x, t), they depend
on the following integrals of the initial function and the external force:

[ woeoix [ e jaxar,
/n o (x) [Pdx, /Ooo {/n ’f(x7t)!2dx} 1/2 "

S 1/2
/ |V A™ug(x) [2dx, / [/ AT (x, t)|2dx] dt.
R™ 0 n

We do not assume that the initial function ug and the external force f are small.

1.5 Main results
Definition 1 Let p > 0 be a positive constant. Define the fractional order
derivative (—A)P¢ by using the Fourier transformation

(=2)76(6) = 675(¢).

Let u = u(x,t) represent the global smooth solution of the Cauchy problem
for the n-dimensional incompressible Navier-Stokes equations corresponding to the
initial function uyp = up(x) and the external force f = f(x,t). Let v = v(x,t)
represent the global smooth solution of (3)-(4) corresponding to the initial function
vp = ug(x) and the external force r = f(x,t). Let the assumptions (A1), (A2),
(A3), (A4) and (A5) hold. Let 0 < 0 < 1 and 0 < € < 1 be small positive constants.

Theorem 1 There hold the following estimates for the global smooth solution

of (1)-(2)
t2m+1+n/2 / ‘Amu(x’ t)\ZdX < A(m’ n,a, o, 5) + B(m, n,a, o, €)t_"7
and

1 1
ez [ g amue ) Pdx < A(m + 3ona,de) + B(mo+ Jona, )
Rn
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for all positive integers m > 1 and for all time t > 0, where

A(m,n,a,d,e)
e (2 dnzz{/ oy 000x
( )/|77|4m+2exp —2ae|n|? dﬁ;;{// |?l)mxt|dxdt}

14 00 2
+ n/ |2 exp(—Zaa]n[Q)dn{/ / ]u(x,t)|2dxdt}

7 / [1 — exp(—ae[n|*)]?
+ dn
(2m)™ Jgn Likas
n 2
Zzsup {tm+(n+2+6)/ sup / |(—A)m+(”2+5)/41/Jij(x,7')|dx} ’
=1 j=1 >0 (1—e)t<r<t JR"
B(m,n,a,d,e)
_ _ 2112
_ 14 / [1 — exp( 626!77\ )] dn
(2m)" ™+

2
Z Z sup {tm+ 3n+2+6)/4 sup ‘(_ )m+ n— 2+6)/4[ui(x7 T)Uj (X, T)de} _

P ot (1—e)t<r<t JR"
Theorem 2 There hold the following estimates
Fmtlan/2 / |A™u(x,t) — v(x,t)]|?dx
< C(m,n,a,d,e) + D(m,n,a,0,)t™",
and

¢m+2in/2 / IVA™u(x, t) — v(x,t)]|?dx

1 1
§C<m+§,n,a,5,6> +D(m+§

for all positive integers m > 1 and for all time t > 0, where

00 2
Clmna0.9) = o [ " exp(-2achPian{ [ uePaxar)

8 [1 — exp(—ac[n|*)]?
D(m,n,«a,d,e) = @y /n P dn

-n
,n7a,67 5>t ’

= = >0 (1—e)t<r<t

n 2
Z Z sup {tm+(3n+2+5)/4 sup / |(_A)m+(nf2+5)/4[ui(xa T)uj (x, 7')]|dx} '
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Remark 2 The estimates in both theorems are true for all ¢ > 0 if there exists
a global smooth solution, and the estimates are true for all £ > T >> 1 if there exists
a global weak solution. The limits of the last terms in all of the above estimates are
equal to zero, as t — oco. Note that there hold the following estimates for the global
smooth solution

(1 + t m~+(3n+2+4)/4 Z Z/ 771—&-(71—2-i—6)/4[ui(X,t)uj(x7 t)”dX
=1 j=1
(3n+2-9)/(4n)
< Z Z { (1+1) m+1+”/2/ |A™ u,(x, t)uj(x,t)]dx}

=1 j=1

(n—2+6)/(4n)
) {(1 + t)m+n+1+n/2 /n |Am+n[ui(x,t)Uj(X,t)”dX}

1/2
SCQ{(I +t)1+”/2/ \u(x,t)de}

(3n+2-6)/(8n)
-{(1 +t)2m+1+"/2/ |Mu(x,t)|2dx}

. {(1 + t>2m+2n+l+n/2/ ’Am-l-nu(x,t)‘de

n

(n—240)/(8n)
} S 037

for all positive integers m > 1 and for all time ¢ > 0, where C; > 0, C5 > 0 and
C3 > 0 are positive constants, independent of u and (x,t).
Definition 2 Let the assumptions (A1), (A2), (A3), (A4) and (A5) hold. Let

ay; 2 / i3 (x)dx + / i (x, £)dxdt,
]Rn

Nij dﬁf/ i (x dx+/ i (x, t)dxdt—// wi(x, t)u;(x,t)dxdt,
Rn 0 Jrn

%g//w@mﬂﬁmm
0 n

for all positive integers ¢ =1,2,3,--- ,nand j =1,2,3,---,n
Theorem 3 There hold the following exact limits

. 1+n/2 2
i {10072 [ )

1
- / Inl? exp(—2an[2)dy

n(n + 2)(2m)
n 2
nZZ)\ +QZZO¢”+ Zau] —[Z_} u] )

=1 j=1 =1 j=1
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lim {(1+t)2+"/2/ |Vu(x,t)|2dx}
t—o0 Rn
1 4 2
= -2 d
s L, Il o2l
n 2
nZZ)\ +QZZO@]+ Zam] _[Z ZZ] )
=1 j=1 =1 j=1 =1
lim {(1+t)2m+1+"/2/ \Amu(x,t)|2dx}
t—00 Rn
1 Am+2 2
= -2 d
g L I esn(=2alal)an
n 2
nZZ)\ +2220¢”+ Zam] _[Z ZZ] )
=1 j=1 =1 j=1 =1
lim {(1+t)2m+2+”/2/ |VAmu(x,t)|2dx}
t—o0 Rn

1 dm—+4 2
n(n + 2)(2m)" / I exp(=2aln[)dn

" 2
(St [Snf - S}
i=1
for all positive integers m > 1.

=1 j=1 =1 j=1
Theorem 4 There hold the following exact limits

lim {(1 —i—t)H"/Q/n (. 1) —v(x,t)|2dx}

t—00
= 1/ |’l7]2€xp( 2a|n|*)d HZZ” i#.. i
n(n+2)(27r)" R ple ij et i )
tli{go {(1 + t)2+n/2 /n IV[u(x,t) — V(X,t)]|2dx}
1 n 2
= n(n £ 2)2n)" /]R” In|* exp(—2aln|*)d {n;;m] [; /M] } )

lim {(1 + ¢)2mALen/2 / |Am k1) —V(x,t)]|2dx}

t—o0

1

n 2
- - 4m—+2 ex o An B
-~ n(n+2)2m)" /R g p(~2alnl*)d { ZZ% [;u] }

=1 5=1
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lim {(1 + t)2mA24n/2 / VAT u(x, ) —v(x,t)]\de}

t—o00

2
1 dm—+4 § : § : §” :
== —-—— 2 . ..
n(n + 2)(2m)" /]R" g exp(~2afnl)d ! i i=1 - 7

i=1 j=1
for all positive integers m > 1.
Note that we may make these results more explicit by using the precise values

m T \"/2 1
/Rn |77|4 2 exp(—2a|17]2)d77 = (%) W”(n +2)---(n+4m),

4m+4 _ oy (TNY2 1
/Rn I exp(—2a|n|*)dn = (204) (4a>2m+2n(n +2)--(n+4m+2).

2 Mathematical Analysis and Proofs of the Main Re-
sults

2.1 Linear analysis

The main purpose of this subsection is to establish the exact limits of the global
smooth solution of the heat equation. Let the initial function vy € L!(R™) and the
external force r € L'(R™ x R*). Then there exists a unique global strong solution
v € C(R™ x R™), given explicitly by

v(x,t) = W /Rn exp <— X4_aty’2> vo(y)dy
[ e Lo [ T s

for all x € R™ and ¢t > 0. If r € C®°(R" x R™"), then the solution v € C°(R" x RT)
is smooth.

Theorem 5 Let the initial function vo € L'(R™) and the external force r €
C®(R™ x RY) N LY(R" x RY). Suppose that

t /4 gup / |(—A)("4+5)/4r(x,7')|dx} =0,

(1—e)t<r<t

lim
t—o0

lim { ¢(+2H0)/4 sup / |(—A)("2+6)/4r(x,7')|dx}:0,

{
{
{

lim
t—o00

tm+ (n+9)/ sup / ‘(_A)er(nfélﬂS)/41_(X7 T)‘dx} =0,

(1—e)t<r<t

lim
t—o0 (1—e)t<r<t

gmt(n+246) /4 sup / ’(_A)m+(n72+5)/4r(x’ T)\dx} =0.
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Then there hold the following exact limits for the global smooth solution of the Cauchy
problem for the heat equation

lim {(1 +t)"/? / |V(x,t)\2dx}

~ e L ew2aliin{ [ weowxr [T “"’“d"‘“}Q |

lim {(l—l—t)H"/Q/ |Vv(x,t)\2dx}
R’ﬂ

t—o00

lim {(1+t)2m+"/2 / |Amv(x,t)|2dx}
t—o0 Rn

— (271T)n/w || ™ eXp(2aﬁ|2)d77{/Rn VO(X)dXJF/OOO/nr(X’t)dth}Q’

lim {(1+t)2m+1+”/2/ |VAmv(x,t)\2dx}
Rn

t—o00

- (271r)” /]R” In|*™F2 exp(—2aln|?*)dn {/R” vo(x)dx + /Ooo/n r(x,t)dxdt}Q.

