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Abstract

This paper attempts to study the convergence of optimal values and opti-
mal policies of continuous-time Markov decision processes (CTMDP for short)
under the constrained average criteria. For a given original model M., of
CTMDP with denumerable states and a sequence {M,,} of CTMDP with fi-
nite states, we give a new convergence condition to ensure that the optimal
values and optimal policies of { M} converge to the optimal value and optimal
policy of M, as the state space S,, of M,, converges to the state space S
of M, respectively. The transition rates and cost/reward functions of M
are allowed to be unbounded. Our approach can be viewed as a combination
method of linear program and Lagrange multipliers.
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1 Introduction

Markov decision processes have wide application in queueing system, telecommu-
nications systems, etc.; see, for instance, [2,11,13,16, 18] and the reference therein.
The existence and computation of optimal value and optimal policies form a hot re-
search area in Markov decision processes. The basic method to study the existence
of optimal policies include the dynamic programming approach, the linear program-
ming and duality programming method. Based on above methods, the value itera-
tion algorithms, policy iteration algorithms, linear programming algorithms for un-
constrained optimality problems and linear programming algorithms for constrained
optimality problems have been proposed; see, for instance, [4,11,13,15]. However,
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these algorithms are only adapt to tackle the optimality problems with finite states.
It is natural to use finite-state models to approximate the original model with de-
numerable state space or general Borel state space. Hence, from the theoretical and
practical point of view, the convergence of optimal values and optimal policies are
important and interesting issues in Markov decision processes.

In the discrete-time context, [3] considered the convergence of optimal value and
optimal policies of Markov decision processes with denumerable states under the
constrained expected discounted cost criteria. [5,6] developed the approximation
method of optimal value and optimal policies of Markov decision processes with Borel
state and action spaces under the constrained expected discounted cost criteria.

In the continuous-time formulation, [16] studied the convergence of optimal val-
ue and optimal policies of Markov decision processes with denumerable states under
the expected discounted cost and average cost criteria. [17, 18] developed an ap-
proximation procedure for CTMDP with denumerable state space under the finite-
horizon expected total cost criterion and risk-sensitive finite-horizon cost criterion,
respectively. For constrained optimal problem, [12] proposed an approach based on
occupation measures to study the convergence problem of optimal value and optimal
policies, and gave condition imposed on the original model with denumerable states
to ensure the original model can be approximated by a sequence of CTMDP with
finite states.

In this paper, we consider the similar convergence problem as in [12] with denu-
merable states but under the constrained expected average criteria. More precisely,
the original controlled model has the following features: 1) The state space is de-
numerable and the action space is a Polish space; 2) the transition rates, cost and
reward functions may be unbounded from above and from below. Firstly, by intro-
ducing the average occupation measures and Lagrange multipliers, we prove that
the constrained optimality problem of each model M,, of CTMDP equals to a un-
constrained optimality problem, and deduce the optimality equation which includes
some Lagrange multipliers. These results are extension of the results in [16] for
constrained optimality problem with one constraint. Then, we derive the bound of
the Lagrange multipliers in each model M,,. Secondly, according to the optimality
equations, we give the exact bound of of the optimal values between the finite-state
model M,, and the original model M,. Finally, using some approximation prop-
erties of expected average reward/cost, we obtain the asymptotic convergence of
optimal policies of finite-state models to the optimal policy of the original model.

The rest of the paper is organized as follows. In Section 2, we introduce the
constrained average model we are concerned with. In Section 3, we deduce the
optimality equation of each constrained model M, and give the error bounds of the
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Lagrange multipliers in optimality equations. In Section 4, we obtain the asymptotic
convergence of optimal values of finite-state models to the optimal value of the
original model and asymptotic convergence of policies of finite-state models to the
optimal policy of the original model.

2 The Models

In this section we introduce the models we are concerned with.

Notation If X is a Polish space, we denote by B(X) its Borel o-algebra, by
P(X) the set of probability measures on B(X) endowed with the topology of weak
convergence, by B(X) the Banach space of all bounded measurable functions on
X, by Cyp(X) the Banach space of all bounded continuous functions on X. Let
N:={1,2,---}, N:=NU {oo}, Ry := (0,00) and RY := [0, 00).

