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1 Introduction

Octo-algebras are a remarkable class of Loday algebras (see [1]). Loday algebras which
include dendriform trialgebras (see [2]-[3]), NS-algebras (see [4]), octo-algebras (see [5]),
ennea-algebras (see [6]) and dendriform-Nijenhuis algebras (see [4]) were first introduced by
Loday!™ in 1995 with motivation from algebraic K-theory. At first, they introduced due to
their own interesting motivations, then they developed as independent algebraic systems.
Loday algebras are closely related to the study of CYBE, O-operator, operads and so on
(see [8]-[10]).

In this paper, we introduce the notion of L-octo-algebra and discuss the relationships
among Lie algebra, L-dendriform algebra, L-quadri-algebras and L-octo-algebras. This pa-
per is organized as follows: In Section 2, we recall some basic facts on pre-Lie algebras,
L-dendriform algebras and L-quadri-algebras; The definition of L-octo-algebras and the as-
sociated L-quadri-algebras, L-dendriform algebras and pre-Lie algebras on L-octo-algebras
are given in Section 3; We give the bimodules on L-quadri-algebras and the bimodule of the
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associated L-quadri-algebras, L-dendriform algebras, pre-Lie algebras on L-octo-algebras
and the construction of L-octo-algebras on L-quadri-algebras by O-operators on L-quadri-
algebras, 2-cocycle on L-quadri-algebra in Sections 4 and 5, respectively; Finally, we give
the bilinear forms on L-octo-algebras and the LO-equation on L-octo-algebras in Section 6.
Throughout this paper, all algebras are finite dimensional and over a field F of characteristic

zero.

2 Pre-Lie Algebras, L-dendriform Algebras and L-qua-
dri-algebras

(2] Let (A, o) be a pre-Lie algebra. Then the commutator

Proposition 2.1
[z,y =20y —yozx, z,y€cA (2.1)

defines a Lie algebra g(A), which is called the sub-adjacent Lie algebra of A.

Proposition 2.2 Let (A, >, <) be an L-dendriform algebra. If we define
Tey=xby+x4dy, x,y € A, (2.2)
roy=xby—ydz, x,y € A, (2.3)

then (A, ®) and (A, o) are pre-Lie algebras, which are called the associated horizontal and

vertical pre-Lie algebras.

Proposition 2.3012  Let (A, \, * X, ) be an L-quadri-algebra.
(1) (A, >, <) and (A, V, A) are dendriform algebras. They are called the associated
vertical and depth L-dendriform algebra of (A, N\, /', N\, v);
(2) If we define
zpy=z\y—yNz, z<dy=z y—y., x, x,y € A, (2.4)
then (A, >, <) is a dendriform algebra, which is called the associated horizontal L-dendriform

algebra of (A, N\, /%N, «)-

3 L-octo-algebras

Definition 3.11'2  Let A be a vector space with eight bilinear products denoted by \,1, \y2,
/17 /‘27 \17 \23 \/1\/2: A® A— A (Aa \(la \27 /la /27 \la \27 \/la \/2) 1s called

an L-octo-algebra if for any x,y,z € A,

T N\e2 (Y N2 2) = ([@x2y) N2z =y \e (z \2 2) - (y*122) \a 7,
TN\ (Y 22) = (@Vizy) Sez=y So (z722) — (y A2 ) T2 2,
N2 (y 12)—(aVoy) SMiz=y (e =122)— (YA z) Nz,
v /2y =12)—(@hey) Mz=yN\a (@ 122) = (yViz) Moz,
zN\e2 (Y \a2) = (@x2y) \az=y\a (T \az2) = (¥y*12) \a 2,
e (YN\12) —(@Ney) \1z=y N1 (z*122) — (y N1 2) N\ 7,
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r,/y=12)—(x 2y N1z=y1 (A2
z /1 (y=<122)—(x My Naz=y 2 (T A1z
N1 (Y122)—(@=1y)S12=y 2 (T V12