Theorem 6 Let the initial function vo € L'(R™) and the external force r €
C>®(R" x RT) N LI(R” x RT). Suppose that there exist real scalar functions bij €
CHR™) N LY(R™) and ¢;; € C®°(R™ x RY) N LYR™ x RT), for alli =1,2,3,--- ,n
and j =1,2,3,--- ,n, such that

"9
X) = (Z aiquslj Z 8 ¢2] Z a (z)n] ) ’
j=1

(Z ¢13th lDQJXt Z@ ¢njxt)

Let 0 < d <1 and 0 < e <1 be small positive constants, such that

n n 2
}gggZZ{t("“”’/‘*( sup / nl(A)(”_2+5)/4¢ij(x,7)ld><} ~0,

Pl 1—e)i<r<t
n n 2
lim (a4 qup / — A Ay (x, T)|dx =0,
=00 ; jz; { (1—e)t<r<t JRn =2) i)l
n n 2
lim tm+(n+2+§)/4 sup / o m+ n— 2+5)/4,¢2 X, T dx — 0’
DD { Lo [ Ie2) (x.7)



No.4 L.H. Zhang, n-dimensional Incompressible Navier-Stokes Eqs. 407

n n 2
. m+(n+4+6) /4 _AYmH(n+) /4, —
E&ZZ{t w J 100 1””("’”'“} -

i=1 j=1 (I—e)t<r<t

Then there hold the following exact limits for the solution of the Cauchy problem for
the heat equation

lim {(1 +t)1+"/2/n \v(x,t)de}

t—00

2
= 271')”/ [n|? exp(—2aln[*)dn - {ZZ{ bij(x dx+/ Rnwij(x,t)dxdt} }

i=1 j=1

lim < (1+1¢) 2+”/2 \Vv(x, t)|2dx}

t—o00

=3 [l exp(—2alnf?)dn-
7T) = ]:1

tl { —l—t 2m+1+n/2/ ’Am X}

= )/!nm“exp( 2aln|?)dn - {Z
=1 j:1

hm { (1+1) 2m+2+”/2/ ]VAmv(x,t)lzdx}

exp(—2aln|?)dn - {ZZ[/ ij(x dx+//1/1” x tdxdt} }

i=1 j=1

’I’L n

00 2
¢” dX—I— /Rnwij(X7t)dth:| },

[/‘% dx—i—//wij(x,t)dxdtr},

The proofs of Theorems 5 and 6 consist of the following four lemmas.
Remark 3 Let vg € L'(R?) and r € L'(R" x R*). For the heat equation, there
hold the following representations

t
V(€. 1) = exp(—ale[H)To(E) + /0 expl—alé[2(t — 7)E(E, 7)dr
t T
= expl=aln)%~ ) + [ exp [=alnf (1= 7) £ 2.

where i = t'/2¢ and t > 0. Let us consider the exponential function exp[—a|n|?(1 —
7)] of 7 on the closed interval [0,¢]. Obviously, there exists a positive lower bound
for 1 —
for 1 —

-

exp[—a|n|*(1 — %)] very differently on the intervals [0, (1 — ¢)t] and [(1 — )¢, t].

7 on the interval [0, (1 — €)t]. However, there is no positive lower bound
7 on [(1 —¢)t,t]. This means that we will treat the exponential function
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Lemma 1 Let vg € LY(R") andr € L'(R" xR*). Then there hold the following
exact limits
2
dn

i [ |exp(-alu%ate o[ exp[-alaP(1-7)] 72y, ryar
t—o0 R N 0 n 0 n

:/n exp(—2aln|)dn {/nVO(X)dX+ /Ooo/n r(x,t)dxdt}2,

im [ 12| exp(—aliP)Ro(t 24 exp [—alal?(1-)] 8672, ryar Qd”
:/ |n\2exp(—204|17|2)d77{/ vo(x dx+// r(x,t) dxdt} ,
Rn R~ n
( 2
Jim [ ol | exp(—alnl®)%0( )+ Texp [-alnl? (1-1)] Fe 2, ryar | ay

—/ !n\4mexp(—2a|n!2)dn{/ vo(x dx+// xtdxdt},
Rn R n

(1-e)t ?
i | o/ exp(—alaf®)90(t™ 20+ exp [~alal? (1=T) |7~ 20, r)ar

t—o0

o] 2
—/ ’n‘4m+2 exp(_2a|77|2)dn {/ vo(x)dx—i—// r(x,t)dxdt} .

Proof We will apply Lebesgue’s dominated convergence theorem to establish
these limits. Clearly, there holds the following estimate

(1—e)t

dn

_ Z)] B¢ 2, 7)dr

exp [—aln*(1 -7

exp(—alnl)To(t~?n) + /
0

(o)
< exp(—aln|?) / [vo (o) dx + exp(—aeln]?) / / e (x, £)|dxd,
R™ 0 JRrRn

for all n € R” and for all ¢ > 0. Note that the Fourier transformations vo(t~/%7)

and T(t~'/2p, 1) are continuous functions of 7 and t, for each fixed 7. Now

lim { exp(—aln|?)vo(t~Y2) + / (1_E)texp [—ayn\2(1 - 1)}?@—1/217 r)dr
t—o0 0 0 t ’

— exp(—aln[?)%0(0) + exp(~alnl?) /0 80, 7)dr

= exp(—aln|?) {/n vo(x)dx + /Ooo/n I‘(X,T)dXdT} .

The proof of Lemma 1 is finished.
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Lemma 2 Letr € L'(R" x RT). Then there hold the following limits

2
t T
lim / exp [—a772<1—7 }?t_l/znn' dr| dn =0,
s L (1= 7|5 )
. 2
lim In|? / exp [—a|n|2<1 - Z)] (Y2, r)dr| dny =0,
=00 JRn (1—e)t t
. 2

lim || ™ / exp [—a\mz(l - Z)} (Y2, 1)dr| dn =0,
=00 Jn (1-e)t t

. 2
lim || t2 / exp [—a\n|2(1 — Z)} Tt %y, r)dr| dny = 0.
t=00 JRn (1-e)t t

409

Proof The proof consists of several steps. First of all, for all n € R™ and t > 0,

we have
t
]
il [ exp[alaf? (1= 7)]dr = 1 - exp(-aclul).
(1—e)t

There exists the following integral

/ [1 — exp(—ae[n|*))?

a2|77’n+5

dn < oo,

due to the existence of the following limit
1 — exp(—acy|?)

lim =1.
[n|—0 aeln|?
Note that
(1 —exp(—aen’)?, _ (ae)’? [ [1 —exp(=[n*)] |
. a2|n[r+d T2 . PR -

Let n = t}/2¢. Then there hold the following estimates

’n’2m+(n—4+5)/2t‘?(t—mmT)‘ _ ‘tm+(n+6)/4(_A)mf(n\—4+5)/4r(§,T)‘

e O

n

and if n # 0, then

/t exp [—a|17]2<1 - %)} Tt %y, r)dr

(1—e)t

2
| "™

< 1
- ‘77’”+6

a?[n|n+e (1—e)t<r<t

/<> {Inexp [~aln (1= 2)| } {InPre =928 2. 7)) ar

2

2
B _ 2112
< [1 — exp(—ac|n|?)] {tm+(n+5)/4 sup / ](_A)m+(”4+5)/4r(x,7')dx} .
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Therefore, there holds the following estimate

L[ oo [ (a- )

2
. . 2112
é/ [1—exp(—ac|n|)] dn_{tm+(n+a)/4 sup /|(_A)m+(n4+6)/4r(x,7-)]dx} :

a?|n|nto (1—e)t<r<t

2
dn

Now we have

2
lim ]17\4’” sup  exp [—a|77|2<1 — Z)] (Y2, r)dr| dny = 0.
=00 (1—e)t<r<t t
Very similarly
2
lim In[*™ 2] sup  exp [—a!nP(l - ZH Tt~ Y2n,7)dr| dp=0.
t=00 JRn (1—e)t<r<t t

The proof of Lemma 2 is finished.
Lemma 3 Let vo € L'(R") andr € L'(R" xR™*). Then there hold the following
limits

t 2
lim [ lexp(—aln|?)vo(t™"/2n)+ / exp|—alnf* (1= 2 ) | £/, 7)ar| di
=00 R 0 i
(1—e)t - 2
— lim exp(—a\n\2>vo<t-1/2n>+/ eXp[—a\n\z(l—;ﬂ?(t‘”zn,f)df i,
/RN 0
t 2
Jim [ [l exp(—alnf*)¥o(tY/2n) +/exp —afnf? (1-5) |72, 7) | ay
2
. T ~
=1lim | [n[*| exp(—aln|*)vo(t~"/n) +/ exp a!n\( )}r(t Y2n,7)| dn,
2
Jim [ "™ exp(—alnl*)%0(t~*) / ~al (1= 1) [ 72, 7)dr | dn
2
m T\ /40—
=tim | |nf"" | exp(~aln %0t %) / exp[alnl? (1-D)] 720, 7)ar| an
- 2
i [ 191472 exp (a9t 20) [ exp [ ~al? (17| 520, s a
SRR 0
(1—e)t 2
=t [ ol exp(—a|n|2>vo<t—1/2n>+/o exp|-alnf? (1-7)] #(t~/%n, 7)dr|dn.

Proof We will couple together the exact limits in Lemmas 1 and 2 to finish the
proof of Lemma 3. Define the following complex, vector valued, auxiliary functions



No.4  L.H. Zhang, n-dimensional Incompressible Navier-Stokes Eqs. 411

t
~ - T\ ~/—
c(n, ) = exp(—aln?)¥o(t™"/2) + /0 exp |—afyl? (1= )] 5¢7/2n, 7)dr.

N (1—e)t
d(n.t) = exp(—aln?)To(t™/2n) + /

for all n € R™ and ¢t > 0. Then

C(nat) - d(nvt) = /t

(1—e

exp [—a\n\Q(l — %)} ?(til/zn, 7)dT,

exp [—a!n\Q(l — %)} /I:(til/QT],T)dT.
)t
Therefore, there hold the following estimates and limit

/Rlnl“m\C(n,t)Pdn—/R In[*™d(n, )[*dn

=| [ mlmtetn. o - |d<n,t>|21dn'
.

= /1Rn|77|4m{\0(777f)—d(%t)l2+[C(777t)—d(mt)] ~d(n,t)+d(n,t) - [e(n, t)—d(n, )] }dn

< /R il |e(n,£) — d(n, £)[2dn

1/2 1/2
+2{ / rn|4m|c<n,t>—d<n,t>|2dn} { / \n|4m|d<n,t>|2dn}

—0,

as t — oo, by using the results of Lemmas 1 and 2. Therefore

tim [ oot 0P an = Jim [ oG0P,
Very similarly,
Jim [ ol el )Py = Jim [ ol .0 P
The proof of Lemma 3 is finished.
Lemma 4 Let vg € L'(R") andr € L'(R" xRT). Then there hold the following
exact limits

lim {(1 12 / |V(x,t)|2dx}

t—o00

= (23()” /neXp(—2a|77|2)d77 {/n vo(x)dx + /Ooo/n r(x’t)dth}27

lim {(1+t)1+”/2/ |Vv(x,t)]2dx}
— 00 n

_ (271r)n /Rn |2 exp(—2aln|2)dy {/Rn vo(x)dx + /000/n r(X,t)dxdt}Qa
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t—o00

— (271r)"/Rn || 4™ eXp(—QaTl|2)d77{/Rn VO(X)dX”L/OOO/nr(X’t)dth}Q’

lim {(1+t)2m+1+n/2/ \VAmv(x,t)\de}
]Rn

t—o00

= (271r)” /}Rn 9|42 exp(—2a|n|?)dn {/R” vo(x)dx + /000/n r(x,t)dxdt}Q.

