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Abstract. The solutions of the perturbed Gerdjikov-Ivanov equation with coefficients

depending on temporal variable are obtained. They are presented in terms of gener-

alised solitary and periodic solutions and can be used to determine new solutions of the

classical perturbed Gerdjikov-Ivanov equation with special sets of constant coefficients.
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1. Introduction

It is well known that certain solutions of nonlinear partial differential equations provide

a better understanding of various phenomena. From the mathematical point of view, the

use of generalised models is important in the sense that in particular cases the solutions

are derived by changing model parameters. In this work, we use the improved tanh-coth

method [20] in order to find exact traveling wave solutions of the following generalised

perturbed Gerdjikov-Ivanov equation

iqt + A(t)qx x + B(t)|q|4q+ i

× �C(t)q2q∗
x
+ρ(t)qx +δ(t)

�|q|2mq
�

x
+µ(t)
�|q|2m
�

x
q
�

= 0, (1.1)
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where q = q(x , t) is a complex-valued wave profile depending on spatial and temporal vari-

ables x and t, and q∗ denotes the complex conjugate of q — cf. [9,14,15]. If the coefficients

A, B, C ,ρ,δ and µ are constants, then (1.1) is the standard perturbed Gerdjikov-Ivanov

equation — cf. [6,21,26]. In this case, A is the group velocity dispersion coefficient, B the

quintic nonlinearity coefficient, C the nonlinear dispersion coefficient, ρ the inter-modal

dispersion coefficient, δ the self-steepening coefficient, µ the higher-order dispersion co-

efficient and ı :=
p−1. It is worth noting that for non-constant coefficients, the structure

of the corresponding solutions of (1.1) differs from that for the standard Gerdjikov-Ivanov

equation. For more details the reader is referred to [3, 10–13, 16, 27]. We note that the

easily numerically implementable improved tanh-coth method of [20] can be considered

as a generalisation of classical methods such as the tanh-coth method [24], the Kudryashov

method [8], the G′/G method [23], the Exp(−φ(ξ)) method [4] and the methods consid-

ered in [1,7,17–19,22,25].

This paper is organised as follows. In Section 2 we review the improved tanh-coth

and Exp-function methods for nonlinear partial differential equations. New exact traveling

wave solutions of the Eq. (1.1) are derived in Section 3. Finally, some conclusions are given

in Section 4.

2. Description of the Methods

Given a nonlinear partial differential equation

P(u,ux ,ut ,ux t ,ux x , . . .) = 0, (2.1)

where u= u(x , t) is the unknown function, x the spatial variable, t the temporal variable,

and the coefficients of (2.1) depend on the variable t only, transformations similar to the

transformation

ξ= x +λt + ξ0

reduce the Eq. 2.1 to an ordinary differential equation

P1(u,u′,u′′, . . .) = 0 (2.2)

with an unknown function u = u(ξ).

2.1. An improved tanh-coth method

We consider a tanh-coth method consisting in finding the solutions of (2.2), which can

be represented in the form

u(ξ) =

M
∑

i=0

ai(t)φ(ξ)
i +

2M
∑

i=M+1

ai(t)φ(ξ)
M−i , (2.3)

where M is a positive integer to be determined later and φ = φ(ξ) satisfies the general

Riccati equation

φ′(ξ) = γ(t)φ2(ξ) + β(t)φ(ξ) +α(t). (2.4)
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The solutions of the Eq. (2.4) are known [2], viz.

φ(ξ) =





































p
Π tan
�

1
2

p−Π(ξ+ ξ0)
�− β(t)

2γ(t)
, Π < 0,

−pΠ cot
�

1
2

p−Π(ξ+ ξ0)
�− β(t)

2γ(t)
, Π < 0,

−pΠ tanh
�

1
2

p
Π(ξ+ ξ0)
�− β(t)

2γ(t)
, Π > 0,

−pΠ coth
�

1
2

p
Π(ξ+ ξ0)
�− β(t)

2γ(t)
, Π > 0,

1

γ(t)

�

− 1

(ξ+ ξ0)
− β(t)

2

�

, β2(t) = 4α(t)γ(t),

(2.5)

where

Π= β2(t)− 4α(t)γ(t).

