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Abstract

Consider the n-dimensional incompressible Navier-Stokes equations

∂

∂t
u− α△u+ (u · ∇)u+∇p = f(x, t), ∇ · u = 0,∇ · f = 0,

u(x, 0) = u0(x), ∇ · u0 = 0.

There exists a global weak solution under some assumptions on the initial
function and the external force. It is well known that the global weak solutions
become sufficiently small and smooth after a long time. Here are several very
interesting questions about the global weak solutions of the Cauchy problems
for the n-dimensional incompressible Navier-Stokes equations.

• Can we establish better decay estimates with sharp rates not only for
the global weak solutions but also for all order derivatives of the global
weak solutions?

• Can we accomplish the exact limits of all order derivatives of the global
weak solutions in terms of the given information?

• Can we use the global smooth solution of the linear heat equation, with
the same initial function and the external force, to approximate the glob-
al weak solutions of the Navier-Stokes equations?

• If we drop the nonlinear terms in the Navier-Stokes equations, will the
exact limits reduce to the exact limits of the solutions of the linear heat
equation?

• Will the exact limits of the derivatives of the global weak solutions of
the Navier-Stokes equations and the exact limits of the derivatives of the
global smooth solution of the heat equation increase at the same rate
as the order m of the derivative increases? In another word, will the
ratio of the exact limits for the derivatives of the global weak solutions
of the Navier-Stokes equations be the same as the ratio of the exact
limits for the derivatives of the global smooth solutions for the linear
heat equation?
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The positive solutions to these questions obtained in this paper will defi-
nitely help us to better understand the properties of the global weak solutions
of the incompressible Navier-Stokes equations and hopefully to discover new
special structures of the Navier-Stokes equations.

Keywords the n-dimensional incompressible Navier-Stokes equations; de-
cay estimates with sharp rates; exact limits; appropriate coupling of existing
ideas and results; Fourier transformation; Parseval’s identity; Lebesgue’s dom-
inated convergence theorem; Gagliardo-Nirenberg’s interpolation inequality
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1 Introduction
1.1 Mathematical model equations

Consider the Cauchy problem for the n-dimensional incompressible Navier-Stokes

equations

∂

∂t
u− α△u+ (u · ∇)u+∇p = f(x, t), ∇ · u = 0,∇ · f = 0, (1)

u(x, 0) = u0(x), ∇ · u0 = 0. (2)

The real vector valued function u = u(x, t) represents the velocity of the fluid at

position x and time t. The real scalar function p = p(x, t) represents the pressure of

the fluid at x and t. The positive constant α > 0 represents the diffusion coefficient.

See Leray [7], Temam [14] and [15].

Consider the Cauchy problem for the linear heat equation

∂

∂t
v − α△v = f(x, t), ∇ · v = 0,∇ · f = 0, (3)

v(x, 0) = u0(x), ∇ · u0 = 0. (4)

Can we use the solution of the linear heat equation to approximate the solution

of the Navier-Stokes equation? Theorems 2 and 4 given in Subsection 1.5 not only

provide a positive solution but also demonstrate how well it approximates.

1.2 Previous related results
Let us review several well known results about the n-dimensional incompressible

Navier-Stokes equations (1)-(2).

The existence and regularity of the global weak solutions: First of all,

let us consider the case n = 2. If the initial function u0 ∈ S(R2) and the external

force f ∈ L1(R+, L2(R2))∩C∞(Rn ×R+), then there exists a unique global smooth

solution

u ∈ C∞(R2 × R+).

See Leray [7], Temam [14] and [15]. Secondly, let us consider the case n ≥ 3 (basi-

cally, n=3 or n=4). Suppose that the initial function u0 ∈ L2(Rn) and the external
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force f∈L1(R+, L2(Rn)). Then there exists a global weak solution u∈L∞(R+, L2(Rn)),

such that ∇u ∈ L2(R+, L2(Rn)). Moreover, there holds the following elementary

uniform energy estimate{∫
Rn

|u(x, t)|2dx+ 2α

∫ t

0

∫
Rn

|∇u(x, τ)|2dxdτ
}1/2

≤
{∫

Rn

|u0(x)|2dx
}1/2

+

∫ ∞

0

{∫
Rn

|f(x, t)|2dx
}1/2

dt.

Additionally, there holds the following formal representation for the global weak

solution

u(x, t) =
1

(4παt)n/2

∫
Rn

exp

(
−|x− y|2

4αt

)
u0(y)dy

+

∫ t

0

{
1

[4πα(t− τ)]n/2

∫
Rn

exp

[
− |x− y|2

4α(t− τ)

]
f(y, τ)dy

}
dτ

−
∫ t

0

{
1

[4πα(t− τ)]n/2

∫
Rn

exp

[
− |x− y|2

4α(t− τ)

]
(u · ∇)u(y, τ)dy

}
dτ

−
∫ t

0

{
1

[4πα(t− τ)]n/2

∫
Rn

exp

[
− |x− y|2

4α(t− τ)

]
∇p(y, τ)dy

}
dτ,

for all x ∈ Rn and t > 0, where

p(x, t) = (−△)−1
n∑

k=1

n∑
l=1

∂2

∂xk∂xl
[uk(x, t)ul(x, t)].

Furthermore, if u0 ∈ H2m+1(Rn) and f ∈ L1(R+, L2(Rn)) ∩ L2(R+,H2m+1(Rn)),

then there exists a unique local smooth solution u ∈ L∞(0, ε;H2m+1(Rn)), such

that ∇u ∈ L2(0, ε;H2m+1(Rn)), where ε > 0 is an appropriate positive constant.

Additionally, the global weak solution coincides with the local smooth solution

before a possible singularity occurs at a finite time. See Leray [7], Temam [14]

and [15]. If the initial function u0 ∈ L2(Rn) ∩ Ln(Rn) and the external force f ∈
L1(R+, L2(Rn))∩L1(R+, Ln(Rn)) are large, then after a long time, the global weak

solutions u ∈ L∞(R+, L2(Rn)), such that ∇u ∈ L2(R+, L2(Rn)), become sufficiently

small and therefore becomes sufficiently smooth: u ∈ L∞((T,∞), H2m+1(Rn)), such

that ∇u ∈ L2((T,∞),H2m+1(Rn)), for all positive integers m ≥ 1, where T ≫ 1

is a sufficiently large positive constant. See Leray [7] and Miyakawa and Sohr [11].

See also Heywood [3] and Kato [4]. For the partial regularity of suitable weak solu-

tions, Caffarelli, Kohn and Nirenberg [1] proved that the one-dimensional Hausdorff

measure of the set consisting of all space-time singular points is zero. Later, Lin [8]

improved and simplified their proof and obtained the same partial regularity result.
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Necas, Ruzicka and Sverak [16] proved that there exists no self-similar solution of

the form

u(x, t) = U
( x√

T − t

)
.

A very interesting, natural question arises: When the global weak solutions

become a global smooth solution? Under appropriate conditions, there are positive

solutions to this important question. First of all, if the initial function u0 ∈ S(Rn)

and the external force f ∈ L1(R+, L2(Rn))∩C∞(Rn×R+) are reasonably small, then

there exists a unique global smooth solution u ∈ C∞(Rn×R+). See Fujita and Kato

[2] and Lei and Lin [5]. If u0 ∈ S(Rn) and f ∈ L1(R+, L2(Rn))∩C∞(Rn×R+), and

if there exist positive constants λ > n ≥ 3 and µ > 2, with n/λ+ 2/µ ≤ 1, such that∫ ∞

0

{∫
Rn

|u(x, t)|λdx
}µ/λ

dt <∞,

then the global weak solutions become the global smooth solution

u ∈ C∞(Rn × R+).

See Serrin [10].

Very recently, Lei and Lin [5], Lei, Lin and Zhou [6], Peng and Zhou [12] es-

tablished very interesting results for (1)-(2), including the existence of large global

smooth solution with special initial function for n = 3. In particular, Lei, Lin and

Zhou derived new uniform energy estimate by virtue of a special structure of helic-

ity, which is crucial with respect to the natural scalings for (1). The new energy

functional is coercive for a class of initial functions. Then they constructed a family

of large global smooth solutions of (1)-(2) with finite energy based on the uniform

energy estimate in [6].

Decay estimates with sharp rates: Suppose that the initial function u0 ∈
L1(Rn) ∩ L2(Rn) and the external force f ∈ L1(Rn × R+) ∩ L1(R+, L2(Rn)). Then

(1 + t)1+n/2

∫
Rn

|u(x, t)|2dx ≤ C0,

for all time t > 0. Moreover, there hold the following the decay estimates with sharp

rates

(1 + t)2+n/2

∫
Rn

|∇u(x, t)|2dx ≤ C1,

(1 + t)3+n/2

∫
Rn

|△u(x, t)|2dx ≤ C2,

(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx ≤ C3,

(1 + t)2m+2+n/2

∫
Rn

|∇△mu(x, t)|2dx ≤ C4,
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for all positive integers m ≥ 1 and for all time t ≥ T , where C0 > 0, C1 > 0, C2 > 0,

C3 > 0 and C4 > 0 are positive constants, independent of u and (x, t). See Oliver

and Titi [9] and Schonbek and Wiegner [13].

1.3 Main motivations, main purposes, main difficulties and main
strategies

Motivation: Consider the Cauchy problem for the homogeneous heat equation

∂

∂t
v − α△v = 0, v(x, 0) = v0(x),

where α > 0 is a positive constant. Let the initial function v0 ∈ L1(Rn). There

exists a global smooth solution, given explicitly by

v(x, t) =
1

(4παt)n/2

∫
Rn

exp

(
−|x− y|2

4αt

)
v0(y)dy.

It is very easy to derive the representation of the Fourier transformation

v̂(ξ, t) = exp(−α|ξ|2t)v̂0(ξ),

for all (ξ, t) ∈ Rn × R+.

Let m ≥ 0 be any integer. Then by using Parseval’s identity, the representation

of the Fourier transformation, Lebesgue’s dominated convergence theorem and a

simple change of variables, we have the following exact limit

t2m+n/2

∫
Rn

|△mv(x, t)|2dx =
t2m+n/2

(2π)n

∫
Rn

|ξ|4m|v̂(ξ, t)|2dξ

=
t2m+n/2

(2π)n

∫
Rn

|ξ|4m exp(−2α|ξ|2t)|v̂0(ξ)|2dξ

=
1

(2π)n

∫
Rn

|η|4m exp(−2α|η|2)|v̂0(t
−1/2η)|2dη

→ 1

(2π)n

∫
Rn

|η|4m exp(−2α|η|2)dξ
{∫

Rn

v0(x)dx

}2

,

as t→ ∞.

Very similarly, we have

t2m+1+n/2

∫
Rn

|∇△mv(x, t)|2dx =
t2m+1+n/2

(2π)n

∫
Rn

|ξ|4m+2|v̂(ξ, t)|2dξ

=
t2m+1+n/2

(2π)n

∫
Rn

|ξ|4m+2 exp(−2α|ξ|2t)|v̂0(ξ)|2dξ

=
1

(2π)n

∫
Rn

|η|4m+2 exp(−2α|η|2)|v̂0(t
−1/2η)|2dη

→ 1

(2π)n

∫
Rn

|η|4m+2 exp(−2α|η|2)dη
{∫

Rn

v0(x)dx

}2

,
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as t→ ∞. These limits are optimal if∫
Rn

v0(x)dx ̸= 0.

These results may be improved if
∫
Rn v0(x)dx = 0.

Motivated by the exact limits of the global smooth solution of the homogeneous

heat equation, we will establish the exact limits of the global weak solutions of

the Cauchy problem for the n-dimensional incompressible Navier-Stokes equations.

Let u = u(x, t) represent the global weak solutions of (1)-(2) corresponding to

u0 = u0(x) and f = f(x, t), and let v = v(x, t) represent the global smooth solution

of (3)-(4) corresponding to v0 = u0(x) and r = f(x, t). The first purpose is to

establish the following estimates

t2m+1+n/2

∫
Rn

|△mu(x, t)|2dx ≤ A(m,n, α, δ, ε) + B(m,n, α, δ, ε)t−n,

t2m+2+n/2

∫
Rn

|∇△mu(x, t)|2dx ≤ A
(
m+

1

2
, n, α, δ, ε

)
+ B

(
m+

1

2
, n, α, δ, ε

)
t−n,

and

t2m+1+n/2

∫
Rn

|△m[u(x, t)−v(x, t)]|2dx≤C(m,n, α, δ, ε)+D(m,n, α, δ, ε)t−n,

t2m+2+n/2

∫
Rn

|∇△m[u(x, t)−v(x, t)]|2dx≤D
(
m+

1

2
, n, α, δ, ε

)
+D
(
m+

1

2
, n, α, δ, ε

)
t−n,

for all positive integers m ≥ 1 and for all time t ≥ T , where A(m,n, α, δ, ε),

B(m,n, α, δ, ε), C(m,n, α, δ, ε), D(m,n, α, δ, ε) are positive constants, independent

of time t, 0 < δ < 1 and 0 < ε < 1 are small positive constants.

The main purpose of this paper is to accomplish the following exact limits

lim
t→∞

{
(1 + t)1+n/2

∫
Rn

|u(x, t)|2dx
}
,

lim
t→∞

{
(1 + t)2+n/2

∫
Rn

|∇u(x, t)|2dx
}
,

lim
t→∞

{
(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx
}
,

lim
t→∞

{
(1 + t)2m+2+n/2

∫
Rn

|∇△mu(x, t)|2dx
}
,

and

lim
t→∞

{
(1 + t)1+n/2

∫
Rn

|u(x, t)− v(x, t)|2dx
}
,

lim
t→∞

{
(1 + t)2+n/2

∫
Rn

|∇[u(x, t)− v(x, t)]|2dx
}
,
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lim
t→∞

{
(1 + t)2m+1+n/2

∫
Rn

|△m[u(x, t)− v(x, t)]|2dx
}
,

lim
t→∞

{
(1 + t)2m+2+n/2

∫
Rn

|∇△m[u(x, t)− v(x, t)]|2dx
}
,

for all positive integers m ≥ 1, in terms of the following integrals∫
Rn

ϕij(x)dx+

∫ ∞

0

∫
Rn

ψij(x)dxdt,∫
Rn

ϕij(x)dx+

∫ ∞

0

∫
Rn

ψij(x, t)dxdt−
∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt,∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt,

where ϕij = ϕij(x) are functions related to the initial function and ψij = ψij(x, t) are

functions related to the external force, for all i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n.
Here are more motivations to study the exact limits:

(1) to study the influence of the nonlinear functions (u · ∇)u and ∇p on the

limits;

(2) to study the influence of the initial function u0 and the external force f on

the limits;

(3) to study the influence of a special structure of the n-dimensional incompress-

ible Navier-Stokes equations on the limits;

(4) to study the precise asymptotic behaviours of the energies
∫
Rn |△mu(x, t)|2dx

and
∫
Rn |∇△mu(x, t)|2dx on (T,∞) to obtain more uniform energy estimates, where

T ≫ 1 is a sufficiently large positive constant.

One technical difficulty to study the exact limits is that the integral∫
Rn

exp
[
− α|η|2

(
1− τ

t

)]
dη

of the exponential function exp[−α|η|2(1− τ
t )] with respect to η over Rn is divergent

at τ = t, for all t > 0. One of the main technical advances is to make use of the

decay estimates with sharp rates for the derivatives of the global weak solutions and

the following particular integral∫
Rn

[1− exp(−αε|η|2)]2

|η|n+δ
dη

to control the integral∫
Rn

|η|4m
∣∣∣∣∣
∫ t

(1−ε)t
exp

[
− α|η|2

(
1− τ

t

)]{ ̂(u · ∇)u(t−1/2η, τ)+∇̂p(t−1/2η, τ)
}
dτ

∣∣∣∣∣
2

dη,
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for all positive integers m ≥ 1 and for all sufficiently large time t ≥ T , where

0 < δ < 1 and 0 < ε < 1 are small positive constants.