Proof The Fourier transformation of the global smooth solution of the linear

lim {(1+t)2m+"/2 / |Amv(x,t)|2dx}

heat equation vy — aAv = r(x,t) may be represented as

(€)= exp(—alg[H)To(€) + /0 expl—al¢[2(t — 7)F(E, 7)dr,

for all £ € R™ and for all ¢ > 0. By using Parseval’s identity, the representation of

the Fourier transformation and the change of variables n = t1/2¢ . we have
t2m+n/2/ ‘Amv(x, t)‘de

t2m+n/2

dm |G 2
- L eee P

t2m+n/2 i
- /R e

= oo Il exp-abi®90(= 20+ [Cexp [l (1-T)| 20, iar
(2m)" Jgn 0 t ’

0
%(Zi)n /R |4 exp(—2an|2)dy {/R vo(x)dx—l—/ooo/nr(x,t)dxdt}Q,

as t — 0o, by using the results of Lemmas 1-3. Very similarly, we have

2

d¢

exp(—al€[2)¥o(€) + /0 expl—alé[2(t — 7)[F(E, 7)dr

2
dn

{2mAltn/2 / IVA™v(x,t)|?dx

1 4m+2 _ 2\o (4—1/2 /t _ 2(1_T\|=ar—1/2
g [l exo(=atnale o)+ [ exp[~alnf (1=F) [5 = 20. )ar

(;r)n /R |77|4m+26xp(—2a|17]2)d77{/nvo(x)dx+/Ooo/nr(x,t)dxdt}Q,

as t — oo. The proof of Lemma, 4 is finished.
Proof of Theorem 5 The proof is finished by coupling together the four

2
dn

%

lemmas.
Proof of Theorem 6 It is very similar to the proof of Theorem 5 and it is

omitted.
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Remark 4 For the following slightly more general function

t
~ _ ~ y— T\ ~/,—
V(2. 1) =exp(—aln*)Fo(t™/n) + P(n) /O exp |—afyl? (1= )| £(¢7/%n, 7)ar,

where P is a homogeneous function, that is, P(rn) = P(n), for all n € R™ and r € R,
we may establish very similar exact limits.

2.2 Nonlinear analysis

The main purpose of this subsection is to make use of the special structure of
the n-dimensional incompressible Navier-Stokes equations and the linear results to
accomplish the exact limits of the global smooth solution of the Cauchy problem.
There exists a special structure in the Navier-Stokes equations. Note that

(u-V)u(x,t) + Vp(x,t)

- Z ai] [u1(x, t)uj(x )]+ ( (91’1 {ZZ Orr01; [ur (%, t)w(x, t)]}

= k=11
n n n ,
j; T%[UQ(X,t)UJ (x,1)] + (—A)—la‘z2 {; ; B:U(ZO:U; [uk(x,t)ul(x,t)]} e

Z P, [un (x, t)uj(x,t)] + ( (%U { Z &xkaaﬁl [ug (x, t)uy (%, t)]}
" k=1

=1

Za /ﬂjxt Za /iQJXt ,J_laijﬂn]xt ,
where
POt = (=001 3 e )
92
ki (%, 8) = (%, s (5, 1) + (—2) ; e s . )
Below, we regard )
fé"f’ —0, at £ =0, "’Z"fl —0, at =0,

forallt=1,2,3,--- ,n, k=1,2,3,--- ,nand I =1,2,3,--- ,n
Proof of Theorem 1 Taking the divergence of the Navier-Stokes equations
yields

—Ap Z Z a’Ekal‘l kUZ

k=11=1
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Performing the Fourier transformation to this equation and applying some simple

properties lead to

Vp(€,t) = |§|2 ZZ&&UWZ (&, 1)-

k=11=1
First of all, let us rigorously derive the representation of the Fourier transformation
u(&,t). Performing the Fourier transformation to the incompressible Navier-Stokes
equations and multiplying the result by the integrating factor exp(a|€|?t), inte-
grating the result with respect to time ¢ and then rearranging terms lead to the
representation

(€, 1) = exp(—al€[2io(€) + /0 expl-al¢[2(t — n)JF(E, T)dr
- /0 exp[—al¢[(t — 7)](w - V)u(€, 7)dr

t
+/0 exp[—alé*(t |£|2 ZZ&:&%W £,7)

k=1 1=1
Let us make the change of variables n = t1/2¢, where t > 0. Then

t
~f ~ = T\ 5/,—
(™ 2n,1) = exp(—aln)io(t™/%n) + /0 exp [—afn? (1= )] B¢/, 7)ar
t
2 T N —1/2
— [ exp|—an|*(1l——]| (u-V)u(t n, T7)dT
[ exo [l (1= )] (a2

+/Otexp [—a|77|2<1 )} —1/2 31 ZZﬁkmukul (2, r)dr.

2
==

Recall that the initial function and the external force are given by

)
;a%fﬁu Za -2;(x Za “Onj(x) |
28 -h15(x, 1), Zf) -2 (X, 1), - ZB (X, )

Performing the Fourier transformation to these functions leads to

ijd)l] Z€]¢2y Z£j¢n] 5
j=1

Zwm &,t) szj &,1), Zwm 30

7j=1
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Let us multiply the i-th component of G(t~'/21,t) by t'/2. We have
n
20,672, ) = iexp(—aln?) Y nidi(t7 )
j=1
t i S
—H/ exp —a\n|2(1 - ) an¢ij(t_1/27777-)d7'
0 - - =
t i ) N
_1/0 exp _—a\n\ (1 - ;) anuzu] =5y, T)dr

t i ]
) T
—i—l/ exp —a\mQ(l— ¥> |77|2 E E Mgy (6 2y, T)dr.
0 L d

k=11=1

=14

By using Parseval’s identity and the above representation of the Fourier trans-
formation U(t~1/27,t), we have the following elementary estimates

t2m+1+n/2/ |Amu(x, t)|2dX

2m+1+n/2

o [ e P
— 1 4m - 2 - T4—1/2
_W/Rn nl*™ > |exp(~aln) )Zm%(t )

i=1

+/0t exp [ aln? (1 - *ﬂ Znﬂ% n,7)dr
_ /Ot exp [foz|77\2(
- e [—alnl? (1= 2)] 2 303 memawde 2, r)de|

n

:(gi)n /Rn "> exp(_am\z)anqASij(t‘l/%)

i=1 j=1

(1=e)t [ 2 NI o ~1/2
+/0 exp | —aly)| (1 - ;)_ > gt Py, T)dr

j—l

(1—e)t - -
—/ exp _—a\n\g(l — %) anuzu] (t™*n,7)dr

0

+

O\
N
-
I
o
<
=

- N
exp _—04\77|2<1 - ;)_ 2 ZZﬁkmukuz e 27777)(17
k=11=1
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1—e)t
t
B /(1_5),5 b [—04|17] ( )} gmuzug n, 7)dr
t 2
+/ exp [—0477’2(1 T)} 2 ZZUqukuz (t~Y2n, 7)dr| dn
(1=e)t ] k=1 =1
2
! m Y - b (4—1/
SR /R ™2 exp<—a\nlz>;m¢u<t V2)| dy

2
7 . (1—e)t - n ~
+(2ﬂ-)n /Rn [n|* ZZ: /0 exp [*a’ﬁ\z(l - ;)} ]Z;njwij(t 1V2p mydr| dn

2

7 (1-e)t n o
+(27r)" /]R" nl*™ Z /0 exp [_0477‘2(1 - %)} anuiuj(t 12y T)dr| dn

=1 j=1
7 4 - (1=e)t 2 i 2
+(27r)”/RJn "2 0 eXp[_O‘W (1 Z)} Zanmukul Zn, T)dr| dn
=1 k=1 I=1
2
n t n ~
o [ | [ e [ (1= D] St |
i=1 |/ (1€ =
2
n t
+(2;)n/R ‘n|4mz /(1 )texp[ a\7]| (1—*)} anuzu] 1/27”7-)(17- dn
" i=1 [/ (1—¢
2
/|774mZV exp —aln|? ( 7)]| B Zannlukul —1/2 n,7)dr| dn,
k=1 l=1

for all ¢ > 0. Let us make use of the Cauchy-Schwartz’s inequality to make estimates
for these integrals one by one.
First of all, we have

n

Zexp(—amr%znj@j(t-w> < exp(—2an|?) ZZ!%\ Z!% )

i=1 J=1 i=1 j=1
2
< [nl? exp(—2aln]?) ZZ{ [ 1ot !dx} |
=1 j=1

Therefore, there holds the following estimate for the first integral
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2
n
Ll S fesp(=alal?) Zm (&) dy

" i=1

2

< [l exp(-2alf anZ{ [ tostolax}

=1 j=1
Secondly, it is easy to show that

n

Z /0(1—e)texp[ a|77| (1 — —)} Znﬂpw n,7)dr

=1
-t 2
< exp(—2ag|n|?) ZZ|?7J| Z{/ ’%Z)ij(t—l/Qn,T)}dT}
i=1 j=1
< |n|? exp(—2as|n|?) ZZ{// [9ij(x, 1) dxdt} .
i=1 j=1

Therefore, there holds the following estimate for the second integral
2

n (1—e)t n N
/Rn ity /0 exp [—all?(1-7)] anwij(fl/2nﬁ)d7 dn

i=1
/ |42 exp(—2ae|n)|? anZ{// i (%, t) ]dxdt} .
=1 j=1
Thirdly, note that

inﬂ@wﬂm <Z\m! Z}uz 12, )|

j=1
<Py / g, 7) Pl / iy (x, 7) [2dx
= /re R"

< InP? / g, 7) Pl / [u(x, 7)2dx,
Rn R™

it follows that

2
n

(1—e)t n
[ e [—all (1= )] X nar
j=1

=1

n

< I expl-20clal®) Y { [ ] [ u e dT}Q

=1
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(1—e)t 2
< exp(-2aeln) ¢ [ [ jux r)Paxdr

0 n

o) 2
< |n|* exp(—2ag|n|?) {/ / u(x,t)]zdxdt} .