Consider the sequence of models {M,,} for constrained CTMDP:

My, = {Sn, (A(i) CA,i€Sy),qn(¢|i,a),rn(iya), (cﬁl(i, a), dil, 1<1<p), *yn}, neN,

(2.1)
where S, is the state space. We assume S,, := {0,1,--- ,n} for each n € N and
Seo :=90,1,---}. As a consequence, for each i € Sy, we can define n(i) := min{n >
1,7 € S, }. The set A is the action space which is assumed to be a Polish space and
the set A(i) € B(A) represents the set of all available actions or decisions at state
i € Sy, for each n € N. Let K,, := {(i,a)|i € Sp,a € A(i)} represent the set of all
feasible state-action pairs. For fixed n € N, the function ¢,(-|i,a) in (2.1) denotes
the transition rates, that is, ¢, (j|é,a) > 0 for all (i,a) € K,, and i # j. Furthermore,
qn(i]j, a) is assumed to be conservative, that is

> anljlia) =0, for all (i,a) € Ky, (2.2)
JESn
and stable, that is
g, (i) == sup |gn(ili,a)] < oo, for eachi € S,. (2.3)
a€A(i)

Moreover, ¢,(j|i,a) is a measurable function on A(7) for each fixed i, j € S,,. Finally,
7, corresponds to the reward function that is to be maximized, and ¢!, corresponds
to the cost function on which the constraint d’, € R is imposed for each 1 < < p.
The ~, denotes the initial distribution for M,,.

Next, we briefly recall the construction of the stochastic basis (2, Fpn, {Ft.n}t>0,
P;rnn) for each n € N. Let ioe ¢ Soo be an isolated point and iso ¢ Soo, S; =

S Ui}, D = (S x (R % 5,)°)U E’jo (0 % (R % 5)™ x ({00} % {in})*®). Thus,

m=
we obtain the sample space (£, F,,), where F,, is the standard Borel o-algebra. For
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each m > 1 and each sample w = (ig, 01,41, ,0p—1,n—1, -+ ) € Qy, we define some
maps on 2, as follows: Tph(w) := 0, Xo(w) := ip, Op(w) = O, Trn(w) = % On,
To(w) = nan;on(w), Xm(w) := ipy. Here, ©,,, T, X, denote the sojourr??ilme,
jump moment and the state of the process on the interval [T, T)+1), respectively.

Define a process {&;,t > 0} on (£, F,,) by

&(w) = Z I{Tm(w)§t<Tm+1(w)}im + I{Too(w)gt}ioo for each w € Q,,.

m>0
In what follows, A, (w) := (ig, 01,41, - ,0n,1,) is the n-component internal history,
the argument w = (4p, 01,41, ,On,in, -+ ) € Qy is often omitted. Since we do not
consider the process after Ti, i is regarded as absorbing. Define A(is) := oo,

where a, ¢ A is a isolated point, A* := AU {ax} and q(ico|ico, o) := 0. Let
Fim i =0{Tm <8, Xm=34}:J € Sp,s <t,m>0) be the internal history to time ¢
for the game model G, Fs_ ,, ==\ Fin, P :=0(C x {0}(C € Fy),C x (s,00)(C €

t<s
Fs—n,s > 0)) which denotes the predictable o-algebra on 2,, x RS]F.

Below we introduce the concept of policies. Let ®,, denote the set all kernels on
A* given S;.

Definition 2.1 (i) A P,-measurable transition probability function 7(-|w, )

n (A*, B(A*)), concentrated on A(&;—(w)), is called a randomized Markov policy if
there exists (|-, t) € ®,, for each t > 0 such that 7(-|w,t) = @(:|&—(w), t).

(ii) A randomized Markov policy 7 is said to be randomized stationary if there
exists a stochastic kernel ¢ € ®,, such that 7(-|w,t) = ¢(:|{—(w)) for each ¢ > 0.
Such policies are denoted as .

We denote by II,, the family of all randomized Makov policies of M,,. The set
of all stationary policies is denoted by 1I;. For each given n € N and policy 7 € 11,
according to Theorem 4.27 in [14], there exists a unique probability measure P , on
(Q, Fn). Expectations with respect to P, is denoted as EJ . When v, (i) = 1,
we write P[, for P7 . and ET, for EJ . respectively.

