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Abstract

We propose a stochastic stage-structured single-species model with migra-
tions and hunting within a polluted environment, where the species is separated
into two groups: the immature and the mature, which migrates from one patch
to another with different migration rates. By constructing a Lyapunov func-
tion, together with stochastic analysis approach, the stochastic single-species
model admits a unique global positive solution. We then utilize the compar-
ison theorem of stochastic differential equations to investigate the extinction
and persistence of solution to stochastic single-species model. The main results
indicate that the species densities all depend on the intensities of random per-
turbations within both patches. As a consequence, we further provide several
strategies for protecting endangered species within protected and unprotected
patches.
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gration; extinction and persistence
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1 Introduction

The establishment of the protection zones within some countries or areas around
the world has been widely accepted and recognized as an efficient strategy to avoid
the endangered species from extinction when faced the excessive activities of human
beings. The researchers proposed and formulated the population models between
unprotected and protected patches to investigate how the dynamic mechanics of the
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species undertook in the long run. For instance, Zou and Wang [2] studied the
dynamic behaviors of a deterministic single-species model with diffusion between
two patches

i(t) = ra() (1= 20— L a) — yt1)) - B2(0)

a0 = ru(0) (1= 22+ Lat) g0,

where z(t) and y(t) respectively represent population densities of the species in

(1)

unprotected and protected patches at time t, » means the intrinsic growth rate,
K refers to the carrying capacity of environments, d is the diffusion coefficient, FE
denotes the hunting rate in unprotected patch. By assuming that the size of the
unprotected patches is H and the size of the protected patches is h; the diffusion term
is proportional to the differences of densities between two patches, by considering a
size-dependent single-species model with migration and hunting, they derived that
reducing the diffusion coefficient and increasing the size of the protection zone are
both propitious for the enhancement of population levels within protected patch.
Other latest results regarding the protection zones could be found in the literatures
[4,13,21,31-34].

Pollution of environments often seriously threatens spaces for survival for most
species on the globe. The fact is that, some species become extinction, and more
species are endangered when they simultaneously face environmental and human
pollution. Nowadays, it therefore is of especial importance to study the persistence
and extinction for endangered species within polluted environments. Recently, many
scholars have conducted extensive researches on endangered species regarding pol-
luted environment and toxins distribution, and have obtained some good related
results. For example, Srinivsu [26] studied a single-population model in which the
input toxin is a constant, and obtained sufficient conditions for the consistence,
persistence and extinction. Later, Yan et al. [27] found the criteria for survival
and extinction by comparison theorem of ordinary differential equations to study
the dynamic behaviors of a single-population model, when the population growth
rate in the polluted environment is nonlinearly related to the toxin concentration in
species. Almost at the same year, Yang et al. [28] investigated the persistence of
a single-population model in polluted environment by Dulac function method, and
obtained sufficient conditions for the global stability of positive equilibrium state to
the model, and further explained its corresponding biological meaning.

We in this paper propose a single-species model in which the species moves
between patches: unprotected patch and protected patch. We denote the density of
individuals for endangered species in unprotected patch at time ¢ by z(¢), and the
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density of individuals in protected patch by y(¢). Thereinto, the matures within
unprotected and protected patches are respectively denoted by x,,(t) and v, (t), and
the immatures within unprotected and protected patches are respectively denoted
by zi(t) and y;(t).

WWF China made fourth investigation upon outdoor survival of wild giant pan-
das in China from 2011 to 2014, which shows that, the number of wild giant pandas
within mainland of China has reached 1864, and the number of giant pandas in pro-
tected patches has accounted for 66.8% within total number in mainland of China
(see [36]). Another case in National Forestry and Grassland Administration and
National Park Administration claimed that the number of South China tiger (also
called Panthera tigris Amoyensiss in references) in protected patch has accounted for
55% of the total number within mainland of China (see [37]). For Tibetan antelope
(referred also as Pantholops hodgsoniis), the number in protected patches has ac-
counted for 70% of the national quantity (see [37]). Combined with the above cases,
we here assume that the amount of individuals of endangered species in protected
patch is larger than that in unprotected patch in this paper:

zi(t) <y(t) < Kiwi(t), am(t) <y(t) < Karp(t), (2)

where K1 > 1 and Ky > 1, and there is a certain proportional relationship between
the immature and the mature in protected patch as follows:

K3ym(t) < yi(t) < Kaym(t), (3)

with 0 < K3 < 1, K4 > 1. We further assume that migration process for the ma-
ture is a double-direction activity due to the spread of toxicant, that is, the mature
in unprotected patch would migrate from and to protected patch due to shortage
of food-resource and concentration of toxicant. Then we reach the following de-
layed ordinary differential equations, which describe the single-species in a polluted
unprotected patch with stage-structure and migration:

&i(t) = ar (T (1)) zm(t) — B (T (t ))xl(t
—ai1 (Ti(t — 7))z (t — 7) exp

AT 3))d3>,

t

bon(t) = o0 (Ti(t — 7))t — 7) xp< [ ansas)
—y1(T1 ()22, (t) — ma (Ta(t )xm(t) ma (To(t)) ym (t)
—Exp(t) — B2 (T1(t)) zm (1), (4)

where «1(T1) denotes the birth rate of the immature in unprotected patch; £1(T})
and B2(T1) denote the death rates of the immature and the mature in unprotected
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patch respectively; 1 (77) denotes the competition rate of the mature in unprotect-
ed patch; m(71) means the toxicant-dependent migration rate from unprotected
to protected patch; mq(T5) stands for toxicant-dependent migration rate from pro-
tected to unprotected patch; E is the hunting rate by human beings and here T} (¢)
and Ty (t) respectively mean toxicant concentrations in the environment at time ¢ in
unprotected and protected patches respectively.