0 Jrn

Therefore, there holds the following estimate for the third integral

(1—e)t n
Lot S| [ e [ (1= )] S w2 ar | an
j=1

=1

00 2
S/ |n|4m+2exp(—2a€|?7!2)dn{// |u(x,t)|2dxdt} .
R7™ 0 JRn

Fourthly, similar to before, note that

n n n n
SN et (t 2, 7) Z |77k771| ZZ!UWI 2 1)

k=11=1 k=1 k=11=1
< |n|* ZZ/ lug (x, 7)| dx/ lug (x, 7)[2dx

k=1 1=1

2

—*{ [ feer)Pax}
R”’L

Thus
‘77‘2 ZZ menyigty (8%, ) </ lu(x, 7)[2dx.
k=11=1 "

Now we get

Z /O(I_s)texp [—a!n\ (1 — *ﬂ W Zznmukul -1/ 277,T)d7’

i=1 k=11=1

(1—e)t 2
< |n|* exp(—2as|n|?) / / lu(x, 7) > dxdr

0 R

00 2
< |n|? exp(—2as|n|?) {/ / |u(x,t)]2dxdt} .

0 Jrn

Therefore, there holds the estimate for the fourth integral

[ Y / T e [-alP? (=25 ,QZanmukul n, 7)dr

i=1 k=11=1

[e%e) 2
g/ |77|4m+2exp(—2a5|17|2)d77{// |u(x,t)|2dxdt}.
n 0 n

2

dn
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Recall that n = t'/2¢, where € € R", € R” and t > 0, we have
> [ 2 T 2
ol [ esp [alnl? (1= )] ar = (1~ exp(achi®)
1—e)t

and

sup {m|2m+(nf2+5)/2Wij(tfl/2n’ 7_) ’ }2
(1—e)t<r<t

2
S {tm+(n_2+5)/4 sup / |(—A)m+(n_2+5)/4¢ij (X, 7‘) |dx} .

(1—e)t<r<t
Very similarly

sup {‘n|2m+(n—2+6)/2‘@(t—lﬂm7_)‘}2
(1—e)t<r<t

2
< {tm+(n—2+5)/4 sup / |(_A)7n-i-(n—2-i-6)/4[ui(X7 ’I‘)Uj (X, T)]’dx} 7

(1—e)t<r<t
and
2
sup \77|2er("72+6)/2 B Z Zﬁkmukuz =12, 1)
< ZZ sup |2m+(n 2+5)/2ukul(t 1/2 7_)‘2

1 1= (1—¢) t<7-<t
2
SYY e 2y iy )
1 1=1 (1—e)t<r<t JR"
By using these estimates, we arrive at the following estimates

n

Z /(t |n|2m+(n+5)/2 exp[ aln? (1 — 7>] Z"ﬂbw n, 7)dT

i—1 1—e)t

n

2
t
-3 /( Il exp |=alnf*(1 - )]{W HOO/ Y nT)}dT
i=1 €

7=1

_ [ —exp(—oely?)P

n

) 2
_Zz{tm+(n+2+a)/4 sup /\(—A)m“”2+5)/4w¢j(><77)\d><}a

i=1 j=1 (I—e)t<7<t
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n t ) o ) - n - o 2
S e ey [apn? (1~ )] S w - o, rar
i=1 (17€)t =
_ [1—exp(—azlp)P
< o2
n n 2
. Z Z {tm+(n+2+6)/4 sup / \(—A)mH"’QM)M[ui(x, T)Uj(x, T)de}
i=1 j=1 (1—e)t<r<t JR"
and
n t n o n 2
2m+(n+6) /2 _ T
> /( L exp [=alul? (1= 7)] 2 S5 monle 7
_ [1 = exp(—asly))?
< o2
n n 2
Z Z {thr(n+2+6 sup / |(_A)m+(n72+6)/4 [ug (x, T)ug(x, 7)] |dx} .
k=1 1=1 (1—e)t<r<t JR™

Therefore, there hold the following estimates for the fifth, the sixth and the seventh
integrals

2
n t n
4m, 2 T > —1/2
n / exp |—an["(1—— N (¢ "y, 7)dr| dn
Ll > e e J];f (7%, 7)
[1 — exp(—aeln*)]?
< /n 2|+ dn

n n ’
’ZZ{thnHM)M sup / |(A)m+(n_2+6)/47pij(xaT)|dx} ’

=11 (1—e)t<r<t
2

ﬁmi ¢ [_ ’2<1_7—>]i A/.\.(tfl/Q )d d
/Rn n /(18)texp aln ; j:177guzuj n,T)dr| dn

i=1
. . 2112
< [ Loestochlt,,

a?[p|n+o

n n 2
-ZZ{W“"“W“ sup / |<—A>m+<"—2+5>/4ui<x,T>uj<x,r>dx}

i=1 j—=1 (1—e)t<r<t

and
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2
dn

n

t n o n
4m _ _ 1/2
Lo S| [ e (e (1= 5)] i 20 3 ez 2 ar

< [ MoentadiPl,,

a2‘n|n+5

n on 2
Z Z {tm+(n+2+6)/4 sup / |(_A)m+(n72+6)/4uk(x7 T)UZ(X, T)’dx} '

k=1 1=1 (1—e)t<r<t

Finally, by coupling together these estimates, the proof of the estimate for
t2m+1+n/2/ ‘Amu(x7 t)‘QdX
]Rn
is finished. The proof of the estimate for
(2mt2n/2 / IV A™u(x, £)[2dx
R’IL

is very similar and it is omitted. The proof of Theorem 1 is finished.

Proof of Theorem 2 As before, let u = u(x,t) represent the global smooth
solution of the Cauchy problem for the n-dimensional incompressible Navier-Stokes
equations. Let v = v(x,t) represent the global smooth solution to the linear heat
equation. Let w = w(x,t) = u(x,t) — v(x,t). Then

Qw—aAw—i—(u Viu+Vp=0, V.-w=0,

ot
w(x,0) = 0.

Similar to the above, there holds the following representation for the Fourier trans-
formation

t —
WEt) = /0 expl—al£?(t - 7)](u- V)u(&, r)dr
+/0 exp[—al¢[*(t ’2 Zkaflukuz §,7)

k=11=1

for all £ € R™ and ¢t > 0. Let n = t'/2¢. Then
t —_—
V/C'(t—l/2777t) = _/ exp {—a!n\Q(l _ I)} (u- V)u(t_l/QT],T)dT
0
t
1
+/ exp [—04’77\2(1 )} _1/2 7 ZZ??kmukuzu (t~ 1/2 n, 7)dT.
0

k=11=1

Let us multiply the i-th component of W by /2 to get
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t
120,42, t) = —i/ exp { aln|? (1 — —)} Zmulu] t= 2, 7)dr
0

+i /Ot exp [—04’77’ (1 - *)} ZZU}cmukuz (t1/2n, 7)dr.

k=1 I=1
The rest of the proof of Theorem 2 is very similar to that of Theorem 1 and it

is omitted.
Definition 3 Let 0 < s < 1 be a small positive constant. Define

Ti(n,1) < exp(—aln|?) Zm% t1/2p)

7=1

(1—e)t
+/ exp —a]n] (
0
(1—e)t
[ e [alnP(1-
0
(1—e)t
# [ exp[—al?(1-
0
t n
def 2 T T o—1/2
A;(n,t —/ exp |—«a 1—-— i (t ,7)dT
o= —alnl?( tﬂ;m ;72 7)

B /<t exp |—afn*(1- 7)) i njag (20, T)dr

H—‘\]

) Z ni i (™, 7)dr
) ZUJWUJ (t~%n,7)dr
) e ZZUW!UWZ “2, 7,

k=11=1

ﬁ-\\}

ﬁ-\\]

1—e)t
t —-1/2
+/(l—s)t P [704?7‘ (1 B 7” kzllz;nkmukul an)dT,

forallneR"and t >0, and foralli=1,2,3,--- ,n
Definition 4 Let 0 < e < 1 be a small positive constant. Define

(1—e)t n
Li(n,t) déf—/o exp —aln?(1-7)] Zm@(t’mnﬁ)dT
(1—e)t
—I—/O exp [—a|n[2<1 — %)} TE Zanmukul t=12y, 7)dr,

k=11=1

t
M) [ ep[am?(1-7)) Zm@u—”%m)w

+/(t exp {—a!n\Q(l - %)} P Zanmuw “12y, 1),

1-e)t k=1 1=1
forallp € R" and t > 0, and for all t =1,2,3,--- ,n
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It is easy to see that
20 (¢ 2, 0) = i[Di(n, 1) + Ai(n, ),
and
Y23t Y2, t) = i0%(n, ) + iAs(n, t).
for all n € R™ and t > 0.
Lemma 5 There holds the following result

Jim Ti(n, 1) = exp(—aly|?) ZAMJ + exp(—alnl) |QZZMH7II€7]Z
j=1 k=1 I=1

Proof First of all, there holds the following estimate

ITi(n,t)| < exp(—aln®) Inj\/ | (x)|dx
=t K
xp(— 2§j» - ii(x, 1) |dxd
+ exp(—aeln)| )j:1 |773/0 /]Rn |5 (x, t)|dxdt

resp(-aclnl®) Y- bl [ fuso.tyus o, 1) e
= 0 Jrn
—l—exp(—ae\?ﬂz)\m/o/R lu(x, t)|2dxdt,

for all n € R™ and ¢t > 0. By using Lebesgue’s dominated convergence theorem and
the definition, as t — oo, we have the limit

tli)I& L (777 t)