Ym0
To guarantee the state processes {&,t > 0} for each model M,, is nonexplosive,

s

we impose the following so-called drift conditions.
Assumption 2.1 There exist a nondecreasing function w > 1 on S, constants
k1> p1 >0, L >0 and a finite set C,, C S, for each n € N such that

) lim w(i) = oo;
1—00

(a

®) 3 qu(jli, a)w?(j) < —prw?(i) + k1le, (i) for all (i,a) € K, n € N;
JESn

(c) ¢ ()<Lw()f0rallz€5n,n€N

(

d)ezé; w?(1)yn(i) < oo for all n € N,
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Remark 2.1 Under Assumptions 2.1 (a)-(c), it follows from Theorem 2.13
in [16] that there exist constants p/ > 0 and . > 0 for each 0 < 7 < 2 such that

S Gulilis )" (G) < —pw” () + K,1c, (i), forany () € K. (2.4)
JESK
The expected average criteria J! (vy,, ) for each given n € N and 7 € II,, are
defined as follows:

T
J9(yn, ) = lim inf = B { /0 /A rn(gt,a)w(da|§t,t)dt], (2.5)

Tooo T 1T

. Lo [ [
J! (Y, ) 1= limsup TE%’" [// cﬁl(&,a)w(daﬁt,t)dt], for all 1<i<p. (2.6)
T—o0 0JA

Let U, := {m € I,| J\(yn,7) < d\,1 <1< p}, and J) = sup JO(7,,7) be the
w€Un
set of all constrained policies and the optimal value of M, (n € N), respectively.

Definition 2.2 (i) For any n € N, a policy 7 € U, is called an (constrained)
optimal policy of M, if JO (v, 7) = J.

(ii) A sequence {¢,} with ¢, € II} for each n € N is said to converge weakly
to ¢ € 115, if the sequence {¢,(-|i)} converges weakly to ¢(:|7) in P(A(i)) for each
i € Soo and n > n(i). We denote it by ¢, — .

3 Preliminary Results

For convenience, we define ¢, (i,a):=(cL(i,a), -+ ,ch(i,a)) and d:=(d},- - ,dh)

for each n € N and (i,a) € K,. Let e be the p-dimensional vector with all com-
ponents equal to one. First, for the existence of an optimal policy =, of M,,, we
introduce the following conditions from [9, 16]:
Assumption 3.1 (a) For each i € S,,, A(4) is a compact set.
(b) The functions g, (|7, "), rn(i,-) ¢, (i,-) and > w(4)qn(jli,-) are all continu-
JESn
ous in a € A(i), for each fixed n € N, i,5 € S, and 1 <[ < p.

(c) There exists a constant M > 0, such that |r,(i,a)| < Mw(i) and |c},(i,a)| <
Muw(i) for all n € N, (i,a) € K, and 1 <1 < p.

(d) There exist constants 7 > 0 and k2 > ps > O such that > w?*(5)q,(ji,a) <

JESn
—pow? (i) + kg for each n € N and (i,a) € K.

Remark 3.1 Assumption 3.1(a) implies that the space P(A(7)) with the topol-
ogy of weak convergence is also compact for each ¢ € So,. Hence, by the Tychonoff’s
theorem, I = [] P(A(%)) is compact too.

Under Assu;relg%ions 2.1 and 3.1(c), we can obtain the finiteness of the expected

average criteria.
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Lemma 3.10019 Suppose that Assumptions 2.1 and 3.1(c) hold. Then

/
|JL ()| < MH—,1 foreachn €N, w €Il and 0<1<p,
P1
where K} and p are the constants in Remark 2.1 for 7 = 1.
To obtain our main results, we consider the following assumptions:
Assumption 3.2 (a) lim sup |g,(j|i,a) — g0 (4], a)| = 0, for each i,j € Soo,
N0 e AG
where n > max{n(i),n(j)};
(b) lim sup |r,(i,a) —reo(i,a)] = 0and lim sup |c,(i,a) — . (i,a)| = 0 for
n—oo GEA(Z) n—o0 GEA(Z)
each i € S and 1 <1 < p, where n > n(i);
(c) lim d\ =d' for each 1 <[ < p.
n—oo o
For each n € N, a measurable function v on S,, (resp., K,,) is said to be with a
finite w-norm if ||u||y, := sup |Z((ZZ))‘ < oo (resp., ||u]|w := sup 7|“u(f(’5)| < o0). We
zeSn (Z,a)e n
denote by B, (.S, ) the Banach space of functions on S,, with finite w-norm and denote
the set Cy(Kp) = {u: K,, — R’u is continuous on K, and  sup % < oo}
(i,a)EKn
Assumption 3.3 For each n € N and ¢ € II¥, the corresponding Markov

process & in each model M,, is irreducible.

