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Abstract. The eigenvalues of a differential operator on a Hilbert-Pélya space are de-
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Riemann {-function. Moreover, their corresponding multiplicities are the same.
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1 Introduction and preliminaries

In studying the Riemann hypothesis it is important to establish a connection between
spectrum of operators and zeros of the Riemann zeta function. This is our continued
effort for finding such an interplay.

Let 8(R) be the Schwartz space on R. Functions in $(IR) are smooth and rapid de-
creasing when |x| — co. That is,

S8(R) = {f € C®(R)|sup |x" f)(x)| < oo for m,n € IN},

xeR

where N = {0,1,-- - }. Denote by Hp, the subspace of all even functions f in §(R) with
f(0) =3Ff(0) = 0. Here

3f(x) = /_ o;f (y)e ™ dy
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is the Fourier transform of f. In this paper, we may identify functions in H~ with their
restrictions on (0, o).
Denote by H_ the set of all smooth functions on (0, c0) that decrease rapidly when
x — 04 and oo. Specifically,
H_ = {f € C®(0, )| sup |x" £ (x)| < oo for |m|,n € N}.

x>0

For f € H{~ we denote by Z the action given by

Zf(x) = ilf(nx), x > 0.

By Poisson’s summation formula, ZH C H_. The quotient space H_ /ZH, denoted by
X, is regarded as a Hilbert-Pélya space, although such a quotient does not carry a Hilbert
space structure.

The fundamental differential operator D on H_ is given by

Df(x) = —xf'(x), fed.

Notice that DH_ C H_ and D(ZHn) C ZHn. The operator D thus induces a differential
operator on }, which we denote by D_. We follow the notation introduced in [5]. For
basics on the Riemann zeta function {(s), we refer to [6].

The Hilbert-Pélya conjecture states that the non-trivial zeros of the Riemann (-
function correspond (in certain canonical way) to the eigenvalues of some operator, and
Riemann Hypothesis is equivalent to the self-adjointness of the operator.

In the direction of the Hilbert-Pélya conjecture, a spectral interpretation for zeros on
the critical line Re(s) = 3 was given by A. Connes [1]. He constructed a closed, densely
defined, unbounded differential operator D, and a Hilbert-Pélya space . His operator
D, has discrete spectrum, which is the set of imaginary parts of critical zeros of the L-
function with Grossencharacter x [1, Theorem 1, pp. 40].

In [2], L. Ge studied the action of the differential operator D on a Hilbert-Pdlya space,
which is slightly different from J, and obtained that the point spectrum of D coincides
with the nontrivial zeros of {(s).

Meyer proved in [5, Corrollary 4.2, pp. 8] that the eigenvalues of the transpose D’ of
D_ (acting on the space of continuous linear functionals on ) are exactly the non-trivial
zeors of {(s), and the algebraic multiplicity of an eigenvalue is equal to the vanishing
order of the corresponding zero of {(s).

Li [4] proved by an explicit construction that the nontrivial zeros of {(s) are the eigen-
values of D_ acting on K (instead of D’ in [5]), which we state as follows (Theorem 1.1
and Theorem 1.4 in [4]).

Theorem 1.1 ([4]). Let p be a nontrivial zero of {(s). Let F, be the function given by

Fy(x) = /1 " 2,
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where
3
n(x) = 8mx? <7tx2 — 2) e

Then F, is an eigenfunction of D on H associated with eigenvalue p. Moreover, the eigenvalue
p has geometric multiplicity one.

A question is that whether or not every eigenvalue of D_ on K is a nontrivial zero of
the Riemann zeta function. In this paper, we give an affirmative answer to the question
by proving that there is a one-to-one correspondence between the set of eigenvalues of
D_ acting on H and the set of nontrivial zeros of {(s). Moreover, we also show that
the algebraic multiplicity of any eigenvalue of D_ is equal to the vanishing order of the
corresponding zero of {(s). Recall that the algebraic multiplicity of an eigenvalue A of
an operator T is the dimension of the space [J,>1 ker(T — A)". Some of these results are
hinted in [5]. The goal of this paper is to give a detailed proof of our main result which
we state as the following theorem.

Theorem 1.2. A complex number p is an eigenvalue of D_ on J{ if and only if p is a nontrivial
zero of {(s). Moreover, its algebraic multiplicity is equal to the vanishing order of {(s) at p.

The proof of Theorem 1.2 will be presented in Section 3. In Section 2, we study the
eigenvalues of D_ and will show that they have a similar distribution as the nontrivial
zeros of {(s), which is stated as follows.

Theorem 1.3. If A is an eigenvalue of D_ on JH, then 0 < Re(A) < 1.