It is clear that varying the parameter ξ0 in (2.5), we can derive various solutions, including

the periodic ones, depending of the sign of β2(t)−4α(t)γ(t), cf. [2]. Substituting (2.3) into

(2.2) and balancing the linear terms of highest order with the highest order nonlinear term

we determine M . This M is used in (2.3) and substituting the corresponding expression

into (2.2) and employing (2.4), we arrive at an algebraic system of equations with respect

to variables α(t),β(t),γ(t),λ(t), a0(t), . . . , a2M , b0(t), . . . , b2N (t). Solving the system and

reversing the transformations used, we obtain a set of the exact solutions of (1.1) with

periodic and soliton solutions among the others.

2.2. The Exp-function method

The Exp-function method is based on the assumption that travelling wave solutions can

be in the form

p =

d
∑

n=−c

anenξ

s
∑

m=−r

bmemξ

, (2.6)

where c, d , r, s are positive integers to be determined later and an, bm unknown functions

depending on t [5]. The Eq. (2.6) can be written as

p(η) =
ace

cξ + · · ·+ ad edξ

br erξ + · · ·+ bse
sξ

.

In order to determine the values of c and r in the Eq. (2.6), we balance the linear and non-

linear terms of the highest order. Similar, for d and s, we balance the linear and nonlinear

terms of the lowest order.
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3. Exact Solutions of the Eq. (1.1)

Following the previous considerations, we consider the transformation

q(x , t) = ei(x+
∫

ω(t)d t+θ0)u(ξ),

ξ= x +

∫

λ(t)d t + ξ0.
(3.1)

Substituting (3.1) into (1.1), using the relations

iqt =
�

ıλ(t)u′(ξ)−ω(t)u(ξ)� ei(x+
∫

ω(t)d t+θ0),

qx =
�

u′(ξ) + iu(ξ)
�

ei(x+
∫

ω(t)d t+θ0),

A(t)qx x = A(t)
�

u′′(ξ) + 2iu′(ξ)− u(ξ)
�

ei(x+
∫

ω(t)d t+θ0),

q2q∗x =
�

u(ξ)2u′(ξ)− iu(ξ)3
�

ei(x+
∫

ω(t)d t+θ0),

B(t)|q|4q = B(t)u(ξ)5 ei(x+
∫

ω(t)d t+θ0),

δ(t)
�|q|2mq
�

x
= δ(t)
�

(2m+ 1)u(ξ)2mu′(ξ) + iu(ξ)2m+1
�

ei(x+
∫

ω(t)d t+θ0),

µ(t)
�|q|2m

x q
�

= µ(t)
�

2mu(ξ)2mu′(ξ)
�

ei(x+
∫

ω(t)d t+θ0),

and separating the real and imaginary parts in the resulting expression, we arrive at the

following equations:

A(t)u′′(ξ)− �ω(t) + A(t) +ρ(t)
�

u(ξ) + C(t)u(ξ)3

−δ(t)u(ξ)2m+1 + B(t)u(ξ)5 = 0, (3.2)

λ(t) + 2A(t) +ρ(t) + C(t)u(ξ)2 +
�

(2m+ 1)δ(t) + 2mµ(t)
�

u(ξ)2m = 0. (3.3)

It follows from (3.3) that C(t) = 0 for m 6= 1. In the case m= 1, (3.3) takes the form

λ(t) = −2A(t)−ρ(t), C(t) + 3δ(t) + 2µ(t) = 0.