The uniform energy estimates of all order derivatives of the global weak solutions

for the general case (when both the initial function and the external force are large)

have been open. Therefore, the existence and uniqueness of the global smooth

solution u ∈ C∞(Rn × R+) of (1)-(2) have been open. For the main purposes, we

only need the existence and decay estimates with sharp rates of the local smooth

solution on (T,∞). These results are well known.

Here are the main strategies to establish the exact limits of

t2m+1+n/2

∫
Rn

|△mu(x, t)|2dx and t2m+2+n/2

∫
Rn

|∇△mu(x, t)|2dx, as t→ ∞.

First of all, we will couple together the Fourier transformation, Parseval’s identity,

appropriate decomposition of the temporal interval [0, t], Lebesgue’s dominated con-

vergence theorem and Gagliardo-Nirenberg’s interpolation inequality in a new way

to establish the exact limits for the global smooth solution of the Cauchy problem

for the heat equation. Then we will couple together the special structure of the n-

dimensional incompressible Navier-Stokes equations, some uniform energy estimates,

the decay estimates with sharp rates of the derivatives of the global weak solutions

for all sufficiently large time and the exact limits for the linear heat equation to

accomplish the exact limits of the global weak or smooth solution of the Cauchy

problem for the n-dimensional incompressible Navier-Stokes equations (1)-(2).

1.4 Mathematical assumptions
Let us make the following assumptions for the Cauchy problem for the n-dimen-

sional incompressible Navier-Stokes equations.

(A1) Suppose that the initial function u0 ∈ L1(Rn)∩H2m+1(Rn) and the external

force f ∈ L1(Rn×R+)∩L1(R+, L2(Rn))∩L2(R+,H2m+1(Rn)), for all positive integers

m ≥ 1.

(A2) Suppose that there exist real scalar functions ϕij ∈ C1(Rn) ∩ L1(Rn) and

ψij ∈ C1(Rn × R+) ∩ L1(Rn × R+), for all i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n,
such that

u0(x) =

(
n∑

j=1

∂

∂xj
ϕ1j(x),

n∑
j=1

∂

∂xj
ϕ2j(x), · · · ,

n∑
j=1

∂

∂xj
ϕnj(x)

)
,

f(x, t) =

(
n∑

j=1

∂

∂xj
ψ1j(x, t),

n∑
j=1

∂

∂xj
ψ2j(x, t), · · · ,

n∑
j=1

∂

∂xj
ψnj(x, t)

)
,

for all (x, t) ∈ Rn × R+.
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Remark 1 The assumptions in (A2) are motivated by the incompressible con-

ditions ∇ · u0 = 0 and ∇ · f = 0, by the integrals∫
Rn

u0(x)dx = 0,

∫
Rn

f(x, t)dx = 0,

for all t > 0, and by the special structure of the nonlinear functions (u · ∇)u and

∇p.
(A3) Suppose that there exist the following integrals∫ ∞

0
(1 + t)2+n/2

∫
Rn

|f(x, t)|2dxdt <∞,∫ ∞

0
(1 + t)2m+2+n/2

∫
Rn

|△mf(x, t)|2dxdt <∞,

for all positive integers m ≥ 1.

(A4) Let 0 < δ < 1 and 0 < ε < 1 be small positive constants. Suppose that

there exist the following limits

lim
t→∞

n∑
i=1

n∑
j=1

{
t(n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)(n−2+δ)/4ψij(x, τ)|dx

}2

= 0,

lim
t→∞

n∑
i=1

n∑
j=1

{
tm+(n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4ψij(x, τ)|dx

}2

= 0,

for all positive integers m ≥ 1.

Motivation for (A5). Let the initial function u0 ∈ L2(Rn) ∩ Ln(Rn) and the

external force f ∈ L1(R+, L2(Rn)) ∩ L1(R+, Ln(Rn)). Then there exists a global

weak solution u ∈ L∞(R+, L2(Rn)), such that ∇u ∈ L2(R+, L2(Rn)). It is well

known that after a long time, the global weak solutions become sufficiently small

and sufficiently smooth and there hold the decay estimates with sharp rates for the

global weak solution, for all sufficiently large t ≥ T , see Leray [7]. Without loss

of generality, for the purposes of establishing the exact limits, we may assume that

there exists a global smooth solution, that is, u ∈ L∞(R+,H2m+1(Rn)), such that

∇u ∈ L2(R+, H2m+1(Rn)), for all positive integers m ≥ 1. However, we will not use

the existence or the uniqueness of the global smooth solution in the mathematical

analysis.

(A5) Suppose that there exists a unique global smooth solution to the Cauchy

problem for the n-dimensional incompressible Navier-Stokes equations: u ∈ L∞(R+,

H2m+1(Rn)), such that ∇u ∈ L2(R+,H2m+1(Rn)), for all positive integers m ≥ 1.

Moreover, suppose that there hold the following decay estimates with sharp rates
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(1 + t)1+n/2

∫
Rn

|u(x, t)|2dx ≤ C0,

(1 + t)2+n/2

∫
Rn

|∇u(x, t)|2dx ≤ C1,

(1 + t)3+n/2

∫
Rn

|△u(x, t)|2dx ≤ C2,

(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx ≤ C3,

(1 + t)2m+2+n/2

∫
Rn

|∇△mu(x, t)|2dx ≤ C4,

for all positive integers m ≥ 1 and for all time t > 0, where C0 > 0, C1 > 0, C2 > 0,

C3 > 0 and C4 > 0 are positive constants, independent of u and (x, t), they depend

on the following integrals of the initial function and the external force:∫
Rn

|u0(x)|dx,
∫ ∞

0

∫
Rn

|f(x, t)|dxdt,∫
Rn

|u0(x)|2dx,
∫ ∞

0

[∫
Rn

|f(x, t)|2dx
]1/2

dt,∫
Rn

|∇△mu0(x)|2dx,
∫ ∞

0

[∫
Rn

|△mf(x, t)|2dx
]1/2

dt.

We do not assume that the initial function u0 and the external force f are small.

1.5 Main results
Definition 1 Let ρ > 0 be a positive constant. Define the fractional order

derivative (−△)ρϕ by using the Fourier transformation

̂(−△)ρϕ(ξ)
def
= |ξ|2ρϕ̂(ξ).

Let u = u(x, t) represent the global smooth solution of the Cauchy problem

for the n-dimensional incompressible Navier-Stokes equations corresponding to the

initial function u0 = u0(x) and the external force f = f(x, t). Let v = v(x, t)

represent the global smooth solution of (3)-(4) corresponding to the initial function

v0 = u0(x) and the external force r = f(x, t). Let the assumptions (A1), (A2),

(A3), (A4) and (A5) hold. Let 0 < δ < 1 and 0 < ε < 1 be small positive constants.

Theorem 1 There hold the following estimates for the global smooth solution

of (1)-(2)

t2m+1+n/2

∫
Rn

|△mu(x, t)|2dx ≤ A(m,n, α, δ, ε) + B(m,n, α, δ, ε)t−n,

and

t2m+2+n/2

∫
Rn

|∇△mu(x, t)|2dx ≤ A
(
m+

1

2
, n, α, δ, ε

)
+ B

(
m+

1

2
, n, α, δ, ε

)
t−n,
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for all positive integers m ≥ 1 and for all time t > 0, where

A(m,n, α, δ, ε)

=
7

(2π)n

∫
Rn

|η|4m+2 exp(−2α|η|2)dη
n∑

i=1

n∑
j=1

{∫
Rn

|ϕij(x)|dx
}2

+
7

(2π)n

∫
Rn

|η|4m+2 exp(−2αε|η|2)dη
n∑

i=1

n∑
j=1

{∫ ∞

0

∫
Rn

|ψij(x, t)|dxdt
}2

+
14

(2π)n

∫
Rn

|η|4m+2 exp(−2αε|η|2)dη
{∫ ∞

0

∫
Rn

|u(x, t)|2dxdt
}2

+
7

(2π)n

∫
Rn

[1− exp(−αε|η|2)]2

|η|n+δ
dη

·
n∑

i=1

n∑
j=1

sup
t>0

{
tm+(n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4ψij(x, τ)|dx

}2

,

B(m,n, α, δ, ε)

=
14

(2π)n

∫
Rn

[1− exp(−αε|η|2)]2

|η|n+δ
dη

·
n∑

i=1

n∑
j=1

sup
t>0

{
tm+(3n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4[ui(x, τ)uj(x, τ)]|dx

}2

.

Theorem 2 There hold the following estimates

t2m+1+n/2

∫
Rn

|△m[u(x, t)− v(x, t)]|2dx

≤ C(m,n, α, δ, ε) +D(m,n, α, δ, ε)t−n,

and

t2m+2+n/2

∫
Rn

|∇△m[u(x, t)− v(x, t)]|2dx

≤ C
(
m+

1

2
, n, α, δ, ε

)
+D

(
m+

1

2
, n, α, δ, ε

)
t−n,

for all positive integers m ≥ 1 and for all time t > 0, where

C(m,n, α, δ, ε) = 8

(2π)n

∫
Rn

|η|4m+2 exp(−2αε|η|2)dη
{∫ ∞

0

∫
Rn

|u(x, t)|2dxdt
}2

,

D(m,n, α, δ, ε) =
8

(2π)n

∫
Rn

[1− exp(−αε|η|2)]2

|η|n+δ
dη

·
n∑

i=1

n∑
j=1

sup
t>0

{
tm+(3n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4[ui(x, τ)uj(x, τ)]|dx

}2

.
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Remark 2 The estimates in both theorems are true for all t > 0 if there exists

a global smooth solution, and the estimates are true for all t ≥ T ≫ 1 if there exists

a global weak solution. The limits of the last terms in all of the above estimates are

equal to zero, as t→ ∞. Note that there hold the following estimates for the global

smooth solution

(1 + t)m+(3n+2+δ)/4
n∑

i=1

n∑
j=1

∫
Rn

|(−△)m+(n−2+δ)/4[ui(x, t)uj(x, t)]|dx

≤ C1

n∑
i=1

n∑
j=1

{
(1 + t)m+1+n/2

∫
Rn

|△m[ui(x, t)uj(x, t)]|dx
}(3n+2−δ)/(4n)

·
{
(1 + t)m+n+1+n/2

∫
Rn

|△m+n[ui(x, t)uj(x, t)]|dx
}(n−2+δ)/(4n)

≤ C2

{
(1 + t)1+n/2

∫
Rn

|u(x, t)|2dx
}1/2

·
{
(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx
}(3n+2−δ)/(8n)

·
{
(1 + t)2m+2n+1+n/2

∫
Rn

|△m+nu(x, t)|2dx
}(n−2+δ)/(8n)

≤ C3,

for all positive integers m ≥ 1 and for all time t > 0, where C1 > 0, C2 > 0 and

C3 > 0 are positive constants, independent of u and (x, t).

Definition 2 Let the assumptions (A1), (A2), (A3), (A4) and (A5) hold. Let

αij
def
=

∫
Rn

ϕij(x)dx+

∫ ∞

0

∫
Rn

ψij(x, t)dxdt,

λij
def
=

∫
Rn

ϕij(x)dx+

∫ ∞

0

∫
Rn

ψij(x, t)dxdt−
∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt,

µij
def
=

∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt,

for all positive integers i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n.
Theorem 3 There hold the following exact limits

lim
t→∞

{
(1 + t)1+n/2

∫
Rn

|u(x, t)|2dx
}

=
1

n(n+ 2)(2π)n

∫
Rn

|η|2 exp(−2α|η|2)dη

·

n
n∑

i=1

n∑
j=1

λ2ij + 2

n∑
i=1

n∑
j=1

α2
ij +

[
n∑

i=1

αii

]2
−

[
n∑

i=1

λii

]2 ,



404 ANN. OF APPL. MATH. Vol.35

lim
t→∞

{
(1 + t)2+n/2

∫
Rn

|∇u(x, t)|2dx
}

=
1

n(n+ 2)(2π)n

∫
Rn

|η|4 exp(−2α|η|2)dη

·

n
n∑

i=1

n∑
j=1

λ2ij + 2
n∑

i=1

n∑
j=1

α2
ij +

[
n∑

i=1

αii

]2
−

[
n∑

i=1

λii

]2 ,

lim
t→∞

{
(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx
}

=
1

n(n+ 2)(2π)n

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

·

n
n∑

i=1

n∑
j=1

λ2ij + 2
n∑

i=1

n∑
j=1

α2
ij +

[
n∑

i=1

αii

]2
−

[
n∑

i=1

λii

]2 ,

lim
t→∞

{
(1 + t)2m+2+n/2

∫
Rn

|∇△mu(x, t)|2dx
}

=
1

n(n+ 2)(2π)n

∫
Rn

|η|4m+4 exp(−2α|η|2)dη

·

n
n∑

i=1

n∑
j=1

λ2ij + 2
n∑

i=1

n∑
j=1

α2
ij +

[
n∑

i=1

αii

]2
−

[
n∑

i=1

λii

]2 ,

for all positive integers m ≥ 1.

Theorem 4 There hold the following exact limits

lim
t→∞

{
(1 + t)1+n/2

∫
Rn

|u(x, t)− v(x, t)|2dx
}

=
1

n(n+ 2)(2π)n

∫
Rn

|η|2 exp(−2α|η|2)dη ·

n
n∑

i=1

n∑
j=1

µ2ij −

[
n∑

i=1

µii

]2 ,

lim
t→∞

{
(1 + t)2+n/2

∫
Rn

|∇[u(x, t)− v(x, t)]|2dx
}

=
1

n(n+ 2)(2π)n

∫
Rn

|η|4 exp(−2α|η|2)dη ·

n
n∑

i=1

n∑
j=1

µ2ij −

[
n∑

i=1

µii

]2 ,

lim
t→∞

{
(1 + t)2m+1+n/2

∫
Rn

|△m[u(x, t)− v(x, t)]|2dx
}

=
1

n(n+ 2)(2π)n

∫
Rn

|η|4m+2 exp(−2α|η|2)dη ·

n
n∑

i=1

n∑
j=1

µ2ij −

[
n∑

i=1

µii

]2 ,
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lim
t→∞

{
(1 + t)2m+2+n/2

∫
Rn

|∇△m[u(x, t)− v(x, t)]|2dx
}

=
1

n(n+ 2)(2π)n

∫
Rn

|η|4m+4 exp(−2α|η|2)dη ·

n
n∑

i=1

n∑
j=1

µ2ij −

[
n∑

i=1

µii

]2 ,

for all positive integers m ≥ 1.

Note that we may make these results more explicit by using the precise values∫
Rn

|η|4m+2 exp(−2α|η|2)dη =
( π
2α

)n/2 1

(4α)2m+1
n(n+ 2) · · · (n+ 4m),∫

Rn

|η|4m+4 exp(−2α|η|2)dη =
( π
2α

)n/2 1

(4α)2m+2
n(n+ 2) · · · (n+ 4m+ 2).

