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1 Introduction

In this paper, for m <n, we specify the ranges of indices as follows

1 S“/,B/’)//O—/pl"' Snz ]-S]/k/l/ Smr
m+1§a/blcl"'gnl 1§A,B,C,§27’l

1.1 The Heisenberg groups

The origin of pseudohermitian geometry came from the construction of a pseudohermi-
tian connection, independently by N. Tanaka [15] and S. Webster [16]. In this paper, the
Heisenberg group is a pseudohermitian manifold and it plays the role of the model in
pseudohermitian geometry. That is, any pseudohermitian manifold with vanishing cur-
vature and torsion locally is part of the Heisenberg group. Let H, be the Heisenberg
group, with coordinates (xg,y,t). The group multiplication is defined by

(xy,t)o(x"y ') =(x+x",y+y t+t +yx'—xy).
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The associated standard CR structure | and contact form © are defined respectively by
]éﬁ:eon+ﬁl ]eon+ﬁ: _élBI

n
O=dt+ Exﬁdyﬁ—yﬁdxﬁ,
B=1

where

, 0 J ., 0 )

O T A TR TS
The contact bundle is { =ker®. We refer the reader to [2, 3, 5] for the details about the
Heisenberg groups, and to [6, 11, 12, 15, 16] for pseudohermitian geometry.

The symmetry group PSH(n) of H, is the group consisting of all pseudohermitian

transformations. Left translations L, are symmetries. Another kind of examples are a
rotation @ around the t-axis which is defined by

(i)

A B > €50(2n). In [5], we showed that each symmetry &€ PSH(n) has

B A
the unique decomposition ® =L,0®r, for some p € H, and R € SO(2n). Since the action
of PSH(n) on H, is transitive, the associated geometry is a kind of Klein geometry. The
corresponding Cartan geometry is just pseudohermitian geometry.

where R= <

1.2 Pseudohermitian submanifolds

We now give the definition of pseudohermitian submanifold.

Definition 1.1. A (2m+1)-dimensional pseudohermitian manifold (M, ,) is called a pseudo-
hermitiant submanifold of H,, 1 <m <n, if

o E=TMNE;
o J=]lg
o 0=0|y,

where & =kerd is the contact structure on M. The number m is called the CR dimension of M.

Example 1.1. Suppose M — H,, is an embedded submanifold with CR dimension n—1.
Then it is not hard to see that

*In [6], S. Dragomir and G. Tomassini call it isopseudo-hermitian, instead of pseudohermitian.
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e In general, dim(T,MNG,) >2n—2, for all p€ M.
o dim(T,MN¢,) =2n—2, for a generic point p € M.

All the generic points constitute the regular part of M, and those points p such that
dim(T,MN¢G,) =2n—1 are called the singular points. On the regular part M;,, assume
that T, MN¢ is invariant under J, then it inherits a pseudohermitian structure (f ,0) from
H, such that (M,,,,0) is a pseudohermitian submanifold of H,.

In Section 3, we define some local invariants for pseudohermitian submanifolds, in-
cluding the second fundamental form, the normal connection and the fundamental vec-
tor field v (see the definition after Proposition 3.1). In addition, from Proposition 3.1, we
see that the fundamental vector field v actually describes the difference between the two
Reeb vector fields T and T, which are, respectively, associated with H,, and the pseudo-
hermitian submanifold M. Hence if v =0, then T = T. That means that T = % is always
tangent to M at each point. Therefore, for such a submanifold, we call it vertical*. On the
other hand, if v #0 at each point, we call it completely non-vertical.

Example 1.2. The subspace H,,={(z,t) €H, | z,=0} C H, is a pseudohermitian subman-
ifold of H,. It is easy to see that H,, is vertical.

Example 1.3. Let S>"~1 C H,, be the sphere defined by

n
§an1= {(Z,O) €C"CHy | ﬁzlz,gz/;:l}.

There are two pseudohermitian structures induced on S%"~1 one is from H, and the
other is from C”. In Subsection 4.2, we show that these two induced pseudohermitian
structures coincide. In addition, S*"~is completely non-vertical.

1.3 Main theorems

There are many literatures which were given for the problem about CR embeddability of
CR manifolds into spheres [4,9,10,17]. In this paper, we obtain the fundamental theorems
and rigidity theorems for pseudohermitian submanifolds in the Heisenberg groups. We
have

Theorem 1.1 (Theorem A). The induced pseudohermitian structure, the second fundamental
form, the normal connection, as well as the fundamental vector field constitute a complete set of
invariants for pseudohermitian submanifolds of the Heisenberg groups.

HIn [6], S. Dragomir and G. Tomassini call it pseuo-Hermitian, instead of vertical pseudohermitian.



4 H.-L. Chiu / J. Math. Study, 54 (2021), pp. 1-27

Theorem A is shown in Section 5. It specifies that there are only four invariants for
pseudohermitian submanifolds. That is, if two pseudohermitian submanifolds have the
same such four invariants, then they are locally congruent with each other in the sense
that they differ from each other by nothing more than an action of a symmetry.

Any pseudohermitian submanifold M CH,, automatically satisfies a natural geometric
condition which we call the integrability condition (defined in Subsection 5.2). Conversely,
we will show that it is also a condition for an arbitrary pseudohermitian manifold to be
(locally) embedded as a pseudohermitian submanifold of H,,.

Theorem 1.2 (Theorem B). Let (M>"*+1,]y1,00) be a simply connected pseudohermitian man-
ifold satisfying the integrability condition for some n > m. Then M can be embedded as a pseudo-
hermitian submanifold of the Heisenberg group H,.

Theorem B is shown in Section 6. In [9], S.-Y. Kim and J.-W. Oh also studied the prob-
lem of characterizing pseudohermitian manifolds which are pseudohermitian embed-
dable into the Heisenberg groups’. In the case that M is nondegenerate, S.-Y. Kim and
J.-W. Oh used Cartan’s prolongation method to show that the induced pseudohermitian
structure constitutes a complete set of invariants. In addition, they gave a necessary and
sufficient condition, in terms of Webster curvature and torsion tensor, for pseudoher-
mitian manifolds to be embeddable into the Heisenberg groups nondegenerately. This
condition is just equivalent to the integrability condition which we define in Subsection
5.2. However, S.-Y. Kim and J.-W. Oh did not deal with the degenerate cases.