The variable change

u(ξ) =
Æ

v(ξ) (3.4)

transforms (3.2) into the following equation for m 6= 1:

2A(t)v(ξ)v′′(ξ)− A(t)(v(ξ))′ − 4
�

ω(t) + A(t) +ρ(t)
�

v(ξ)2

+ 4C(t)v(ξ)3 − 4δ(t)v(ξ)m+2 + 4(t)v(ξ)4 = 0,

and if m = 1, we have:

2A(t)v(ξ)v′′(ξ)− A(t)(v(ξ))′ − 4
�

ω(t) + A(t) +ρ(t)
�

v(ξ)2

+ 4[C(t)−δ(t)]v(ξ)3 + 4B(t)v(ξ)4 = 0. (3.5)
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3.1. Application of the improved tanh-coth

Substituting (2.3) into (3.5) and balancing v(ξ)4 with v(ξ)v′′(ξ) or v(ξ)4 with (v′(ξ))2

yields 4M = 2M + 2, so that M = 1. Therefore, (2.3) takes the form

u(ξ) = a0(t) + a1(t)φ(ξ) + a2(t)φ(ξ)
−1. (3.6)

Substituting (3.6) into (3.5) again, we obtain an algebraic system connecting α(t),β(t),

γ(t),ω(t), a0(t), a1(t), a2(t), viz.

4a2
1
(t)A(t)β(t)γ(t) + 4a0(t)a1(t)A(t)γ

2(t) + 16a0(t)a
3
1
(t)B(t)

+ 4a3
1
(t)C(t) − 4a3

1
(t)δ(t) = 0,

3a2
1(t)A(t)γ

2(t) + 4a4
1(t)B(t) = 0,

4α(t)a1(t)a0(t)A(t)γ(t) + 2a1(t)a0(t)A(t)β
2(t)

+ 12a1(t)a2(t)A(t)β(t)γ(t) − 8a1(t)a0(t)A(t)

+ 16a1(t)a
3
0(t)B(t) + 48a2

1(t)a2(t)a0(t)B(t)

+ 12a1(t)a
2
0(t)C(t) + 12a2

1(t)a2(t)C(t)

− 12a1(t)a
2
0(t)δ(t)− 12a2

1(t)a2(t)δ(t)

− 8a1(t)a0(t)ρ(t) − 8a1(t)a0(t)ω(t) = 0,

2α(t)a2
1(t)A(t)γ(t) + a2

1(t)A(t)β
2(t) + 6a0(t)a1(t)A(t)β(t)γ(t)

+ 6a2(t)a1(t)A(t)γ
2(t)− 4a2

1
(t)A(t) + 16a2(t)a

3
1
(t)B(t)

+ 24a2
0
(t)a2

1
(t)B(t) + 12a0(t)a

2
1
(t)C(t)− 12a0(t)a

2
1
(t)δ(t)

− 4a2
1
(t)ρ(t)− 4a2

1
(t)ω(t) = 0,

12α(t)a1(t)a2(t)A(t)β(t) + 4α(t)a2(t)a0(t)A(t)γ(t)

+ 2a2(t)a0(t)A(t)β
2(t)− 8a2(t)a0(t)A(t)

+ 16a2(t)a
3
0(t)B(t) + 48a1(t)a

2
2(t)a0(t)B(t)

+ 12a2(t)a
2
0(t)C(t) + 12a1(t)a

2
2(t)C(t)

− 12a2(t)a
2
0(t)δ(t)− 12a1(t)a

2
2(t)δ(t)

− 8a2(t)a0(t)ρ(t) − 8a2(t)a0(t)ω(t) = 0,

−α2(t)a2
1(t)A(t) + 2α(t)a1(t)a0(t)A(t)β(t)

+ 12α(t)a1(t)a2(t)A(t)γ(t) + 6a1(t)a2(t)A(t)β
2(t)

+ 2a2(t)a0(t)A(t)β(t)γ(t) − a2
2(t)A(t)γ

2(t)− 4a2
0(t)A(t)

− 8a1(t)a2(t)A(t) + 4a4
0(t)B(t) + 48a1(t)a2(t)a

2
0(t)B(t)

+ 24a2
1(t)a

2
2(t)B(t) + 4a3

0(t)C(t) + 24a1(t)a2(t)a0(t)C(t)