—exp(-ali) 3 1;650) + exp(-alof) Yo | 0.0

—exp(—aln|?) Zn]/ w;15(0, t)dt + exp(—aln|?) " |2Zanm/ upuy (0, t)dt

k=11=1
=exp(—aln|?) an { Rngbij(x)dx —l—/o Rnwij(x,t)dxdt —/0 /nui(x,t)uj(x, t)dxdt}
+ exp(—aln|?) |2 Zannl/ / ug(x, t)uy(x, t)dxdt

k=1 1=1
n n
—exp(—alnl?) Z&mpLeXp —aln|?) ZZ PRI

7j=1 k=1

The proof of Lemma 5 is finished.
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Lemma 5 There holds the following limit

lim T(n, t) = — exp(—aln|*) Zuwm + exp(—aln|?) ZZMklﬂkﬂh
k=11=1

t—o00
7j=1

foralli=1,2,3,---,n
Proof There holds the following estimate

(n,t |<Zn]|// lui(x, t)u,;(x, t)|dxdt+|m|// u(x, t)|2dxdt,

for all n € R® and t > 0. As t — oo, similar to the above, we have the following
limit

j=1
(1—e)t - . n o n
o[ e [l (1 7)) ey S0 w2, 7y
RO Ut
— —exp( 04\77|2)Z77j/ wi (X, t)u;(x, t)dxdt
= Jo Jre
+esp(—alal®) iy 2D e / / wn(x, ) (x, t)dxdt
k=1 I=1

ni
= —exp(—aln®) > pin; + exp(—aln|® jZZukmmz,

j=1 =11=1

for all ¢ =1,2,3,--- ,n. The proof of Lemma 5 is finished.
Lemma 6 (1) There hold the following estimates

n

1/2
<ct™ {(1 +t)1+"/2/ |u(x,t)2dx}

(3n+2—-6)/(8n)
_{(1+t)2m+1+n/2/ \Amu(x,t)\zdx}

tm+(n+2+6)/4/ [(—= )24 /Ay (x ug(x, )] [dx

)

.{(1+t)2m+2n+1+n/2/ ]Am+"u(x,t)\2dx

n

} (n—240)/(8n)

for all positive integers m > 1 and for all time t > 0, where C > 0 is a positive
constant, independent of u and (x,t).
(2) There hold the following limits
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JH&ZZ{t(””*‘”/4( swp [ nr<—A><"-2+5>/4[uz-<x,T>uj<x,f>ndx}:o,

i=1 j=1 175)t§‘r§t
lim ptt0)/ g / (=) A (x, 7y (6, 7)][dx b =0,
t—o0 ; ; { (1—e)t<r<t JR™ /
lim gm(n+2+6)/4 sup —A)HO=240)/An (x Fus(x, 7)]|dx p =0,
%OZZ{ a1 i (3¢, 7 5, 7)|

: m+(n+4+6)/4 _ A ymH(n+d) /47, ) _
g&ZZ{t sup /n!( A) [Uz(XaT)uJ(XyT)”dX} 0.

i=1 j=1 (1—e)t<r<t
Proof (1) First of all, by using the decay estimate with sharp rate of u and the
decay estimates with sharp rates of the derivatives A™u and A" "u,

(0772 [ o)ax < o,

n

(s [ A nPax < ¢,

(1 + t)2m+2n+1+n/2/ \Am+”u(x,t)|2dx < Oy,
for all positive integers m > 1 and for all time ¢ > 0, where Cy > 0, C; > 0 and
Cy > 0 are positive constants, independent of u and (x,t), we have the following

estimates
(1+1) mHHLQZZ/ g (x, t)uy(x, t)]|dx
1= lj 1
1/2 1/2
<C3(1+t m+1+"/2zz {/ | A" ui(x,t)] dx} {/ ]uj(x,t)\de}
= 1] 1 R
1/2 1/2
+Cy(1+t) m“*”/?ZZ {/ lui(x,t)| dx} {/ \Amuj(x,t)dex}
=1 j=1 R
1/2 1/2
<Cs {(1 +t)1+n/2/ |u(x,t)|2dx} {(1 +t)2m+1+“/2/ |A™u(x, t)|2dx}
n Rn
< CG)
and
R R 3 3 M SeC ACR RIS

’Lljl

1/2 1/2
<C7(1+1) mntlin/2 | AT (x, 1) dx wi(x,t)2dx
n Rn J

i=1 j=1
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1/2 1/2
+Cs(1+1¢ m*"ﬂmﬂzz {/ lui(x,t) |2dx} {/ |Am+"uj(x,t)|2dx}

i=1 j=1

1/2
<Cy {(1 + t)1+"/2/ lu(x, t)|2dx} {(1 + t)2m+1+"/2/ |Am+”u(x,t)]2dx}

Sclﬂv

1/2

where C3 >0, C4 >0, ---, C9 > 0 and Cyg > 0 are positive constants, independent
of u and (x,t).
Now by using the Gagliardo-Nirenberg’s interpolation inequality, we have the

following estimates

(1+ /i3 3 / DY A (x, i (x, 1)]|dx
1=1 j=1
(3n4+2-6)/(4n)
<cnzz{ 2 [ AT s, 0] ox
i=1 j=1 "

(n—2+5)/(4n)
. {(1 + t)m+n+1+n/2 /n |Am+n[ui(x’ t)uj (X, t)]|dx}

1/2
< Cny {(1 £ [ g, t>|2dx}

(3n+2-46)/(8n)
. {(1+t)2m+1+n/2/ |Amu(x,t)|2dx}

'{(1+t)2m+2n+1+n/2/ ‘Am-i—nu(x’t”?dx

n

}(n—2+5)/(8n)

< 0137

where C17 > 0, C12 > 0 and Ci3 > 0 are positive constants, independent of u and
(x,1).

(2) The exact limits follow from the estimates. The proof of Lemma 6 is com-
pletely finished.

Definition 5 First of all, define the following real scalar functions

n 2
745 (X, t) def wzj (X t) (Xv t)uj (Xv t) - (_A)_l kz ax?axk [uk (Xa t)uj (X7 t)]7

forall i =1,2,3,--- ,nand j = 1,2,3,--- ,n. Then define the real vector valued

function

r(x,t) def f(x,t) — (u-V)u(x,t) — -1 Z Z 8xk8xl [ug(x, t)ug(x,1)].

k=11=1
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Now we have

"0 ) "0
r(x,t) = Z %rlj(x, t), Z %ng()(?t)’ - Z %rnj(x, t)
j=1 J j=1 J j=1 J

Let m > 1 be a positive integer. We find

ATe(x, 1) = AT (x, 1) = A" [(u- V)u(x, )]+ VA" Z Z
k=1 1l=1

OxyOxy [ (36, £ (x, 2]

Moreover, we may rewrite
0
au—a&u+(u~V)u+Vp:f(x,t), V-u=0,V-f=0,
u(x,0) =up(x), V-ug=0,
as
0
au—a&u:r(x,t), V-u=0,V-r=0,
u(x,0) =up(x), V-ug=0.

Now we may apply the results for the linear heat equation developed in Subsec-
tion 2.1 and the results of Lemmas 5 and 6.

2.3 Precise values of several special integrals

In the proofs of Theorems 3 and 4, we will need the precise values of the following
special integrals.

Lemma 7 There hold the following results, for all positive integers m > 1,
1=1,23,--- ., nandj=1,2,3,--- ,n,

(1)

—9 Ddn = (—
| exp(=2alnan = (5

n/2 1
[l esp(-2ala?)an = (57 n(n+2)(n+4)- - (n +4m —2),
R™ 2a

(4ar)2m
[ it exp(-2alaPyan = (22)" e+ 2) (0 +4) - (1 dm),
2)
[ exo(-2alnPyan= (1) 1o
/Rn‘ﬁi’2|77’4m exp(—2aln|?)dn= (;)nﬂ(lla);n“(n—l—Q)(n—i-él)(n—i-G) -+ (n+4m),

m\"/2 1

/R It exp(=2alnf)n=(5) " (s (D (6 - (At 2),



428 ANN. OF APPL. MATH.

3)
'4 B 9 B 1”/2 3
Ll exp=2aln)an = (30)" s
/R i 411 exp(—2aln?)dn
T\ n/2 3
/R i1 exp(—2aln ) dn
T\ "n/2 3
(4) for i+,
20 12 B 9 T n/2 1
L minexp(=2alal)an = (35)" sz

/}R o1 21y P ] exp(—2adl )
T\ "/2 1
_ <%) 7(4a)2m+2(n+4)(n+6)(n+8)---(n+4m+2),

/R i 2l 212 exp(—2ad?)dn

T \n/2 1
- (%) a0+ 6 +8) (- dm+-4),

Vol.35

Proof The ideas in the proof of Lemma 7 are easy but the details may be

tedious. The details are omitted.
From Lemma 7, we can immediately obtain the following lemma.

Lemma 8 There hold the following results, for all positive integers m > 1,

1=1,2,3,--- ,nandj=1,2,3,--- ,n, with i # j,
(1)

_ 1
[ 0l expl=2alal?)an = [ ol exp(~2alndy

- (2”0)"/2ml)mn(n+2)(n+4)(n+6)---(n+4m—2),

/R I 213 2 712 exp(—2afn|?)dny

1

= M/]R” |77|4er2 eXP(—2a’7ﬂ2)d7]

— (%)W (4a)12m+1(n+4)(n+6)(n+ 8)---(n +4m),
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_ 3
/ i 4112 exp(—2an|?)dn =
Rn n

M/R” \77|4er2 eXP(—204|77|2)d77

T \n/2 3
:(%) W(n+4)(n+6)(n+8)--~(n+4m),
(2)
1
/ i 2™ exp(—2afn[?)dy = - / 0"+ exp(~2aln|?)dn
Rn n R"

= (22)”/2 W(n+ 2)(n+4)(n+6)---(n+4m),

1
7i|?|n) 0| *™ exp(—2a|n|*)dn =
R n

n(n+2) /R In[*" 4 exp(—2aln|®)dn

™\ /2 1
- (5-) G+ D+ O+ 8) - (0 + dm+-2),

2
3
4 4m 2 4m—+4 2
A -2 dn= —— -2 d
/Rn 3] " 0| ™ exp(—2a|n|~)dn n(n 1 2) /Rn ] exp(—2aln|)dn

T\ n/2 3
- (£> Qa0+ 6 +8) (- dm+-2)
There are some kind of symmetry in these integrals because the results are
independent of the positive integers ¢ =1,2,3,--- ,nand j=1,2,3,--- ,n.
Lemma 9 Let the positive integer n > 2. Let {\j; : i = 1,2,3,--- ,n,j =
1,2,3,---,n}, {py 1 =1,23,---,n,7 = 1,2,3,--- ,n} be two sets of real con-

stants, such that p;; = pji, for all positive integers i = 1,2,3,---,n and j =
1,2,3,--- ,n. Then there hold the following results
(1)