Remark 3.2 (i) Under Assumptions 2.1and 3.3, Theorem 2.5 in [16] yields that
for each n € N and ¢ € II$, the Markov chain {&} has a unique invariant probability
measure, denoted by u.

(ii) Under Assumptions 2.1, 3.1 and 3.3, Theorem 2.11 in [16] implies that the
control model (2.1) is uniformly w-exponentially ergodic, that is, there exist con-
stants d,, > 0 and (3, > 0 such that

Sup |Ef, (u(&)) — i (w)] < Bre™ " |Julluww(i),
pelly

for each n € N, u € B, (Sy,) and t > 0, where uf (u) := > u(j)uh (). Moreover,
JESn
by Remark 2.1, we have p; (w™) := > w™(j)pn(j) < ';—:T for each 0 < 7 < 2, where
JESn "
py = p1 and Ky = k1. _
(iii) Under Assumptions 2.1, 3.1 and 3.3, for each n € N, 0 <[ < p and stationary

policy ¢ € II%, the J! (v, ¢) is a constant and does not depend on the initial state

i, more precisely, J!(vn, 0) = 3 (4, 0)uf(§) == gl ().

JESn
Assumption 3.4(Slater condition) There exists a policy 7 € Il such that

T\ (Yoos ™) < dL, foralll1<1<p. (3.1)
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For each ¢ € II_, we denote by ¢|g, the restriction of ¢ in the set S, as follows:
©ls, (+]7) :== @(:]7) for each i € S,,.
Lemma 3.2 Suppose Assumptions 2.1, 3.1, 3.2(a)-(b) and 3.3 hold. Then, for
each 0 <1 <p,
lim sup |gh () — gn(¢ls,)| = 0.

n—=00 ,ells
This statement has been established by Theorem 4.21 in [16] for determinis-
tic stationary policies. It is easy to extend the result to the class of randomized
stationary policies.
For each n € N and ¢ € II$, we define the measure fi;, by ff(i x B) =
wh(i)e(Bli) for each i € S, and B C A(i). For measurable function w, let

Puw(K,) = {17 € P(K,)| . w(i)n(i,da) < oo}

In particular, under Assumptions 2.1, 3.1 and 3.3, 15, € Py (K,) for each ¢ € II¥
and n € N. Now, we introduce the following sets

Ap = {5l € I},

and

A = {,u S (i, a)u(i,da) < d,, for each 1 <1< p} for each n € N,
Ky
where the index “f” in Afl stands for “feasible”.
Definition 3.1 The w-weak topology on P, (K,) is the coarsest topology for
which all mappings

] |—>/ fdu, where f € Cy(Ky)
Ky

are continuous.

The following lemma characters the w-weak topology; for a proof, see [8, Corol-
lary A.45].

Lemma 3.3 A sequence {fiy,} € Pyw(K,) converges w-weakly to p if and only
if fKn fdum — fKn fdu for every measurable function f which is p-a.e continuous
on K, and for which exists a constant ¢ such that |f| < ¢-w p-almost everywhere.
In this case, we write fiy, — 1.

Lemma 3.4 Suppose that Assumptions 2.1, 3.1 and 3.3 hold. Then, the set A,
and A£ are convex, compact and closed under the w-weak topology for each n € N.

Proof Under Assumptions 2.1, 3.1 and 3.3, it follows from Lemma 8.12 in [16]
that A, is convex and compact. Let {{,} C A, with g, — u and v € By(S,),
by the definition of w-weakly convergence and Assumption 3.1(b), it follows from
Lemma 8.11 in [16] that