2 Mathematical Analysis and Proofs of the Main Re-
sults

2.1 Linear analysis
The main purpose of this subsection is to establish the exact limits of the global

smooth solution of the heat equation. Let the initial function v0 ∈ L1(Rn) and the

external force r ∈ L1(Rn × R+). Then there exists a unique global strong solution

v ∈ C(Rn × R+), given explicitly by

v(x, t) =
1

(4παt)n/2

∫
Rn

exp

(
−|x− y|2

4αt

)
v0(y)dy

+

∫ t

0

{
1

[4πα(t− τ)]n/2

∫
Rn

exp

[
− |x− y|2

4α(t− τ)

]
r(y, τ)dy

}
dτ,

for all x ∈ Rn and t > 0. If r ∈ C∞(Rn ×R+), then the solution v ∈ C∞(Rn ×R+)

is smooth.

Theorem 5 Let the initial function v0 ∈ L1(Rn) and the external force r ∈
C∞(Rn × R+) ∩ L1(Rn × R+). Suppose that

lim
t→∞

{
t(n+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)(n−4+δ)/4r(x, τ)|dx

}
= 0,

lim
t→∞

{
t(n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)(n−2+δ)/4r(x, τ)|dx

}
= 0,

lim
t→∞

{
tm+(n+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−4+δ)/4r(x, τ)|dx

}
= 0,

lim
t→∞

{
tm+(n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4r(x, τ)|dx

}
= 0.
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Then there hold the following exact limits for the global smooth solution of the Cauchy

problem for the heat equation

lim
t→∞

{
(1 + t)n/2

∫
Rn

|v(x, t)|2dx
}

=
1

(2π)n

∫
Rn

exp(−2α|η|2)dη
{∫

Rn

v0(x)dx+

∫ ∞

0

∫
Rn

r(x, t)dxdt

}2

,

lim
t→∞

{
(1 + t)1+n/2

∫
Rn

|∇v(x, t)|2dx
}

=
1

(2π)n

∫
Rn

|η|2 exp(−2α|η|2)dη
{∫

Rn

v0(x)dx+

∫ ∞

0

∫
Rn

r(x, t)dxdt

}2

,

lim
t→∞

{
(1 + t)2m+n/2

∫
Rn

|△mv(x, t)|2dx
}

=
1

(2π)n

∫
Rn

|η|4m exp(−2α|η|2)dη
{∫

Rn

v0(x)dx+

∫ ∞

0

∫
Rn

r(x, t)dxdt

}2

,

lim
t→∞

{
(1 + t)2m+1+n/2

∫
Rn

|∇△mv(x, t)|2dx
}

=
1

(2π)n

∫
Rn

|η|4m+2 exp(−2α|η|2)dη
{∫

Rn

v0(x)dx+

∫ ∞

0

∫
Rn

r(x, t)dxdt

}2

.

Theorem 6 Let the initial function v0 ∈ L1(Rn) and the external force r ∈
C∞(Rn × R+) ∩ L1(Rn × R+). Suppose that there exist real scalar functions ϕij ∈
C1(Rn) ∩ L1(Rn) and ψij ∈ C∞(Rn × R+) ∩ L1(Rn × R+), for all i = 1, 2, 3, · · · , n
and j = 1, 2, 3, · · · , n, such that

v0(x) =

 n∑
j=1

∂

∂xj
ϕ1j(x),

n∑
j=1

∂

∂xj
ϕ2j(x), · · · ,

n∑
j=1

∂

∂xj
ϕnj(x)

 ,

r(x, t) =

 n∑
j=1

∂

∂xj
ψ1j(x, t),

n∑
j=1

∂

∂xj
ψ2j(x, t), · · · ,

n∑
j=1

∂

∂xj
ψnj(x, t)

 .

Let 0 < δ < 1 and 0 < ε < 1 be small positive constants, such that

lim
t→∞

n∑
i=1

n∑
j=1

{
t(n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)(n−2+δ)/4ψij(x, τ)|dx

}2

= 0,

lim
t→∞

n∑
i=1

n∑
j=1

{
t(n+4+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)(n+δ)/4ψij(x, τ)|dx

}2

= 0,

lim
t→∞

n∑
i=1

n∑
j=1

{
tm+(n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4ψij(x, τ)|dx

}2

= 0,
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lim
t→∞

n∑
i=1

n∑
j=1

{
tm+(n+4+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n+δ)/4ψij(x, τ)|dx

}2

= 0.

Then there hold the following exact limits for the solution of the Cauchy problem for

the heat equation

lim
t→∞

{
(1 + t)1+n/2

∫
Rn

|v(x, t)|2dx
}

=
1

n(2π)n

∫
Rn

|η|2 exp(−2α|η|2)dη ·

{
n∑

i=1

n∑
j=1

[∫
Rn

ϕij(x)dx+

∫ ∞

0

∫
Rn

ψij(x, t)dxdt

]2}
,

lim
t→∞

{
(1 + t)2+n/2

∫
Rn

|∇v(x, t)|2dx
}

=
1

n(2π)n

∫
Rn

|η|4 exp(−2α|η|2)dη ·

{
n∑

i=1

n∑
j=1

[∫
Rn

ϕij(x)dx+

∫ ∞

0

∫
Rn

ψij(x, t)dxdt

]2}
,

lim
t→∞

{
(1 + t)2m+1+n/2

∫
Rn

|△mv(x, t)|2dx
}

=
1

n(2π)n

∫
Rn

|η|4m+2 exp(−2α|η|2)dη ·

{
n∑

i=1

n∑
j=1

[∫
Rn

ϕij(x)dx+

∫ ∞

0

∫
Rn

ψij(x, t)dxdt

]2}
,

lim
t→∞

{
(1 + t)2m+2+n/2

∫
Rn

|∇△mv(x, t)|2dx
}

=
1

n(2π)n

∫
Rn

|η|4m+4 exp(−2α|η|2)dη ·

{
n∑

i=1

n∑
j=1

[∫
Rn

ϕij(x)dx+

∫ ∞

0

∫
Rn

ψij(x, t)dxdt

]2}
.

The proofs of Theorems 5 and 6 consist of the following four lemmas.

Remark 3 Let v0 ∈ L1(Rn) and r ∈ L1(Rn×R+). For the heat equation, there

hold the following representations

v̂(ξ, t) = exp(−α|ξ|2t)v̂0(ξ) +

∫ t

0
exp[−α|ξ|2(t− τ)]r̂(ξ, τ)dτ

= exp(−α|η|2)v̂0(t
−1/2η) +

∫ t

0
exp

[
−α|η|2

(
1− τ

t

)]
r̂(t−1/2η, τ)dτ,

where η = t1/2ξ and t > 0. Let us consider the exponential function exp[−α|η|2(1−
τ
t )] of τ on the closed interval [0, t]. Obviously, there exists a positive lower bound

for 1 − τ
t on the interval [0, (1 − ε)t]. However, there is no positive lower bound

for 1 − τ
t on [(1 − ε)t, t]. This means that we will treat the exponential function

exp[−α|η|2(1− τ
t )] very differently on the intervals [0, (1− ε)t] and [(1− ε)t, t].
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Lemma 1 Let v0 ∈ L1(Rn) and r ∈ L1(Rn×R+). Then there hold the following

exact limits

lim
t→∞

∫
Rn

∣∣∣∣∣ exp(−α|η|2)v̂0(t
−1/2η)+

∫ (1−ε)t

0
exp

[
−α|η|2

(
1−τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣∣
2

dη

=

∫
Rn

exp(−2α|η|2)dη
{∫

Rn

v0(x)dx+

∫ ∞

0

∫
Rn

r(x, t)dxdt

}2

,

lim
t→∞

∫
Rn

|η|2
∣∣∣∣∣ exp(−α|η|2)v̂0(t

−1/2η)+

∫ (1−ε)t

0
exp

[
−α|η|2

(
1−τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣∣
2

dη

=

∫
Rn

|η|2 exp(−2α|η|2)dη
{∫

Rn

v0(x)dx+

∫ ∞

0

∫
Rn

r(x, t)dxdt

}2

,

lim
t→∞

∫
Rn

|η|4m
∣∣∣∣∣ exp(−α|η|2)v̂0(t

−1/2η)+

∫ (1−ε)t

0
exp

[
−α|η|2

(
1−τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣∣
2

dη

=

∫
Rn

|η|4m exp(−2α|η|2)dη
{∫

Rn

v0(x)dx+

∫ ∞

0

∫
Rn

r(x, t)dxdt

}2

,

lim
t→∞

∫
Rn

|η|4m+2

∣∣∣∣∣exp(−α|η|2)v̂0(t
−1/2η)+

∫ (1−ε)t

0
exp
[
−α|η|2

(
1−τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣∣
2

dη

=

∫
Rn

|η|4m+2 exp(−2α|η|2)dη
{∫

Rn

v0(x)dx+

∫ ∞

0

∫
Rn

r(x, t)dxdt

}2

.

Proof We will apply Lebesgue’s dominated convergence theorem to establish

these limits. Clearly, there holds the following estimate∣∣∣∣∣ exp(−α|η|2)v̂0(t
−1/2η) +

∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣∣
≤ exp(−α|η|2)

∫
Rn

|v0(x)|dx+ exp(−αε|η|2)
∫ ∞

0

∫
Rn

|r(x, t)|dxdt,

for all η ∈ Rn and for all t > 0. Note that the Fourier transformations v̂0(t
−1/2η)

and r̂(t−1/2η, τ) are continuous functions of η and t, for each fixed τ . Now

lim
t→∞

{
exp(−α|η|2)v̂0(t

−1/2η) +

∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)]
r̂(t−1/2η, τ)dτ

}

= exp(−α|η|2)v̂0(0) + exp(−α|η|2)
∫ ∞

0
r̂(0, τ)dτ

= exp(−α|η|2)
{∫

Rn

v0(x)dx+

∫ ∞

0

∫
Rn

r(x, τ)dxdτ

}
.

The proof of Lemma 1 is finished.
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Lemma 2 Let r ∈ L1(Rn × R+). Then there hold the following limits

lim
t→∞

∫
Rn

∣∣∣∣∣
∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣∣
2

dη = 0,

lim
t→∞

∫
Rn

|η|2
∣∣∣∣∣
∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣∣
2

dη = 0,

lim
t→∞

∫
Rn

|η|4m
∣∣∣∣∣
∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣∣
2

dη = 0,

lim
t→∞

∫
Rn

|η|4m+2

∣∣∣∣∣
∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣∣
2

dη = 0.

Proof The proof consists of several steps. First of all, for all η ∈ Rn and t > 0,

we have

α|η|2
∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)]
dτ = [1− exp(−αε|η|2)]t.

There exists the following integral∫
Rn

[1− exp(−αε|η|2)]2

α2|η|n+δ
dη <∞,

due to the existence of the following limit

lim
|η|→0

1− exp(−αε|η|2)
αε|η|2

= 1.

Note that∫
Rn

[1− exp(−αε|η|2)]2

α2|η|n+δ
dη =

(αε)δ/2

α2

∫
Rn

[1− exp(−|η|2)]2

|η|n+δ
dη.

Let η = t1/2ξ. Then there hold the following estimates

|η|2m+(n−4+δ)/2t
∣∣r̂(t−1/2η, τ)

∣∣ = ∣∣tm+(n+δ)/4 ̂(−△)m+(n−4+δ)/4r(ξ, τ)
∣∣

≤ tm+(n+δ)/4

∫
Rn

|(−△)m+(n−4+δ)/4r(x, τ)|dx,

and if η ̸= 0, then

|η|4m
∣∣∣∣∣
∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣∣
2

≤ 1

|η|n+δ

∣∣∣∣∣
∫ t

(1−ε)t

{
|η|2 exp

[
−α|η|2

(
1− τ

t

)]}{
|η|2m+(n−4+δ)/2

∣∣r̂(t−1/2η, τ)
∣∣}dτ ∣∣∣∣∣

2

≤ [1− exp(−αε|η|2)]2

α2|η|n+δ

{
tm+(n+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−4+δ)/4r(x, τ)|dx

}2

.
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Therefore, there holds the following estimate∫
Rn

|η|4m
∣∣∣∣∣
∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣∣
2

dη

≤
∫
Rn

[1−exp(−αε|η|2)]2

α2|η|n+δ
dη ·

{
tm+(n+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−4+δ)/4r(x, τ)|dx

}2

.

Now we have

lim
t→∞

∫
Rn

|η|4m
∣∣∣∣∣ sup
(1−ε)t≤τ≤t

exp
[
−α|η|2

(
1− τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣∣
2

dη = 0.

Very similarly

lim
t→∞

∫
Rn

|η|4m+2

∣∣∣∣∣ sup
(1−ε)t≤τ≤t

exp
[
−α|η|2

(
1− τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣∣
2

dη = 0.

The proof of Lemma 2 is finished.

Lemma 3 Let v0 ∈ L1(Rn) and r ∈ L1(Rn×R+). Then there hold the following

limits

lim
t→∞

∫
Rn

∣∣∣∣exp(−α|η|2)v̂0(t
−1/2η)+

∫ t

0
exp
[
−α|η|2

(
1−τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣2dη
= lim
t→∞

∫
Rn

∣∣∣∣ exp(−α|η|2)v̂0(t
−1/2η)+

∫ (1−ε)t

0
exp
[
−α|η|2

(
1−τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣2dη,
lim
t→∞

∫
Rn

|η|2
∣∣∣∣exp(−α|η|2)v̂0(t

−1/2η)+

∫ t

0
exp
[
−α|η|2

(
1−τ

t

)]
r̂(t−1/2η, τ)

∣∣∣∣2dη
= lim
t→∞

∫
Rn

|η|2
∣∣∣∣ exp(−α|η|2)v̂0(t

−1/2η)+

∫ (1−ε)t

0
exp
[
−α|η|2

(
1−τ

t

)]
r̂(t−1/2η, τ)

∣∣∣∣2dη,
lim
t→∞

∫
Rn

|η|4m
∣∣∣∣exp(−α|η|2)v̂0(t

−1/2η)+

∫ t

0
exp
[
−α|η|2

(
1−τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣2dη
= lim
t→∞

∫
Rn

|η|4m
∣∣∣∣ exp(−α|η|2)v̂0(t

−1/2η)+

∫ (1−ε)t

0
exp
[
−α|η|2

(
1−τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣2dη,
lim
t→∞

∫
Rn

|η|4m+2

∣∣∣∣exp(−α|η|2)v̂0(t
−1/2η)+

∫ t

0
exp
[
−α|η|2

(
1−τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣2dη
= lim
t→∞

∫
Rn

|η|4m+2

∣∣∣∣exp(−α|η|2)v̂0(t
−1/2η)+

∫ (1−ε)t

0
exp
[
−α|η|2

(
1−τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣2dη.
Proof We will couple together the exact limits in Lemmas 1 and 2 to finish the

proof of Lemma 3. Define the following complex, vector valued, auxiliary functions
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c(η, t) = exp(−α|η|2)v̂0(t
−1/2η) +

∫ t

0
exp

[
−α|η|2

(
1− τ

t

)]
r̂(t−1/2η, τ)dτ,

d(η, t) = exp(−α|η|2)v̂0(t
−1/2η) +

∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)]
r̂(t−1/2η, τ)dτ,

for all η ∈ Rn and t > 0. Then

c(η, t)− d(η, t) =

∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)]
r̂(t−1/2η, τ)dτ.