− 4a3
0
(t)δ(t)− 24a1(t)a2(t)a0(t)δ(t)− 4a2

0
(t)ρ(t)

− 8a1(t)a2vρ(t)− 4a2
0
(t)ω(t)− 8a1(t)a2(t)ω(t) = 0,

4α2(t)a0(t)a2(t)A(t) + 4α(t)a2
2
(t)A(t)β(t) + 16a0(t)a

3
2
(t)B(t)



212 C. A. Gómez, A. Jhangeer, H. Rezazadeh, R. A. Talarposhti and A. Bekir

+ 4a3
2(t)C(t) − 4a3

2(t)δ(t) = 0,

6α2(t)a1(t)a2(t)A(t) + 6α(t)a0(t)a2(t)A(t)β(t)

+ 2α(t)a2
2(t)A(t)γ(t) + a2

2(t)A(t)β
2(t)− 4a2

2(t)A(t)

+ 16a1(t)a
3
2(t)B(t) + 24a2

0(t)a
2
2(t)B(t) + 12a0(t)a

2
2(t)C(t)

− 12a0(t)a
2
2
(t)δ(t)− 4a2

2
(t)ρ(t)− 4a2

2
(t)ω(t) = 0,

3α2(t)a2
2
(t)A(t) + 4a4

2
(t)B(t) = 0.

We use Mathematica software for solving the previous system, thus obtaining a family of

solutions. However, here we consider only the following most general set:

a0(t) = −
3(C(t)−δ(t))

4B(t)
, α(t) =

2 (Φ2)

3(C(t)−δ(t)) ,

β(t) = − i
p

3(C(t)−δ(t))
2A(t)1/2B(t)1/2

, γ(t) =
2 (Φ1)

3(C(t)−δ(t)) ,

ω(t) =
64a1(t)a2(t)B

2(t)− 48A(t)B(t)− 48B(t)ρ(t) − 9C2(t) + 18C(t)δ(t)− 9δ2(t)

48B(t)
,

where

Φ1 =
i
p

3a1(t)B(t)
1/2 C(t)

A(t)1/2
− i
p

3a1(t)B(t)
1/2δ(t)

A(t)1/2
,

Φ2 =
i
p

3a2(t)B(t)
1/2 C(t)

A(t)1/2
− i
p

3a2(t)B(t)
1/2δ(t)

A(t)1/2
.

For this coefficient set, the Eq. (2.5) takes the form

φ1(ξ) =
3 (C(t)−δ(t))

4 (Φ1)

�

−χ
1/2

2
p

3
tan

�

χ1/2

4
p

3
(ξ+ ξ0)

�

+
i
p

3(C(t)−δ(t))
2A(t)1/2B(t)1/2

�

, (3.7)

φ2(ξ) =
3 (C(t)−δ(t))

4 (Φ1)

�

−χ
1/2

2
p

3
cot

�

χ1/2

4
p

3
(ξ+ ξ0)

�

+
i
p

3(C(t)−δ(t))
2A(t)1/2B(t)1/2

�

, (3.8)

φ3(ξ) =
3 (C(t)−δ(t))

4 (Φ1)

�

−χ
1/2

2
p

3
tanh

�

χ1/2

4
p

3
(ξ+ ξ0)

�

+
i
p

3(C(t)−δ(t))
2A(t)1/2B(t)1/2

�

, (3.9)

φ4(ξ) =
3 (C(t)−δ(t))

4 (Φ1)

�

−χ
1/2

2
p

3
coth

�

χ1/2

4
p

3
(ξ+ ξ0)

�

+
i
p

3(C(t)−δ(t))
2A(t)1/2B(t)1/2

�

, (3.10)

φ5(ξ) =
3 (C(t)−δ(t))

2 (Φ1)

�

− 1

(ξ+ ξ0)
+

i
p

3(C(t)−δ(t))
4A(t)1/2B(t)1/2

�

, (3.11)

where

χ =
64a1(t)a2(t)B

2(t)− 9(C(t)−δ(t))2
A(t)B(t)

.
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Hence, the Eq. (3.5) has solutions

vi(ξ) = −
3(C(t)−δ(t))

4B(t)
+ a1(t)φi(ξ) + a2(t)φi(ξ)

−1, i = 1,2,3,4,5, (3.12)

where φi(ξ), i = 1,2,3,4,5 are defined in (3.7)-(3.11) and a1(t), a2(t) are arbitrary func-

tions. According to (3.4) and (3.1), we established solutions of (1.1) in the original vari-

ables.