For the mature in protected patch, the individuals would migrate from and to
unprotected patch due to shortage of finding mate or survival resource or other
possible reasons. Then we get the following delayed ordinary differential equations:

Ui(t) = aa(Ta(t)) ym (t) — Bs(Ta(t))yi(t)

t
—ay (TQ(t — T))ym(t — T)exp < —

. 53 (T2 (s))ds> 5

Um(t) = o (Tz(t — T))ym(t — T)exp < — . 63(T2(3))d3>

—y2 (Ta(t)) Y (t) + ma (T1(8)) i () — Mo (Ta(t)) ym ()
—pma (Tl (t))xm(t)ym(t) - 64 (TQ(t))ym(t)v (5)

where ay(7%) denotes the birth rate of the immature in protected patch; S3(7%) and
B4(T>) denote the death rates of the immature and the mature in protected patch
respectively; 72(72) denotes the competition rate of the mature in protected patch;
pm1(T1)Zmym stands for the individuals poisoned with probability p through direct
contacts by the mature individuals who carry toxicant migrating from unprotected
patch.

Meanwhile, toxicant concentrations within unprotected and protected patches
obey the following ordinary differential equations:

Ti(t) = Q1(t) — (61 + d32:(t) + G5z (t)) T (t),
Ty(t) = Qa2(t) — (2 + duyi(t) + Seym (1)) T2 (1), (6)

where Q;(t) (i = 1,2) are the emission rates of the toxicant into the environ-
ment, which are always assumed to be bounded non-negative functions of ¢, and
Q1(t) > Q2(t); 61 and 2 represent the natural washout rates of the toxicant in the
environment; d3, d4, d5 and dg are the depletion rates of the toxicant concentration in
the environment due to the uptake by the immature and mature individuals in un-
protected and protected patches, respectively. Equation (6) gives the boundedness
of toxicant concentration by means of comparison theorem of ordinary differential
equations

Q2m

limsup 73 (t) < =M .~ Qs, limsup Th(t) <

t—s00 01 t—00 d2

= Q2(57 (7)
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here Q1,, = max Q1(t) and Q2 = max Q2(t). Moreover, we always assume that

o;(T;) (i = 1,2) are non-increasing functions of toxicant concentrations, 81 (T}),
Bo(T1), P3(T2), Ba(Te), vi(T;) (i = 1,2) and m(T;) (i = 1,2) are nondecreasing
functions of toxicant concentrations:

a;(0) >0, (Ti(t) <0, for Ty(t) > 0,

7i(0) >0, 7i(T;(t)) >0, for Ty(t) >
mi(0) >0, mi(Ti(t)) <0, for T} (t) (8)

1

Throughout this paper, we denote notations as follows:

Qix = i[ﬂf a;(Ti(t)), a;j = sup «o;(Ti(t)),
t

€[0,00) te[0,00)
Yix = inf '71(1-'1( ))a 71* = Ssup ’YZ(Tl(t)):
te[0,00) te[0,00)
mix = inf my(Ti(t)), m; = sup m(Ti(t)),
te[0,00) te[0,00)
v = inf = su (T3(1)), 9
fi 1€[0,00) BT, tE[O,Eo) AT )

fori=1,2,j=1,2,3,4.
Thus we come to deterministic model within two patches as follows:
i(t) = an (T (1)) zm(t) — B (T1(t))zi(t)

t

—ay (Ti(t — 7))@ (t — 7) exp < — Bl(Tl(s))ds>,

t—1

i (t) = on (TL(t—7))zm(t—T7) exp < — Bl(Tl(S))d5> — 71 (Tu (1)) a5, (t)
—my (Ti(t))zm(t) + ma(To(t))ym(t) — Bz (t) — Ba(T1(t))zm (1),
Ji(t) = aa (T2(t))ym(t) — Bs(Ta(t))yi(t) (10)

t

—az(To(t — 7))ym(t —T)e (— ) ,Bg(TQ(S))dS),

Xp
in(t) = cTalt =)ty exp (= [ 5a(Tals))ds )~ (0
+mi (T1 () 2m (t) — ma(Ta(t) ym () — pma (T1(1)) T (8)ym (1)
—Ba(To (1)) ym (2).

As all we know, the growth of any species in the real world is inevitably subject

to random interference from external environments. Random interference could be
roughly divided into two categories. One is the sum of many tiny and independent
random disturbances, mathematically it is called white noise, such as small changes
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in temperature, humidity, wind and sunlight. The other is a small number of random
disturbances with a large intensity. Then the growth rate of the objects will change
greatly when this type of random disturbance occurs, which is usually called colored
noise (not a pure white noise any more), such as cold wave, major earthquake, tsuna-
mi and volcanic eruption. In this paper, we mainly study the interference caused
by white noise to a single-species (10). For simplicity, external interferences are put
into model (10), and now, we start to focus on the stochastic single-species model
with stage-structure and migrations within polluted environments, which takes the
following form:

dl‘l(t) = |:051 (T1 (t))CEm(t) — 51 (T1 (t))l‘l(t)

—ay (Ti(t — 7))@ (t — 7) exp ( — b1 (Tﬂs))ds)] dt + o1z (t)d B (t),

t—1
t

dzp,(t) = [al (Ty(t — 7)) zm(t — 7) exp ( - B1 (Tl(s))ds> - (T (t))xfn(t)

t—7

—my (T1(t))zm (t) + ma(T2(t))yYm (t) — Exp(t) — B2 (Tl(t)):vm(t)} dt
—I—ngm(t)ng(t),

dyi(t) = [062 (T2(t))ym (t) — B3(T2(t))yi(t)