/R {Z )\iimi|2} {Z Hkk|77k’2} [ "™ 2 exp(—2aln|*)dn
" li=1 k=1

1 P ) n n n
- - m -2 2 iilbii ii )
Y P /Rn i exp(—2aln|”)dn E Niifhii + E § Nii

i=1 i=1 k=1
(2)

n

n n n
/ DO Nigmins ¢ S DY e p 1™ exp(—2aln|*)dny

i=1 j=1 k=1 1=1
i#j k£l

2 Am+2 2 —~
gy ol exp(=2aln)dn 4 35 o

i=1 j=1
i#£]
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(3)
n n n
/ {Z )\m'|771;’2} Z Zukmlmz 9]~ exp(—2aln[*)dn = 0,
R™ =1 k=1 =1
k£l
(4)
n n n
/ > Aijming {Zukk\nklz} |2 exp(—2a/n|*)dn = 0.
" =1 j=1 k=1
i#]

Proof First of all, we have

/ {an\m }{Zukklnk2}lnl4m ? exp(—2aly|*)dn

k=1

— /R quuum 3 sl Pl § =2 exp(~2ain[2)dn

i=1 k=1
i#k
1 n n n
Am+2 2
= — exp(—2a dn< 3 Aiifbii + Aii
) o TN 433 i 323
i#k
1 n n n
= Amt2 oxp(—2an|?)dn < 2 N Nii .
T (i 23 o+ 325
Secondly, we have
)
n n n n
/ SO Niming p 8 D> e g nl*™ exp(—2aln|*)dn
"l i=1 j=1 k=1 I=1
\ Q£ k#l
(
n n n n
=/ > Aigming ZZ Mk:mkm +> > e
"l =1 j=1 1 1=1 ED=(0)or(k,D)=055) 27 =1 (k.D#(5.5),(k,D)#(9)
i) ) k#l k#l
|| exp(—2ain|?)dn
n n
:/ O Xigmin Zukmkm +22uunknz 7|2 exp(—2aln[*)dn
" i=1 j=1 k=1 1=1 kD=7 =y =1 (kD=(1)
i#j k#l k#l
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2 / 4 2 2 - .
=———— [ [n|""" exp(—2aln|*)dn Nijhij ¢ s
"D fe ZZ b

i

where

/n ST N ZZ PRI |9 *™ =2 exp(—2aln|*)dn = 0.

i=1 j=1 be1 1=1 (k:DF#5), (k1) #(4:1)
i£j k£l
Note that

/R i 21| exp(—2aln[2)dn = 0,

/R iy e P2 exp(—2aln|?)dy = 0,

foralli =1,2,3,---,n, 5 =1,2,3,--- ,n, k=1,23,--- ,nand [ = 1,2,3,--- ,n
with ¢ # j and k # [. Now the proofs of (3) and (4) are very easy. The proof of
Lemma 9 is completely finished now.

Lemma 10 Let

(Njii=1,23 ,nj=123" - nl,
{tij 1 i=1,2,3, m,j=123 - n}
be two sets of real constants, such that p;; = pj;, for all positive integers i =

1,2,3,---,nand j = 1,2,3,--- ,n. Then there hold the following results, for all
positive integers m > 1,

(1)
/ {ZZMW?J} {ZZMMW} "2 exp(—2aln|*)dn
i=1j=1 k=11=1
= (n+2)/ 7|4 +2 exp(—2an|? dn{ZZAuﬂaﬁ?ZZMMU}
i=1j=1 i=1 j=1
(2)

n

2
n
/{Z Nkmknl} 0|2 exp(—2aln|*)dn
]Rn

k=11=1

1

- - 4m—+2 9 d
o [l exp(2alnP) n{ lzukk

+QZZMM}

k=11=1
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n n 2
/ > { Z&-m} In|*"™ exp(—2aln|*)dn
"i=1 j=1
1 dm+2
= — m 2 d )\ .
e sy 35305

=1 j=1

Proof First of all, by using very simple computations, we have

/ { > Z Aumm} {Z > ukmkm} 7|2 exp(—2aln[*)dn

i=1 j=1 k=1 1=1

/ Z /\u|772‘ + Z Z)\zﬂ]m;

=1 j=1
i#j

Zukk\nkl +ZZMkmkm [~ exp(—2aln[*)dn

k=1 1=1
k£l

ZA il }{Zﬂkk|nk2}|n|4m 2 exp(—2aln|?)dn
1 —

n n
ZZAUW@ DO e § 0|2 exp(—2an|*)dn

=1 j=1 k=1 1=1
i#] k#l
n n
{ZA“W } DD e p "2 exp(—2aln|*)dn
k=11=1
jy
n
/ ZZAUmm {Zﬂkk|77k|2}|77|4m_26Xp(_204|772)d77
=1 j=1 k=1
i#£]

Then, by using Lemma 9, we have the following computations

/ {ZAMZ }{Zﬂkknk|2}’m4m ? exp(—2aln[*)dn

k=1

_ 1 Am+2 2 - "<
— gy L exp(=2alnl?)and 2 30 Nt + 30 - Ny

i=1 i=1 j=1

2

Vol.35



No.4 L.H. Zhang, n-dimensional Incompressible Navier-Stokes Egs.

n n n n
/ DO Nigming ¢ 8 DY e "2 exp(—2aln|*)dn

i=1 j=1 k=1 1=1
i#j k£l
2 n n
=——— [ |n*""%exp(—2aln*)dn Nijhij ¢ s
n(n +2) /R | 523523 o
i#]
n n n
/ {zxﬁymyz} S e b o2 exp(—2aln2)dn 0.
R =1 k=1 I=1
k#l

and

/ szzmzm {Zﬂkknk|2}’n‘4mQGXP(_2a|77|2)d77:O~
k=1

=1 j=1
i#]

Therefore, by coupling together these results, we have

/ { > Z Awmm} {Z > ukmkm} [~ exp(—2aln[*)dn

=1 j=1 k=1 I=1
1 n -
g f exp<—2a‘nl2>dn{22wu + ZZAM}
. =1 i=1 j=1
2 n o n
e | ‘"'4’”“6@(—2@!”2>dn{22&juij}
o i=1 j=1
7]
= (n—|—2)/ |,,7’4m+2exp (—2alnl?) d"?{ZZ)\u,uj]—FQZZ)\”MU
=1 j=1 i=1 j=1

|

433

The second result follows from the first result. Now let us prove the third result.

We have

n n 2
/nZ{ZAWU} [ exp(—2aln|*)dn
/ ZZZ)‘U)‘MJWW\MGXP( 2an|?)dn

i=1 j=1 k=1
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/ S5 A oy 2™ expl—2afn[2)dn

1= 1] 1
/ S S Akl exp(~2alnf?)do
i=1 j=1 k=1
i#k
1
:n/ |2 exp(—2aln]?) dn{ ZA }
R™ i=1 j=1

where

/ Zzzkw/\zk%’?kwmexp( 2a|n|*)dn

i=1 j=1 k=1
J#k

The proof of Lemma 10 is finished.
2.4 Completion of the proofs of the main theorems
The main purpose of this subsection is to make complete use of the technical
lemmas to finish the proofs of the exact limits of the global smooth solution of the
Cauchy problem for the n-dimensional incompressible Navier-Stokes equations.
First of all, let us prove Theorem 3. As before, define the following three sets of
real numbers
{aij 1= 172>3>"' 7n7j = 172737"' an}a
{)‘Z] S 1a2a3a"' ’naj = 172737"' an}a
{,U’Zj D= 172737'” 7n7j = 172737"' 77’1},

by
Qij = / ¢7;j(X)dX + /OO wij(x,t)dxdt,

Aij —/ bij(x dx+/ Vij (%, t)dxdt—// wi(x, t)u;(x,t)dxdt,
R’I’L 0 n

,ulj—// ui(x, t)u;(x,t)dxdt,

for all positive integers ¢ = 1,2,3,--- ,n and j = 1,2,3,--- ,n. Obviously, a;; =
Aij + paj and pig = ;.
Recall that there holds the following decay estimate
(1 +t)1+"/2/ lu(x, t)[?dx < C,
RTL
for all time ¢ > 0, where C' > 0 is a positive constant, independent of u and (x,t).
Therefore, the existence of the following integrals are guaranteed
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/ / wi(x, t)u;(x, t)dxdt,
0 n

forallt=1,2,3,--- ,nand 5 =1,2,3,--- ,n
Lemma 11 Let m > 1 be a positive integer. There holds the following result

/n 3 { S Ny + . ‘2 Z Zukmkm} [n|*™ exp(—2a|n|*)dn
i=1 \ j=1

k=11=1

= g L Il exp(=2alaf)dy
n 2
155 SITRES 5 S D wet I ol I}
=1 j=1 =1 j=1 =1

Proof By using Lemma 10, we have the following computations

/HZ{ZAWH e ZZMkmkm} [ "™ exp(—2an|*)dn
i—1 \j=1

k=1 1=1

=/ Z{Z&m} | exp(—2aln|*)dn
R =1 Uj=1

2
+/R {Z ukmm} [n|*"™ % exp(—2aln|*)dn

k=11=1

n n
+2/R { > wmm} {ZZukmm} 1742 exp(—2aln[2)dn
" Li=1 j=1

7 k=1 1=1

/ 9™+ exp(—2an? dn{ZZA }

=1 j=1
1 Am—+2
+— ex 2ar|n|*)d + 2
Py /Rn ul p(—2aln|*)dn E [k k§1l§1ukz

* (n—|—2)/ [nf*"** exp(—2aln[* dn{ZDuumuZZM%}

=1 j=1 =1 j=1

1 dm—+2 2
- m —2a|n|?)d
g [l exp(=2alal?)an
{or oS [Sm] +23 30
=1 j=1 k=1 1=1

+2 Z Z Niipjj + 4 Z Z Aijuij}

i=1 j=1 i=1 j=1
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1

= M/R |2 exp(—2aln[*)dn

{nZZ)\fj + QZZ()\ij + pij)? +

i=1 j=1 i=1 j=1

1 m
S /R I+ exp(—2aln[2)dn

n(n+ 2)

n n n n n 2 n 2

2159 SIS 9 o RE) 2 b ot S
=1 =1

i=1 j=1 i=1 j=1

The proof of Lemma, 11 is finished.
Lemma 12 There holds the following result

L3S 33 o | i (el
" i=1 j=1

n k=11=1

n n n 2
_ Am+2 oxn(—2an|? n 2 _ 3
— gy L exn(-2al )dn{ Y [Zu] }

i=1 j=1

Proof As before, by using Lemma 10, we have the following computations

L5 =S w5 575 maman ™ exp(~2alnf)ds
" =1 j=1 ul k=1 1=1

n n 2
—/ Z{mej} [n|*™ exp(—2aln|?)dn
=1 j=1
n n 2
+/R {ZZMMWW} 9|2 exp(—2aln|*)dn

k=1 I=1
n n n n
_2/ {ZZ“U”Z‘W} {Zzﬂkﬂ?km} "2 exp(—2aln|*)dy
B Li=1 =1 k=1 =1
1 n n
= L exp<—2arm2>dn{ Zz@}
n Jrn A .
i=1 ]:1
1 ' n 72 n n
Adm~+2 2 B 9
+m /R" |n| exp(—2a|n| )dn{ ZM“ +2ZZ“U}
Li=1 i i=1 le
2 [ n 12 n n
iy [ e antand || 123234
n = ] P J:1

n o n n 2
- L Am+2 exp(—2an|? n 2 _ g

i=1 j=1
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The proof of Lemma 12 is finished.