3.2. Application of Exp-function method

Following the Exp-function method, we assume that the solution of Eq. (3.5) can be

represented in the form

v(ξ) =
ace

cξ + · · ·+ adedξ

br erξ + · · ·+ bse
sξ

, (3.13)

where c, d , r and s are positive integers to be determined later. It follows that

vξξ =
A0

B
+

2(A0)(B0)

(B)2
,

and (3.5) takes the form

1

B

�

2A(t)

�

A0B − 2
(A1)(B1)

(B)2
+ 2
(A)(B1)

2

(B)3
− (A)(B0)

(B)2

��

(A)− A(t)

�

A1

B
− (A)(B1)

(B)2

�2

− 4
(ω (t) + A(t) +ρ (t)) (A)2

(B)2
+ 4
(c (t)−δ (t)) (A)3

(B)3
+ 4

B (t) (A)4

(B)4
= 0, (3.14)

where

A= a1eξ + a0 + a−1e−ξ, B = b1eξ + b0 + b−1e−ξ,

A0 = a1eξ + a−1e−ξ, B0 = b1eξ + b−1e−ξ,

A1 = a1eξ − a−1e−ξ, B1 = b1eξ − b−1e−ξ.

Using these representations in (3.14), we arrive at the equation

�

− 4A(t)a1
2 b1

2 − 4ω(t)a1
2 b1

2 − 4ρ(t)a1
2 b1

2 + 4B(t)a1
4 + 4c(t)a1

3 b1 − 4δ(t)a1
3 b1

�

× (eξ)8 + · · · − 4A(t)a−1
2 b−1

2 − 4ω(t)a−1
2 b−1

2 − 4ρ(t)a−1
2 b−1

2 + 4B(t)a−1
4

+ 4c(t)a−1
3 b−1 − 4δ(t)a−1

3 b−1 = 0.

Equating to zero the coefficients at enx leads to the system of algebraic equations for a1,

a0, a−1, a1, b0, b−1, b1,ω(t), and following the above considerations, we can discuss the

following situations.
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Case 1.

a1 = b1 = 0, a0 =
(−c(t) +δ(t) +Ψ)b0

2B(t)
,

a−1 = a−1, b−1 =
(c(t)−δ(t) +Ψ) a−1

2(ω(t) + A(t) +ρ(t))
,

where

Ψ =

q

(δ(t))2 − 2c(t)δ(t) + 4B(t)A(t) + 4B(t)ω(t) + 4B(t)ρ(t) + (c(t))2.

Substituting these parameters into (3.13), we obtain the following solution of the Eq. (3.5):

v(ξ) =

�

1

2B(t)

�−c(t) +δ(t)+Ψ
�

b0+a−1e−ξ
�

×
�

b0 +
1

2(ω(t) + A(t) +ρ(t))

�

c(t)−δ(t)+Ψ�a−1e−ξ
�−1

.

Therefore,

u(ξ) =
Æ

v(ξ) =

�
�

1

2B(t)

�− c(t) +δ(t) +Ψ
�

b0 + a−1e−ξ
�

×
�

b0 +
1

2(ω(t) + A(t) +ρ(t))

�

c(t)−δ(t) +Ψ�a−1e−ξ
�−1
�1/2

,

and

q(x , t) = eiηu(ξ) = eiη

�
�

1

2B(t)

�− c(t) +δ(t) +Ψ
�

b0 + a−1e−ξ
�

×
�

b0 +
1

2(ω(t) + A(t) +ρ(t))

�

c(t)−δ(t) +Ψ�a−1e−ξ
�−1
�1/2

with

η= x +

∫

ω(t) d t + θ0, ξ= x +

∫

λ(t) d t + ξ0.