~an(Ta(t = )m(t = Py (= [ su(Tate))ds ) at + o)zt

t—1
t

A (0) = |aa(Tat = )t~ Dexp (= [ lTa(o)ds) = a0 0
s (T4 (0)) 0 (8) = 1 (T(0)) 1 (0) — s (T30 2031 1

~Ba(T2(6)) ym (1) At + F1ym (D) ABa (1),

‘ (11)
where B;(t) (i = 1,2, 3,4) are mutually independent one-dimensional standard Brow-
nian motions defined on the complete probability space (2, F,{F;}i>0,P) with its
filtration {F3}+>0 satisfying the usual conditions, and o; > 0(i = 1,2,3,4) are the
intensities of white noises in [15]. And, effects of toxicant on stochastic biological
models were paid much attention by scholars around the world. For instance, in
2009, Liu and Wang [24] studied a stochastic single-population model in a polluted
environment, using stochastic analysis methods to obtain sufficient conditions for
random persistence, random mean weak persistence and local extinction, and ran-
dom mean weak persistence as well. In 2010, Liu and Wang [25] studied a stochastic
single-population model with Markov transformation in a polluted environment, and



54 ANN. OF APPL. MATH. Vol. 36

proved the average strong persistence, random persistence, random average weak
persistence, extinction and other related results.
The initial conditions of model (11) are given as follows:

() = 01(6) > 0, Th(€) = gal€) >0, €€ [0,
50 = [ (@)@ exp( / Bu(alp ))dp>d§>0

-7

Y€)= 93(6) > 0, To(€) = 0a(6) > 0, €€ [0,
0
w0 = [ asloute ))wz(ﬁ)exp< / By(pa(p >>dp)ds>o (12)

—r
where ¢;(§) (i = 1,2,3,4) are the continuous functions mapping from the interval
[—7,0] into [0,00), and model (11) will work on the region RY = {(z;, Zm, yi, ym)
z; > 0,2, >0,y >0,y > 0}.

We attempt to organize this paper by several parts: We will prove that model
(11) admits a unique global positive solution in the next section. The sufficient con-
ditions guarantee the extinction and the persistence of the single-species within two
patches which will be established respectively in Sections 3 and 4. As a consequence,
we derive the conclusion of this paper and demonstrate several examples and their

numerical simulations.

2 Existence and Uniqueness of Positive Solution

Theorem 2.1 For any given initial data (12), there exists a unique solution
(zi(t), 2m (1), i (t), ym(t)) to model (11) ont > 0 and the solution will remain in R
with probability one. That is, (x;(t), Tm (1), yi(t), ym(t)) € R holds almost surely for
allt > 0.

Proof By the approach mentioned in Mao et al. [15], we easily obtain that the
coefficients of model (11) obey the local Lipschitz condition, hence model (11) has
a unique local solution (x;(t), m(t), yi(t), ym(t)) on [0, 7c), where 7 is the explosion
time. In order to show that the solution is global, it is sufficient to show 7. = oo
a.s.. Let kg > 1 be large enough such that for £ € [—7,0], ;n(§), ym (&), zi(0), y;(0)
lie within the interval [1/ko, ko]. For each integer k > ko, we define the stopping

time
1
7 = inf { € [=r,7.) : min{a; (1), 2 (6), i (8), ym (D)} < - ox
max{i(t), 2 (1), (1), Y (£)} > K }. (13)
Obviously, 7 is an increasing function as k — co. We denote 7o, = klim Tk, accord-
—00

ing to the definition of the stopping time and the fact that 7. is the explosion time,
we derive that 7o < 7.. In order to prove the assertion 7. = oo holds almost surely,
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we need to check that 7., = oo will be valid almost surely. Otherwise, there is a
constant € € (0, 1) such that P{7o, < 0o} > e. Then, there exist an integer k; > ko
and a constant Ty > 0 satisfying P{r, < To} > ¢, for all k > k1. We define a
C?-function V : Ri — R as follows:

V(%4 Ty Yis Ym) = Ti—a—aln xi+xy—1—Inzp+yi—b—bInyi+ym—1—Iny,, (14)
where a and b will be determined below. The It6’s formula then gives that

AV (@i, Ty Vi, Ym) = LV (24, T )dt+LV (Y3, Y )dt+01 (25 —a)d By (1)

—I—UQ(xm—1)dB2(t)+03(yi—b)d33(t)+a4(ym—1)dB4(t). (15)

Here

t

= <1—i> {az (Tg)ym—ﬁg (Tg)yi—ag (Tz(t—T))ym(t—T) exp ( - Bg(TQ(S))dS)}

Vi t—1
(i) st (- [ i) i
1

1
+my (T1) 2m — ma(T2)ym — pma (T1) Tmym — Ba (T2)ym} + §b0§ * 502

< 2(To)ym — Bs(T2)yi + bB3(T2) — 2 (T2) yi + M (T1) Tm — m2 (T2) Ym
—pma (T1) TmYm — Ba(T2) Y + pma (T1) @m + Y2 (T2) ym + ma(T2) + Ba(T2)

t
45003+ 203 +an(Talt — D)yt~ T)exp (— [ By(Ta(s))ds ) byt — )
t—T1

< abym — K3B3xtm + 085 — YouyZ, + (Ka + 1)miym — masym
_pml*(Kg +1) ,

e Y — BasYm + (K + 1)miym + V2ym + m3 + B}
1. 5 15 . ¢ b -1
+-bos + —0q + a5ym(t — 7) exp ( — Bg(Tg(s))ds) (— — 1>ym , (16)
2 2 t—1 KS

due to (2) and (3), and the fact that the last term of (16) vanishes when we choose
b = K3. So, we have

pmi(Kz+1)

e )yzn—(K3ﬁ3*—a§—(K4+1)mT+m2*

LV (Y, ym) < —(72*+

. 1 1
+ﬂ4*—’y’gk—p(K4+1)m”f)ym—|—Kgﬂ3+m§+ﬁz+§K30§+§a£. (17)
By similar discussion, we choose a/K; = 1 and derive that