Therefore, there hold the following estimates and limit∣∣∣∣∫
Rn

|η|4m|c(η, t)|2dη −
∫
Rn

|η|4m|d(η, t)|2dη
∣∣∣∣

=

∣∣∣∣∫
Rn

|η|4m[|c(η, t)|2 − |d(η, t)|2]dη
∣∣∣∣

=

∣∣∣∣∫
Rn

|η|4m{|c(η, t)−d(η, t)|2+[c(η, t)−d(η, t)] · d(η, t)+d(η, t) · [c(η, t)−d(η, t)]}dη
∣∣∣∣

≤
∫
Rn

|η|4m|c(η, t)− d(η, t)|2dη

+2

{∫
Rn

|η|4m|c(η, t)− d(η, t)|2dη
}1/2{∫

Rn

|η|4m|d(η, t)|2dη
}1/2

→0,

as t→ ∞, by using the results of Lemmas 1 and 2. Therefore

lim
t→∞

∫
Rn

|η|4m|c(η, t)|2dη = lim
t→∞

∫
Rn

|η|4m|d(η, t)|2dη.

Very similarly,

lim
t→∞

∫
Rn

|η|4m+2|c(η, t)|2dη = lim
t→∞

∫
Rn

|η|4m+2|d(η, t)|2dη.

The proof of Lemma 3 is finished.

Lemma 4 Let v0 ∈ L1(Rn) and r ∈ L1(Rn×R+). Then there hold the following

exact limits

lim
t→∞

{
(1 + t)n/2

∫
Rn

|v(x, t)|2dx
}

=
1

(2π)n

∫
Rn

exp(−2α|η|2)dη
{∫

Rn

v0(x)dx+

∫ ∞

0

∫
Rn

r(x, t)dxdt

}2

,

lim
t→∞

{
(1 + t)1+n/2

∫
Rn

|∇v(x, t)|2dx
}

=
1

(2π)n

∫
Rn

|η|2 exp(−2α|η|2)dη
{∫

Rn

v0(x)dx+

∫ ∞

0

∫
Rn

r(x, t)dxdt

}2

,
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lim
t→∞

{
(1 + t)2m+n/2

∫
Rn

|△mv(x, t)|2dx
}

=
1

(2π)n

∫
Rn

|η|4m exp(−2α|η|2)dη
{∫

Rn

v0(x)dx+

∫ ∞

0

∫
Rn

r(x, t)dxdt

}2

,

lim
t→∞

{
(1 + t)2m+1+n/2

∫
Rn

|∇△mv(x, t)|2dx
}

=
1

(2π)n

∫
Rn

|η|4m+2 exp(−2α|η|2)dη
{∫

Rn

v0(x)dx+

∫ ∞

0

∫
Rn

r(x, t)dxdt

}2

.

Proof The Fourier transformation of the global smooth solution of the linear

heat equation vt − α△v = r(x, t) may be represented as

v̂(ξ, t) = exp(−α|ξ|2t)v̂0(ξ) +

∫ t

0
exp[−α|ξ|2(t− τ)]r̂(ξ, τ)dτ,

for all ξ ∈ Rn and for all t > 0. By using Parseval’s identity, the representation of

the Fourier transformation and the change of variables η = t1/2ξ, we have

t2m+n/2

∫
Rn

|△mv(x, t)|2dx

=
t2m+n/2

(2π)n

∫
Rn

|ξ|4m|v̂(ξ, t)|2dξ

=
t2m+n/2

(2π)n

∫
Rn

|ξ|4m
∣∣∣∣exp(−α|ξ|2t)v̂0(ξ) +

∫ t

0
exp[−α|ξ|2(t− τ)]r̂(ξ, τ)dτ

∣∣∣∣2 dξ
=

1

(2π)n

∫
Rn

|η|4m
∣∣∣∣exp(−α|η|2)v̂0(t

−1/2η)+

∫ t

0
exp
[
−α|η|2

(
1−τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣2dη
→ 1

(2π)n

∫
Rn

|η|4m exp(−2α|η|2)dη
{∫

Rn

v0(x)dx+

∫ ∞

0

∫
Rn

r(x, t)dxdt

}2

,

as t→ ∞, by using the results of Lemmas 1-3. Very similarly, we have

t2m+1+n/2

∫
Rn

|∇△mv(x, t)|2dx

=
1

(2π)n

∫
Rn

|η|4m+2

∣∣∣∣exp(−α|η|2)v̂0(t
−1/2η)+

∫ t

0
exp
[
−α|η|2

(
1−τ

t

)]
r̂(t−1/2η, τ)dτ

∣∣∣∣2dη
→ 1

(2π)n

∫
Rn

|η|4m+2 exp(−2α|η|2)dη
{∫

Rn

v0(x)dx+

∫ ∞

0

∫
Rn

r(x, t)dxdt

}2

,

as t→ ∞. The proof of Lemma 4 is finished.

Proof of Theorem 5 The proof is finished by coupling together the four

lemmas.

Proof of Theorem 6 It is very similar to the proof of Theorem 5 and it is

omitted.
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Remark 4 For the following slightly more general function

v̂P (t
−1/2η, t)=exp(−α|η|2)v̂0(t

−1/2η)+P (η)

∫ t

0
exp

[
−α|η|2

(
1− τ

t

)]
r̂(t−1/2η, τ)dτ,

where P is a homogeneous function, that is, P (rη) = P (η), for all η ∈ Rn and r ∈ R,
we may establish very similar exact limits.

2.2 Nonlinear analysis
The main purpose of this subsection is to make use of the special structure of

the n-dimensional incompressible Navier-Stokes equations and the linear results to

accomplish the exact limits of the global smooth solution of the Cauchy problem.

There exists a special structure in the Navier-Stokes equations. Note that

(u · ∇)u(x, t) +∇p(x, t)

=

 n∑
j=1

∂

∂xj
[u1(x, t)uj(x, t)] + (−△)−1 ∂

∂x1

{
n∑

k=1

n∑
l=1

∂2

∂xk∂xl
[uk(x, t)ul(x, t)]

}
,

n∑
j=1

∂

∂xj
[u2(x, t)uj(x, t)] + (−△)−1 ∂

∂x2

{
n∑

k=1

n∑
l=1

∂2

∂xk∂xl
[uk(x, t)ul(x, t)]

}
, · · · ,

n∑
j=1

∂

∂xj
[un(x, t)uj(x, t)] + (−△)−1 ∂

∂xn

{
n∑

k=1

n∑
l=1

∂2

∂xk∂xl
[uk(x, t)ul(x, t)]

}
=

 n∑
j=1

∂

∂xj
κ1j(x, t),

n∑
j=1

∂

∂xj
κ2j(x, t), · · · ,

n∑
j=1

∂

∂xj
κnj(x, t)

 ,

where

p(x, t) = (−△)−1
n∑

k=1

n∑
l=1

∂2

∂xk∂xl
[uk(x, t)ul(x, t)],

κij(x, t) = ui(x, t)uj(x, t) + (−△)−1
n∑

k=1

∂2

∂xi∂xk
[uk(x, t)uj(x, t)].

Below, we regard

ξiξkξl
|ξ|2

= 0, at ξ = 0,
ηiηkηl
|η|2

= 0, at η = 0,

for all i = 1, 2, 3, · · · , n, k = 1, 2, 3, · · · , n and l = 1, 2, 3, · · · , n.
Proof of Theorem 1 Taking the divergence of the Navier-Stokes equations

yields

−△p =
n∑

k=1

n∑
l=1

∂2

∂xk∂xl
(ukul).
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Performing the Fourier transformation to this equation and applying some simple

properties lead to

∇̂p(ξ, t) = − iξ

|ξ|2
n∑

k=1

n∑
l=1

ξkξlûkul(ξ, t).

First of all, let us rigorously derive the representation of the Fourier transformation

û(ξ, t). Performing the Fourier transformation to the incompressible Navier-Stokes

equations and multiplying the result by the integrating factor exp(α|ξ|2t), inte-

grating the result with respect to time t and then rearranging terms lead to the

representation

û(ξ, t) = exp(−α|ξ|2t)û0(ξ) +

∫ t

0
exp[−α|ξ|2(t− τ)]̂f(ξ, τ)dτ

−
∫ t

0
exp[−α|ξ|2(t− τ)] ̂(u · ∇)u(ξ, τ)dτ

+

∫ t

0
exp[−α|ξ|2(t− τ)]

iξ

|ξ|2
n∑

k=1

n∑
l=1

ξkξlûkul(ξ, τ)dτ.

Let us make the change of variables η = t1/2ξ, where t > 0. Then

û(t−1/2η, t) = exp(−α|η|2)û0(t
−1/2η) +

∫ t

0
exp

[
−α|η|2

(
1− τ

t

)]
f̂(t−1/2η, τ)dτ

−
∫ t

0
exp

[
−α|η|2

(
1− τ

t

)]
̂(u · ∇)u(t−1/2η, τ)dτ

+

∫ t

0
exp

[
−α|η|2

(
1− τ

t

)]
t−1/2 iη

|η|2
n∑

k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ.

Recall that the initial function and the external force are given by

u0(x) =

 n∑
j=1

∂

∂xj
ϕ1j(x),

n∑
j=1

∂

∂xj
ϕ2j(x), · · · ,

n∑
j=1

∂

∂xj
ϕnj(x)

 ,

f(x, t) =

 n∑
j=1

∂

∂xj
ψ1j(x, t),

n∑
j=1

∂

∂xj
ψ2j(x, t), · · · ,

n∑
j=1

∂

∂xj
ψnj(x, t)

 .

Performing the Fourier transformation to these functions leads to

û0(ξ) = i

 n∑
j=1

ξjϕ̂1j(ξ),

n∑
j=1

ξjϕ̂2j(ξ), · · · ,
n∑

j=1

ξjϕ̂nj(ξ)

 ,

f̂(ξ, t) = i

 n∑
j=1

ξjψ̂1j(ξ, t),

n∑
j=1

ξjψ̂2j(ξ, t), · · · ,
n∑

j=1

ξjψ̂nj(ξ, t)

 .
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Let us multiply the i-th component of û(t−1/2η, t) by t1/2. We have

t1/2ûi(t
−1/2η, t) = i exp(−α|η|2)

n∑
j=1

ηjϕ̂ij(t
−1/2η)

+i

∫ t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηjψ̂ij(t
−1/2η, τ)dτ

−i

∫ t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

+i

∫ t

0
exp

[
−α|η|2

(
1− τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ.

By using Parseval’s identity and the above representation of the Fourier trans-

formation û(t−1/2η, t), we have the following elementary estimates

t2m+1+n/2

∫
Rn

|△mu(x, t)|2dx

=
t2m+1+n/2

(2π)n

∫
Rn

|ξ|4m|û(ξ, t)|2dξ

=
1

(2π)n

∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣∣exp(−α|η|2)
n∑

j=1

ηjϕ̂ij(t
−1/2η)

+

∫ t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηjψ̂ij(t
−1/2η, τ)dτ

−
∫ t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

+

∫ t

0
exp

[
−α|η|2

(
1− τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ

∣∣∣∣∣
2

dη

=
1

(2π)n

∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣∣exp(−α|η|2)
n∑

j=1

ηjϕ̂ij(t
−1/2η)

+

∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηjψ̂ij(t
−1/2η, τ)dτ

−
∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

+

∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ
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+

∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηjψ̂ij(t
−1/2η, τ)dτ

−
∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

+

∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ

∣∣∣∣∣
2

dη

≤ 7

(2π)n

∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣∣exp(−α|η|2)
n∑

j=1

ηjϕ̂ij(t
−1/2η)

∣∣∣∣∣∣
2

dη

+
7

(2π)n

∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣∣
∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηjψ̂ij(t
−1/2η, τ)dτ

∣∣∣∣∣∣
2

dη

+
7

(2π)n

∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣∣
∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

∣∣∣∣∣∣
2

dη

+
7

(2π)n

∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣
∫ (1−ε)t

0
exp
[
−α|η|2

(
1−τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ

∣∣∣∣∣
2

dη

+
7

(2π)n

∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣∣
∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηjψ̂ij(t
−1/2η, τ)dτ

∣∣∣∣∣∣
2

dη

+
7

(2π)n

∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣∣
∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

∣∣∣∣∣∣
2

dη

+
7

(2π)n

∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣
∫ t

(1−ε)t
exp
[
−α|η|2

(
1−τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ

∣∣∣∣∣
2

dη,

for all t > 0. Let us make use of the Cauchy-Schwartz’s inequality to make estimates

for these integrals one by one.

First of all, we have

n∑
i=1

∣∣∣∣∣∣exp(−α|η|2)
n∑

j=1

ηjϕ̂ij(t
−1/2η)

∣∣∣∣∣∣
2

≤ exp(−2α|η|2)
n∑

i=1

n∑
j=1

|ηj |2
n∑

j=1

∣∣ϕ̂ij(t−1/2η)
∣∣2

≤ |η|2 exp(−2α|η|2)
n∑

i=1

n∑
j=1

{∫
Rn

|ϕij(x)|dx
}2

.

Therefore, there holds the following estimate for the first integral
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∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣∣exp(−α|η|2)
n∑

j=1

ηjϕ̂ij(t
−1/2η)

∣∣∣∣∣∣
2

dη

≤
∫
Rn

|η|4m+2 exp(−2α|η|2)dη
n∑

i=1

n∑
j=1

{∫
Rn

|ϕij(x)|dx
}2

.

Secondly, it is easy to show that

n∑
i=1

∣∣∣∣∣∣
∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηjψ̂ij(t
−1/2η, τ)dτ

∣∣∣∣∣∣
2

≤ exp(−2αε|η|2)
n∑

i=1

n∑
j=1

|ηj |2
n∑

j=1

{∫ (1−ε)t

0

∣∣ψ̂ij(t
−1/2η, τ)

∣∣dτ}2

≤ |η|2 exp(−2αε|η|2)
n∑

i=1

n∑
j=1

{∫ ∞

0

∫
Rn

|ψij(x, t)|dxdt
}2

.

Therefore, there holds the following estimate for the second integral∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣∣
∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηjψ̂ij(t
−1/2η, τ)dτ

∣∣∣∣∣∣
2

dη

≤
∫
Rn

|η|4m+2 exp(−2αε|η|2)dη
n∑

i=1

n∑
j=1

{∫ ∞

0

∫
Rn

|ψij(x, t)|dxdt
}2

.

Thirdly, note that∣∣∣∣∣∣
n∑

j=1

ηj ûiuj(t
−1/2η, τ)

∣∣∣∣∣∣
2

≤
n∑

j=1

|ηj |2
n∑

j=1

∣∣ûiuj(t−1/2η, τ)
∣∣2

≤ |η|2
n∑

j=1

∫
Rn

|ui(x, τ)|2dx
∫
Rn

|uj(x, τ)|2dx

≤ |η|2
∫
Rn

|ui(x, τ)|2dx
∫
Rn

|u(x, τ)|2dx,

it follows that

n∑
i=1

∣∣∣∣∣∣
∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

∣∣∣∣∣∣
2

≤ |η|2 exp(−2αε|η|2)
n∑

i=1

{∫ (1−ε)t

0

[∫
Rn

|ui(x, τ)|2dx
]1/2 [∫

Rn

|u(x, τ)|2dx
]1/2

dτ

}2
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≤ |η|2 exp(−2αε|η|2)

{∫ (1−ε)t

0

∫
Rn

|u(x, τ)|2dxdτ

}2

≤ |η|2 exp(−2αε|η|2)
{∫ ∞

0

∫
Rn

|u(x, t)|2dxdt
}2

.

Therefore, there holds the following estimate for the third integral∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣∣
∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

∣∣∣∣∣∣
2

dη

≤
∫
Rn

|η|4m+2 exp(−2αε|η|2)dη
{∫ ∞

0

∫
Rn

|u(x, t)|2dxdt
}2

.