In the case of CR codimension one, the nondegeneracy just means that the second
fundamental form does not vanish at each point. In such a case, we basically recover the
results of S.-Y. Kim and J.-W. Oh. Moreover, we give the rigidity theorems for pseudo-
hermitian degenerate submanifolds, which are shown in Section 7. We have

Theorem 1.3 (Theorem C). Let (M, ],8) be a vertical, simply connected pseudohermitian sub-
manifold of H, with CR dimension m=n—1. Then we have

(i) if the second fundamental form 11 # 0 at each point, then the induced pseudohermitian struc-
ture (f,8) constitutes a complete set of invariants.

(ii) if IT=0, then M is an open part of H,_1 ={z, =0}, after a Heisenberg rigid motion.

Theorem 1.4 (Theorem D). Let (M,],0) be a completely non-vertical, simply connected
pseudohermitian submanifold of H, with CR dimension m=mn—1. Then we have

(i) the induced pseudohermitian structure (,0) constitutes a complete set of invariants.

(ii) if the second fundamental form 11 =0 (or, equivalently, the pseudohermitian torsion Aj. =
0, 1<j,k<m), then M is an open part of the standard sphere s2m+l - [ after a Heisenberg
rigid motion.

Finally, in subsection 4.1, we study the general properties of vertical pseudohermitian
submanifolds and obtain

S$1n their paper, they used the pseudohermitian flat sphere as the ambient space, instead of the Heisenberg
group. But after a Cayley transformation, this two spaces are isomorphic as pseudohermitian manifolds
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Theorem 1.5 (Theorem E). Let (M,],0) be a vertical pseudohermitian submanifold of H,,.
Then we have that the Webster-torsion vanishes and the Webster-Ricci tensor is non-positive,
as well as the pseudohermitian connection and the tangential connection (see the definition in
subsection 3.3) coincide.

For the fundamental theorems, we used Cartan’s method of moving frame as well
as calculus on Lie groups. And we prove (ii) of Theorem D by means of the motions
equation of the Darboux frame. Therefore, in Section 2, we give a brief review of Car-
tan’s method of moving frame, which includes the motion equations and the structure
equations. We would like to end the introduction by pointing out that, in [4], Curry and
Gover recently addressed the so called CR Bonnet theorem. They formulated and proved
the theorem inspired by the conformal Bonnet theorem formulated and proved in terms
of standard conformal tractors.

2 Cartan’s method of moving frame

In this section, we give a brief review of Cartan’s method of moving frame and Calculus
on Lie groups. For the details, we refer the reader to [5]. Let (X,G) be a Klein geome-
try. The philosophy of Elie Cartan is that in many cases, the symmetry group G may be
identified with a set of frame on X. Then to investigate the geometry of a submanifold
M of X, one associates the submanifold with a natural set of frames. In this situation, the
infinitesimal motion of this natural frame should contain all the geometric information
of the submanifold M. Now we will go along the idea of Elie Cartan to get a complete set
of invariants for M.

2.1 The frames on H,

An frame for H,, is a set of vectors of the form

(P}eﬁ/en+ﬁ/ T)/

where p € Hy, eg € G(p) and e, 5= Jeg, for 1 < B <n. In addition {eg,e,44,T} is an or-
thonormal frame with respect to the adapted metric gy, which is defined by viewing the
basis ég,é,,1 ,T as an orthonormal basis.

2.2 Identifying PSH(n) with a set of frames

We identify a symmetry ® with a frame (p;eg,e,4p,T), provided that @ is the unique
transformation on H, mapping the frame (0;e°ﬁ,e°n+5,T) to the given frame (p;el;,enJrﬁ,T).
That is

(D* (O;éﬁ,én+ﬁ,T) = (@(O);@*éﬁ,¢*én+ﬁ,®*']—') = (p;eﬁ,en+5,T).



6 H.-L. Chiu / J. Math. Study, 54 (2021), pp. 1-27

2.3 The matrix group representation of PSH(n)
If we identify points of H, and 1x H, by

7 (5)
p 7
hence a vector X € TH, can be identified by
0
X<+ ( x >
We thus identify ® with a matrix A € GL(2n+2,R) by

2.1)

qDH(p;eﬁ'enﬂS,T)HA:( 10 0 O )

p eg enip T

(1)) ame

This shows that (2.1) gives a matrix group representation of PSH(n).

We have

24 The motion equations

Let w be the (left) Maurer Cartan form of PSH(n). This is a psh(n)-valued one form
defined by

w(v)=L,1,0, (2.2)

8

for each v € T,G, where G=PSH (n),g € G. That is, the Maurer Cartan form moves each
vector v to the identity element by the left translations. It is a natural way for us to
identify each vector v with a vector tangent to the identity. Since PSH(n) has a matrix
group representation, The Maurer Cartan form has the simple elegant expression

w=A""dA, (2.3)
where A € PSH(n) is the moving point. This formula (2.3) is equivalent to
dA=Aw, 2.4)

which is called the motion equations of the Heisenberg group. Taking the exterior deriva-
tive of the motion equations, we get the structure equations

dw+wAw=0. (2.5)
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2.5 The Darboux frames for pseudohermitian submanifolds

Let U C M be an open subset. For each point p € U, we always choose the frame {Z3,T}
such that Z; € Ecand Z, € @%, here {c =E&®C and éé =& ®C. Such a moving frame
p— (p;Zp,T) is called the Darboux frame (of complex version) over U.

Let {6F,0} be the dual of {Zg, T}. Writing Zg=1(eg—ie, ) and 0 =wP+iw"™P. Then
{ea, T} and {w*,0} are dual to each other. This frame field p— (p;e4, T) is the real version
of the Darboux frame. It is easy to see that ey, e, € 6, €a,enia €CT, and entp=Jep.

Denoting Z;=Z; and writing Z; = 1(é;—ié,,; ;). Then we have é;=e¢j, é,,4j=¢y+;. Let
{&/,&™*1,0} be the dual of {¢;,é,,1j,T}. We also denote 6/ = @/ +ic" .