LV (i, xm) = <1 — l%) {al (Tl)a:m — B (Tl)xi

—ar(Ti(t = 7))zt = T)exp (= [ Ai(Ti(5))ds)]

t—1
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1 t
+(1 — —) [oq (Tl(t — T))xm(t — T)exp ( Bl(Tl(s))ds>
m t—T
a 1
—y1(Th) 22, —m (Tl)ﬁfm-i—mz(T2)ym—E$m—52(T1)$m]+§U%+§U§
< —’71*1‘2 — | M1k — + E+ 52* 71 - al + IBI* Lm
- m K + 1 K
g1 1
—i—m*{—i—E—i—Bg—l—?l—l—ﬁ 1+ 505 (18)
Combining (17) with (18) gives that
mi K "
ﬁV(l‘i,$m, yiaym) < —’71*1‘371 - <’I’)’L1* - K32+21 + FE + 62* ')’1 - 041 + /fél> Tm

Sh 1 1 o2 — pmax (K3 +1) K3+1

i B+ B+ et e Tty +72

— (KB —a —(K4+1)m1+m2*+ﬁ4*— K4+1 ml)
*Ui,

1
+EK3f5 +m3 + B + S Ksog + (19)

which is a polynomial with respect to z;, Zm, ¥i, Ym. Note that the coefficient of the
first term is negative, then there exists a constant M such that LV (z;, Zm, Yi, Ym) <

M. We therefore obtain that
AV (i, T, Yiy Ym) < Mdt + o1(x; — a)dBi(t) + oa(xm — 1)dBa(t)
—f—Ug(yi — b)ng(t) + 04(ym - 1)dB4(t). (20)

Integrating both sides of (20) from 0 to 7, A Ty, taking the expectation, one can get

that
(16 A1), yi(Tie AT0), Y (T A o))

EV(%Z(Tk A\ To), Tm
< V(2i(0),2m(0),4:i(0), ym(0)) + MTp.

We set Qp = {7y < Tp} for k > ki, then the probability given above turns into

w), Yi(Tr, w),

P{Q4} > . Note that for w € Q, each component of (z;(7g,w), Tm (T, w), Yi( Tk, w)

(21)

Ym (Tk,w)) equals either k or 1/k, and hence
1—Hlnk}. (22)

V(@i(Th, ), T (T W), Ui (Th, W), Y (T w)) > mm{k 1-Ink

Therefore,
00 > V(2i(0), 2m(0), 4i(0), ym (0)) + MTp > 5min{k—1—lnk, %—14—111/{}
(23)

where a contradiction is derived when letting & — co. The proof is complete
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3 Extinction of Single-species within Patches

For a stochastic ecological system, we are always interested in its long-term
behavior. In this section, we will analyze the extinction of the solution to model
(11). The following definition of the extinction and two important lemmas will be
widely used throughout our discussions.

Definition 3.1[16) A species is said to be extinct, if the population density z(t)
satisfies lim z(t) =0 a.s..

t—00
Lemma 3.10'7 Suppose that a(t), b(t) and a(t) are bounded continuous func-
tions defined on [0,00), and a(t) > 0, b(t) > 0. For any initial value x(0) = z¢ > 0,
there exists a unique continuous solution x(t) to an equation

dz(t) = z(t)(a(t) — b(t)z(t))dt + a(t)z(t)dB(t), t >0, (24)
such that x(t) is global and represented by

exp { /Ot (a(s) - OPQ(S))dS + a(s)dB(s)}
xlo + /Ot b(s) exp { /05 (a(T) _ 0622(7-)>d7 + Oé(T)dB(T)}dS’ o

Lemma 3.20181  Consider a one-dimensional stochastic differential equation

dz(t) = z(t)(a — bx(t))dt + ox(t)dB(t). (26)

t>0.

x(t) =

Suppose that 2a > o2, and x(t) is a solution to (26) with any initial value zo > 0,
then the following results hold almost surely

log x(t 1 [ 204 — o
lim log z(t) =0, lim - [ z(s)ds= a9 (27)

Theorem 3.1 If the parameters of model (11) satisfy

lim Ot (az(T2(5))e_B3*T+(K4+1)m1 (T1(s)) —ma(Ta(s)) —»34(T2(5))>d5 < UQZ

t—oo t

then the mature in protected patch tends to extinct, that is tlim ym(t) =0 a.s..
— 00

Proof Integrating both sides of the fourth equation in model (11), we thus
derive

ym(t) = ym(0) + /0 az(Ta(s — 7)) ym(s — 7) exp ( - /S Bg(Tz(n))dn)ds
~ [ (e(T(e)9) = (Ta(s))5) + ma (Ta(o)) ()