( IR VSR IRNE2
( )= (W2 @)\ 2,
( )= (y =2 @) /1 2,
zNa (Y N2 2) = (@ N\ay) N1 z=yNe (zx2) — (y\22)\1 2,
e Ne (Y12)—(@2y) v 12=y/1(@Vizz) — (y <1 2) /1 2,
( )= (y <12@) 2 2,
( )= (12 @) N2 2,
( )= (

yNaz2 ) N 2,

N2 (Y 22)— (@ >=12y) S 22=y 2 (x V22
z /0y <22)— (@ ey)Nez=y 2 (@ N2 2
T N\e2 (Y2 2) — (N2 y) N2 z=y N2 (x %2 2

where
zViy=zN\ay+z. iy, wNiy=z/iy+zNiv, i=1,2,
= y=xz\ay+z Ny, T<;y=zsy+x.,iv, i=1,2,
rNpy=rN\aytzN\ey, T Sury=z 1y+z 2y,
rNizy=zN\ay+z\av, rS12y=c/ 1Y+ 2y,
rVigy =xViy+xVay, TA2yY =\ Yy +2T N2y,
Tr12Yy=T1Yy+x>2Yy, T<py=r<1y+r<2Y,
rry=xN\ay+r  1ytrNayt+r 1y,
Troy=rN\oytz oytrNeytz oy,
T*1oY =T *1 Y+ T *2 Y.

Proposition 3.112  Let (A, \u1, N\, 1, 72, N1, e, 1, 2) be an L-octo-algebra.

Then (A, Va, N2, A1, V1), (A, =2, =1, <1, <2), (4, \a2, 12, \12, v 12) are L-quadri-alg-
ebras. If we define

zriy=rz\py-—y iz, rhy=z/ oy-y, 17,
eryy=z\ay—yNez, THy=z 1y—y, 2x,  x,YEA, (3.1)

then (A, b3, <3, <}, >d) is an L-quadri-algebra.

Proposition 3.2  For an L-octo-algebra (A, \a, N2, 1, T2, \1, N2, v 1, v 2), define

TD1Y=xT*2 Y, Ty =x*1 Y,
TPoy = Vizy, Ty =1xA2Y,
T3y = Voy —yN1 I, TBRY=xN2y—yViz,
TPy =2 =12 Y, TUyYy =2 <12,
TPy =2 =2y —Yy <17, THY=T =1y —Yy <27,

Ty =T \12Y -y 122, Thy=z,/12Y—y 12 7.
Then (A, >, <;) (1 =1,2,3,4,5,6) are L-dendriform algebras. (A, >1, <) is the associated

vertical L-dendriform algebra of (A, Va, A2, A1, V1) and the associated depth L-dendriform
algebra of (A, »a, =1, <1, <2); (4, >a, <a) is the associated depth L-dendriform algebra of
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(A, Va, Ao, A1, V1) and the associated depth L-dendriform algebra of (A, \u12, /12, N12,
12); (A, >3, <3) is the associated horizontal L-dendriform algebra of (A, Va, Ao, A1, V1)
and the associated horizontal L-dendriform algebra of (A, b3, <2, <}, b1); (A, by, <4) is the
associated vertical L-dendriform algebra of (A, »2, =1, <1, <2) and the associated vertical
L-dendriform algebra of (A, \a2, 12, \12, v 12); (4, b5, <5) is the associated horizon-
tal L-dendriform algebra of (A, =2, =1, <1, <2) and the associated vertical L-dendriform
algebra of (A, b3, <2, <}, b1); (A, b6, <) is the associated horizontal L-dendriform algebra
of (A, \u12, 12, N1z, v 12) and the associated depth L-dendriform algebra of (A, >3, <3,
g, >d).

Proof. It follows straightly from Propositions 2.3 and 3.1.

Proposition 3.3  Let (A, \a, \a2, 1, 2, N1, N2y v 1, v 2) be an L-octo-algebra.

(1) If we define x o1 y = x *12 Y, then (A, o1) is a pre-Lie algebra. It is the horizontal
pre-Lie algebra of the L-dendriform algebra (A, >1, <1), the horizontal pre-Lie algebra of
the L-dendriform algebra (A, >o, <9) and the horizontal pre-Lie of (A, >4, <4) of the L-octo-
algebra (A, a1, Ne, /1, /2, N1, Nes 1, 2);

(2) If we define xogy = x*9y—y*1x, then (A, o9) is a pre-Lie algebra. It is the vertical
pre-Lie algebra of the L-dendriform algebra (A, >1, <1), the horizontal pre-Lie algebra of the
L-dendriform algebra (A, >3, <3) and the vertical pre-Lie algebra of the L-dendriform algebra
(A, b5, <5) of the L-octo-algebra (A, \a, \a2, 1, 2, N1, N2, v 1, v 2);

(3) If we define x o3y = x V12 y — y N2 x, then (A, o3) is a pre-Lie algebra. It is the
vertical pre-Lie algebra of the L-dendriform algebra (A, >g, <2), the vertical pre-Lie algebra
of the L-dendriform algebra (A, >3, <3) and the vertical pre-Lie algebra of the L-dendriform
algebra (A, >g, <g) of the L-octo-algebra (A, \a, \2, /1, 2, N1, N2y v 1, v 2);