2.6 The Darboux derivative

Let f:U— PSH(n) be a Darboux frame f(p) = (p;es,T). The Darboux derivative wy of f
is defined by

wr=wof.=f"w. (2.6)

Therefore, it is just the usual differential f,, provided that we have identified each vector
with a vector tangent to the identity element by left translations. From (2.3),

w=frw=f"(A"'dA) = (Aof) ' d(Aof)=fdf, 27)

or, equivalently
df = fwy. (2.8)

This is the motion equations for the Darboux frame f. Again, taking the exterior deriva-
tive, we obtain the structure equations (the integrability condition)

dwf+wf/\wf:0. (2.9)
Writing
f(p)=(pies(p).ensp(p),T)
and
0 0 0 0
_ w’B waﬁ wn—&-zxﬂ 0
WF=1 n+B W B WP 0
w2n+l whte — " 0

Since wy is a psh(n)-valued one form, the entry forms satisfy

w ! =—w®, for1<a,b<2n,

wnﬂnw —w,P, w,"P= —wnﬂﬁ, for1<a,B<n.
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Then the motion equations and structure equations, respectively, read

dp=eg@wP+e, p@w" P+ TRwW",
dey=ep@w,P+e, g Rw) " TP+ TRW",

deniy=eg ®wn+75+en+ﬁ Ry TP TRWT, dT =0; (2.10)
and
dwP = —wP A —wy o N, dw™ P = —w, TP AW — Wiyl "TP AT,
dw?t1=2 i W AW, dw,P = —wyﬁ Awy — wn+7ﬁ Aw, ™7,
a=1
dwniaf = —wyﬁ/\wwﬂ —wn+7ﬁ/\wn+an+7- (2.11)

2.7 The complex version

Writing
1 .
F(p)=(p;Zs(p),T), where Z/;:E(eﬁ—zenﬂg),
and
0O 0 O
wp=| ¢ 6, 0 |, (2.12)
6 % 0

where 9=(6!,---,6"), 0P =wP+iw"th, 975:w75+iw7”+ﬁ. And hence we have 975—1—057:0.
We have the complex version of motion equations

dp=Z@0P+Z;@0P+T®0,  dZ,=Z;@0,F+ %T@i(ﬁ, AT =0. (2.13)
And the structure equations are equivalent to
dwr+wrpAwr=0, (2.14)
or

doP =07 nN0.F,  dO=i0"NOY,  d6,F=6,"N0.F. (2.15)

2.8 Calculus on Lie groups

Let M be a simply connected smooth manifold, f: M — PSH(n) be a smooth map. Recall
that The (left) Darboux derivative wy of f is the psh(n)-valued 1-form defined by wy =
wo f, = f*w. The Darboux derivative plays an important role in the theory of calculus on
Lie groups. The fundamental theorems are Theorem 2.1 and Theorem 2.2.
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Theorem 2.1 (The uniqueness theorem). Let fi,f>: M — PSH(n) be smooth maps. Then
wy, =wy, if and only if there exists ¢ € PSH (n) such that f>(x)=g- fi(x) for all x € M.

Theorem 2.1 says that two maps from M into PSH(n) are congruent to each other if
and only if they have the same infinitesimal motions. Recall that wy satisfies the integra-
bility conditions

Conversely, one has

Theorem 2.2 (The existence theorem). Let 1 be a psh(n)-valued one form on M satisfying
dn~+1n A1 =0. Then there is a smooth map f:U— PSH(n) such that |y =wy.

Theorem 2.2 totally depends on Frobenius Theorem. We will apply theorem 2.1 to the
Darboux frames of pseudohermitian submanifolds. Then, to prove Theorem A, we are
reduced to compute the Darboux derivatives of the Darboux frames. And using Theorem
2.2, we obtain Theorem B. For the details about calculus on Lie groups, we refer the reader
to[1,7,8,13, 14].

3 Local invariants of Pseudohermitian submanifolds

In this section, we define some geometric invariants for pseudohermitian submanifolds.

3.1 The fundamental vector field v

Proposition 3.1. Let (M, f,é) be a pseudohermitian submanifold of H,. Then there exists a
unique horizontal vector field v € &+ such that T+v € TM. Actually, denoting T=T+v, it is not
hard to see that T is the Reeb vector field associated to 0.

Proof. Let T =aT+Y4_,a%e, for some coefficients a,a?. Since 1=0(T)=0(T)=a and
TL ¢, we have T=T+a%, +a""%, . ,, and hence we can choose v =a"¢,+a" "¢, ,. Next,
suppose 7 € ¢+ is another vector such that T+# € TM. Then we have v—i € TMNE, hence
v="1. O

We call v in Proposition 3.1 the fundamental vector field.

e If =0, then T=T, and hence we call M?"*! a vertical submanifold.

e If v£0 at each point of M, then M is completely non-vertical.

Proposition 3.2. We have

. . . . 1 n 1 ~
w]‘M:d;], wn—&-]’M:d)m—i-]/ w”|M=§<v,ea>6, w”+a|M:§<V/3n+u>9/ (3.1)
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where ( , ) is the Levi-metric, hence
Olm=0 0°|m={v,Z,)8. (3.2)
In particular, if v=0, then we have 6°|; =0.
Proof. We compute
W (T)=w/(T+v)=0,  &/(&)=w/(ex) =0, @ (Enx)=w/(earx)=0, (3.3)
and
W"(T) =" (T+v)=0, @' (&)=w""(ex) =0,
W (k) =" (e k) = (3.4)
Therefore {w/|p,w"*/|m,0|m} is the dual frame of {é,¢,+;,T}. Similar computation

shows that

N

w” |M = %<V,€a>é, w"te |M = %<V/en+u>9~ (35)

This completes the proof. O

3.2 The normal connection

The normal connection V1 which is defined, on the normal complex bundle §L®C
spanned by Z,, by
ViZ,=0.227, (3.6)

which is the orthogonal projection of the pseudohermitian connection VZ, onto the nor-
mal bundle.
3.3 The tangential connection

The tangential connection V! which is defined, on the complex bundle ¢¢ spanned by Z;,

by
Vizi=0f2z, (3.7)

which is the orthogonal projection of the pseudohermitian connection VZ; onto the con-
tact bundle.

o Let éjk be the pseudohermitian connection forms with respect to the frame field Z;.
Then, from (5.11), we have