+pmy (T1(8)) T (8)ym(s) + Ba (Tg(s))ym(s))ds + 04/0 Ym(8)dBy(s). (29)
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In order to eliminate terms with delay, we substitute (29) into right hand side of the

following expression

i) <o)+ [ ax(eum)eww (~ [ samian)as. @)

t—T
which then gives that

t—1

Ym(t) < ym(0) +/ az(Ta(s) ) ym(s)e P 7ds —|—/ az (Ta(s) ) ym(s)e 7 ds

t—1 —T

~ [ (T = (K s (T3 ) s)+ 2 (Ta()) ()

p(K3+1)

+ iy

t
my (Tl(s))ygl(s) + B4 (Tz(s))ym(s))ds + 04 /0 Ym(s)dBy(s),
(31)
due to (2) and (3). We simplify (31) into the following form

Ym(t) < C1 — /O (72 (T2(5)) Y (s) — (K4 + 1)ma (T1(5)) ym () + ma(Ta(s)) ym ()

L (T3 9) )+ Ba(To () () s
—1—/0 Qs (Tg(s))e_ﬂ?’”ym(s)ds + 04/0 Ym(s)dBy(s), (32)
where
0 0
Cr=um(O+ | ar(To©)m(©c g =pa(0)+ [ anloa©))ale)e .
(33)
Let Wy(t) be a solution to the following SDE
AWy (t) = Wq(t) (a1(t) — b1 (t)W1(2)) dt + o4V (¢)dBa(t), (34)

with the initial value ¥;(0) = C;, Lemma 3.1 implies that (34) admits a unique
solution

) exp { /0 t (ars) - %ai)ds + 04dB4(s)}

Uy (t) = t y > . (3)
e /O bi(s) exp { /O (a1() = 50%)de + a4dB4<£>}ds
where
ai(t) = az(Ta(t))e ™7™ + (Ky + V)mi (T1(t)) — ma(Ta(t)) — Ba(Ta(t)),
bty = LB D (130) +  (1a(1). (36)

Ko
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Then the comparison theorem of stochastic differential equation yields

ym(t> < \I/1<t)
<0 exp{ - t[i | (= aa@m)e 7 — i+ 1 (73(5)

#ma(Ta(e)) + Ba(T(o) + 5ot as - 20|, 7

where M (t) = fg 04dBy(s) is a local martingale, then the strong law of large num-

bers ensures that lim Mlt(t)
t—o00

we obtain tlim ym(t) = 0 a.s., which means the mature individuals in the protected
—00

= 0 a.s.. Therefore, under condition (28), letting t — oo,

patch will be extinct. The proof is complete.
Theorem 3.2 If the parameters of (11) satisfy

t 0_2

then the immature in protected patch tends to extinct, which means that tlim yi(t) =
—00
0 a.s..
Proof By assumption (3), the third equation of model (11) gives that

dy;(t) < (ca(To(t))ym(t) — Bs(Ta(t))yi(t)) dt + o5y (t)dBs(t)
< (G oalTO)ult) - BuTa(O))) -+ (OB (39

Let Wy (t) be a solution to the following linear SDE
1
A1) = Wa(0) ( J-0a(Talt) — AaTa(0) )+ rala(aBale). (40)
with its initial value U5(0) = y;(0), and the expression of whose solution is given by
(see [17]):

1 (1 1 I
Uy (t) = y;(0) exp {—t [ /(—ag(Tz(s))+Bg(T2(s))+U%)ds— /ngBg(S)] }
t Jo\ Ks 2 t Jo
(41)
The comparison theorem of stochastic differential equation yields that

yi(t) S \Ifg(t), t Z 0 a.s.. (42)

Since Ma(t) = fot 03dBs(s) is a local martingale, the strong law of large numbers
Ma(t)

t

limsup y;(t) < 0 a.s., which implies tlim yi(t) = 0 a.s.. The proof is now complete.
t—o0 —00
By the similar discussion, we can obtain Theorems 3.3 and 3.4, in which sufficient

implies tlim = 0 a.s.. Therefore, if condition (38) is satisfied, we will get
—00

conditions for the extinction of immature and mature individuals in unprotected
patch are guaranteed.
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Theorem 3.3 If the parameters of model (11) satisfy
1/t _ Koma(Ta(s)) o3
m = Bror y 112M2ll2\8)) _ ) 72
tl_u)rgo i, (al(Tl(s))e + 1 m1(T1(s)) — B2(T1(s)) Jds < 5 T E,
(43)
then the mature in unprotected patch is extinct, that is tlim Tm(t) =0 a.s..
—00

Theorem 3.4 If the parameters of model (11) satisfy

t 2
tim ¢ [ (Kion(Ti(s) = (T s < G (44)
then the tmmature in unprotected patch is extinct, that is tlggo z;(t) =0 a.s..

Remark 3.1 What we concern in this paper is what conditions will lead to the
extinction of single-species within two patches. To avoid the extinction of single-
species, we state our main results from the following aspects: the migration rates,
the hunting rates and the birth/death rates as well.

First of all, the migration rates of single-species between two patches are the
important indicators. Indeed, we could see how the migration rates work for the
extinction of single-species when other parameters are fixed. Here, the sufficient
condition of Theorem 3.1 demonstrates that the increasing of tlg)()ao 1 fg ma(Ta(s))ds

or the decreasing of tlgglo 1 fg m1(7T1(s))ds will lead to the extinction of the mature
individuals in the protected patch, when the perturbation of the mature in pro-
tected patch o4 is fixed. On the contrary, Theorem 3.3 implies that the decreasing
of tllglo : f(f ma(T»(s))ds and the increasing of tllglo : fot m1(7T1(s))ds can make the
mature individuals in unprotected patch extinct, when other parameters are fixed.