456 ANN. OF APPL. MATH. Vol.35

Jim [ oGl hnaida) = [ 3 vt aut.da) <o
" jESH " jE€Sn
which implies that u € A,. Hence, A,, is closed. Furthermore, suppose that pi,, € A
for each m, then it follows that
lim (i, a) pm (i, da) = / (i, a)p(i,da) < d.,

m—0oQ
Ky, n

for each 1 <[ < p, which implies that u € A£ and Af; is closed. Now, suppose that
M1, o € AL, we have that

| daiun(ida) + (1 - Vol o)

n

3 [ dlamida) s @-n [ damld <d,
K, n

for each 1 <1 < p, which implies the convexity of AJ. The proof is completed.
Lemma 3.5[19 Suppose that Assumptions 2.1, 3.1 and 3.3 hold. Then, for each
7 € l, there exists a stationary policy ¢ € 115, such that JO (Yoo, ) = J& (Yoo, T)
and J' (Yoo, D) < JL (Yoo, ) for each 1 <1 < p.
By Assumption 3.4 and Lemma 3.5, there exists a stationary policy ¢ € II3]
such that J! (7e0, @) < d', for each 1 < I < p. Next, we need to introduce some

notations:
gn() = (gal@), 1 gh(@)), 0= min {di, — g0 (P)}, (3.2)
Y2
— 1 gl . ! ol
€2(n) == glaéj{!doo dpl}, e(n): %1?%{2% 1960 () — gn(wls, )|} (3.3)

for each n € N and ¢ € IT5.
Lemma 3.6 Suppose that Assumptions 2.1 and 3.1-3.4 hold, then there exist
an integer N* and ¢, € 1L}, for each n > N* such that

Jh (Y tpn) < dl,  for any 1 <1< p. (3.4)

Proof For each fixed § < 0, it follows from Lemma 3.2 and Assumption 3.2(c)
that there exists an integer /N such that for each n>N, we have €1(n)+ea(n)<d and

95 (P) — e1(n) < gh(Bls,) < gh (@) + e1(n) < d — ea(n) < dy,,
for each 1 <[ < p. Hence,
dl, — 9 (@ls,) = dj, — db + di — 95 () + 95 (2) — 9,($ls,.)
29—61(71)—62(71)>9—(5>0, (35)

that is g, (|s, ) < d!, for each 1 <[ < p which implies that ¢, := @|g, is a feasible
solution of M,, for each n > N*. The proof is completed.
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The following lemma gives the optimality equation for constrained problem
which has been established by Theorem 8.13 in [16] for the case of a single con-
straint. For completeness, we extend Theorem 8.13 in [16] to any finite numerable of
constraints. First, we need to introduce some notations. For each z = {z1,--- ,z,},

P
y={y1, - ,yp} € RP, we define (z,y) := > xp -y and say x < y if x5, < yj, for

k=1
each 1 <k <p.

The proof of the following lemma is similar to that of Theorem 4.10 in [5] for
discrete-time MDP, we prove it here only for completeness.
Lemma 3.7 Suppose that Assumptions 2.1 and 3.1-3.4 hold. Then, for each

n €N,
(i) there ezist a function hy, € By (Syn) and a vector X!, € (—oo,0]P such that
Jt= sup {rn(i,a) + (A, en(iya) )+ Z hn(5)qn (717, a)}

a€A(1) JESn

= sup { [ Irafi.0) + O ealis) — )G do) )
Pelly n

—sup { [ ra(i.apulida)},
pehf, =/ Kn

where ¢, (i,a) —d, denotes the p-dimensional vector whose components are c\,(i,a) —
d. for each 1 <1 < p;

(ii) there exists a stationary optimal policy ¢} of M.

Proof (i) Let n € N be fixed and

0, = U {(21,... ,2P) / (i, a)u(i,da) < 2, for each 1 <1 gp}.
Kn

BEA,

For each z = (2%, 22,--- | 2P) € O,, we define

No(z) == {,u €A, cL(iya)u(i,da) < 241 <1< p}

Kn
and

Un(z) := sup {/ rn(i,a)p(i,da) - p € Nn(z)}

Suppose that g, — p and {i,} C Nn(2), by the definition of w-weakly con-
Vergence and Assumption 3.1(b), then it follows that hm f &, ol @)pm (i, da) =