0| m=0+is;|v|*0. (3.8)
Therefore, in general, V! # VP the associated pseudohermitian connection of M.

e If M is vertical, then V= V7",
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3.4 The second fundamental form
Define the bilinear form 1% on 61,0 by

IT°(X,Y) = —(X,VyZ,). (3.9)

e We have I[? =6/ ®0,". If Za= C.?Z; is another normal frame field, then 1= C,;l_’llb.
o [I"®Z, is independent of the choice of the normal frame field Z,.
The second fundamental form II for M is defined, to be a map
1I:&0x 10— &, (3.10)
by ‘
N=11I"®Z,=0 ®6"®Z,. (3.11)

4 General properties

4.1 DPseudohermitian submanifolds with v=0

The canonical example is the Heisenberg subgroup H,, which is defined by H,,={(z,t) €
H, | z,=0}. Now we discuss the general properties of such kind of submanifolds. From
Proposition 3.2, we have

0/| =07, and 6%, =0. (4.1)

Therefore, we have the structure equations
A0 =0"N0J,  0=0"AG° (-0°=0),  do=if"AOF,
A0/ =0 N6 +0;°16.!,  dO, =0/ N6 +0;° 16",
A0, =05 N0 +0,510J,  dO.L=0.5N0L+0,51n6L. (4.2)
e From the first equation Aol =05\, of (4.2), together with 0,/ +9]=E, we have
=0, 6,/ =0/, (4.3)

where 17, 9kj are the pseudohermitian torsion forms and connection forms with
respect to the admissible coframe {6/}.

e From the second equation 0= ok NO* of (4.2), together with Cartan lemma, we have
9]'[1 — h?kek, (44)
for some functions hj, satisfying hj, = hy;. Therefore

[=0/006"©Z,=h}6 @62 Z,, (4.5)
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e The fourth equation of (4.2)
0! =0, N6 ' +0;° N6, (4.6)

is called the Gauss-like equation. Since ij = 9jk and 0, = h]C.ka, it is easy to see that
the Gauss-like equation is equivalent to

Rjtgn=— ;h}%h?ﬁf (47)
which implies Rz = =Y./, 11 hig’h%r and hence the Webster-Ricci tensor is non-
positive.

o The fifth equation of (4.2)
40" =60X NO" 40, 16" (4.8)

is equivalent to the sixth equation of (4.2)
40, =0, N0, +0,° N6 . (4.9)
Either one is called the Codazzi-like equation.

e The last equation of (4.2)
d6," =050 +0,510.° (4.10)

is called the Ricci-like equation.

4.2 Pseudohermitian submanifolds with v nowhere zero

The canonical example is the standard sphere §2n-1cC"c H,=C"xR, n>2. Itis defined
by

n
Sznil <1") = { (le' o /ano) S Hn ‘ Z Z,BZ,B :7’2 } .
p=1

Let L, be a left translation, we compute the image of (z,0) € S*"~1(r),

Ly(2,0)=p+xpé5(p) +ypéurp(p),

where zg = xg+iyg, and hence the image of $?"~!(r) under L, is

Ly (8*"'(r)) ={q€Hy | g—p€2(p), and |g—p| =1}, (4.11)

where the norm |-| is measured by the levi metric. Next, there are two pseudohermitian
structures induced on $2"~1, one is from the Heisenberg group H,, denoted by (J,0), and
the other is from C”. It is easy to see that these two induced pseudohermitian structures
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coincide on S?"~1(r) as the following specifies. Let u= (Zgzl 2p2 5) —12 be the defining
function. We have _
i(ou—ou)

TR (4.12)

é:®’52n—1 :Xﬁdyﬁ—yﬁdk,‘ﬁ:

hence
E=kerf=TS*""1NJc(TS*" 1) CTC", (4.13)

where Jcn is the standard complex structure on C".

Lemma4.1. Let p=(z,t)€S?" 1. Ifavector X=apés+a,+ 56, s EE(p), then agyg—an; pxp=0,
where zg=xp+iyg. In addition, we have

X=agpég +an+5én+ﬁ:a5%+an+56&g, (4.14)
forall X €&,
Proof. We compute
X:aﬁé5+an+5é’n+5:aﬁ£ +an+ﬁaa+(aﬁyﬁ—an+5xﬁ)aa. (4.15)
p ye t
Since & C TC", we get agyp—anypxp=0. O

For all X €¢,

~

](X) :](llﬁeo/g+lln+ﬁén+ﬁ) :aﬁén+ﬁ—an+ﬁéﬁ

N A (A AL 416
- lgayﬁ ”Jrﬁaxﬁ_ cr ISBxﬁ n+5ayﬁ (4.16)
:]C”<X)/

which shows that [ is also induced from Jc«. On the other hand, from (4.12), we have

(3 —75) 9

= =_ 4.17
! r2 PTG (4.17)
which implies that
; ) _ 9 i 9 _ 4.0 . o
V:l<Z‘BaZﬁ_Z.BaZB) _3:l<xﬁayﬁ yﬁ8x5> _i:xﬁe”+ﬁ_yﬁeﬁ (4.18)
r2 ot r2 ot r2 ’

This shows that the standard sphere $?"~1(r) is completely non-vertical.
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5 The uniqueness theorem

In this section, we are going to prove Theorem A. Let M and N be two pseudohermitian
submanifolds with the same CR dimension m. Suppose ® is a Heisenberg rigid motion
such that ®(M) =N and denote ¢ =P| .

Let {Zg} be a frame field over M, and suppose Zﬁ =, Zg, the set {Zﬁ} is a frame field
over N. Suppose {6f,0} and {6P,0} are the dual frame fields of {Zp,T} and {Zﬁ,T},
respectively. Then we have

0f =o', ©=9"0. (5.1)

In particular, we have
szq)*éf, @:q)*g, (5.2)
where 8 and 6 are the induced contact form on M and N, respectively. (5.2) implies that

@ preserves the induced pseudohermitian structures.
From the structure equation on H,,, we compute

40P =07 70,F = (007 0,

I (5.3)
d(©*0P) =o* (d6F),
which is equivalent to
doP =07 @ (@7 1)*0,F. (5.4)
Together with ) i
(@) 0, +(D71)" 057 =(®71)* (6, +6;7) =0, (5.5)
and by the uniqueness, we get
0,F =20, F. (5.6)
In particular, we have
0,f =¢*0,F, (5.7)
and hence _
(ILV) = ¢*(I1,®.V), (5.8)
forall Ve é’é
The defferential ®. defines a vector bundle isomorphism
éfo — Ef'o
i + (5.9)

M — N,

which preserving the hermitian structures induced from the levi-metric and cover ¢, such
that @, preserves the normal connections, i.e.,

D, (VxZa) =V x(9:.Z,), (5.10)
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for all X € TM, where V1 and V< are the induced normal connections on M and N,
respectively. Finally, it is easy to see that ®,v=v.