Further, the hunting rate in Theorem 3.3 also makes sense in order to avoid the
extinction for the mature individuals in the unprotected patch. Here say, the larger
the hunting rate F is, the more easily the mature individuals tend to extinction.
That is, the decreasing of hunting rate effectively avoids the extinction of single-
species.

As we mentioned above, the birth/death rates play vital roles when the extinc-
tion of the mature individuals and immature individuals is investigated. Theorems
3.1 and 3.2 demonstrate that the decreasing of tlgrolo 1 fg az(Ts(s))ds, and the in-

: . t N t :
creasing of lim 1 Jo Ba(Tx(s))ds together with Jim 1 Jo B3(Tx(s))ds will tend to the
extinction of single-species in protected patch.

4 Persistence of Species within Patches

In this section, some results about the persistence of the species in protected and
unprotected patches are achieved.
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Definition 4.129 A species is said to be strongly persistent in the mean, if the
population density z(t) satisfies

1 t
liminf/ z(s)ds >0 a.s.. (45)
Definition 4.2BY A species is said to be strongly persistent, if the population

density z(t) satisfies
liminfz(t) >0 a.s.. (46)

t—o0

Next, we will discuss the sufficient conditions for the persistence of the mature

and immature individuals in protected patch, respectively. In order to analyze the

persistence of the mature in protected patch, we need to show a property in advance

as presented in Lemma 4.1.

Lemma 4.1 Let (z;(t), xm(t), yi(t), ym(t)) be a solution of model (11) with any
initial condition (12), we then derive that

lim 290 gy DI

t—00 t t—00

<0. (47)

Proof Applying 1t6’s formula to the fourth equation of (11), we can obtain

et et
d(e’ ny (1)) = e’ Iny,y, (t)dt + @) = [dyom ()]
=l [ln Ym(t) + o (To(t — 7)) W exp ( -/ ﬁg(Tg(s))ds)
s (To () g (8) 41 (T (2)) z:gg — i (To(8)) —prma (T1())ea(t)
—Ba(To(t)) — %ai)dt + o4e'dBy(t). (48)

Integrating both sides of (48) from 0 to ¢ yields that

¢'In Ym (t) —In ym(o)

t s Ym(s —7) !
= [ e[+ aaals =) 2 Dexp (- [ pymioae)
—72(T2(8))ym(s) + ma (T (s)) i:g; — ma(Ta(s))
1 (T3()20(s) — Bu(To(s) — 23] ds + N (1), (49)

where N (t) = fg e®o4dBa(s) is a local martingale with a second variation (N (t), N(¢))
= fg e?*02ds. By an exponential martingale inequality (see p.122 of [15]), we can
obtain
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1

P< sup [N(t) — —e RM(N(1), N(t))} > 0% Inky < k7Y,
0<t<~k 2

where § > 1, v > 1. For almost all w € ), there exists a ko(w), by Borel-Cantelli

Lemma, for all & > ko(w), such that

1
N(t) < §e—7’“<N(t), N@®)) 460 Ink, 0<t<~k. (50)
Recall the fact that, in the real world, the amount of mature individuals in
protected patch will not increase rapidly within a time interval, say here [t — T,¢],
and will not and to zero soon. We therefore assume that mature individuals in

protected patch admits certain proportional relationship as follows:

KSym(t) < ym(t - 7—) < K6ym(t)a (51)

where 0 < K5 < 1 and Kg > 1. Substituting (50) into (49), together with (2), (3),
(9) and (51), we can get

e'In ym(t) —In ym(o)
t t
< /0 es {ln Ym(8) + o (Tg(s - T))K6 exp ( — /S_T ﬁg(Tg(‘f))df) — Y (TQ(S))ym(S)

p(K3 +1)

Ky + D (T1(s)) — ma(Ta(s)) — Ky

m1(T1(s))ym(s)

1 1 t
—B4(Tu(s)) — 503} ds + 5e—ch / e*o2ds + 0" Ink
0

t
< / e’ {ln Ym(s) + K6oz§efﬁ3*7 — Y2:Ym (8) + (K4 + 1)m7 — ma.
0

Ks+1 1
LB D) (8) = Bue — 20201 — e )] ds + 9 In k. (52)
K, 2
Let

f(ym) = Inym — Doy + D1, for ym, >0, (53)

where

Dy = K6a267”83*7 + (K4 + 1)771){ — Mox — Bax,
p(Kg + 1)
—m

Dy = ~o, e
2 = Yo« + s 1

(54)

Obviously, the function f(y»,) is monotonically increasing in (0, 1/D3), monotonical-
ly decreasing in (1/ D2, 00), so f(ym) takes its maximum at 1/Ds. Forall 0 < s <~k
and y,, > 0, there exists a C' independent of k such that

e Iy (t) — Iny,(0) < Cle! — 1) 4 #e?* Ink. (55)
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If y(k—1) <t <~k and k > ko(w), we have
I ym(t) _ e”"Inym(0) N C(l—e™) N e (k1) e7k Ik

56
t - t t t (56)
Let k — 400 (that is, t — +00), we therefore have
1 t
lim 29m®) (57)
t—00 t
By the similar argument, one derives that
1 t
lim 2Em® (58)
t—00
The proof is now complete.
Theorem 4.1 If the parameters of (11) satisfy
: J(K3+1 2
e BTK s + mu(Bs+1) g —mi— 24 5, (59)

K
then the mature in protected patch is strongly persistent in the mean, and satisfies
the following property

1 t
liminf/ Yym(s)ds
0

t—oo t
1

>
')/; + me(Kzl +1

ml*(K3+1) * * Oj
7](2 By —my ) (60)