(4) If we define x oy y = x =12 y — y <12 x, then (A, o4) is a pre-Lie algebra. It is
the vertical pre-Lie algebra of the L-dendriform algebra (A, b4, <), the horizontal pre-Lie
algebra of the L-dendriform algebra (A, b5, <5) and the horizontal pre-Lie algebra of the
L-dendriform algebra (A, bg, <g) of the L-octo-algebra (A, \a1, \2, 1, T2, \1, \2, 1,
2);

(5) Define [z,y] = x*12y—y*12x. Then (A, [ -, - ]) is a Lie algebra on the L-octo-algebra
(4, \a, N\, 1, T2, N1, e, 1, «2). 1t is also the Lie algebra of the L-quadri-algebra
(A, Va, Ao, A1, V1), (A, =2, =1, <1, <2), (4, \a2, 12, Nu2, « 12) and (A, b2, <2, <3, ).

Proof. 1t follows straightly from Propositions 2.1, 2.2, 3.1 and 3.2.

4 Bimodules of L-quadri-algebras

Definition 4.1  Let (A, N\, ., N, ') be an L-quadri-algebra and V' be a vector space.
Letls,, r~, L, v Ik, < Ly, myp o A= gl(V) be eight linear maps. (I, 7~ Lx, 7 x, Ix_,
= Uy Ty, V) s called a bimodule of (A, N\, /', N\, ) if the following fourteen equations
hold (for any xz,y € A)

(N (@), N ()] = I (2 y) — I, (y * 2), (4.1)
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(TN Y) = (W) (@) = I (@) (1) — (@)1 (), (4.2)
™ S x) =1 A(@)ry(y) = La(y)rs(x) — 7 A (2)Ia(y), (4.3)
r (@ = y) —ra)rale) = (@) (y) —r Ayl (@), (4.4)
IN@)A(Y) =LAy (2) =LAz Vy) =Ly Az) +LAy)l (), (4.5)
(@ N y) = W) (@) = I (@)r(y) — r ()1 (@), (4.6)
re (@ xy) — re ()< (@) = [IN(2), m ()], (4.7)
I @) (y) = I (2 \y) = I (@)l(2) — I (y N\ o), (4.8)
T <y) = r W A(x) =1L (@) A(y) + 1 (@) (y) — r (Y)l (@), (4.9)
La(@)r<(y) = (Wl A(x) =7 (x Ay) —r< (y)r (), (4.10)
LA@)<(y) = In(z 7y) =1 ()a(@) = I (y " @), (4.11)
(@) = Wr-(x) =1 (2)rv(y) —r o (y)i<(2), (4.12)
IN@)r () —r Wl (2) = —r (Y)r<(@) + 7 (2 Vy), (4.13)
IN@) () =l (x-y) =1 ()lv(z) =1 (y <), (4.14)
where

r(@) = (@) 1)+ (@) (@), L(@) =0 (2) + La() + I (2) + 1 (2),

r-(@) =ry (@) +ra(@), (@) =K@) +1A(2), r<(@)=r(2)+r(2)

I<(@) = Ix (z) + 1 (), rv() = (2) +r (), (@) =I(2) + 1 (2),

ra(@) =7 (@) +rs (), Ia(z) =La(a) + I (2).

In fact, according to the definition of the bimodule of an L-quadri-algebra, we can check
straightly that (I, 7~,, L, 7, Ix, r<_, I, 7, V) is a bimodule of an L-quadri-algebra
(A, N\, 7, N, ) if and only if the direct sum A @ V of the underlying vector spaces of A
and V is turned into an L-quadri-algebra by defining multiplications in A & V' by

(T +u) \(y+v) =2\ y+ I (2)v+r (y)u,

(x+u) S (y+v) =z y+1x( )

(+u) N (y+v) =2 y+ I (2)v+r< (y)u,
) ( )

(z+u)/ (y+v)=z y+1,
where z,y € A, u,v € V. We denote it by A x;_

z)v + 7 A (y)u,

z)v+r . (y)u,
V.

A r < el r

Proposition 4.1  Let (I, r~, L, 7, Ix, =, o, 7, V) be a bimodule of an L-quadri-
algebra (A, N\, /N, ). Then (l*\ R e R e AN o e SN A AU AN
T, —l> —l,*\, T+ 7%, l,*\ =1, —r{ ==l =, r{ +17x —l?f\ —l*/7 r{ +717, V)
is a bimodule of (A, \y, N, )-

Proof. It can be checked straightly by the definition of the bimodule of L-quadri-algebra.
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Proposition 4.2  Let (A, N\, /N, ) be an L-quadri-algebra. Then

(1) (L\n R\n L/‘v R/‘7 L’\7 R’\7 L/a R/? A) is a bimodule Of (Av\lv/‘v\a\/);

(2) (L*\—s—L*/—f—L,*\—l—L*/—R*\—R*/—R*\—RL*/, R, R +R, —L%— L%, R*‘\“—i-
bimodule of (4, N\, 7, N, )-

Proof.  We can check it by the Definition 4.1 and Proposition 4.1.