Definition 5.1. Suppose that M and N are two pseudohermitian submanifolds of H, with the
same CR dimension m. We say that M and N have the same (induced) pseudohermitian
structures, the second fundamental forms, the normal connections and the fundamental
vector fields if there exists a vector bundle isomorphism F :61%0%51%0, which preserves the induced
hermitian structures and covers a map ¢ : M — N, such that

e T preserves the induced pseudohermitian structures: ¢.oJ=Jo@.; and ¢*0=0;

e F preserves the second fundamental forms: <II,V>5L =¢*(IL,FV )z, , forall V€ &,
1,0 ,

&ty
e T preserves the normal connections: F(V V)= ﬁax(FV),for all XeTM, Ve,
o F preserves the fundamental vector field: Fv =v.

Therefore we conclude that if M is congruent to N, then they have the same such four
invariants. Conversely, we have

Theorem 5.1. Let (M, ,6) and (N,],8) be two simply connected pseudohermitian submanifolds
of H, with CR dimension m. Suppose that they have the same (induced) pseudohermitian struc-
tures, the second fundamental forms, the normal connections and the fundamental vector fields.
Then they differ by a Heisenberg rigid motion.

Corollary 5.1. If M and N are vertical, then the (induced) pseudohermitian structures, the
second fundamental forms and the normal connections constitute a complete set of invariants.

5.1 The proof of Theorem 5.1

Let (M, ],0) be a pseudohermitian submanifold of H,. Recall that we always choose the
frame field {Zg, T} over M such that Z; € & pand Z, € éll,O' This is a Darboux frame. Let
{6F,0} be the dual of {Zg, T}. We would like to show that the restrictions of 6f and 67 to
M are expressed as follows:

QJ‘M:é]/ QQ‘M:<VIZa>é/ 9’M:é/

0/ m=0/+idulv?6, 0/ =M} +idy(v,Z0)0" +(V 3 v,Z0)0; 61D
and here h;?k =1 I“(Zj,zk), and 6,°|y is the normal connection forms w.r.t. {Z,}. This
shows that the Darboux derivative of the Draboux frame is completely determined by
the induced pseudohermitian structure, the second fundamental form, the normal con-
nection and the fundamental vector field.

Now we prove (5.11).

40" =0/ N0 +6° N0, =01 N0+ (v,Z,,) O \,". (5.12)



16 H.-L. Chiu / J. Math. Study, 54 (2021), pp. 1-27

On the other hand,
d0"=d ({v,Z,)0) =d{v,Z,) N0+ (v, Z,)dd
= ((Vv,Za)+{(v,V-Zs)) N0+ (v, Z,)db
= (V0. 20) (v, V2 Z0) ) N0+ (v, Z,)d, (5.13)
and i
(v, VEZ) = {v,0." ()@ Zy) = (v, Z)0". (5.14)
From (5.12)—(5.14), we obtain
N0 = (V*,Z ) N0+ (v,Z,)db. (5.15)
That is,
0, (21)01 NO* 16,7 (2:) 01 NOF -0, (T) T AD
5 A B Ak DL 3 A O
=(V3,v,Za)0" N0+ (V5 v,Z0)0" NO+i(v, Za) 0 ND, (5.16)
which implies
0 (T)=(V3v,Z.), 0=(V$v,Z.), (5.17a)
] ]
9]"1(2]‘() —i5]'k<1/,za>, qu(zk) :9k”(2j):h;?k, (517b)
and thus )
0" =hi0F +i5jk<u,zu>9k+<v§/ v,Z4)0. (5.18)
Now we compute
A6t =0/ N6 +0" N6, F =8 N0 +01 ((v,Z,)6,"). (5.19)
On the other hand, ‘
do* =ad* =0 NOF+OnT . (5.20)
By Cartan lemma, there exists functions B;-‘Z,B;‘(m H),B’(‘m 1)l and B'(‘m 1) (1) such that
65 =0/ +Bi0'+ B, 10, = ((1Z0)0") +Bly1 @+ Bl i (521)
where B;.‘l = B;‘j and B}{(m-}—l) = B](<m+1)j' for 1 <j,k,l <m. Since k= Akiél_, comparing with
(5.21), we get
n n
A=Y ,zZ)05Z)=—Y (v,Z,)nl, (5.22a)
a=m+1 a=m+1
n
Bly=— 3 (v.Za)0(2))=—idulv|?, (5.22b)
a=m+1
n n
Blusyomen) =~ 2 (vZa)0d(T)= ) (v.Za)(V3v.Za). (5.22¢)

a=m+1 a=m+1
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Finally, since ij +6;/=0and éjk +6,/=0, we have, from (5.21), B;Fl =0, and hence
éjkzejk—i§jk‘1/’2é_ (523)

This completes the proof of (5.11).

5.2 The integrability condition

Let (M,],0) be a pseudohermitian submanifold of H,. We choose a Darboux frame
{Zg, T} over M. Let {6F,0} be the dual of {Zg, T}.

Definition 5.2. The restriction to M of the structure equations of H,,
deP =07 N0.P,  dO=i0"AOT,  d6,P=0,"N6. P, (5.24)

is defined to be the integrability condition of M. Note that the restrictions of 6F and 657 to M
have the expressions of the forms as (5.11) specifies..