Now we give the detailed proof of this theorem in the following section.

2 Eigenvalues of D_

Let f be a measurable function on (0, o). Denote by

fo) = [ flxlin, sec,

the Mellin transform of f, provided that the above integral exists for somes. For f € {_,

~

it is not hard to check that f(s) is entire on C and, from integration by parts,

~

Z/D?(s) =— /Ooo xf (x)xtdx = — /Ooo xdf(x) = s/ooof(x)xs_ldx =sf(s).

Let ¢ be a function in Hn. Since g(x) decreases rapidly as x — oo and g is continuous
at 0, the integral

/Oog(x)xs_ldx
0
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exists when Re(s) > 0, and we have

70 = [ (£ ) as = £ [ () () oo

when Re(s) > 1. Now we have some key properties of the operators D and Z. We need
to introduce another operator J.

Let f be a function in 3{_. Denote by | the operator given by Jf(x) = x~1f(x71). It
is easy to see that JH_ = H_ and Jf(s) = f(1 —s). The operator | plays an important
role in the symmetry of C along the critical line Re(s) = 1/2 and induces a unitary
operator from L?(0,1) onto L?(1,00) (see [3]). Here we are interested in its connections
with operators Z, § and the Mellin transform.

For g € Hn, we have §g € Hn. Applying the Poisson summation formula to g € Hp,
since both g and §g¢ are even functions vanishing at zero, we have

1 (0] oo
JZg(x) = Y8 (5) = L Ss(nx) = Z5g(x).
n=1 n=1

Hence - . -

JZg(s) = Zg(1 —s) = ZFg(s). (2.1)
So JZHA C ZHn. Notice that ]2 is the identity operator, we have

]Zg{m - Zg{m

With the above discussion, we are ready to prove the following lemma.

Lemma 2.1. Let A be an eigenvalue of D_ on H. Then A and 1 — A are both eigenvalues of D_
on H.

Proof. For any given A, an eigenvalue of D_ on X, there is a function f € H_ \ ZH and
ag € Hnsuchthat Df —Af € ZHn and

—xf'(x) = Af(x) + Zg(x). (22)

Taking conjugate we have

—xf'(x) = Af(x) + Zg(x), ie, Df =Af +7g.

Notice that 7 € H_\ ZHn and § € H, we see that Ais an eigenvalue of D_ on J.

Next we prove that 1 — A is also an eigenvalue of D_ on J by showing that Jf is
an eigenfunction with eigenvalue 1 — A. Since J[H_ = H_ and JZH = ZH, we have
Jf € H_\ ZHn. Applying the Mellin transform to (2.2), we have

sf(s) = Af(s) +(5)8(s)-
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Replacing s by 1 — s and applying (2.1), we obtain

~ ~

(1=s)f(1=5) = Af(1—s)+(1-5)8(1—5)

=AF(1—5) +]Zg(s) = Af(1 —s) + Zg(s).

This formula implies that

~

sf(1—s) = (1= A)f(1—s5) = {(s)33(s).
Notice that [f(s) = f(1 —s), we thus have

sJf(s) = (1=M)]Jf(s) = £(s)38(s)-
Since Jf € H_ \ ZHn and §g € Hn, applying the Mellin inverse transform we obtain

—x(Jf)'(x) = (1 = )Jf(x) + Z(=58) (%)-
Hence 1 — A is also an eigenvalue of D_ on H. This completes the proof of the lemma. [J

We already see that the integral [;° g(x)x*~'dx exists when Re(s) > 0, where g is
a function in Hn. In fact, we can show that the above integral exists when Re(s) > —2.
Since g is an even Schwartz function, the derivative g’ is odd which implies that ¢'(0) = 0.
Let
c = sup |g"(x)]

x[<1

be the maximum of ¢” on [—1,1]. For x € [—1, 1], we have, by Mean Value Theorem,
18(x) — g(0)| = |g(x)| < " (@)x| = 18"(&) — &' (0)[|x] < |g"(&")x||x| < cx?,

where —1 < ¢, ¢’ < 1. Hence for s € C with Re(s) > —2, the integral fol g(x)x5~tdx
exists. While [;” ¢(x)x*"'dx is well defined for any s € C, [, g(x)x* 'dx exists when
Re(s) > —2.