Fourthly, similar to before, note that∣∣∣∣∣
n∑

k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)

∣∣∣∣∣
2

≤
n∑

k=1

n∑
l=1

|ηkηl|2
n∑

k=1

n∑
l=1

∣∣ûkul(t−1/2η, τ)
∣∣2

≤ |η|4
n∑

k=1

n∑
l=1

∫
Rn

|uk(x, τ)|2dx
∫
Rn

|ul(x, τ)|2dx

= |η|4
{∫

Rn

|u(x, τ)|2dx
}2

.

Thus

1

|η|2

∣∣∣∣∣
n∑

k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)

∣∣∣∣∣ ≤
∫
Rn

|u(x, τ)|2dx.

Now we get

n∑
i=1

∣∣∣∣∣
∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ

∣∣∣∣∣
2

≤ |η|2 exp(−2αε|η|2)

{∫ (1−ε)t

0

∫
Rn

|u(x, τ)|2dxdτ

}2

≤ |η|2 exp(−2αε|η|2)
{∫ ∞

0

∫
Rn

|u(x, t)|2dxdt
}2

.

Therefore, there holds the estimate for the fourth integral∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣
∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ

∣∣∣∣∣
2

dη

≤
∫
Rn

|η|4m+2 exp(−2αε|η|2)dη
{∫ ∞

0

∫
Rn

|u(x, t)|2dxdt
}2

.
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Recall that η = t1/2ξ, where ξ ∈ Rn, η ∈ Rn and t > 0, we have

α|η|2
∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)]
dτ = [1− exp(−αε|η|2)]t,

and

sup
(1−ε)t≤τ≤t

{
|η|2m+(n−2+δ)/2

∣∣ψ̂ij(t
−1/2η, τ)

∣∣}2
≤

{
tm+(n−2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4ψij(x, τ)|dx

}2

.

Very similarly

sup
(1−ε)t≤τ≤t

{
|η|2m+(n−2+δ)/2

∣∣ûiuj(t−1/2η, τ)
∣∣}2

≤

{
tm+(n−2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4[ui(x, τ)uj(x, τ)]|dx

}2

,

and

sup
(1−ε)t≤τ≤t

{
|η|2m+(n−2+δ)/2

∣∣∣∣∣ 1

|η|2
n∑

k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)

∣∣∣∣∣
}2

≤
n∑

k=1

n∑
l=1

sup
(1−ε)t≤τ≤t

∣∣|η|2m+(n−2+δ)/2ûkul(t
−1/2η, τ)

∣∣2
≤

n∑
k=1

n∑
l=1

{
tm+(n−2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4[uk(x, τ)ul(x, τ)]|dx

}2

.

By using these estimates, we arrive at the following estimates

n∑
i=1

∣∣∣∣∣∣
∫ t

(1−ε)t
|η|2m+(n+δ)/2 exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηjψ̂ij(t
−1/2η, τ)dτ

∣∣∣∣∣∣
2

=
n∑

i=1

∣∣∣∣∣∣
∫ t

(1−ε)t
|η|2 exp

[
−α|η|2

(
1− τ

t

)]|η|2m−2+(n+δ)/2
n∑

j=1

ηjψ̂ij(t
−1/2η, τ)

dτ

∣∣∣∣∣∣
2

≤ [1− exp(−αε|η|2)]2

α2

·
n∑

i=1

n∑
j=1

{
tm+(n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4ψij(x, τ)|dx

}2

,
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n∑
i=1

∣∣∣∣∣∣
∫ t

(1−ε)t
|η|2m+(n+δ)/2 exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

∣∣∣∣∣∣
2

≤ [1− exp(−αε|η|2)]2

α2

·
n∑

i=1

n∑
j=1

{
tm+(n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4[ui(x, τ)uj(x, τ)]|dx

}2

and

n∑
i=1

∣∣∣∣∣
∫ t

(1−ε)t
|η|2m+(n+δ)/2 exp

[
−α|η|2

(
1− τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ

∣∣∣∣∣
2

≤ [1− exp(−αε|η|2)]2

α2

·
n∑

k=1

n∑
l=1

{
tm+(n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4[uk(x, τ)ul(x, τ)]|dx

}2

.

Therefore, there hold the following estimates for the fifth, the sixth and the seventh

integrals

∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣∣
∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηjψ̂ij(t
−1/2η, τ)dτ

∣∣∣∣∣∣
2

dη

≤
∫
Rn

[1− exp(−αε|η|2)]2

α2|η|n+δ
dη

·
n∑

i=1

n∑
j=1

{
tm+(n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4ψij(x, τ)|dx

}2

,

∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣∣
∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

∣∣∣∣∣∣
2

dη

≤
∫
Rn

[1− exp(−αε|η|2)]2

α2|η|n+δ
dη

·
n∑

i=1

n∑
j=1

{
tm+(n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4ui(x, τ)uj(x, τ)|dx

}2

and
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∫
Rn

|η|4m
n∑

i=1

∣∣∣∣∣
∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ

∣∣∣∣∣
2

dη

≤
∫
Rn

[1− exp(−αε|η|2)]2

α2|η|n+δ
dη

·
n∑

k=1

n∑
l=1

{
tm+(n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4uk(x, τ)ul(x, τ)|dx

}2

.

Finally, by coupling together these estimates, the proof of the estimate for

t2m+1+n/2

∫
Rn

|△mu(x, t)|2dx

is finished. The proof of the estimate for

t2m+2+n/2

∫
Rn

|∇△mu(x, t)|2dx

is very similar and it is omitted. The proof of Theorem 1 is finished.

Proof of Theorem 2 As before, let u = u(x, t) represent the global smooth

solution of the Cauchy problem for the n-dimensional incompressible Navier-Stokes

equations. Let v = v(x, t) represent the global smooth solution to the linear heat

equation. Let w = w(x, t) = u(x, t)− v(x, t). Then

∂

∂t
w − α△w + (u · ∇)u+∇p = 0, ∇ ·w = 0,

w(x, 0) = 0.

Similar to the above, there holds the following representation for the Fourier trans-

formation

ŵ(ξ, t) = −
∫ t

0
exp[−α|ξ|2(t− τ)] ̂(u · ∇)u(ξ, τ)dτ

+

∫ t

0
exp[−α|ξ|2(t− τ)]

iξ

|ξ|2
n∑

k=1

n∑
l=1

ξkξlûkul(ξ, τ)dτ,

for all ξ ∈ Rn and t > 0. Let η = t1/2ξ. Then

ŵ(t−1/2η, t) = −
∫ t

0
exp

[
−α|η|2

(
1− τ

t

)]
̂(u · ∇)u(t−1/2η, τ)dτ

+

∫ t

0
exp

[
−α|η|2

(
1− τ

t

)]
t−1/2 iη

|η|2
n∑

k=1

n∑
l=1

ηkηlûkulu(t
−1/2η, τ)dτ.

Let us multiply the i-th component of ŵ by t1/2 to get
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t1/2ŵi(t
1/2η, t) = −i

∫ t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

+i

∫ t

0
exp

[
−α|η|2

(
1− τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ.

The rest of the proof of Theorem 2 is very similar to that of Theorem 1 and it

is omitted.

Definition 3 Let 0 < ε < 1 be a small positive constant. Define

Γi(η, t)
def
= exp(−α|η|2)

n∑
j=1

ηjϕ̂ij(t
−1/2η)

+

∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηjψ̂ij(t
−1/2η, τ)dτ

−
∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

+

∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ,

Λi(η, t)
def
=

∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηjψ̂ij(t
−1/2η, τ)dτ

−
∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

+

∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ,

for all η ∈ Rn and t > 0, and for all i = 1, 2, 3, · · · , n.
Definition 4 Let 0 < ε < 1 be a small positive constant. Define

Γ′
i(η, t)

def
= −

∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

+

∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ,

Λ′
i(η, t)

def
= −

∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

+

∫ t

(1−ε)t
exp

[
−α|η|2

(
1− τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ,

for all η ∈ Rn and t > 0, and for all i = 1, 2, 3, · · · , n.
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It is easy to see that

t1/2ûi(t
−1/2η, t) = i[Γi(η, t) + Λi(η, t)],

and

t1/2ŵi(t
−1/2η, t) = iΓ′

i(η, t) + iΛ′
i(η, t).

for all η ∈ Rn and t > 0.

Lemma 5 There holds the following result

lim
t→∞

Γi(η, t) = exp(−α|η|2)
n∑

j=1

λijηj + exp(−α|η|2) ηi
|η|2

n∑
k=1

n∑
l=1

µklηkηl.

Proof First of all, there holds the following estimate

|Γi(η, t)| ≤ exp(−α|η|2)
n∑

j=1

|ηj |
∫
Rn

|ϕij(x)|dx

+exp(−αε|η|2)
n∑

j=1

|ηj |
∫ ∞

0

∫
Rn

|ψij(x, t)|dxdt

+exp(−αε|η|2)
n∑

j=1

|ηj |
∫ ∞

0

∫
Rn

|ui(x, t)uj(x, t)|dxdt

+exp(−αε|η|2)|ηi|
∫ ∞

0

∫
Rn

|u(x, t)|2dxdt,

for all η ∈ Rn and t > 0. By using Lebesgue’s dominated convergence theorem and

the definition, as t→ ∞, we have the limit

lim
t→∞

Γi(η, t)

=exp(−α|η|2)
n∑

j=1

ηjϕ̂ij(0) + exp(−α|η|2)
n∑

j=1

ηj

∫ ∞

0
ψ̂ij(0, t)dt

− exp(−α|η|2)
n∑

j=1

ηj

∫ ∞

0
ûiuj(0, t)dt+ exp(−α|η|2) ηi

|η|2
n∑

k=1

n∑
l=1

ηkηl

∫ ∞

0
ûkul(0, t)dt

=exp(−α|η|2)
n∑

j=1

ηj

{∫
Rn

ϕij(x)dx+

∫ ∞

0

∫
Rn

ψij(x, t)dxdt−
∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt

}

+exp(−α|η|2) ηi
|η|2

n∑
k=1

n∑
l=1

ηkηl

∫ ∞

0

∫
Rn

uk(x, t)ul(x, t)dxdt

=exp(−α|η|2)
n∑

j=1

λijηj + exp(−α|η|2) ηi
|η|2

n∑
k=1

n∑
l=1

µklηkηl.

The proof of Lemma 5 is finished.
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Lemma 5′ There holds the following limit

lim
t→∞

Γ′
i(η, t) = − exp(−α|η|2)

n∑
j=1

µijηj + exp(−α|η|2) ηi
|η|2

n∑
k=1

n∑
l=1

µklµkµl,

for all i = 1, 2, 3, · · · , n.
Proof There holds the following estimate

|Γ′
i(η, t)| ≤

n∑
j=1

|ηj |
∫ ∞

0

∫
Rn

|ui(x, t)uj(x, t)|dxdt+ |ηi|
∫ ∞

0

∫
Rn

|u(x, t)|2dxdt,

for all η ∈ Rn and t > 0. As t → ∞, similar to the above, we have the following

limit

−
∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] n∑
j=1

ηj ûiuj(t
−1/2η, τ)dτ

+

∫ (1−ε)t

0
exp

[
−α|η|2

(
1− τ

t

)] ηi
|η|2

n∑
k=1

n∑
l=1

ηkηlûkul(t
−1/2η, τ)dτ

→ − exp(−α|η|2)
n∑

j=1

ηj

∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt

+exp(−α|η|2) ηi
|η|2

n∑
k=1

n∑
l=1

ηkηl

∫ ∞

0

∫
Rn

uk(x, t)ul(x, t)dxdt

= − exp(−α|η|2)
n∑

j=1

µijηj + exp(−α|η|2) ηi
|η|2

n∑
k=1

n∑
l=1

µklηkηl,

for all i = 1, 2, 3, · · · , n. The proof of Lemma 5′ is finished.

Lemma 6 (1) There hold the following estimates

tm+(n+2+δ)/4

∫
Rn

|(−△)m+(n−2+δ)/4[ui(x, t)uj(x, t)]|dx

≤ Ct−n

{
(1 + t)1+n/2

∫
Rn

|u(x, t)|2dx
}1/2

·
{
(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx
}(3n+2−δ)/(8n)

·
{
(1 + t)2m+2n+1+n/2

∫
Rn

|△m+nu(x, t)|2dx
}(n−2+δ)/(8n)

,

for all positive integers m ≥ 1 and for all time t > 0, where C > 0 is a positive

constant, independent of u and (x, t).

(2) There hold the following limits
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lim
t→∞

n∑
i=1

n∑
j=1

{
t(n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)(n−2+δ)/4[ui(x, τ)uj(x, τ)]|dx

}
=0,

lim
t→∞

n∑
i=1

n∑
j=1

{
t(n+4+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)(n+δ)/4[ui(x, τ)uj(x, τ)]|dx

}
=0,

lim
t→∞

n∑
i=1

n∑
j=1

{
tm+(n+2+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n−2+δ)/4[ui(x, τ)uj(x, τ)]|dx

}
=0,

lim
t→∞

n∑
i=1

n∑
j=1

{
tm+(n+4+δ)/4 sup

(1−ε)t≤τ≤t

∫
Rn

|(−△)m+(n+δ)/4[ui(x, τ)uj(x, τ)]|dx

}
=0.

Proof (1) First of all, by using the decay estimate with sharp rate of u and the

decay estimates with sharp rates of the derivatives △mu and △m+nu,

(1 + t)1+n/2

∫
Rn

|u(x, t)|2dx ≤ C0,

(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx ≤ C1,

(1 + t)2m+2n+1+n/2

∫
Rn

|△m+nu(x, t)|2dx ≤ C2,

for all positive integers m ≥ 1 and for all time t > 0, where C0 > 0, C1 > 0 and

C2 > 0 are positive constants, independent of u and (x, t), we have the following

estimates

(1 + t)m+1+n/2
n∑

i=1

n∑
j=1

∫
Rn

|△m[ui(x, t)uj(x, t)]|dx

≤ C3(1 + t)m+1+n/2
n∑

i=1

n∑
j=1

{∫
Rn

|△mui(x, t)|2dx
}1/2{∫

Rn

|uj(x, t)|2dx
}1/2

+C4(1 + t)m+1+n/2
n∑

i=1

n∑
j=1

{∫
Rn

|ui(x, t)|2dx
}1/2{∫

Rn

|△muj(x, t)|2dx
}1/2

≤ C5

{
(1 + t)1+n/2

∫
Rn

|u(x, t)|2dx
}1/2{

(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx
}1/2

≤ C6,

and

(1 + t)m+n+1+n/2
n∑

i=1

n∑
j=1

∫
Rn

|△m+n[ui(x, t)uj(x, t)]|dx

≤C7(1 + t)m+n+1+n/2
n∑

i=1

n∑
j=1

{∫
Rn

|△m+nui(x, t)|2dx
}1/2{∫

Rn

|uj(x, t)|2dx
}1/2
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+C8(1 + t)m+n+1+n/2
n∑

i=1

n∑
j=1

{∫
Rn

|ui(x, t)|2dx
}1/2{∫

Rn

|△m+nuj(x, t)|2dx
}1/2

≤C9

{
(1 + t)1+n/2

∫
Rn

|u(x, t)|2dx
}1/2{

(1 + t)2m+1+n/2

∫
Rn

|△m+nu(x, t)|2dx
}1/2

≤C10,

where C3 > 0, C4 > 0, · · · , C9 > 0 and C10 > 0 are positive constants, independent

of u and (x, t).