Proof of Theorem 3 By coupling together the results of Lemma 5, Lemma 6,
Lemma 11 and Theorem 6, the proof is completed.

Proof of Theorem 4 By coupling together the results of Lemma 5, Lemma
6, Lemma 12 and Theorem 6, the proof is finished.

Therefore, the proofs of the exact limits in Theorems 3 and 4 are finished.

3 Conclusions and Remarks

3.1 Summary
Consider the n-dimensional incompressible Navier-Stokes equations. Let the

initial function ug € LY(R"™) N L™(R™) N H?>™1(R") and the external force f €
LYR™ x RY)NLYR*, L2(R™)) N LYR*, L*(R™)) N L2(R*, H>"+1(R")). Then there
exists a global weak solution. The global weak solutions become sufficiently small
and sufficiently smooth after a long time, see [7]. Therefore, the mathematical
analysis and results are rigorously true for all large time ¢ > T.

Without loss of generality, suppose that there hold the following uniform energy

estimates

[ et Pax < o

[ IuGnax < e,
[ 18upnPax < co
[ 1amueax < ¢y

/ IVA™u(x, t)]2dx < Cy,

for all t > 0, where Cy > 0, C; > 0, Co > 0, C3 > 0 and Cy > 0 are positive
constants, independent of u and (x,t).
Then there hold the decay estimates with sharp rates
(0772 [, o)x < o,

n

(1+1)2+n2 / Vu(x, f)2dx < Cy,
Rn

(1+ t)3+”/2/ |Au(x, t)]*dx < O,

n

(1 +t)2m+1+n/2/ ]Amu(x,t)Ide < Cs,

n

(14 )2mt24n/2 / VA™u(x, ) Pdx < O,

n
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for all time ¢ > 0, where Cy > 0, C; > 0 Cy > 0, C3 > 0 and C4 > 0 are positive
constants, independent of u and (x,t).

By coupling together several important traditional ideas (Fourier transforma-
tion, Parseval’s identity, Lebesgue’s dominated convergence theorem, Gagliardo-
Nirenberg’s interpolation inequality), existing results (the existence of the global
weak solutions, the existence of the local smooth solution and the decay estimates
with sharp rates) and new idea (more appropriate coupling of existing methods and
results), we have developed a new method to establish the estimates

t2m+1+"/2/ |A™u(x,t)?dx < A(m,n, o, 6,¢) + B(m,n,a,6,e)t™",
RTL

1 1
t2m+2+n/2/ \VAmu(x,t)\zdx < A(m + -, n,a, 57 5) + B(m + =, n, 04,5, <€>t—n7
R® 2 2
and
t2m+1+n/2/ |Am[u(x7 t) _ V(X, t)”QdX
<C(m,n,a,d,e) +D(m,n,a,d,e)t ",
§2m2n/2 / VA [u(x, ) — v(x, £)][2dx

1 1
< C<m+ §,n,a,5,5> —|—D<m—|— i,n,a,&s)t_",

for all positive integers m > 1 and for all sufficiently large time ¢ > T, and to
accomplish the exact limits

lim {(1+t)2m+1+"/2 / |Amu(x,t)|2dx},
R”

t—o00

t—o00

lim {(1 + t)2m+2+"/2/ |VAmu(x,t)|2dx},
Rn

i { (14024072 [ AT e n) - vix )ax] .

t—o00

Jim {(1 } 1)2m2n)2 / VAT fu(x,1) —v(x,t)]|2dx},

t—o0

in terms of a, m, n and the following integrals

j = / ¢ij(x)dx + / N Yij(x, t)dxdt,
Aij = / $i5(x)dx + / OOR” Wi (x, t)dxdt — /0 7 wi (%, ) (x, £)dxdt,

Nw—// wi(x, t)uj(x,t)dxdt,

for all positive integers ¢ =1,2,3,--- ,nand j=1,2,3,--- ,n
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3.2 Remarks

There are many remarks to the main results.

Remark 5 If
ij = Nij,  pij =0,
foralli=1,2,3,--- ,nand j=1,2,3,--- ,n, then

nZZA +2ZZ%+ Za] —li,\iir

=1 j=1 =1 j=1
S03) DIEE) ) SEETEED 9 9rtH
=1 j=1 =1 j=1 =1 j=1

That means that the exact limits of the global smooth solution to the Navier-Stokes
equations reduce to those of the global smooth solution to the linear heat equation,
if we drop the nonlinear terms (u- V)u and Vp.

Remark 6 The exact limits are increasing functions of the order m of the
derivative and the dimension n, they are decreasing functions of the diffusion coeffi-
cient a. Let us consider more carefully the contributions made by various terms to
the exact limit of the energy

(1+ t)2m+1+”/2/ |A™u(x,t)[2dx, ast — oo.

The contributions made by the initial function and the external force are represented
by «;j, the contributions made by the nonlinear functions (u - V)u and Vp are
represented by p;;. Let

P:nii)\?j—[g)\M]Q, ZZ%*

i=1 j=1 i=1 j=1

z]

The exact limits are increasing functions of P and ). Compared with the heat
equation, the nonlinear functions (u- V)u and Vp make the exact limits larger.

As the order of the derivative increases, the value of the corresponding exact
limit may also increase. This motivates the next definition.

Definition 6 Define the following ratios

Rt def { lim (1 + t)2m+2+n/2/

-{lim (1+t)2m+1+n/2/ ’Am u(x, t 2d }

t—o00

Rm72 déf { lim (1 + t)2m+3+n/2/ |Am+1 }

n

VA u(x,t)| 2dx}

t—o00 n

. . 2m+1+n/2 m
{tliglo(l +1) / |A™u(x, t)] dx}

n
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They measure how fast the values of the exact limits increase as the order of the
derivative increases. Note that

T 1

n/2
/Rn |2 exp(—2a|n|*)dn = (ﬁ) W”(n+2)"'(n+4m),

m T \"/2 1
/n ||+ exp(—2a|n|*)dn = (%) W”(n +2)---(n+4m+2).

Remark 7 For the global smooth solution of the linear heat equation, we have

Ry = {tlim (1+ t)2m+2+”/2/ IVA™v(x, t)|2dx}
—00

n

-1
. {tlim (1 4 t)2m+i+n/2 / A"V (x, t)|2dx}
—00 n

1
_ { [ s exp(—2a|77|2)dn} { [ e exp(—2a|77!2)d77}
_n+4m+2

4o ’
Ry = { lim (1 + ¢)2m+3+n/2 /
t—o0

n

Ay (x, 1) |2dx}

-1
. { lim (1 + t)2m+1+”/2/ |A"v(x, t)|2dx}

t—o00

-1
_ { [ e exp(—2alnl2)dn} { [ i exp(—2a|77|2)d77}

(n+4m+2)(n+4m+4)
- (4)?

Remark 8 For the global smooth solution to the Navier-Stokes equations, we
also have

Ry = {tlim (1+ t)2m+2+”/2/ |VAmu(x,t)]2dx}
—00 "

-1
. { lim (1 + t)2m+1+”/2/ A" u(x, t)|2dx}

t—o00

—1
_ { [ s exp(—2a|nl2)dn} { [ i exp(—2a|n!2)d77}

n-+4m+ 2
4o ’
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Rm,2 _ { lim (1 + t)2m+3+n/2/
t—o0 n

-1
. { lim (1 + t)2m+1+"/2/ |A"u(x, t)|2dx}

t—o0

-1
_ { [ s exp(—zaW)dn} { [ e exp(—2a|nl2)dn}

~ (n+4m+2)(n+4m +4)
- (40)? '

Remark 9 Even though we did not find new structures in the Navier-Stokes

|A™ lu(x, 1) |2dx}

equations, we did find a very interesting fact. That is, the ratios of the exact
limits for both the heat equation and the Navier-Stokes equations are the same, as
evidenced by the following computations. Note that the ratios are

Ry = { lim (1 + t)2m+2+"/2/ |VAmu(x,t)]2dx}

t—00

-1
. {tlim (1 + t)2m+1+n/2/ ‘Amu(x7 t>‘2dX}
= {tlgn (1 ¢)2m+24n/2 / VA (x, t)|2dx}

-1
: { lim (1 + ¢)2mHitn/2 / | A" (x, t)|2dx}

t—o00

—1
{ [ s exp(—2a|nl2)dn} { [ i exp(—2a|n|2)dn}

n+4m + 2
4o ’

and

Rpyo = { lim (1 + t)2m+3+”/2/ |A™u(x, t)\de}
t—o00 R™

~1
: { lim (1 4+ t)2m+1+”/2/ ]Amu(x,t)de}

t—o00

- {lim(1+t)2m+3+"/2/ \Am“v(x,t)!ZdX}

t—o00

-1
S lm (14 ¢)2m /2 [ Ay (x, )2 dx
t—00
Rn

—1
_ { [ s exp<—2a|n|2>dn} { [t eXp(—2an|2)d77}

(n+4m)(n+4m+ 2)
(4)? '
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Remark 10 For the difference u — v, we have the same ratios as well

Ry = {tlim (1+ t)2m+2+"/2/ IVA™u(x,t) — V(X,t)”de}
—00

n

i e [ ana - v(x,tm?dx}_l

-1
_ { [ s exp(—204\77\2)d?7} { [ e exp(—2a!n!2)d77}

n—+4m+ 2
4o ’

Rm 2 = {tlim (1 + t)2m+3+n/2 / |Am+1[u(xv t) - V(X7 t)]2dx}

—00

—1
-{tlim (1 +t)2m+1+”/2/ |A™u(x,t) — V(X,t)]lde}
—00 n

-1
—{ [ i exp-2atnianf { [ exp(-2alayan
(n+4m+2)(n+4m+4)

(4a)?