6 The existence theorem

In this section, we would like to show Theorem B. Let (M, Jy,00) be a pseudohermitian
manifold with CR dimension m. Since the existence theory is local, we assume that M is
simply connected. Putting ¢y =kerfy and 17 =0.

o Let «jlﬁ be a complex vector bundle over M, of complex dimension n—m, with a
Hermitian metric hy; and a connection VM compatible with k3.

e Suppose {Wy,---,W,, € T1 M} is an orthonormal CR holomorphic frame field of M.
Its dual is denoted by {5!,---,7™}. Let /j;* be the pseudohermitian conection forms

w.rt. W;. We have ﬁjk—i—ﬁ,;f =0.

e Suppose {Wy,41,--,Wy } is an orthonormal frame field of @'I%A w.r.t. hﬁ and ngb are
the connection forms w.r.t. {W,}, i.e.,

VMW, =1, @W,. 6.1)
We have 7," 4157 =0.
o Let IIp: T1 oM x T1 oM — ¢34 be a &3y-valued complex bilinear form.

e Let y be a real section of the bundle ¢3; over M. And define

=Wy, =0 +idululPn, 0 =gt +idu(w Wayn* + (Vi 1 W),
6.2)

where (, ) =hy; and 8h= (I (W, W), Wa).
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e Finally, define 7,/ by ;7]~“+;7df —0.

Theorem 6.1. Suppose that the pseudohermitian manifold (M>"+1,]y1,00), together with 11y,
the compatible connection VM and the section u satisfies the integrability condition, in the
sense that P, and 1., satisfy (5.24).Then

e There exists an embedding ¢ such that (M,]p,0m) can be embedded into H, with CR
dimensionn m.

e In addition, there exists a vector bundle isomorphism ¥ : &3; — éfo, covering ¢, such that
Y[ =11y, $*V+E=VM and ¥y = i, where (flio,II,VL and v are, respectively, the
induced normal bundle, second fundamental form, normal connection and fundamental
vector field v over p(M).

Proof. Letb=(y',---,5"),b=(n},--,4"). Define the matrix IT by

0 0 0
=| » 5, 0 |. (6.3)
n i 0

The integrability condition means that

AIT+ITAIT=0. (6.4)
Taking the real version ¢ of 11,
0 0 0 0
ér _ /\5 /\{xﬁ )\n-i-aﬁ 0
- ANtB A“n—&-ﬁ /\n+lxn+ﬁ 0 ’
A Anta )X 0

where A=1#,1f =AP+iA"F and 11,f = A, P +i),"*P. Then 1, 4157 =0 implies that  is a
psh(n)-valued one form. And (6.4) is equivalent to d{+{A{=0. Therefore, by calculus
on Lie groups, we have that { is the Darboux derivative of some map f: M — PSH(n),
that is,

(=fw. (6.5)

Define a map ¢: M — H, by ¢ = o f, where 7 is the bundle projection 7t: PSH(n) — Hy,
and define a bundle map ¥:¢3; — 1o by ¥(p,Wa)=(¢(p),Za). Then, using (6.5), it is easy
to check that ¥ and ¢ satisfy all what we want. This completes the proof. O

7 Rigidity theorems for submanifolds with CR co-dimension one

In this section, we prove some rigidity theorems for pseudohermitian submanifolds, in-
cluding both the nondegenerate and degenerate cases.
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Theorem 7.1. Let (M, ],0) bea vertical, simply connected pseudohermitian submanifold of H,
with CR dimension m =n—1. Suppose that the second fundamental form 11 =0.Then M is an
open subset U of H,_1={z, =0} after a Heisenberg rigid motion.

Proof. In the case m=n—1, we write 0;" = hjkf)k, here hjk are the coefficients of the second
fundamental form II. If IT=0, then 6;" =0. On the other hand, v=0 implies 6" =0. Hence
the structure equations of H,, restricting to M, are reduced to

A0/ =6kng,  do=io*nOF, o =0/ n6!,  de,"=o. (7.1)

The last equation of (7.1) says that 6, is closed, and hence locally is exact. By the trans-
formation law of the normal connection, we can choose a normal frame Z, such that the
corresponding connection form 60," vanishes. On the other hand, the first three equa-
tions of (7.1) is just the structure equations of H,_;. This means that M is an open
part U of H,_1 C Hy, up to a pseudohermitian transformatio ¢ from M to U. Define
F by F(x,Z,(x)) = (¢(x),Z,). Then F defines the normal bundle isomorphism covering
@ which preserving the induced pseudohermitian structures, the second fundamental
forms and the normal connections of M and U, respectively. Hence ¢ is just the restric-
tion of a Heisenberg rigid motion. O

For a vertical pseudohermitian submanifold of H,,, we define a flat point of M to be a
point such that II =0 at that point. Theorem 7.4 says that the induced pseudohermitian
structure is the only invariant for vertical pseudohermitian submanifolds without flat
points.

Theorem 7.2. Let (M,],6) and (N,],0) be two vertical, simply connected pseudohermitian
submanifolds of H, without flat points. Suppose both of them are of CR dimension m=n—1. If
there exists a pseudohermitian transformation ¢: M — N, then ¢ = P|p for some Heisenberg
rigid motion P.

Proof. By Theorem 5.1, it suffices to show that both the second fundamental form and the
normal connection are completely determined by the induced pseudohermitian struc-
ture. We write 0;" = hjkek . Then, from the Gauss-like equation, we have

I_pkppl_ 7

d@l —9]‘ NO = —hjphl—qé)p/\eq. (7.2)

On the other hand
I_pgknapgl_8l_pkap! I 7
do;' — 0" N6 =db; — 0" N\’ = R; pg0" NO1. (7.3)
From (7.2) and (7.3), we see that the Gauss-like equation is equivalent to

which implies that

Rijps=0<11=0. (7.5)
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If I1#0, then there exists /i 7 0 for some j,k. Since II is a symmetric bilinear form, after
a frame transformation, we can assume, w.l.o.g., that #1; #0. Then we have

Rijpi= —hjphii. (7.6)
In particular, ‘
h11=+/—Ry1;7¢'¢, for some ¢. (7.7)

On the other hand, if we take another orthonormal frame field {Zg} such that

Zi=27;,  Zy=evZ, (7.8)

for some 1. Then we have the transformation law for connection forms

o =0k,  0"=eo",  0J/=eY0,),  0,"=0,"+idy. (7.9)

Notice that 0" = h]'k(?k, 5]-” = fzjk(;k and 0¥ =6%, hence we immediately have
hg=e ¥hy, foralljk. (7.10)
In particular, 71y = e~ Why; =e/(?~¥) /=R 7;1. Taking ¢ = ¢, we have

hi=+v/—Rini=y —Rini. (7.11)

Formula (7.11) means that we can always choose a frame field {Zgz} such that hy; =

—Ry111, and hence
Rtk .
hijg=— Tﬂﬂ, for all j k. (7.12)

This means that the second fundamental form II is completely determined by the in-
duced pseudohermitian structure.