Now by using the Gagliardo-Nirenberg’s interpolation inequality, we have the

following estimates

(1 + t)m+(3n+2+δ)/4
n∑

i=1

n∑
j=1

∫
Rn

|(−△)m+(n−2+δ)/4[ui(x, t)uj(x, t)]|dx

≤ C11

n∑
i=1

n∑
j=1

{
(1 + t)m+1+n/2

∫
Rn

|△m[ui(x, t)uj(x, t)]|dx
}(3n+2−δ)/(4n)

·
{
(1 + t)m+n+1+n/2

∫
Rn

|△m+n[ui(x, t)uj(x, t)]|dx
}(n−2+δ)/(4n)

≤ C12

{
(1 + t)1+n/2

∫
Rn

|u(x, t)|2dx
}1/2

·
{
(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx
}(3n+2−δ)/(8n)

·
{
(1 + t)2m+2n+1+n/2

∫
Rn

|△m+nu(x, t)|2dx
}(n−2+δ)/(8n)

≤ C13,

where C11 > 0, C12 > 0 and C13 > 0 are positive constants, independent of u and

(x, t).

(2) The exact limits follow from the estimates. The proof of Lemma 6 is com-

pletely finished.

Definition 5 First of all, define the following real scalar functions

rij(x, t)
def
= ψij(x, t)− ui(x, t)uj(x, t)− (−△)−1

n∑
k=1

∂2

∂xi∂xk
[uk(x, t)uj(x, t)],

for all i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n. Then define the real vector valued

function

r(x, t)
def
= f(x, t)− (u · ∇)u(x, t)−∇(−△)−1

n∑
k=1

n∑
l=1

∂2

∂xk∂xl
[uk(x, t)ul(x, t)].
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Now we have

r(x, t) =

 n∑
j=1

∂

∂xj
r1j(x, t),

n∑
j=1

∂

∂xj
r2j(x, t), · · · ,

n∑
j=1

∂

∂xj
rnj(x, t)

 .

Let m ≥ 1 be a positive integer. We find

△mr(x, t)=△mf(x, t)−△m[(u · ∇)u(x, t)]+∇△m−1
n∑

k=1

n∑
l=1

∂2

∂xk∂xl
[uk(x, t)ul(x, t)].

Moreover, we may rewrite

∂

∂t
u− α△u+ (u · ∇)u+∇p = f(x, t), ∇ · u = 0,∇ · f = 0,

u(x, 0) = u0(x), ∇ · u0 = 0,

as

∂

∂t
u− α△u = r(x, t), ∇ · u = 0,∇ · r = 0,

u(x, 0) = u0(x), ∇ · u0 = 0.

Now we may apply the results for the linear heat equation developed in Subsec-

tion 2.1 and the results of Lemmas 5 and 6.

2.3 Precise values of several special integrals
In the proofs of Theorems 3 and 4, we will need the precise values of the following

special integrals.

Lemma 7 There hold the following results, for all positive integers m ≥ 1,

i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n,
(1)∫
Rn

exp(−2α|η|2)dη =
( π
2α

)n/2
,∫

Rn

|η|4m exp(−2α|η|2)dη =
( π
2α

)n/2 1

(4α)2m
n(n+ 2)(n+ 4) · · · (n+ 4m− 2),∫

Rn

|η|4m+2 exp(−2α|η|2)dη =
( π
2α

)n/2 1

(4α)2m+1
n(n+ 2)(n+ 4) · · · (n+ 4m),

(2)∫
Rn

|ηi|2 exp(−2α|η|2)dη=
( π
2α

)n/2 1

4α
,∫

Rn

|ηi|2|η|4m exp(−2α|η|2)dη=
( π
2α

)n/2 1

(4α)2m+1
(n+2)(n+4)(n+6) · · · (n+4m),∫

Rn

|ηi|2|η|4m+2exp(−2α|η|2)dη=
( π
2α

)n/2 1

(4α)2m+2
(n+2)(n+4)(n+6) · · · (n+4m+2),
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(3) ∫
Rn

|ηi|4 exp(−2α|η|2)dη =
( π
2α

)n/2 3

(4α)2
,∫

Rn

|ηi|4|η|4m exp(−2α|η|2)dη

=
( π
2α

)n/2 3

(4α)2m+2
(n+ 4)(n+ 6)(n+ 8) · · · (n+ 4m+ 2),∫

Rn

|ηi|4|η|4m+2 exp(−2α|η|2)dη

=
( π
2α

)n/2 3

(4α)2m+3
(n+ 4)(n+ 6)(n+ 8) · · · (n+ 4m+ 4),

(4) for i ̸= j,∫
Rn

|ηi|2|ηj |2 exp(−2α|η|2)dη =
( π
2α

)n/2 1

(4α)2
,∫

Rn

|ηi|2|ηj |2|η|4m exp(−2α|η|2)dη

=
( π
2α

)n/2 1

(4α)2m+2
(n+ 4)(n+ 6)(n+ 8) · · · (n+ 4m+ 2),∫

Rn

|ηi|2|ηj |2|η|4m+2 exp(−2α|η|2)dη

=
( π
2α

)n/2 1

(4α)2m+3
(n+ 4)(n+ 6)(n+ 8) · · · (n+ 4m+ 4).

Proof The ideas in the proof of Lemma 7 are easy but the details may be

tedious. The details are omitted.

From Lemma 7, we can immediately obtain the following lemma.

Lemma 8 There hold the following results, for all positive integers m ≥ 1,

i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n, with i ̸= j,

(1) ∫
Rn

|ηi|2|η|4m−2 exp(−2α|η|2)dη =
1

n

∫
Rn

|η|4m exp(−2α|η|2)dη

=
( π
2α

)n/2 1

(4α)2m
(n+ 2)(n+ 4)(n+ 6) · · · (n+ 4m− 2),∫

Rn

|ηi|2|ηj |2|η|4m−2 exp(−2α|η|2)dη

=
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

=
( π
2α

)n/2 1

(4α)2m+1
(n+ 4)(n+ 6)(n+ 8) · · · (n+ 4m),
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∫
Rn

|ηi|4|η|4m−2 exp(−2α|η|2)dη =
3

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

=
( π
2α

)n/2 3

(4α)2m+1
(n+ 4)(n+ 6)(n+ 8) · · · (n+ 4m),

(2)∫
Rn

|ηi|2|η|4m exp(−2α|η|2)dη =
1

n

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

=
( π
2α

)n/2 1

(4α)2m+1
(n+ 2)(n+ 4)(n+ 6) · · · (n+ 4m),∫

Rn

|ηi|2|ηj |2|η|4m exp(−2α|η|2)dη =
1

n(n+ 2)

∫
Rn

|η|4m+4 exp(−2α|η|2)dη

=
( π
2α

)n/2 1

(4α)2m+2
(n+ 4)(n+ 6)(n+ 8) · · · (n+ 4m+ 2),∫

Rn

|ηi|4|η|4m exp(−2α|η|2)dη =
3

n(n+ 2)

∫
Rn

|η|4m+4 exp(−2α|η|2)dη

=
( π
2α

)n/2 3

(4α)2m+2
(n+ 4)(n+ 6)(n+ 8) · · · (n+ 4m+ 2).

There are some kind of symmetry in these integrals because the results are

independent of the positive integers i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n.
Lemma 9 Let the positive integer n ≥ 2. Let {λij : i = 1, 2, 3, · · · , n, j =

1, 2, 3, · · · , n}, {µij : i = 1, 2, 3, · · · , n, j = 1, 2, 3, · · · , n} be two sets of real con-

stants, such that µij = µji, for all positive integers i = 1, 2, 3, · · · , n and j =

1, 2, 3, · · · , n. Then there hold the following results

(1) ∫
Rn

{
n∑

i=1

λii|ηi|2
}{

n∑
k=1

µkk|ηk|2
}
|η|4m−2 exp(−2α|η|2)dη

=
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{
2

n∑
i=1

λiiµii +
n∑

i=1

n∑
k=1

λiiµkk

}
,

(2)

∫
Rn


n∑

i=1

n∑
j=1

i̸=j

λijηiηj




n∑
k=1

n∑
l=1

k ̸=l

µklηkηl

 |η|4m−2 exp(−2α|η|2)dη

=
2

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη


n∑

i=1

n∑
j=1

i̸=j

λijµij

 ,
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(3)

∫
Rn

{
n∑

i=1

λii|ηi|2
}

n∑
k=1

n∑
l=1

k ̸=l

µklηkηl

 |η|4m−2 exp(−2α|η|2)dη = 0,

(4)

∫
Rn


n∑

i=1

n∑
j=1

i̸=j

λijηiηj


{

n∑
k=1

µkk|ηk|2
}
|η|4m−2 exp(−2α|η|2)dη = 0.

Proof First of all, we have∫
Rn

{
n∑

i=1

λii|ηi|2
}{

n∑
k=1

µkk|ηk|2
}
|η|4m−2 exp(−2α|η|2)dη

=

∫
Rn


n∑

i=1

λiiµii|ηi|4 +
n∑

i=1

n∑
k=1

i̸=k

λiiµkk|ηi|2|ηk|2

 |η|4m−2 exp(−2α|η|2)dη

=
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

3

n∑
i=1

λiiµii +

n∑
i=1

n∑
k=1

i̸=k

λiiµkk


=

1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{
2

n∑
i=1

λiiµii +
n∑

i=1

n∑
k=1

λiiµkk

}
.

Secondly, we have

∫
Rn


n∑

i=1

n∑
j=1

i̸=j

λijηiηj




n∑
k=1

n∑
l=1

k ̸=l

µklηkµl

 |η|4m−2 exp(−2α|η|2)dη

=

∫
Rn


n∑

i=1

n∑
j=1

i̸=j

λijηiηj




n∑
k=1

n∑
l=1

k ̸=l

µklηkηl
(k,l)=(i,j)or(k,l)=(j,i)

+
n∑

k=1

n∑
l=1

k ̸=l

µklηkηl
(k,l) ̸=(i,j),(k,l)̸=(j,i)


·|η|4m−2 exp(−2α|η|2)dη

=

∫
Rn


n∑

i=1

n∑
j=1

i̸=j

λijηiηj




n∑
k=1

n∑
l=1

k ̸=l

µklηkηl
(k,l)=(i,j)

+
n∑

k=1

n∑
l=1

k ̸=l

µklηkηl
(k,l)=(j,i)

 |η|4m−2 exp(−2α|η|2)dη
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=
2

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη


n∑

i=1

n∑
j=1

i̸=j

λijµij

 ,

where

∫
Rn


n∑

i=1

n∑
j=1

i̸=j

λijηiηj




n∑
k=1

n∑
l=1

k ̸=l

µklηkηl
(k,l)̸=(i,j),(k,l)̸=(j,i)

 |η|4m−2 exp(−2α|η|2)dη = 0.

Note that ∫
Rn

ηkηl|ηi|2|η|4m−2 exp(−2α|η|2)dη = 0,∫
Rn

ηiηj |ηk|2|η|4m−2 exp(−2α|η|2)dη = 0,

for all i = 1, 2, 3, · · · , n, j = 1, 2, 3, · · · , n, k = 1, 2, 3, · · · , n and l = 1, 2, 3, · · · , n,
with i ̸= j and k ̸= l. Now the proofs of (3) and (4) are very easy. The proof of

Lemma 9 is completely finished now.

Lemma 10 Let

{λij : i = 1, 2, 3, · · · , n, j = 1, 2, 3, · · · , n},
{µij : i = 1, 2, 3, · · · , n, j = 1, 2, 3, · · · , n}

be two sets of real constants, such that µij = µji, for all positive integers i =

1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n. Then there hold the following results, for all

positive integers m ≥ 1,

(1) ∫
Rn

{
n∑

i=1

n∑
j=1

λijηiηj

}{
n∑

k=1

n∑
l=1

µklηkηl

}
|η|4m−2 exp(−2α|η|2)dη

=
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{
n∑

i=1

n∑
j=1

λiiµjj + 2
n∑

i=1

n∑
j=1

λijµij

}
,

(2) ∫
Rn

{
n∑

k=1

n∑
l=1

µklηkηl

}2

|η|4m−2 exp(−2α|η|2)dη

=
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{[
n∑

k=1

µkk

]2
+ 2

n∑
k=1

n∑
l=1

µ2kl

}
,
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(3) ∫
Rn

n∑
i=1

{
n∑

j=1

λijηj

}2

|η|4m exp(−2α|η|2)dη

=
1

n

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{
n∑

i=1

n∑
j=1

λ2ij

}
.

Proof First of all, by using very simple computations, we have∫
Rn

{
n∑

i=1

n∑
j=1

λijηiηj

}{
n∑

k=1

n∑
l=1

µklηkηl

}
|η|4m−2 exp(−2α|η|2)dη

=

∫
Rn


n∑

i=1

λii|ηi|2 +
n∑

i=1

n∑
j=1

i ̸=j

λijηiηj


·


n∑

k=1

µkk|ηk|2 +
n∑

k=1

n∑
l=1

k ̸=l

µklηkηl

 |η|4m−2 exp(−2α|η|2)dη

=

∫
Rn

{
n∑

i=1

λii|ηi|2
}{

n∑
k=1

µkk|ηk|2
}
|η|4m−2 exp(−2α|η|2)dη

+

∫
Rn


n∑

i=1

n∑
j=1

i̸=j

λijηiηj




n∑
k=1

n∑
l=1

k ̸=l

µklηkηl

 |η|4m−2 exp(−2α|η|2)dη

+

∫
Rn

{
n∑

i=1

λii|ηi|2
}

n∑
k=1

n∑
l=1

k ̸=l

µklηkηl

 |η|4m−2 exp(−2α|η|2)dη

+

∫
Rn


n∑

i=1

n∑
j=1

i̸=j

λijηiηj


{

n∑
k=1

µkk|ηk|2
}
|η|4m−2 exp(−2α|η|2)dη.

Then, by using Lemma 9, we have the following computations∫
Rn

{
n∑

i=1

λii|ηi|2
}{

n∑
k=1

µkk|ηk|2
}
|η|4m−2 exp(−2α|η|2)dη

=
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{
2

n∑
i=1

λiiµii +

n∑
i=1

n∑
j=1

λiiµjj

}
,
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∫
Rn


n∑

i=1

n∑
j=1

i̸=j

λijηiηj




n∑
k=1

n∑
l=1

k ̸=l

µklηkηl

 |η|4m−2 exp(−2α|η|2)dη

=
2

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη


n∑

i=1

n∑
j=1

i̸=j

λijµij

 ,

∫
Rn

{
n∑

i=1

λii|ηi|2
}

n∑
k=1

n∑
l=1

k ̸=l

µklηkηl

 |η|4m−2 exp(−2α|η|2)dη = 0,

and

∫
Rn


n∑

i=1

n∑
j=1

i̸=j

λijηiηj


{

n∑
k=1

µkk|ηk|2
}
|η|4m−2 exp(−2α|η|2)dη = 0.

Therefore, by coupling together these results, we have∫
Rn

{
n∑

i=1

n∑
j=1

λijηiηj

}{
n∑

k=1

n∑
l=1

µklηkηl

}
|η|4m−2 exp(−2α|η|2)dη

=
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{
2

n∑
i=1

λiiµii +
n∑

i=1

n∑
j=1

λiiµjj

}

+
2

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{
n∑

i=1

n∑
j=1

i̸=j

λijµij

}

=
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{
n∑

i=1

n∑
j=1

λiiµjj + 2
n∑

i=1

n∑
j=1

λijµij

}
.