Jx, ch u(i,da) < 2! for each 1 <1 < p which 1mphes that p € Np(z). Hence,
Nu(z ) is a closed set of A, for each n € N and z € O,,, which together with Lemma
3.4 implies NV,,(z) is compact. Therefore, for each z € O,,, there exists u* € N, (z)
such that Un(z) = [ 7n(i, a)p*(i,da) which together with Lemma 3.1 implies Uy (2)
is finite for each z € O,,.
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Next, we need to show that U,(z) is concave in z. Let zx € O, with z; =
(2}, ,2Y) for each k = 1,2. There exist 1 € Np(21) and pp € Ny (22) such that
Jx, rali;a)pa (i, da) = Up(z1) and [ r5(i, a)pz(i,da) = Un(z2). Let X € (0,1). We
have

AUn(21) + (1 = A)Un(22) = / r(i; a) A+ (1= A)pe(é, da)

n

and

/ (i, a) M + (1 = N p2)(i,da) < Azb 4+ (1 = Nz, for each 1 <1 < p,

which implies that Ay + (1 — Npe € My(Az1 + (1 — X)z2). Thus, it follows that
Un(Az1 + (1 = N)z2) > AU, (21) + (1 — N)Uy,(22), that is U,(z) is concave on O,.
For arbitrary 21,20 € O, satisfying zll < zé for each 1 < I < p, we have
Un(z1) < Uy(22). By Lemma 3.6, d,, is the interior of O,. Then, it follows from
Theorem 7.12 in [1] that there exists \f = (AL, .- ,)\Zp) € RP with A} < 0
such that U (én) < Up(dy) + (=X, 0, — dy,), for each 6, € O,. Take 6, :=

{[x, en(i,a)u(i,da), -, [ ch(i,a)u(i,da)} for some pu € A,. Then,

Up(dn)>Un(0n)+ (N, 0p—dy) = / (i, a) (i, da)+ (N, 0, —dy,)

:/:rn(i,a)p(i,da)+/n()\;,cn(i,a)—an(iada)a

for each p € A,,. That is,

U,(dy) > sup {/K rn(i,a),u(i,da)—}—/ (A, en(i,a) —dn>,u(i,da)}

nEA,

which implies that

Uy (d,) = sup {/K rn(i,a),u(z‘,da)—i-/K (A, en(i,a) —dn>u(i,da)}

HEA,

— sup {/ (ra(iy @) + (A, cn(i, a) —dn>)ﬁﬁ(i,da)}. (3.6)

pelly
Under Assumptions 2.1, 3.1 and 3.3, by (3.6), Theorem 3.20 in [16] and Remark
3.2(ii), there exists h,, € By (Sy) such that

Un(dy)=max <rn(i,a) + (A, cn(i hn () an(jli, a
(dn)=mave {7(is0) + )+ 3 hn3)anl )}

:Wseul%) {llTrIi>lo%f TE;rnn[//(Tn &y a -I-Z)\*l (&, a) ))ﬂ(dﬂ&ti)dt]}.
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Let 7 € II,, such that
: 1 T T l l
lim sup TEV n[ e (&, a)w(da!&,t)dt} <d,,
T—o0 0JA
for each 1 <[ < p, then we have

J (Y, ) = liminf — ETr //rn &, a)m(daléy, )dt}

T—oo T 7

<11TI13>101<1)f TE;r n[/o/ (Tn &, a +Z)\*l (&, a) ))W(da|ftat)dt
< Un(dn).

On the other hand, by the definition of U,(d,), we have J} > U,(d,). Hence,
Ji = Uy(dy). (ii) Let n € N. By Assumption 3.1(b) and Lemma 3.4, there exist a
pm. u* € A} and a stationary policy ¢ € II7 such that

Ty = / rali, @)t (i,da) and (i, da) = i (i, da),

which implies that ¢} is optimal for M,,. The proof is completed.

The proof of the following lemma is similar to that of Theorem 8.14 in [16] with
one constraint, we prove it here for the sake of completeness.

Lemma 3.8 Suppose that Assumptions 2.1 and 3.1-3.4 hold. Then, for each
n € N, there exist u}, € A,, and X}, € (—o00,0]P such that

J = sup inf {/K (i) + A, ea(i,a) — do) (i, da) |

/LGAn )\E(—O0,0]p

= inf sup { /n[rn(i, a) + (A en(i,a) — dn)]u(i,da)}

AE(—00,01P peA,

= sup {/K [rn(i,a) + (A, en(i,a) — dn)]u(i,da)}

HEAR

—  inf {/Kn[rn(i,a)+<)\,cn(i,a)—dn>]u;§(i,da)}.