We proceed to show that the normal connection is also completely determined by the
induced pseudohermitian structure. For each j,

d0;" =d(hd") = (dhy—hp6') N6 (7.13)
On the other hand,
40" =0/ N0 +0," N0, = (b —h0,") N6 (7.14)
From (7.13) and (7.14), we have, for each j,k,

n—1
dhje—hy0' —hyd! +hyd," = Y Byf', (7.15)
I=1
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for some Bjy;, which satisfying Bjx = Bjjx. In particular
n—1
7116, = — (i —hy6y' —hn61') + ) Biyf'. (7.16)
=1

The conjugate of (7.16) is,

_ _ n—1 _
—h110," = hi10:" = — (dhig — hyb1' —hp61') + Y Bypjf). (7.17)
I=1
Taking the sum of (7.16) and (7.17)
n—1 n—1 _ B
Y B0+ Y Bygf' = (10" + 1y 10" +h11,08) + conjugate, (7.18)
I=1 I=1

which implies that Byy; =hyq,+hi1 ;. Substituting this into (7.16), we get

A —hyy 16" —h11,00

n
6n h11 ’

(7.19)

which means that 6,," is completely determined by the induced pseudohermitian struc-
ture. O

Remark 7.1. (i) From (7.18), we also get h11,0+hii g =0. Therefore, in the case n =2, we
have Th1;=0o0r TR=Ry=0.
(ii) Also, for n=2, we have that 6,2=20;' —d(Inhy1) +2Z; (Inhy)6'.

Theorem 7.3. Let (M, f,6) and (N,],8) be two simply connected pseudohermitian submanifolds
of H, with CR dimension m =n—1. Suppose, in addition, that their fundamental vector fields
are nowhere zero. If they have the same (induced) pseudohermitian structures. Then they
locally differ by a Heisenberg rigid motion. More explicitly, if there exists a pseudohermitian
transformation ¢: M — N, then ¢ =D|ps for some Heisenberg rigid motion ®.

Proof. The key point is that if v(p) #0 for each point p € M , then we can always choose a
Darboux frame p — (p;eg,Jeg, T) such that

1%
en:_m/ eanjen- (720)

Then we would like to compute the Darboux derivative of the Barboux frame. It is equiv-
alent to computing the restrictions of 6,0, to M. To finish the proof, we need to show
the Darboux derivative is completely determined by the induced pseudohermitian struc-
ture.

d0P =07 N0 P =0 NOP+6" NOP =0 NOFP+ON(—|v]6,P). (7.21)
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On the other hand, ' ' ‘ ‘
Aol =db =X NG/ +6 11, (7.22)

and _
40" = —d(|v]0) =0* A (—ilv|05)+O A (d|v]). (7.23)

From (7.21), (7.22) and (7.23), there exists complex-valued functions a{% such that a][;v =
j
g and
0 =0 +a,0'+a) 0,  —|v|0 =2 +a] 6 +a],0, (7.24)

Also, there exists complex-valued functions bﬁ7 such that bﬁv = bwg and

0 = —i|v| 0 + bl + b,  —|v|0," =d|v|+ b + b (7.25)
From (7.24),
0=0+6F = (8 +05)+a},0 +a58"+ (a],, +a5,)0, (7.26)
hence . . .
a,, =0, aj,+as, =0, forall 1</ kI <m. (7.27)

Similarly, and notice that we write = Al ,;9’_‘, we have

b= —2(Z[v)), buntban=—2(Tle]), a,=idy[vP,
A ‘ A (7.28)
bjj =", @hn=|v|bs=—2[v|(Z;|v]),

vl”

for all 1<j,I <m. From (7.24), (7.27), (7.28), we have, for all 1 <j,k<m,

0 =0+ (i |v)b,  —[v|6 =1+ (i v|*)8' —2[v|(Z;]v|)b. (7.29)
From (7.25), (7.28),
_ k
ak":—i\vyéumé’—z(zkw\)é, —|v]6," = (d|v]) —2(Z;|v|) 8" +byn0. (7.30)

From the look of (7.29) and (7.30), there is only one term b,,, not determined yet. In order
to complete the proof, we need to show that both b, and |v| are completely determined
by the induced pseudohermitian structure. For this, using (7.29) and (7.30), we compute

do =0, N0 +0," NO,]
= (8" -+ (ioulv)0) A (8 + (id v[2)8)

1 /. 24k kA A A i AT L e 1240 , A
+W(zyvyzek—Aklel+zyv\(zkyvy)e)A(Afl-91+zyvy291—zyvy(zfyyy)e),
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that is,
d@kj —ékl /\élj
:|1/1‘2 (—iAEI|v|2élA0Af—iA71-|v|2él_/\9’_‘+(—A’_‘lAj,7+5]leZ|v|4)(§l/\é‘7 +(2AR v (Z5]v))
281 |v|>(Zi|v))8 A8 +(—2A5|v|(Z|v]) —2i52\v\3(2]7|v\))é‘7/\9> . (7.31)

On the other hand, from (7.29) and using the structure equations of the pseudohermitian
structure, we have

6 — 0 N0 =dby) — 0! NG +d (i |v|*0)
:ka 97"/\97+Wk7,,97"A9 Wi ﬁé A+ N — T NG (7.32)
+id k((ZZM YO AD+ (2 |v[)8 A ) Slv 28" N0,

Comparing the coefficients of the same terms in (7.31) and (7.32), and notice that 1=
AlLOF, we get

, AR Al
Ri 15— 81 |v > =— e T1si80lv)?, (7.33a)
s oo o AR P
W1 +i85(Z;|v] )ZZW(Z]T‘VD_215j|v|(zk’1/|)/ (7.33b)
]' . A 2 A]l_ A . l A
—W kT"’l(Sjk(ZﬂVl )x:—zm(ZkM)—215k|v\(Z]f]v|), (7.33¢)

for all 1 <j,k,I,g <m. From the first equation of (7.33),

Roe Roor— m AklAl m 5 515 )
=R =— Z P2 +Z k011106 ) [V

—z;';l%, for k#j

= kA _ (7.34)

—<ET_1W>+(M+1)|V\2, fork=j.