_/BékTK
) (ag*e 5+ 5

Proof Applying 1t6’s formula to the fourth equation of (11), we derive that

d1n yom(t) = [QQ(TQ(t _ ﬂ)W exp ( -

o (To(t)) () + (T <t>>§:§2 ~ma(T(1))

—pml(Tl (t))$m(t) — 54(T2(t)) — 022:| dt + U4dB4(t). (61)

Ba(Ta(s))ds

Integrating both sides of (61), and together with (2), (3), (51) as well as (9), we
have
* * t
75 +pmi(Ky+1) / s (5)ds > Inyn(0)  Inym(t)
t 0 t t
Ks+1 Ui

K2 — 64 — ? + t/o U4dB4(S). (62)

_A*
+ aox€ 53TK5 — m%

+mMix«

The strong law of large numbers for martingales yields tlim % fg 04dBy(s) = 0 a.s..
— 00

Together with Lemma 4.1, under condition (59), we finally achieve that
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1/t 1 e mi«(K3+1) az
lim inf s)ds> (a o PTR e T )>O.
t—o0 /ym( ) ’y§+pm’{(K4+l) 2 5 K5 54
The proof is complete.
Theorem 4.2 If the parameters of model (11) satisfy the following condition
azefﬁ?’” o 1,

y— — 0 63
e + 33 K4+203> ) (63)

then the immature in protected patch is strongly persistent.
Proof According to the similar approach given in Theorem 3.1, we derive the
following inequality

dyi(t) Z (062 (Tg(t))ym(t> — 53 (Tg(t))yi(t) — Q92 (Tg(t — T))ym(t — T)e_’83*T)dt
+o3yi(t)dBs(t). (64)

Taking integration on both sides of (64), yields that

(0= 30)+ [ (0a(Ta(5)(5) = 52 (To(s)) s (4)) s
—/ a2 (To(s — 7)) Ym(s — T)e P Tds + / osyi(s)dBs(s). (65)
0

0

In order to eliminate terms with delay, we consider

yi(t) > yi(t) — /t a9 (TQ(S))ym(s)efﬁ‘"’*Tds
t—r

t
> vi(0) — /t_ aa(To(s))ym(s)e™ ™ 7ds —/ a2 (T2(s))ym(s)e P 7ds

-7

t

[ (@ae)um(s) ~ (T (o) + [ osui(s)aBs(e
> Gy - /0 (6 ()7 + [ (el T(6)n )

t
B (Ta(s))yi(s))ds + /0 o3:(5)ABs(s). (66)

where

C3 =y;(0 /0 az (To(8)) ym(€)e™ ™7 dé
-,

as (pa(€))ps(€)e PTde. (67)
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We therefore have the following inequality

w@>%—A%UWDé€%%®®

trag(Th(s t
+/0 (Q(Ki())yi(s) _63(T2(3))yi(8))d8+/0 o3yi(s)dBs(s)

a;e_BS*T

-5 = B0 [as+ [owioans) (69

Qo
Ky

203—1-(

Further, the comparison theorem of stochastic differential equation gives that

ka— *
age™ T 0024

. 1 I
yz(t) > (O exp{ — t(Tg + 63 - K, + 50'32, - t/o U3dB3(S)) }’ (69)

and the strong law of large numbers for martingales also gives tlg(r)lo % f(f o3dBs(s) = 0.

Under condition (63), we can get htlig}f yi(t) > 0 a.s.. The proof is complete.
According to the same approaches, we can obtain that solutions of the immature

and mature in unprotected patch respectively are strongly persistent and strongly

persistent in the mean. Then we can obtain the following theorems.
Theorem 4.3 If the parameters of (11) satisfy

K5(K3 + 1)
KQ(K4 + 1)

mMax

* * 1
m—E—m1—52—§U%>O, (70)

_ *
Q1€ PiT 4

then the mature in unprotected patch is strongly persistent in the mean and has the
property

L[ 1 (K5(Ksz+1 . . 1
liminft/ T (s)ds > —(Mal*e—ﬂlr LM gl mi — B85 — 503).
0

t—o0 ’71( KQ(K4—|—1) Ki+1
(71)
Theorem 4.4 If the parameters of model (11) satisfy the following condition
* —B1x * Q1% 1
OélKle PrsT -+ 51 — K2 + 50’% > 0, (72)

then the immature in unprotected patch is strongly persistent, which means that

htrgg)lf zi(t) >0 a.s.. (73)

5 Examples and Simulations

Several examples and the corresponding numerical simulations will be presented
to support the main results by means of Milstein Method [23]. Now, consider the
linear case of model (11):
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a1(Th) = ann — a1y,  B1(T1) = Pu1 + P21y,
11 (T1) = y11 + 71211, ma(T1) = mu — ma2Tx,
B2(T1) = Po1 + o211,  2(T2) = a1 — 2T,
B3(T2) = P31 + B32Ts,  ma(T2) = ma1 — maaTy,
Yo(T2) = yo1 + 22T, Ba(T2) = Ba1 + P21,

and the nonlinear case of model (11):

a1(T1) = 012Q73 (Ty — Qus)* + o1 — a12Q1s,
Bi(Th) = —B12Q15 (Th — Q5)* + Bu1 + B12Q1s,

Y (T1) = —712Q:5 (T1 — Q1s)* + 711 + 112Q15,
mi(Ty) = mi1 — m12Q; TE,

B2(Th) = —522621_53(T1 — Q15)* + Ba1 + P22Q1s,
az(Th) = 022Q58 (Tr — Qas)* + 21 — a22Qas,
B3(Ta) = —B32Qus (T — Qas)* + P21 + B22Qas,

ma(T2) = ma1 — ma2Qys Ty,
—722Q58 (Ts — Q25)* + Y21 + 122Q2s,
—B12Qs (To — Qa5)* + Ba1 + B12Qoas,

Y2(T2)
Ba(Ty)

which are shown in Figure 1.