When g is not even and g € 8(R), we do not know the behavior of g(x) near x = 0.
But we can show that ¢ admits a meromorphic continuation on C. In fact, from integra-
tion by parts,

S

o0 . x |
| g tax = Zg(x)

(o) 1 (0]
I / Sdx = _7/ / 5d
/0 g (x)x°dx S )8 (x)x°dx

0 S

fors € Cwith Re(s) > 0. Since ¢ € 8(R), wehave ¢’ € 8§(IR). So the last integral exists for
Re(s) > —1. Hence we obtain a meromorphic continuation of gon {s € C | Re(s) > —1}.
Repeating this procedure, we obtain a meromorphic continuation of g to the complex
plane C. Such technique can be applied to the extension of the Mellin transform of more
general functions.

To prove Theorem 1.3, we need to establish a lemma on functions in Hn.
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Lemma 2.2. Assume g € Hn. Suppose that 3(so) = 0 for some sy € C with Re(sg) > —1 and
Re(sg) # 1. Define, for x € R,

F(x) = / g(tx) 0 dt.
1
Then we have

i) f(x) = [ g(tx)roldt = — [ g(tx)todt;
ii) f € Hn; and

iii) §(s) = F(5)(s — s0)-

Proof. First we prove i). Notice that [g(x)| < c|x|forc = sup, . |8’ (x)| < 0. The integral
Jo_ g(t)t7! exists when Re(s) > —1. Hence we only need to show that

/ g(tx) o 1dt = 0
0

holds for any x € RR.
Note that

| stetar=gso) 0.

For any given x > 0, substituting ¢ by tx in the above equation, we have

xSO/O g(tx)tSO*ldt:/O g dt = g(sp) = 0.

/ g(tx) o 1dt = 0
0
for x > 0. For x < 0, since g is even, we also have
/ g(tx) o1t = / g(—tx)to~1dt = 0.
0 0

For x = 0, we have

/wg(t L0) 0 g = /oog(o)tsrldt =0
0 0

as ¢(0) = 0. Hence

/ g(tx) o 1dt = 0
0
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for x € R. Therefore,

flx) = /1mg(tx)t501dt = — /01 g(tx)to1dt.

Next we verify ii). It is clear that f is an even function. First we check the smoothness
of f. Since g is a Schwartz function, by Lebesgue’s Dominated Convergence Theorem,
we see that f is smooth on R \ {0} and, for x # 0,n € N,

e 1
f(n)(x) = / g(n)(tx)tn+so—ldt _ _/ g(n)(tx)tn+so_1dt,
1 0

It remains to show that f is smooth at 0. We start with the continuity of f at 0. Since
|g(x)| < c|x| for x € [0,1], we have

1
|f(x)] < c/ txtReCo) =gt < cx.
0

Hence

lim £(x) = 0 = £(0).

x—0

Next we prove inductively that f(")(0) exists for n > 1. Notice that, by Mean Value

Theorem, the function & (t) 0 jsbounded by sup, . |8’ (x)| for t # 0. Since Re(sp) > —1,
we have, by Lebesgue’s dorrunated convergence theorem,

— fx) oo 1dr + 0)to~1dt
0 g g

! _
£10) _alclg}) x
1 _ 1
=lim — Mtsodt = —/ g/(O)tsodt.
x—0 0 tx 0

Assume that )
— / g0 (0)tktso—1gy (2.3)
0

for some k > 1. Notice that the function M is bounded by sup, . |g¥1(x)| for
t # 0. For n = k+ 1, we apply the above equation (2.3), use Lebesgue’s Dominated
Convergence Theorem, and then obtain

— [ g® (k) oo 1dt 4 [ g0 (0)#k+s0-14p

FE(0) = lim

x—0

X
1 o(k) — (k) 1
= lim _/ g (tx)tx g (0) tk+sodt — _/ g(k+1)(0)tk+sodt.
0 0

x—0

Thus, (2.3) holds for all k € IN. Hence f is smooth on RR.
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Now we prove that f(x) decays rapidly as |x| — oo, it suffices to check that
x"f(") (x) — 0 when |x| — co for any m, n € N. Since g is a Schwartz function, there is a
constant C > 0 such that

) =

<C

/ ()0 1dt‘

/oo oM (tx) —m—1—Re(sp) tn+501dt‘
1

C [ C
g—/ t2dt = — — 0, |x| — oo.
x| J1 | x|

Hence f € $(R).
In the above, we have seen that f(0) = 0. It remains to show that §f(0) = 0. If
—1 < Re(sp) < 1, then there is a 6 such that 0 < § < 1 and Re(sg) < . Thus we have

i =| [ swas| = | [ [ st aas

/ / (tx) |ReG) T dpdx 4 / / (tx)|tReC0) 1 dpdy
x| <1 [x|>1

/ / 1 (tx) O ReG0) Ty 4 / Ca(tx) ~2eRe(50) 1 gyt
x|<1

[x|>1

for some constants C;, C; > 0. So the double integral f f1 (tx)t0~1dtdx is absolutely
integrable. By Fubini’s Theorem,

3f(0):/100t501/_ (tx)dxdt = / £~ / x)dxdt = 0.