The second result follows from the first result. Now let us prove the third result.

We have ∫
Rn

n∑
i=1

{
n∑

j=1

λijηj

}2

|η|4m exp(−2α|η|2)dη

=

∫
Rn

n∑
i=1

n∑
j=1

n∑
k=1

λijλikηjηk|η|4m exp(−2α|η|2)dη
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=

∫
Rn

n∑
i=1

n∑
j=1

λ2ij |ηj |2|η|4m exp(−2α|η|2)dη

+

∫
Rn

n∑
i=1

n∑
j=1

n∑
k=1

j ̸=k

λijλikηjηk|η|4m exp(−2α|η|2)dη

=
1

n

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{
n∑

i=1

n∑
j=1

λ2ij

}
,

where ∫
Rn

n∑
i=1

n∑
j=1

n∑
k=1

j ̸=k

λijλikηjηk|η|4m exp(−2α|η|2)dη = 0.

The proof of Lemma 10 is finished.

2.4 Completion of the proofs of the main theorems
The main purpose of this subsection is to make complete use of the technical

lemmas to finish the proofs of the exact limits of the global smooth solution of the

Cauchy problem for the n-dimensional incompressible Navier-Stokes equations.

First of all, let us prove Theorem 3. As before, define the following three sets of

real numbers

{αij : i = 1, 2, 3, · · · , n, j = 1, 2, 3, · · · , n},
{λij : i = 1, 2, 3, · · · , n, j = 1, 2, 3, · · · , n},
{µij : i = 1, 2, 3, · · · , n, j = 1, 2, 3, · · · , n},

by

αij =

∫
Rn

ϕij(x)dx+

∫ ∞

0

∫
Rn

ψij(x, t)dxdt,

λij =

∫
Rn

ϕij(x)dx+

∫ ∞

0

∫
Rn

ψij(x, t)dxdt−
∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt,

µij =

∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt,

for all positive integers i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n. Obviously, αij =

λij + µij and µij = µji.

Recall that there holds the following decay estimate

(1 + t)1+n/2

∫
Rn

|u(x, t)|2dx ≤ C,

for all time t > 0, where C > 0 is a positive constant, independent of u and (x, t).

Therefore, the existence of the following integrals are guaranteed
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∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt,

for all i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n.
Lemma 11 Let m ≥ 1 be a positive integer. There holds the following result∫

Rn

n∑
i=1

{
n∑

j=1

λijηj +
ηi
|η|2

n∑
k=1

n∑
l=1

µklηkηl

}2

|η|4m exp(−2α|η|2)dη

=
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

·

{
n

n∑
i=1

n∑
j=1

λ2ij + 2

n∑
i=1

n∑
j=1

α2
ij +

[
n∑

i=1

αii

]2
−

[
n∑

i=1

λii

]2}
.

Proof By using Lemma 10, we have the following computations∫
Rn

n∑
i=1

{
n∑

j=1

λijηj +
ηi
|η|2

n∑
k=1

n∑
l=1

µklηkηl

}2

|η|4m exp(−2α|η|2)dη

=

∫
Rn

n∑
i=1

{
n∑

j=1

λijηj

}2

|η|4m exp(−2α|η|2)dη

+

∫
Rn

{
n∑

k=1

n∑
l=1

µklηkηl

}2

|η|4m−2 exp(−2α|η|2)dη

+2

∫
Rn

{
n∑

i=1

n∑
j=1

λijηiηj

}{
n∑

k=1

n∑
l=1

µklηkηl

}
|η|4m−2 exp(−2α|η|2)dη

=
1

n

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{
n∑

i=1

n∑
j=1

λ2ij

}

+
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{[
n∑

k=1

µkk

]2
+ 2

n∑
k=1

n∑
l=1

µ2kl

}

+
2

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{
n∑

i=1

n∑
j=1

λiiµjj + 2
n∑

i=1

n∑
j=1

λijµij

}

=
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

·

{
(n+ 2)

n∑
i=1

n∑
j=1

λ2ij +

[
n∑

k=1

µkk

]2
+ 2

n∑
k=1

n∑
l=1

µ2kl

+2

n∑
i=1

n∑
j=1

λiiµjj + 4

n∑
i=1

n∑
j=1

λijµij

}
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=
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

·

{
n

n∑
i=1

n∑
j=1

λ2ij + 2

n∑
i=1

n∑
j=1

(λij + µij)
2 +

[
n∑

i=1

(λii + µii)

]2
−

[
n∑

i=1

λii

]2}

=
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

·

{
n

n∑
i=1

n∑
j=1

λ2ij + 2
n∑

i=1

n∑
j=1

α2
ij +

[
n∑

i=1

αii

]2
−

[
n∑

i=1

λii

]2}
.

The proof of Lemma 11 is finished.

Lemma 12 There holds the following result∫
Rn

n∑
i=1

{
−

n∑
j=1

µijηj +
ηi
|η|2

n∑
k=1

n∑
l=1

µklηkηl

}2

|η|4m exp(−2α|η|2)dη

=
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{
n

n∑
i=1

n∑
j=1

µ2ij −

[
n∑

i=1

µii

]2}
.

Proof As before, by using Lemma 10, we have the following computations∫
Rn

n∑
i=1

{
−

n∑
j=1

µijηj +
ηi
|η|2

n∑
k=1

n∑
l=1

µklηkηl

}2

|η|4m exp(−2α|η|2)dη

=

∫
Rn

n∑
i=1

{
n∑

j=1

µijηj

}2

|η|4m exp(−2α|η|2)dη

+

∫
Rn

{
n∑

k=1

n∑
l=1

µklηkµl

}2

|η|4m−2 exp(−2α|η|2)dη

−2

∫
Rn

{
n∑

i=1

n∑
j=1

µijηiηj

}{
n∑

k=1

n∑
l=1

µklηkηl

}
|η|4m−2 exp(−2α|η|2)dη

=
1

n

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{
n∑

i=1

n∑
j=1

µ2ij

}

+
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{[
n∑

i=1

µii

]2
+ 2

n∑
i=1

n∑
j=1

µ2ij

}

− 2

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{[
n∑

i=1

µii

]2
+ 2

n∑
i=1

n∑
j=1

µ2ij

}

=
1

n(n+ 2)

∫
Rn

|η|4m+2 exp(−2α|η|2)dη

{
n

n∑
i=1

n∑
j=1

µ2ij −

[
n∑

i=1

µii

]2}
.
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The proof of Lemma 12 is finished.

Proof of Theorem 3 By coupling together the results of Lemma 5, Lemma 6,

Lemma 11 and Theorem 6, the proof is completed.

Proof of Theorem 4 By coupling together the results of Lemma 5′, Lemma

6, Lemma 12 and Theorem 6, the proof is finished.

Therefore, the proofs of the exact limits in Theorems 3 and 4 are finished.

3 Conclusions and Remarks
3.1 Summary

Consider the n-dimensional incompressible Navier-Stokes equations. Let the

initial function u0 ∈ L1(Rn) ∩ Ln(Rn) ∩ H2m+1(Rn) and the external force f ∈
L1(Rn×R+)∩L1(R+, L2(Rn))∩L1(R+, Ln(Rn))∩L2(R+,H2m+1(Rn)). Then there

exists a global weak solution. The global weak solutions become sufficiently small

and sufficiently smooth after a long time, see [7]. Therefore, the mathematical

analysis and results are rigorously true for all large time t ≥ T .

Without loss of generality, suppose that there hold the following uniform energy

estimates ∫
Rn

|u(x, t)|2dx ≤ C0,∫
Rn

|∇u(x, t)|2dx ≤ C1,∫
Rn

|△u(x, t)|2dx ≤ C2,∫
Rn

|△mu(x, t)|2dx ≤ C3∫
Rn

|∇△mu(x, t)|2dx ≤ C4,

for all t > 0, where C0 > 0, C1 > 0, C2 > 0, C3 > 0 and C4 > 0 are positive

constants, independent of u and (x, t).

Then there hold the decay estimates with sharp rates

(1 + t)1+n/2

∫
Rn

|u(x, t)|2dx ≤ C0,

(1 + t)2+n/2

∫
Rn

|∇u(x, t)|2dx ≤ C1,

(1 + t)3+n/2

∫
Rn

|△u(x, t)|2dx ≤ C2,

(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx ≤ C3,

(1 + t)2m+2+n/2

∫
Rn

|∇△mu(x, t)|2dx ≤ C4,
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for all time t > 0, where C0 > 0, C1 > 0 C2 > 0, C3 > 0 and C4 > 0 are positive

constants, independent of u and (x, t).

By coupling together several important traditional ideas (Fourier transforma-

tion, Parseval’s identity, Lebesgue’s dominated convergence theorem, Gagliardo-

Nirenberg’s interpolation inequality), existing results (the existence of the global

weak solutions, the existence of the local smooth solution and the decay estimates

with sharp rates) and new idea (more appropriate coupling of existing methods and

results), we have developed a new method to establish the estimates

t2m+1+n/2

∫
Rn

|△mu(x, t)|2dx ≤ A(m,n, α, δ, ε) + B(m,n, α, δ, ε)t−n,

t2m+2+n/2

∫
Rn

|∇△mu(x, t)|2dx ≤ A
(
m+

1

2
, n, α, δ, ε

)
+ B

(
m+

1

2
, n, α, δ, ε

)
t−n,

and

t2m+1+n/2

∫
Rn

|△m[u(x, t)− v(x, t)]|2dx

≤ C(m,n, α, δ, ε) +D(m,n, α, δ, ε)t−n,

t2m+2+n/2

∫
Rn

|∇△m[u(x, t)− v(x, t)]|2dx

≤ C
(
m+

1

2
, n, α, δ, ε

)
+D

(
m+

1

2
, n, α, δ, ε

)
t−n,

for all positive integers m ≥ 1 and for all sufficiently large time t ≥ T , and to

accomplish the exact limits

lim
t→∞

{
(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx
}
,

lim
t→∞

{
(1 + t)2m+2+n/2

∫
Rn

|∇△mu(x, t)|2dx
}
,

lim
t→∞

{
(1 + t)2m+1+n/2

∫
Rn

|△m[u(x, t)− v(x, t)]|2dx
}
,

lim
t→∞

{
(1 + t)2m+2+n/2

∫
Rn

|∇△m[u(x, t)− v(x, t)]|2dx
}
,

in terms of α, m, n and the following integrals

αij =

∫
Rn

ϕij(x)dx+

∫ ∞

0

∫
Rn

ψij(x, t)dxdt,

λij =

∫
Rn

ϕij(x)dx+

∫ ∞

0

∫
Rn

ψij(x, t)dxdt−
∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt,

µij =

∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt,

for all positive integers i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n.
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3.2 Remarks
There are many remarks to the main results.

Remark 5 If
αij = λij , µij = 0,

for all i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n, then

n

n∑
i=1

n∑
j=1

λ2ij + 2

n∑
i=1

n∑
j=1

α2
ij +

[
n∑

i=1

αii

]2
−

[
n∑

i=1

λii

]2

= n

n∑
i=1

n∑
j=1

λ2ij + 2

n∑
i=1

n∑
j=1

α2
ij = (n+ 2)

n∑
i=1

n∑
j=1

α2
ij .

That means that the exact limits of the global smooth solution to the Navier-Stokes

equations reduce to those of the global smooth solution to the linear heat equation,

if we drop the nonlinear terms (u · ∇)u and ∇p.
Remark 6 The exact limits are increasing functions of the order m of the

derivative and the dimension n, they are decreasing functions of the diffusion coeffi-

cient α. Let us consider more carefully the contributions made by various terms to

the exact limit of the energy

(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx, as t→ ∞.

The contributions made by the initial function and the external force are represented

by αij , the contributions made by the nonlinear functions (u · ∇)u and ∇p are

represented by µij . Let

P = n

n∑
i=1

n∑
j=1

λ2ij −

[
n∑

i=1

λii

]2
, Q = 2

n∑
i=1

n∑
j=1

α2
ij +

[
n∑

i=1

αii

]2
.

The exact limits are increasing functions of P and Q. Compared with the heat

equation, the nonlinear functions (u · ∇)u and ∇p make the exact limits larger.

As the order of the derivative increases, the value of the corresponding exact

limit may also increase. This motivates the next definition.

Definition 6 Define the following ratios

Rm,1
def
=

{
lim
t→∞

(1 + t)2m+2+n/2

∫
Rn

|∇△mu(x, t)|2dx
}

·
{
lim
t→∞

(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx
}−1

,

Rm,2
def
=

{
lim
t→∞

(1 + t)2m+3+n/2

∫
Rn

|△m+1u(x, t)|2dx
}

·
{
lim
t→∞

(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx
}−1

.
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They measure how fast the values of the exact limits increase as the order of the

derivative increases. Note that∫
Rn

|η|4m+2 exp(−2α|η|2)dη =
( π
2α

)n/2 1

(4α)2m+1
n(n+ 2) · · · (n+ 4m),∫

Rn

|η|4m+4 exp(−2α|η|2)dη =
( π
2α

)n/2 1

(4α)2m+2
n(n+ 2) · · · (n+ 4m+ 2).

Remark 7 For the global smooth solution of the linear heat equation, we have

Rm,1 =

{
lim
t→∞

(1 + t)2m+2+n/2

∫
Rn

|∇△mv(x, t)|2dx
}

·
{
lim
t→∞

(1 + t)2m+1+n/2

∫
Rn

|△mv(x, t)|2dx
}−1

=

{∫
Rn

|η|4m+4 exp(−2α|η|2)dη
}{∫

Rn

|η|4m+2 exp(−2α|η|2)dη
}−1

=
n+ 4m+ 2

4α
,

Rm,2 =

{
lim
t→∞

(1 + t)2m+3+n/2

∫
Rn

|△m+1v(x, t)|2dx
}

·
{
lim
t→∞

(1 + t)2m+1+n/2

∫
Rn

|△mv(x, t)|2dx
}−1

=

{∫
Rn

|η|4m+6 exp(−2α|η|2)dη
}{∫

Rn

|η|4m+2 exp(−2α|η|2)dη
}−1

=
(n+ 4m+ 2)(n+ 4m+ 4)

(4α)2
.

Remark 8 For the global smooth solution to the Navier-Stokes equations, we

also have

Rm,1 =

{
lim
t→∞

(1 + t)2m+2+n/2

∫
Rn

|∇△mu(x, t)|2dx
}

·
{
lim
t→∞

(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx
}−1

=

{∫
Rn

|η|4m+4 exp(−2α|η|2)dη
}{∫

Rn

|η|4m+2 exp(−2α|η|2)dη
}−1

=
n+ 4m+ 2

4α
,
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Rm,2 =

{
lim
t→∞

(1 + t)2m+3+n/2

∫
Rn

|△m+1u(x, t)|2dx
}

·
{
lim
t→∞

(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx
}−1

=

{∫
Rn

|η|4m+6 exp(−2α|η|2)dη
}{∫

Rn

|η|4m+2 exp(−2α|η|2)dη
}−1

=
(n+ 4m+ 2)(n+ 4m+ 4)

(4α)2
.