Now, hereafter, in model (11) we let K1 = Ko = 4, K3 = 0.8, K4y = 1.2,
K5 =09, Kg =11, 7 =1, p= 0.5 in this section. And, we come to two illustrative
examples as follows.

0.1

alphal(T1)

gammal(T1)
o
]

1.25

1.2

1.15

betal(T1)

1.1

1.05

0.1

0.02

0.08
= 0.06
=
=
£ 0.04

Vol. 36

(74)

(75)
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T1 T2
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0.104 0.008
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@ 0.102 £ 0.004
o
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£ 0.052 @ 0.102
[3~4 =]
=
0.051 0.101
0.05 0.1
o 0.02 0.04 o] 0.02 0.04
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Figure 1: a1 (T1), B1(T1), 71(T1), ma(Th), B2(Th), a2(T2), Bs(T2), ma(132), v2(12)
and B4(T3) are demonstrated from top to bottom respectively, where
green lines denote the linear case (74) and red lines denote the
nonlinear case (75).

Example 5.1 We assume that the initial value of model (11) is (x;(0), zn (0),
¥i(0), ym(0),T1(0),T2(0)) = (0.5,0.5,0.8,0.8,0.01,0.001), and take parameters re-
spectively are: aj; = 0.25, azo = 0.1, B11 = 1, f12 = 0.5, 711 = 7v12 = 0.3,
mi1 = 0.01, mig = 0.1, ,821 = ﬁgg = 0.5, Q91 = Qg = 0.1, ﬁSl = 0.1, /832 = 0.05,
ma1 = 0.008, maz = 0.01, 721 = 0.05, 722 = 0.03, By = 0.1, B4z = 0.05, Q1 = 0.4,
Qs = 0.004, §; = 65 = 0.8, d3 = 0.02, 6, = 0.002, 65 = 0.03, s = 0.003, E = 0.5,
o1 = 09 = 03 = o4 = 0.3. It is easy to verify that conditions (28) of Theorem 3.1,
(38) of Theorem 3.2, (43) of Theorem 3.3 and (44) of Theorem 3.4 are all satisfied
respectively, then the extinction of model (11) is demonstrated in Figure 2.

Example 5.2 Let parameters of model (11) be a7 = 1.1, aij2 = 0.3, 11 = 0.35,
B12 = 0.15, v11 = v12 = 0.35, m11 = myo = 0.1, Bo1 = 0.045, oo = 0.05, agy = 1.05,
Q9 = 0.1, 531 = 0.2, 532 = 0.1, mo1 = 0.4, mog = 0.15, Y21 = Y22 — 0.06,
Bar = 0.2, Bao = 0.1, Q1 = 0.3, Q2 = 0.004, 6; = d = 0.8, 5 = 04 = 0.02,
55 = 86 = 0.03, E = 0.01, oy = 0.1, 0y = 03 = 04 = 0.05. And, the initial
value is (2;(0), 2 (0), 4:(0), ym (0), T1(0), To(0)) = (2,2,3,3,0.01,0.0006). It is easy
to verify that conditions (59) of Theorem 4.1, (63) of Theorem 4.2, (70) of Theorem
4.3 and (72) of Theorem 4.4 are all satisfied respectively, then y,,(t) and z,,(t) are
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strongly persistent in the mean, y;(t) and x;(t) are strongly persistent, which could

be illustrated in Figure 3.
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Figure 2: Extinction of x;(t), z(¢), yi(t) and y,,(t) under linear case (top)

and nonlinear case (bottom).
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Figure 3: Strong persistence in the mean of y,,(¢) and z,,(t), strong
persistence for y;(t) and z;(t) under linear case (top) and
nonlinear case (bottom).

6 Conclusion

In this paper, we propose a stochastic stage-structured single-species model with
migrations and hunting within a pollution environment. The single-species moves
between two patches: the unprotected and protected patch, and is separated into the
immature and the mature, where the immature takes time 7 to become the mature.

We show that model (11) admits a unique and global solution for any given
initial value (12) by Lypapunov function method. We also obtain the main results
of this paper by using the comparison theorem of stochastic differential equations,
the strong law of large numbers and some inequalities.

Then the sufficient conditions guaranteeing the extinction of single-species are
derived, which demonstrate that the population density of single-species depends
on the birth/death rates. Meanwhile, the extinction of single-species also relies on
the migration rates between the mature individuals in two patches as presented in
Theorems 3.1 and 3.3. For the mature individuals in the unprotected patch, the
population density is controlled by the hunting rate in Theorem 3.3.

We also derive the sufficient conditions for the persistence of single-species when
the intensities of the white noises are bounded (see parameter-dependent conditions
(59), (63), (70) and (72)). We find that the population density for the persistence
with linear case is higher than that with nonlinear case as shown in Figure 3 (see
the red lines).

We therefore would like to propose some possible strategies for single-species
within two patches, for instance, setting obstacles on boundaries to maintain rational
migration rates and enhancing punishment to decrease hunting rates. In practice,
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there are two possible options for deducing the toxicant concentration for single-

species by use of some artificial methods: appropriately cutting down the pollutant

outflow through closuring of the polluters and improving the afforestation within

patches to single-species.
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