AE(—00,0]P

Proof Let A} be the vector as in Lemma 3.7, we can get the third equality. For
each fixed n € N, suppose that u € A, such that the I-th constraints is violated,
that is [ ¢, (i,a)u(i,da) > d},. Tt follows that

inf {/Kn[rn(i,a) (X, enli,a) — dn>],u(i,da)} — oo

AE(—o00,0]P

Hence,
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swp it /K Tralis) + (0 (i, a) — du) (i, da) }

MEAn )\E(—O0,0]p

~ sup inf {/Kn[rn(i,a)+<)\,cn(z‘,a)—dn)]u(i,da)}

,UEA[L AE(—00,0]P
= sup { [ rali,a)uti.do)}.
peN, n
which together with Lemma 3.7 implies the first equality.
Let Tn(p, A) := [y [ra(i,a) + (X, cn(i,a) — dn)lu(i,da) for each p € A, and
A € (—00,0]P. For arbitrary fixed A € (—o0,0]P, 8 € (0,1) and u1, u2 € Ay, we have
that

BTn(Mh )‘) + (1 - B)Tn(,u?v )‘)
— 5 / iy @) + (A en(iy @) — du)lun (i, da)
Kn

1 - B) /K (i, @) + O\, n(is @) — do)]pia(i, da)

- /K (ra(ir0) + (A, n(is a) — dn)) [Bpas + (1 — B)pio](i, da)

n

=Ta(Bp1 + (1 = B2, A).
Hence, T, (i, ) is convex in p for each fixed A.

p
Let f(i,a) := rp(i,a) + > A(c,(i,a) — d.), then
=1

Almaxdn N .

£(5,0)] < Mw(i) + Pl M0(0) + 2] < 3 (14 M + ZABE) )
= ! max ;— d. hich together with A -

where |A|max 1n<1la§};{|)\ |} and d; 1n<1l3ug><1;0{| w|}, which together wi ssump

tion 3.1(b) implies that f € Cw(Kp). Now, suppose that {m} C A, such that
om — 11, we have p € A, and

lim [, a)pm(i,da) = f(i,a)u(i, da),

m—oo Jp K,

which implies that T,,(u, A) is upper semi-continuous in p for each fixed A.
For each fixed p € Ay, let A1, Ay € (—o0,0]P. It follows that

BTn(p, M)+ (1= B)Tn(p, A2) = / [rn(i, @) + (BA1+ (1 = B) A, en(i; a) — dn)]p(i, da)

n

which implies that T;,(u, A) is concave in A for each p. By the Minmax Theorem
in [2, p.129] or [7, Theorem 2], we have
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inf  T,(u\) = inf T, (1 \),
iélixe(l—noo,o]z) n(i;A) Ae(l—noo,o]f’;élfn nlt:A)

that is

sup  inf {/Kn[rn(i,a)—k@\,cn(i,a)—dn)]u(i,da)}

,uGAn )\E(—O0,0]p

~ inf sup{/ ralia) + (A, (i @) — da)]u(i,da) .

)\E(*O0,0]p MEAn n

which implies the second equality. By Lemma 3.7, there exists a stationary policy
@k € @5 such that J* = JO(y,, ¢k). Let uf := fin™, then

I :/ (i, @)y, (4, da) ZAE(iIéE’O]p{/Kn[m(i,a) + (\ enliya) —dn>]u;;(z',da)}.

n

Hence, the last inequality holds. The proof of Lemma 3.8 is finished.

4 The Main Results

Theorem 4.1 Suppose that Assumptions 2.1 and 3.1-3.4 hold. Then, le Jr =
T o

Proof Let ¢, be the policy in Lemma 3.6, B := M';—:i and 0 < 6 be fixed. By
Lemmas 3.1 and 3.7 and (3.5),

B2 Jy= s { [ i)+ O enli.a) — )G do)

> / (i @) + (o en (i 0) — )67 (7, da)

> =B+ (A gn (") = dn) = =B + (=5, dn — gn(17))
> —B+ (—A%,0—6).