Case 2.

b1 = b1, a1 =
(−c(t) +δ(t) +Θ)b1

2B(t)
,

a−1 = a−1, b−1 =
(c(t)−δ(t) +Θ)a−1

2(ω(t) + A(t) +ρ(t))
,

a0 = a0, b0 =
(c(t) −δ(t) +Θ)a0

2(ω(t) + A(t) +ρ(t))
,
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where

Θ =

q

4B(t)A(t) + 4B(t)ω(t) + 4B(t)ρ(t) + (δ(t))2 − 2δ(t)c(t) + (c(t))2.

Substituting these parameters into (3.13), we obtain the following solution of the Eq. (3.5):

v(ξ) =

�

1

B(t)

�− c(t) +δ(t) +Θ
�

b1eξ + a0 + a−1e−ξ
�

×
�

b1eξ +
1

2(ω(t) + A(t) +ρ(t))

�

c(t)−δ(t) +Θ��a0 + a−1

�

e−ξ
�−1

.

Therefore,

u(ξ) =
Æ

v(ξ)

=

�
�

1

B(t)

�− c(t) +δ(t) +Θ
�

b1eξ + a0 + a−1e−ξ
�

×
�

b1eξ +
1

2(ω(t) + A(t) +ρ(t))

�

c(t)−δ(t) +Θ�(a0 + a−1)e
−ξ
�−1
�1/2

and

q(x , t) = eiηu(ξ)

= eiη

�
�

1

B(t)

�− c(t) +δ(t) +Θ
�

b1eξ + a0 + a−1e−ξ
�

×
�

b1eξ +
1

2(ω(t) + A(t) +ρ(t))

�

c(t)−δ(t) +Θ��a0 + a−1

�

e−ξ
�−1
�1/2

.

Case 3.

b−1 = b−1, a−1 =
((−c(t) +δ(t) +Θ))b−1

2B(t)
,

a0 = a0, b0 =
(c(t)−δ(t) +Θ)a0

2(ω(t) + A(t) +ρ(t))
,

b1 = a1 = 0, b−1 =
(c(t)−δ(t) +Θ)a−1

2(ω(t) + A(t) +ρ(t))
.

Substituting these parameters into (3.13), we obtain the following solution of the Eq. (3.5):

v(ξ) =

�

a0 +
1

2B(t)

�− c(t) +δ(t) +Θ
�

b−1e−ξ
�

×
�

b1eξ +
1

2(ω(t) + A(t) +ρ(t))

�

c(t)−δ(t) +Θ�a0 + b−1e−ξ
�−1

.
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Therefore,

u(ξ) =
Æ

v(ξ)

=

�
�

a0 +
1

2B(t)

�− c(t) +δ(t) +Θ
�

b−1e−ξ
�

×
�

b1eξ +
1

2(ω(t) + A(t) +ρ(t))

�

c(t)−δ(t) +Θ�a0 + b−1e−ξ
�−1�1/2

and

q(x , t) = eiηu(ξ)

= eiη

�
�

a0 +
1

2B(t)

�− c(t) +δ(t) +Θ
�

b−1e−ξ
�

×
�

b1eξ +
1

2(ω(t) + A(t) +ρ(t))

�

c(t)−δ(t) +Θ�a0 + b−1e−ξ
�−1
�1/2

with

η= x +

∫

ω(t) d t + θ0, ξ= x +

∫

λ(t) d t + ξ0.

4. Conclusion

We obtained exact solutions of the perturbed Gerdjikov-Ivanov equation with variable

coefficients. Improved tanh-coth and Exp-function methods are used to establish various so-

lutions, which can be used to determine new solutions of the classical perturbed Gerdjikov-

Ivanov equation with special sets of constant coefficients.
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