Remark 11 The existence of the integrals

/ooo/n i (X, t)u;(x, t)dxdt

is not a problem, for all ¢ =1,2,3,--- ,nand j =1,2,3,--- ,n, because there holds

the following decay estimate with sharp rate

(0t [ uixpPax <,

n

for all ¢ > 0, where C' > 0 is a positive constant, independent of u and (x,¢).
Remark 12 The exact limits are not completely explicit, because we cannot

(o.9]
/ / wi(x, t)u;(x,t)dxdt,
0 n
in terms of the integrals

o ¢ij (X)dX, /0 /Rn Q/Jij (X, t)dxdt.

However, based on the results of Theorems 2 and 4, roughly speaking, we have

// Uz’(XJ)Uj(Xat)dth%// vi(x, t)vj(x, t)dxdt,
0 n 0 n

express the integral
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foralli=1,2,3,--- ,nand j =1,2,3,--- ,n, where v = v(x, t) represents the global
smooth solution to the linear heat equation. Similarly, we may use the following
approximation

/0 /n wi(x, t)u;(x,t)dxdt ~ . ¢ij(x)dx+/0 /]R" Vi (%, t)dxdt,

foralli=1,2,3,--- ,nand j=1,2,3,--- ,n.

Remark 13 These exact limits are rigorously correct, no matter how many
global weak solutions there exist and how many times singularity occur during any
finite time interval (77, 7T3), where 0 < 77 < T < oc.

Remark 14 A very interesting point is that the exact limits of any order
derivatives of the global smooth solution depend only on the integrals

aij = | di(x)dx+ [ ii(x,t)dxdt,
R™ R”

)\ij:/ ¢¢j(x)dx+/ wij(x,t)dxdt—// wi(x, t)u;(x, t)dxdt,
R 0 JRn 0 JR

forall t =1,2,3,--- ;nand j = 1,2,3,--- ,n. The exact limits do not depend on
the integrals of the derivatives of these functions.

Remark 15 Numerical simulations for nonlinear equations in higher dimension-
al spaces, with small diffusion coefficient, have always been a challenging problem.
The exact limits may be used to indirectly check the accuracy and stability of nu-
merical schemes for the Navier-Stokes equations.

Remark 16 We have reasons and strong evidences to believe that for similar
equations, very similar results hold.

3.3 Examples of initial function and external force for the n-dimen-
sional incompressible Navier-Stokes equations

Note that the initial function and the external force are divergence free. Upon
performing the Fourier transformation to the equations V-ug =0 and V-f =0, we
get

£-M(§) =0, &-EEN=0,
for all £ € R™. Let & = etig(0) in & - tp(€) = 0, and let & = 6£(0,¢) in & - £(£,) =0,
where 0 < ¢ < 1 and 0 < § < 1 are sufficiently small positive constants. Now
To(0) - Tp(etip(0)) =0,  £(0,t) - £(6£(0,1),t) = 0.

Then let € — 0 and § — 0. Now it is easy to see that

~

fio (0) — / w(x)dx =0,  F(0,8) = / £(x, t)dx = 0,

for all ¢ > 0.
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For the n-dimensional incompressible Navier-Stokes equations, we made the as-
sumptions that there exist real scalar functions ¢;; and 1;; in Subsection 1.4, such
that

(Z ax ¢1] Z ax ¢2] Z 8$ anj ) 5

7j=1

(Z;ljxtza djgjxt Z@ Q,Z)mxt)

The conditions V-ug =0 and V- f =0 are equlvalent to the following

n n 92 n
) SPTEIETD 9) o o
i=1 j=1 00z, i=1 j=1 O
We provide the following examples for this kind of initial functions and external
forces.

Example 1 Let a > 0 be a positive constant. Define the functions ¢;; = ¢;;(x)
in the initial function by

$i(x) = exp <-‘Zj) . for all (i, ) # (n,n),
P () = [+ w(x)] exp (—"“)

Define the initial function

0 x| i |x/?
s o0 (50)] = g ()
0 %/ i x>\ 4y x|
wmﬁm%ﬂmﬂ=mﬁ@@mﬂ—m“4fm)

i
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Additionally, we have

V- ug(x) = Z Z m@j(x)

2
ok Ty O N x2 1 ot 1 Zn: nl, |x|?
= ——w———wt——w——w zi| ——pexp(——— ).
or2 a dr, 40 2« 20 — ! 2 P 4o

Therefore, if we choose the function w = w(x) to be the unique solution to the initial
value problems for the nonhomogeneous, second order, linear differential equation

H? T, O x2
—_— _— —_— e — —_— = O
8x%w « 8xnw * 4a2w 20 Zmz ’

w(xlaxZa” : 71.71—170) = 07 87‘*‘1(1.171.27' o ,f]fn_l,O) == 07
n

then we see that the initial function ug(x) is divergence free. In the initial value
problems, x = (z1, 2, ,Tp_1,Ty) € R™ and 1, x2, x3, -+, T,—1 are treated as
real parameters. Note that the existence and uniqueness of the global smooth solu-
tion w = w(x) are guaranteed. There exists a positive constant C' > 0, independent
of x, such that there holds the following estimate

w()| < O+ |x),

for all x € R™. Hence [1 +w(x)] exp ( — |x| =) € C°(R™) NWL(R™). Overall, ¢;; €
C>=(R™)NWL(R™), for all positive 1ntegers 1=1,2,3,---,nand 7 =1,2,3,--- ,n

Example 2 Let o > 0 be a positive constant and £ > 0 be a positive parameter.
Define the functions 1;; = 1;;(x,t) in the external force f = f(x,t) by

<2
Yij(x,t) = exp [aHJ , for all (4,7) # (n,n),

unl.) = [1 -+l ] xp |- P

where ¢ =1,2,3,--- ,nand j =1,2,3,--- ,n. Define the external force

Za -h15(x, 1), Za 4ho;(x, 1), - Za s (%, 1)

Define d;; = 1 and 6;; = 0 for ¢ # j. Note that

9 |, |x|? i |x|?
Xp|l———— | p=—F—F——exp | ——F———

9z; 1"V | 4l + 1) 201 +6) V| da(l+o)]’

o B O ST o xP
02,00 \" P | 4T+ 0] " 4020 +62  2a(1+0)| Y| da(l+b)]’
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53 (o[ b [ (50) s

i=1 j=1

Moreover
in {w(x,t) exp [4 Zi t)H

_ [ain 2a(:in+ t)w(x’t)] P [_4 ‘(T’i t)y
;;Z {w(x,t) exp {—4 Zi t)H

o w n w+ T w(x,t) ! wle P
= — - Xp | ———— | .
022° " a(l+t) 0zn - da2(1+ 0270 T 201+ 07 TP | T da(l 1 )

Additionally

n n 2
V . f(X,t) = Z Z al‘aﬁw”
i=1j=1 ~*7J
~3 % (o [t} g (09 [t
== 0z;0x; da(l+1) ox2 4ol +t)
H? T ) x2 1
- {axa‘” T a1 005 T 121102 a1t 0)”

1 - A ’ n |x|?
T2 102 D T 2a(ito) [T [_4a(1+t)]‘

i=1

Therefore, if we choose the function w = w(x,t) to be the unique solution to the
initial value problems for the nonhomogeneous, second order, linear differential

equation

2
? z, O x2 1 1 ° n
_ _ P )
022" (1) 0n T 1021402 2a(110) Y 402 (111)2 Z_;x 20(1+t)

W(.’I,'l,fL'Q, te 7xn—1707t) = 07 %w(:ﬂl,x% e 7$n—1707t) = 07
n

then we see that the external force is divergence free. Overall

Yij € C¥(R" x RY) N LY(R" x RY).
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Now the functions ¢;;, up, ¥;; and f in the above examples satisfy all assumptions
made in (A2). This kind of initial functions and external forces form a vector
subspace of L!'(R™) N H?(R") and L'(R™ x R*) N LY(RT, L2(R")), respectively.

3.4 Open problems
Consider the Cauchy problem for the n-dimensional incompressible Navier-Stokes

equations

0
au—a&u+(u-V)u+Vp:f(x,t), V-u=0,V-f=0,

u(x,0) =ug(x), V-ug=0.
Given any large initial function ug € L'(R") N H?>™*+1(R") and given any large
external force f € L'(R™ x RY) N LY(R*, L?(R")) N L2(R*, H?*™(R")), the existence
and uniqueness of the global smooth solution u € L®(R*, H?™T1(R")), such that
Vu € L?(R*, H*™T1(R")), have not been accomplished yet, where m > 1 is a

positive integer.
How to find the exact values of the integrals

/ / wi(x, t)u;(x,t)dxdt,
0 n

in terms of the diffusion coefficient «, the dimension n and the integrals
(o]
ij(x)dx, / / Vi (%, t)dxdt?
Rn 0 n

3.5 Some technical lemmas
(The Gagliardo-Nirenberg’s interpolation inequality) Let 1 < p < oo,
1<g<ocand1<r<oo. Let m>1,n>1, k>0 be integers, such that k < m.

There exists a positive constant o € (k/m, 1), determined by
ﬁ—k:za(ﬁ—m) —l—(l—a)ﬁ.
p r q

There exists a positive constant C' = C'(m,n, k,p,q,r) > 0, such that there holds

D 1/p
dx}

R (1-0)/q
dx { lu(x) ]qu} ,
Rn

the following estimate

{ Br+B24B3++Bn=k /R"
<y
m ]Rn

altaztazt+an=

for all u € W™ (R") N LI(R™).

851+52+ﬁ3+---+5nu

Dz 9z 83:§3 - Oz

partaztasgt-+any

aq a2 (0% Qn
0x {0257 0x5® - - - Oy
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