If Re(sp) > 1, then we can choose ¢’ such that ¢’ > 1 and Re(sp) —1— ¢’ > —1. Then

we have
13£(0)] =’ /_ " f(x)dx| = ’ / ~ / o (tx)EoLdtdx

1
< / / 1g(£x)|£Re0) gy + / / 1g(£) R0t
xl<1 6|21

/I / Cs $Re(s0) 1dxdt—k/| / (tx)~ 9 fRe(s0) =1 gy gt
x|<1 x|>1

for some constants C3, C4 > 0. Again, by Fubini’s Theorem,

/ gso—1 / (tx)dxdt = / $s0=2 / x)dxdt = 0.

Therefore f € Hp.
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Finally, we prove statement iii). By partial integration we have

[ee]

—xf'(x) = /100 —xg' (tx)t*0dt = —g(tx)t°

+ 50 /100 g(tx) o7 dt = g(x) + sof (x).
1

~ -~

Applying the Mellin transform, we obtain that sf(s) = g(s) + sof(s). Hence g(s) =
f(s)(s —sp). This completes the proof of the lemma. O

Now we are ready to prove Theorem 1.3.

Proof. By Lemma 2.1, it suffices to show that D_ has no eigenvalue A on H with Re(A) >
lorRe(A) =0.

Assume on the contrary that such A exists, i.e., A is an eigenvalue of D_ on X sat-
isfying Re(A) > 1 or Re(A) = 0. Then there is a function f € H_ \ ZHn and a
¢ € Hq such that —xf'(x) = Af(x) + Zg(x). Applying the Mellin transform, we have

o~ o~

sf(s) = Af(s) +£(5)g(s)- Hence

By the assumption that A satisfies Re(A) = 0 or Re(A) > 1, we have {(A) # 0. So

7(s)/Z(s) is analytic at A. Hence we have g(A) = 0. By Lemma 2.2 iii), there is a function
g1 € Hn such that g(s) = £1(s)(s —so). Thus f(s) = {(s)g1(s), which implies that
f = Zg1 € ZHn. This contradicts the fact that f € H_ \ ZHn. Hence D_ has no

eigenvalue A with Re(A) = 0 or Re(A) > 1. This completes the proof of Theorem 1.3. [

We may summarize the argument in the proof of Theorem 1.3 and obtain the follow-
ing corollary. We will apply this corollary several times in the next section.

Corollary 2.1. Let A be a complex number with Re(A) > —1 and Re(A) # 1. Assume that
feH_\ZHnand g € Hn satisfy —xf'(x) = Af(x) + Zg(x) for x > 0. Then g(A) # 0 and

f(s)/C(s) has a simple pole at A, which implies that A is a nontrivial zero of the Riemann zeta
function.

3 Proof of Theorem 1.2

We first prove a technical lemma.

Lemma 3.1. Let G be an entire function on C. Then G is the Mellin transform of some function
in H_ if and only if, for every m € IN, s™G(s) is bounded in any vertical strip with finite width.

Proof. Let S = {c +it |a < 0 < B,t € R} be a vertical strip with finite width p — «,
where —co < & < B < oo. We first show that if G = g for some ¢ € H_, then for every
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m € N, s"G(s) is bounded in any vertical strip with finite width. Since g € 3{_, for any
s € 5, we have

86)1 = [t
< [Msteaxt [ g

1 00
< [ lgGxtldx + [ g0 Rldx < €+ O
0 1

where

C; = sup |g(x)x"| and C, =sup|g(x)xFT1].

O<x<1 x>1

"l

Hence g is bounded in S.

Next we show that the function s”g(s) is bounded in S for m € IN+. For s € S with
IIm(s)| < 1,s™g(s) is bounded by continuity. For s € S with [Im(s)| > 1, % is bounded
forj=0,1,--- ,m — 1. Thus there is a constant C > 0 such that

s"| < Cls(s+1)---(s+m—1)|.

By partial integration, we have

[s"8(s)[ <Cls(s +1)--- (s +m —1)g(s)|
=Cls(s+1)---(s+m—1) c>og(x)xs_ldx
Jo
=C /OO gl (x) s x| .
0

The last integral in the above formula is the Mellin transform of the function x”g("™)(x).
Since ¢(™) € H_, we have that this integral is bounded in S. Hence s'g ™) (s) is bounded
in S. This shows that G = g satisfies the desired property.