Then, we have

2B
(—Ar,e) < 75 for any n > N. (4.1)

As in Lemma 3.6, there exists a stationary policy ¢ € II5_ such that fo) (Yoo, @) <
d', for each 1 < < p. Similarly, we have

Bz I = s { [ el + (N e0) = dulE G da) )

> /K [l ) + (Vi () = o)., o)

> B+ <_/\§o7doo - 900(9’5» >-B+ <_A2070>7
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which implies that

2B _ 2B
“Ney < 22 < 2 :
(A€l < - < s (4.2)

Under Assumptions 2.1, 3.1 and 3.3, by Lemma 3.8, there exists p’, € A such that
J5 < / (oo iy @) + (N, oo ) — doo) % (i, da). (4.3)
By (4.1) and (4.3), there exists ¢ € II5_ such that pt, = u%. Let ¢, := p|g, denote
the restriction of ¢ in the set S, then
Joo = n

< / oo (i, @) + (N, coo(i, @) — doo) i’ (i, da)

— sup {/ [rn(i,a) + (A7, en(i,a) — dn)]u(i,da)}

e, n

< / (oo (i0) + (NG, ool @) — o) i, da)

= [ Iralis) + O ealis) = ) i, da)
= 920(90) + <)‘:ng00(90) - doo> - gg(@n) - <)‘:L7gn(¢7n) - dn>
< 61(”) + </\:ugoo(()0) - gn(@n)) + <)‘;k17 dn - d00>

<er(n) + (=X e1(n)) + (=5, ea(n)) = e1(n) + [e1(n) + €2(n)] 25

-6

Similarly, by Lemma 3.8, there exists u;, € A, such that

J* g/ (i, @) + (N, en(iy @) — du)]s G, da). (4.4)

n

Then, there exists ¢, € II$ such that p* = ;" for each n € N. Let n € N be fixed
and ¢, denote an extension of ¢, to II5_ by:

Palli) = {f”( . ii 2 gg: where v € P(A(7)) is chosen arbitrarily. (4.5)
It follows from (4.2) and (4.4)-(4.5) that
Iy —J%
_ inf / (i, @) + (N, cn(i, @) — do|pit (i, da)

Ae(—o00r Sk

- s /. [l + (N (i) — do) i o)
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< // (i 0) + (Noe, en(i, @) — d)if (5> da)

—/[%m@+u;%mﬂww@m%@m>
K

92(9071) (San) (Aoos In(Pn) = goo(Pn) + doo — dn)

€1(n) + (=A% 9oo(Pn) — gn(pn)) + (=A%, dn — doo)

e1(n) + [e1(n) + e2(n) (=A%, €)
(n) +

() + ea(m)] 5

n

IA A

IN

1\n

Hence, there exists an integer N such that for each n > N, |J — J%X| < e1(n) +
[e1(n) + €2 (n)]%, which implies the desired result. The proof is completed.

Lemma 4.1 Suppose that Assumptions 2.1, 3.1 and 3.3 hold. For any fized
n € N, if there exists {om} C 15 such that ¢, — ¢ € I3, then n}gnoo g (om) =
gl (o) for each 0 <1 < p.

Theorem 4.2 Suppose that Assumptions 2.1 and 3.1-3.4 hold. If ¢} € II} is an
optimal policy of My, for each n € N and ¢} — ¢ € 113, then o is an optimal
policy of M

Proof First, we should show that ¢ is a feasible solution of M. Let ¢}
denote an extension of ¢} to IIS by replacing ¢, in (4.5) with ¢} here. Under
Assumptions 2.1 and 3.1-3.3, by Lemmas 3.2 and 4.1, for each € > 0, there exists an
integer N such that |g7,(¢5) — 95(@5)] < § and [gh () — gh ()| < § for each
n > N and 1 <[ < p. Hence,

19.(00) = 95 (00)| = 19n(25) = 950 (Br) + 95 (Bh) — gho(o0)| < e,
which together with Assumption 3.2(c) implies that

d, = lim d\ > lim c;(z',a)ﬁﬁ(i,da):/ L (i, a) g (i, da),

n—oo K’n
for each 1 <1 < p. Hence, @ is feasible for M. By Lemma 4.1 and Theorem 3.6,
we have that
9o (po0) = lim g5, (27)
> Tim [gh(¢n) — sup |gn(¢ls,) — 9% (#)]]

n—00 pells,
= Tim J; — lim sup [gp(¢ls,) — 9% (9)] = Jx.
n—oo n—>OOQOEHS

Hence, ¢ is optimal for M. The proof is completed.
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