In particlar
2

R:Rk,—(:—||1/’|2 m(m+1)[v]% (7.35)

Formula (7.35) is equivalent to
R R2+4 1)|Al?
2= +V/R*+4m(m+1)[A] 736)

2m(m—+1)
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Finally, we would like to compute b,,,. From (7.28), we see that by, +bsz = —Z(T]v]), ie.,
bun = (—=T|v|)+i(Imb,,). So we only compute Imb,,,. For this, using (7.29) and (7.30)

d6;" =0 N6 6, N6," = (6, —556,") N6
1
= (V10 +e (= v10.") ) A(Ivlex)
1 A A A A AT . A
:W<]1/|9jk+(5]'-‘[—(ZZM)GI+(Z;M)Gl—i—z(]1/]3+Imb,m)0]>
A(—i|v|2é"<+A"<lé’—z|u|(Zk|v|)é)
intoFnd 05 [ Ao 0208 ) 4 (— (211016 (2N
=—ilvI8f A0+ 1| 02208 |+ (= (Zilv) -+ (21l
(v P+ Tmb)0) A (—ilv[20+ 470 —2Jv|(Z|v])8) . (7.37)

On the other hand, using (7.30) and the structure equations of the pseudohermitian struc-
ture,
o Al A
0" =d (iMef + ’7’191 —2(Z; M)e)

= —ilv|§F A O* +ilv |t AG—i(d|v]) AET
" A . i\ . i\ A
—2d(Z;|v])A0—2(Z;|v])dO+d (‘ﬁ/") AN+ (’ﬁﬂ’) dé'. (7.38)
For each j, 1 <j<m, comparing the coefficients of the terms in (7.37) and (7.38), we get

Y| Anl®
v]

|2;[v]|”

lvi

2( 252 v) ~0}27) (Zelo))) —i(Flo]) =2 2 4 o+ Ty~

Writing
[vlji=25(Zilv]) = 0/(Z) (Zulv1),
and taking the sum for j over 1 to m, we have

A 2

op|v Al?

9 1] Fm(vP+Tmb) — AT,
4 v]

where [0, and 9,, are the Kohn Laplacian and dj-operator on M?"+1 Hence by, is deter-

mined. Substituting (7.39) into (7.30), we get

—Aylv|=—Tplv|—im(Tlv]) =2

(7.39)

A

A2
A = X Al 2 ab v —|A 2 N
|v|9n”:ab|v|—ab|v|+1<;L’+|v|3+( | ’n’i‘\v\ aly 6. (7.40)

This completes the proof. O



H.-L. Chiu / J. Math. Study, 54 (2021), pp. 1-27 25

Theorem 7.3 says that for pseudohermitian submanifolds of CR dimension m =n—
1, in which there is no zero for v, the induced pseudohermitian structure constitute a
complete set of invariant. Moreover, we have that if the pseudohermitian torsion of M
vanishes, then M locally is part of the standard sphere as Theorem 7.3 describes.

Theorem 7.4. Let (M, ],0) be a simply connected pseudohermitian submanifold with CR dimen-
sion m=n—1. Suppose that the fundamental vector fields is nowhere zero. If Ag, =0, then the
Webster curvature R is constant, hence it is part of the standard sphere after a Heisenberg rigid
motion.

Proof. Suppose that Ag, =0. From (7.33) and (7.35), we get R =m(m+1)|v|? = constant.
Next we claim

w, ' =—|v|w®, fora=1,---2n—1. (7.41)
From (7.30), we have for 1 <k<n-—1,
0" = —ilv|0F = —iv|6* = —i|v|(wk —icw™ ). (7.42)
And from (7.40),
0,"=ilv|*0=—iv|0" = —i|v|(w" +iw®"). (7.43)

On the other hand, we see that for 1 <k <#u, we have
0" = wi +iw " = wy 1 " Fiw. (7.44)
Comparing (7.42)—(7.44), we get the claim (7.41). In addition, we also have
W =0, w"=—|v|6. (7.45)
Substituting (7.41) and (7.45) into the motion equation

deay, =eg ®wznﬁ+en+ﬁ®w2n”+5 —TRw"

n—1 5 ; n—1 4B (746)
=) es@(|v|wP) +en@ ([v]w")+ ) entp® (v F)+ T (|v]6).
p=1 p=1
That is
d<"”12/’”|‘) — e RWA+T®O=dX, onM. (7.47)
We conclude that on M
X-X"= Ti]l, for some X°e H,. (7.48)
Writing

e _, 4(X)éa(X), for some coefficient functions a4,
v (7.49)
X= (le' o /X2an2n+1)/ XO = (X(1)1 e IX,'(Z)n/X(Z)n+1)’
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From (7.48), we have
as(X)=Xs—-X%, A=1,---,2n, (7.50)

and hence

e 0
X—onﬁ:aA(X)eA(X)

d ) d d
=(X XO X X XO X
d ) d d
X — X0 X0 X X0 0
=a,(X)éa(X?), (7.51)
with Y& % = 7\v1|2' This completes the proof. O

Theorem 7.4 is the same as Theorem 7.5.

Theorem 7.5. Let (M, ],8) be a simply connected pseudohermitian submanifold with CR dimen-
sion m=mn—1. Suppose that the fundamental vector fields is nowhere zero. If II =0, then the
Webster curvature R is constant, hence it is part of the standard sphere after a Heisenberg rigid
motion.

Proof. Note that in the proof of Theorem 7.1, we choose a Darboux frame such that

v

ol

This implies that (v,Z, ) = —|v|. Hence, from (5.11), we have
Gjn :]’l]'kék—i|1/|9]7, mod é

Comparing with (7.30), we get

Iy = Ak o jk<m
R HSIESM
Therefore
Aj=0 & I1=0.
This complete the proof. O
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