Conversely, suppose that G is an entire function on C such that for every m € NN,
s"™G(s) is bounded in any vertical strip with finite width. Let

’ L7 G(e)xd 0
(x)—z—m,/c_m (s)x"°ds, x>0,

be the Mellin inverse transform of G. The above integral exists for all c € R and is
independent of c. It is enough to show that h € H_.
Since G decreases rapidly on every vertical line, we have

1 (x) = % /:” G(s)x " (=s)(=s — 1) -+ - (=5 — 1+ 1)dx
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for n € IN. So h is smooth on (0, %0). Also, for any k € Z and x > 0, we have

400 ()| = | o /k_"m G(5)(=8) (= — 1)+ -+ (=5 — 1 + 1)x*~"~ds
271 Jk—n—ico
1 k—n-+ico
<o [T TIGE) (=) (s = 1) (s —n s 1) ds < oo
Hence h € H{_. This completes the proof of the lemma. O

Now we can prove our main theorem.

Proof. We first show that a complex number p is an eigenvalue of D_ on K if and only if
p is a nontrivial zero of the Riemann zeta function.

Let p be a nontrivial zero of {(s). We see that p is an eigenvalue of D_ by Li’s Theo-
rem [4, Therorem 1.1].

Conversely, let p be an eigenvalue of D_. By Theorem 1.3, we have 0 < Re(p) < 1.
Then by Corollary 2.1, p is a nontrivial zero of {(s). This proves the first part of Theorem
1.2.

It remains to show that the algebraic multiplicity of the eigenvalue p is equal to the
vanishing order of {(s) at p. Suppose that the function {(s) has vanishing order m > 0
at p. We shall show that the algebraic multiplicity of D_ at p is also my.

Let F; € H_\ ZHn and g1 € Hn such that —xF(x) = pF(x) + Zg1. We have, by
Proposition 2.1, that the function F; (s) /Z(s) has a simple pole at p. So F;(s) has vanishing
order my — 1 at p.

Notice that for every m € IN, s F (s) is bounded in any vertical strip with finite width.
Then the function H;, 0 < i < my, given by

H;(s) = .
=Gy
also admits the same property. By Lemma 3.1, H; is the Mellin transform of some function
F1inJH_.
To show that the algebraic multiplicity of D_ at p is mg, we let, forn > 1,

Vi={feH_|(D—p)"f € ZHn}.

Notice that the dimension of the subspace U, Vi/ZHn in H is equal to the algebraic
multiplicity of the eigenvalue p of D_ acting on J{. Denote by W,, = V,,/ ZH. To prove
our theorem, it is sufficient to show the following formula

n, 1<n<myg,

mp, n > mo, 31

dimW, = {

holds.
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Now we prove formula (3.1). First we show that V;; = V},_; for n > mg, which implies
that W, = W, for n > my. Assume that there is an f € V,, \ V,,_1. We show that, in
this case, n < my. The assumption f € V, \ V,_1 means that (D — p)"f € ZHn and
(D — p)*"1f ¢ Z3Hn. Denote by f; the function (D — p)"~!f. Then there is a function
g € Hn such that —xf](x) = pfi(x) + Zg(x) for x > 0. By Proposition 2.1, the function
f1(s)/Z(s) has a simple pole at p. Since {(s) has vanishing order mj at p, the vanishing
order of the function f;(s) = (s — p)" 1f(s) at p is mg — 1. Because f is analytic at p, we
must have n < my. Hence W, = W,,_1 for n > my.

Next we show that dim W,, = n for1 < n < mg. The case n = 1 follows from Li’s The-
orem [4, Theorem 1.4]. For 1 < n < my, it is sufficient to show that dim(V,,/V,,_1) = 1.
Recall that F,, € J{_ is the Mellin inverse transform of H,_;. Applying Mellin transform
to (D — p)"F, and (D — p)"~'F, and noticing that F; ¢ ZH but (D — p)F; € ZHn, we
conclude that F, € V,, \ V;,_1. Hence dim(V,,/V,_1) > 1.

Finally, we show that dim(V,,/V;,_1) < 1. Let Gy ans G; be two functions in V,, \ V;,_1.
Then (D — p)" " 1Gy, (D — p)" 'Gy € Vi \ ZHn. By Li’s Theorem, there is a complex
number y such that

(D—=p)""'G1 = u(D —p)" G2 = (D —p)" (G — uGz) € ZHp.
So G1 — uGy € V,,_1. Hence dim(V,,/V,,_1) < 1. Therefore
dim(W,,/Wy,_1) = dim(V,,/V,—1) =1
for 1 < n < mgand (3.1) holds. This completes the proof of the theorem. O
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