Remark 9 Even though we did not find new structures in the Navier-Stokes

equations, we did find a very interesting fact. That is, the ratios of the exact

limits for both the heat equation and the Navier-Stokes equations are the same, as

evidenced by the following computations. Note that the ratios are

Rm,1 =

{
lim
t→∞

(1 + t)2m+2+n/2

∫
Rn

|∇△mu(x, t)|2dx
}

·
{
lim
t→∞

(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx
}−1

=

{
lim
t→∞

(1 + t)2m+2+n/2

∫
Rn

|∇△mv(x, t)|2dx
}

·
{
lim
t→∞

(1 + t)2m+1+n/2

∫
Rn

|△mv(x, t)|2dx
}−1

=

{∫
Rn

|η|4m+4 exp(−2α|η|2)dη
}{∫

Rn

|η|4m+2 exp(−2α|η|2)dη
}−1

=
n+ 4m+ 2

4α
,

and

Rm,2 =

{
lim
t→∞

(1 + t)2m+3+n/2

∫
Rn

|△m+1u(x, t)|2dx
}

·
{
lim
t→∞

(1 + t)2m+1+n/2

∫
Rn

|△mu(x, t)|2dx
}−1

=

{
lim
t→∞

(1 + t)2m+3+n/2

∫
Rn

|△m+1v(x, t)|2dx
}

·
{
lim
t→∞

(1 + t)2m+1+n/2

∫
Rn

|△mv(x, t)|2dx
}−1

=

{∫
Rn

|η|4m+6 exp(−2α|η|2)dη
}{∫

Rn

|η|4m+2 exp(−2α|η|2)dη
}−1

=
(n+ 4m)(n+ 4m+ 2)

(4α)2
.
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Remark 10 For the difference u− v, we have the same ratios as well

Rm,1 =

{
lim
t→∞

(1 + t)2m+2+n/2

∫
Rn

|∇△m[u(x, t)− v(x, t)]|2dx
}

·
{
lim
t→∞

(1 + t)2m+1+n/2

∫
Rn

|△m[u(x, t)− v(x, t)]|2dx
}−1

=

{∫
Rn

|η|4m+4 exp(−2α|η|2)dη
}{∫

Rn

|η|4m+2 exp(−2α|η|2)dη
}−1

=
n+ 4m+ 2

4α
,

Rm,2 =

{
lim
t→∞

(1 + t)2m+3+n/2

∫
Rn

|△m+1[u(x, t)− v(x, t)]|2dx
}

·
{
lim
t→∞

(1 + t)2m+1+n/2

∫
Rn

|△m[u(x, t)− v(x, t)]|2dx
}−1

=

{∫
Rn

|η|4m+6 exp(−2α|η|2)dη
}{∫

Rn

|η|4m+2 exp(−2α|η|2)dη
}−1

=
(n+ 4m+ 2)(n+ 4m+ 4)

(4α)2
.

Remark 11 The existence of the integrals∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt

is not a problem, for all i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n, because there holds

the following decay estimate with sharp rate

(1 + t)1+n/2

∫
Rn

|u(x, t)|2dx ≤ C,

for all t > 0, where C > 0 is a positive constant, independent of u and (x, t).

Remark 12 The exact limits are not completely explicit, because we cannot

express the integral ∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt,

in terms of the integrals∫
Rn

ϕij(x)dx,

∫ ∞

0

∫
Rn

ψij(x, t)dxdt.

However, based on the results of Theorems 2 and 4, roughly speaking, we have∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt ≈
∫ ∞

0

∫
Rn

vi(x, t)vj(x, t)dxdt,
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for all i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n, where v = v(x, t) represents the global

smooth solution to the linear heat equation. Similarly, we may use the following

approximation∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt ≈
∫
Rn

ϕij(x)dx+

∫ ∞

0

∫
Rn

ψij(x, t)dxdt,

for all i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n.
Remark 13 These exact limits are rigorously correct, no matter how many

global weak solutions there exist and how many times singularity occur during any

finite time interval (T1, T2), where 0 < T1 < T2 <∞.

Remark 14 A very interesting point is that the exact limits of any order

derivatives of the global smooth solution depend only on the integrals

αij =

∫
Rn

ϕij(x)dx+

∫
Rn

ψij(x, t)dxdt,

λij =

∫
Rn

ϕij(x)dx+

∫ ∞

0

∫
Rn

ψij(x, t)dxdt−
∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt,

for all i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n. The exact limits do not depend on

the integrals of the derivatives of these functions.

Remark 15 Numerical simulations for nonlinear equations in higher dimension-

al spaces, with small diffusion coefficient, have always been a challenging problem.

The exact limits may be used to indirectly check the accuracy and stability of nu-

merical schemes for the Navier-Stokes equations.

Remark 16 We have reasons and strong evidences to believe that for similar

equations, very similar results hold.

3.3 Examples of initial function and external force for the n-dimen-
sional incompressible Navier-Stokes equations

Note that the initial function and the external force are divergence free. Upon

performing the Fourier transformation to the equations ∇·u0 = 0 and ∇· f = 0, we

get

ξ · û0(ξ) = 0, ξ · f̂(ξ, t) = 0,

for all ξ ∈ Rn. Let ξ = εû0(0) in ξ · û0(ξ) = 0, and let ξ = δf̂(0, t) in ξ · f̂(ξ, t) = 0,

where 0 < ε≪ 1 and 0 < δ ≪ 1 are sufficiently small positive constants. Now

û0(0) · û0(εû0(0)) = 0, f̂(0, t) · f̂(δf̂(0, t), t) = 0.

Then let ε→ 0 and δ → 0. Now it is easy to see that

û0(0) =

∫
Rn

u0(x)dx = 0, f̂(0, t) =

∫
Rn

f(x, t)dx = 0,

for all t > 0.
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For the n-dimensional incompressible Navier-Stokes equations, we made the as-

sumptions that there exist real scalar functions ϕij and ψij in Subsection 1.4, such

that

u0(x) =

 n∑
j=1

∂

∂xj
ϕ1j(x),

n∑
j=1

∂

∂xj
ϕ2j(x), · · · ,

n∑
j=1

∂

∂xj
ϕnj(x)

 ,

f(x, t) =

 n∑
j=1

∂

∂xj
ψ1j(x, t),

n∑
j=1

∂

∂xj
ψ2j(x, t), · · · ,

n∑
j=1

∂

∂xj
ψnj(x, t)

 .

The conditions ∇ · u0 = 0 and ∇ · f = 0 are equivalent to the following
n∑

i=1

n∑
j=1

∂2

∂xi∂xj
ϕij = 0,

n∑
i=1

n∑
j=1

∂2

∂xi∂xj
ψij = 0.

We provide the following examples for this kind of initial functions and external

forces.

Example 1 Let α > 0 be a positive constant. Define the functions ϕij = ϕij(x)

in the initial function by

ϕij(x) = exp

(
−|x|2

4α

)
, for all (i, j) ̸= (n, n),

ϕnn(x) = [1 + ω(x)] exp

(
−|x|2

4α

)
.

Define the initial function

u0(x) =

 n∑
j=1

∂

∂xj
ϕ1j(x),

n∑
j=1

∂

∂xj
ϕ2j(x), · · · ,

n∑
j=1

∂

∂xj
ϕnj(x)

 .

Let δii = 1 and δij = 0 for i ̸= j. Therefore,

∂

∂xi

[
exp

(
−|x|2

4α

)]
= − xi

2α
exp

(
−|x|2

4α

)
,

∂2

∂xi∂xj

[
exp

(
−|x|2

4α

)]
=
xixj
4α2

exp

(
−|x|2

4α

)
− δij

2α
exp

(
−|x|2

4α

)
,

n∑
i=1

n∑
j=1

∂2

∂xi∂xj

[
exp

(
−|x|2

4α

)]
=

[(
1

2α

n∑
i=1

xi

)2

− n

2α

]
exp

(
−|x|2

4α

)
.

Moreover

∂

∂xn

[
ω(x)exp

(
−|x|2

4α

)]
=

∂

∂xn
ω(x)exp

(
−|x|2

4α

)
− xn

2α
ω(x)exp

(
−|x|2

4α

)
,

∂2

∂x2n

[
ω(x)exp

(
−|x|2

4α

)]
=

{
∂2

∂x2n
ω(x)−xn

α

∂

∂xn
ω(x)+

x2n
4α2

ω(x)− 1

2α
ω(x)

}
exp

(
−|x|2

4α

)
.
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Additionally, we have

∇ · u0(x) =

n∑
i=1

n∑
j=1

∂2

∂xi∂xj
ϕij(x)

=

{
∂2

∂x2n
ω− xn

α

∂

∂xn
ω+

x2n
4α2

ω− 1

2α
ω+

(
1

2α

n∑
i=1

xi

)2

− n

2α

}
exp

(
−|x|2

4α

)
.

Therefore, if we choose the function ω = ω(x) to be the unique solution to the initial

value problems for the nonhomogeneous, second order, linear differential equation

∂2

∂x2n
ω − xn

α

∂

∂xn
ω +

x2n
4α2

ω − 1

2α
ω +

(
1

2α

n∑
i=1

xi

)2

− n

2α
= 0,

ω(x1, x2, · · · , xn−1, 0) = 0,
∂

∂xn
ω(x1, x2, · · · , xn−1, 0) = 0,

then we see that the initial function u0(x) is divergence free. In the initial value

problems, x = (x1, x2, · · · , xn−1, xn) ∈ Rn and x1, x2, x3, · · · , xn−1 are treated as

real parameters. Note that the existence and uniqueness of the global smooth solu-

tion ω = ω(x) are guaranteed. There exists a positive constant C > 0, independent

of x, such that there holds the following estimate

|ω(x)| ≤ C(1 + |x|4),

for all x ∈ Rn. Hence [1 +ω(x)] exp
(
− |x|2

4α

)
∈ C∞(Rn)∩W∞,1(Rn). Overall, ϕij ∈

C∞(Rn)∩W∞,1(Rn), for all positive integers i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n.
Example 2 Let α > 0 be a positive constant and t > 0 be a positive parameter.

Define the functions ψij = ψij(x, t) in the external force f = f(x, t) by

ψij(x, t) = exp

[
− |x|2

4α(1 + t)

]
, for all (i, j) ̸= (n, n),

ψnn(x, t) = [1 + ω(x, t)] exp

[
− |x|2

4α(1 + t)

]
,

where i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n. Define the external force

f(x, t) =

 n∑
j=1

∂

∂xj
ψ1j(x, t),

n∑
j=1

∂

∂xj
ψ2j(x, t), · · · ,

n∑
j=1

∂

∂xj
ψnj(x, t)

 .

Define δii = 1 and δij = 0 for i ̸= j. Note that

∂

∂xi

{
exp

[
− |x|2

4α(1 + t)

]}
= − xi

2α(1 + t)
exp

[
− |x|2

4α(1 + t)

]
,

∂2

∂xi∂xj

{
exp

[
− |x|2

4α(1 + t)

]}
=

[
xixj

4α2(1 + t)2
− δij

2α(1 + t)

]
exp

[
− |x|2

4α(1 + t)

]
,
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n∑
i=1

n∑
j=1

∂2

∂xi∂xj

{
exp

[
− |x|2

4α(1 + t)

]}
=

[
1

4α2(1 + t)2

(
n∑

i=1

xi

)2

− n

2α(1 + t)

]

· exp
[
− |x|2

4α(1 + t)

]
.

Moreover

∂

∂xn

{
ω(x, t) exp

[
− |x|2

4α(1 + t)

]}
=

[
∂

∂xn
ω − xn

2α(1 + t)
ω(x, t)

]
exp

[
− |x|2

4α(1 + t)

]
,

∂2

∂x2n

{
ω(x, t) exp

[
− |x|2

4α(1 + t)

]}
=

[
∂2

∂x2n
ω − xn

α(1 + t)

∂

∂xn
ω +

x2n
4α2(1 + t)2

ω(x, t)− 1

2α(1 + t)
ω

]
exp

[
− |x|2

4α(1 + t)

]
.

Additionally

∇ · f(x, t) =
n∑

i=1

n∑
j=1

∂2

∂xi∂xj
ψij

=
n∑

i=1

n∑
j=1

∂2

∂xi∂xj

{
exp

[
− |x|2

4α(1 + t)

]}
+

∂2

∂x2n

{
ω(x) exp

[
− |x|2

4α(1 + t)

]}

=

{
∂2

∂x2n
ω − xn

α(1 + t)

∂

∂xn
ω +

x2n
4α2(1 + t)2

ω − 1

2α(1 + t)
ω

+
1

4α2(1 + t)2

(
n∑

i=1

xi

)2

− n

2α(1 + t)

}
exp

[
− |x|2

4α(1 + t)

]
.

Therefore, if we choose the function ω = ω(x, t) to be the unique solution to the

initial value problems for the nonhomogeneous, second order, linear differential

equation

∂2

∂x2n
ω− xn

α(1+t)

∂

∂xn
ω+

x2n
4α2(1+t)2

ω− 1

2α(1+t)
ω+

1

4α2(1+t)2

(
n∑

i=1

xi

)2

− n

2α(1+t)
=0,

ω(x1, x2, · · · , xn−1, 0, t) = 0,
∂

∂xn
ω(x1, x2, · · · , xn−1, 0, t) = 0,

then we see that the external force is divergence free. Overall

ψij ∈ C∞(Rn × R+) ∩ L1(Rn × R+).
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Now the functions ϕij , u0, ψij and f in the above examples satisfy all assumptions

made in (A2). This kind of initial functions and external forces form a vector

subspace of L1(Rn) ∩H2(Rn) and L1(Rn × R+) ∩ L1(R+, L2(Rn)), respectively.

3.4 Open problems
Consider the Cauchy problem for the n-dimensional incompressible Navier-Stokes

equations

∂

∂t
u− α△u+ (u · ∇)u+∇p = f(x, t), ∇ · u = 0,∇ · f = 0,

u(x, 0) = u0(x), ∇ · u0 = 0.

Given any large initial function u0 ∈ L1(Rn) ∩ H2m+1(Rn) and given any large

external force f ∈ L1(Rn ×R+)∩L1(R+, L2(Rn))∩L2(R+,H2m(Rn)), the existence

and uniqueness of the global smooth solution u ∈ L∞(R+,H2m+1(Rn)), such that

∇u ∈ L2(R+,H2m+1(Rn)), have not been accomplished yet, where m ≥ 1 is a

positive integer.

How to find the exact values of the integrals∫ ∞

0

∫
Rn

ui(x, t)uj(x, t)dxdt,

in terms of the diffusion coefficient α, the dimension n and the integrals∫
Rn

ϕij(x)dx,

∫ ∞

0

∫
Rn

ψij(x, t)dxdt?

3.5 Some technical lemmas
(The Gagliardo-Nirenberg’s interpolation inequality) Let 1 ≤ p ≤ ∞,

1 ≤ q ≤ ∞ and 1 ≤ r ≤ ∞. Let m ≥ 1, n ≥ 1, k ≥ 0 be integers, such that k < m.

There exists a positive constant α ∈ (k/m, 1), determined by

n

p
− k = α

(n
r
−m

)
+ (1− α)

n

q
.

There exists a positive constant C = C(m,n, k, p, q, r) > 0, such that there holds

the following estimate{ ∑
β1+β2+β3+···+βn=k

∫
Rn

∣∣∣∣∣ ∂β1+β2+β3+···+βnu

∂xβ1
1 ∂x

β2
2 ∂x

β3
3 · · · ∂xβn

n

∣∣∣∣∣
p

dx

}1/p

≤C

{ ∑
α1+α2+α3+···+αn=m

∫
Rn

∣∣∣∣ ∂α1+α2+α3+···+αnu

∂xα1
1 ∂xα2

2 ∂xα3
3 · · · ∂xαn

n

∣∣∣∣rdx
}α/r{∫

Rn

|u(x)|qdx
}(1−α)/q

,

for all u ∈Wm,r(Rn) ∩ Lq(Rn).
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