Proposition 4.3  Let A be a vector space with eight bilinear products denoted by \.,
N2, A1, 2 N Ny 1, vw2: A® A — A, Then

O N1 N\, A, S, N, Ne, 1, 2, A) is an L-octo-algebra if and only if (A, Va,
N2, A1, V1) is an L-quadri-algebra and (L~,, R ,, L »,, Rx_,, L », R, L~,, R, A)
is a bimodule;

(2) (N1, N2y 1, 2 N1, Ny 1, 2, A) ds an L-octo-algebra if and only if (A, »2,
=1, <1, <2) s an L-quadri-algebra and (L~,, R ~,, L~,,, R »,, L., R, L /,, Rx_,, A)
is a bimodule;

(3) (N N2y Sy S Nt Ny 1 o2, A) is an L-octo-algebra if and only if (A, Nz,
2, N2, “12) is an L-quadri-algebra and (L~,,, R~,, L »,, R »,, Lx,, Rx,, L ,, R,
A) is a bimodule.

Proof. 1t follows from Definitions 4.1 and 3.1.

Proposition 4.4  Let (4, \u1, \e, 1, T2, N1, N2, 1, «2) be an L-octo-algebra and
(A, Va2, A2, A1, Vi), (A, =2, =1, <1, <2), (4, N\az2, 12, Nz, “12) be the associated L-
quadri-algebra. Then

(1) (L*\2+L* 2+L* 1—|_L>k 1 _RT/Q_R’*\2_R’*\1 _R*/N _R*/'z’ Rx*/z—i—Rx*/l_L*/z_L*/‘N
R/2+R'\2’ L/‘l _R/z’ _R/2 _R’\2 _R’\1 _R/l’ R/2+R’\2 _L/‘l _L\(l’ R/2+R/1’
A*) is a bimodule of (A, Va, A2, A1, V1);

(2) (L*\(z—i_L* 1+L* 2+L)k 1_R*/{2_R*/‘1_R’*\2_R*\1’ o */‘2’ R>2+R’<2_L*\1_L*x/1’

T TR Ly = B,y =R, = R = B = B o B, + Rn, =L = L, B, R,

A*) is a bimodule of (A, =2, =1, <1, <2);

(3) (LT\2+L* 2+L>’< 2+L>’< ziR*\u 7R*/'17 *\17R*/1’ 7R*\,41’ R*\Al +R 17L*/27L*\2’
R\,d JrR/’N L'\z 7R\,41’ 7R\1 7R/’1 o *’\1 7R/1’ R\,u JrR/‘l 7L*1/2 7L*"\2’ R\,u JrR./N
A*) is a bimodule Of (A, \‘12, /‘12, ’\12, /12).

Proof. 1t follows from Propositions 4.1 and 4.3.

Proposition 4.5  Let (Ix,, r~,, L, 7, Ix, =, I, 7, V) be the bimodule of an L-quadri-

algebra (A, N\, /N, ). Then
(1) (o r oyl V) is a bimodule of the associated vertical L-dendriform algebra

(A’ ) '<) Of(A7 No SN 1/)’
(2) (N, 7Ty in, =, V) is a bimodule of the associated depth L-dendriform algebra

(A, v, A) of (A, N 2N )5
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(3) (I, =Ix,, Lx, =1, V) is a bimodule of the associated depth L-dendriform algebra
(A7 D? q) Of (A’ \‘7 /‘7 ,\7 /)'
Proof.  This conclusion can be proved straightly by Definition 4.1.

Corollary 4.1  Let (A, \a, N2, 1, 2, N1, N2s v 1, v 2) be an L-octo-algebra. Then

(1) (Lno, Rry,s Ln,, Rx, A) is a bimodule of the associated L-dendriform algebra
(A7 >1, 41);

(2) (Lns, R\ Ly, R, A) is a bimodule of the associated L-dendriform algebra
(A7 B2, 42);

(3) (Lnys =L s L ny, —L~,,, A) is a bimodule of the associated L-dendriform algebra
(A7 >3, <]3);

(4) (L~,, R~ Ly,, R, A) is a bimodule of the associated L-dendriform algebra
(A7 Dy, <]4);

(5) (L~y» =L, Ln,, =L _,, A) is a bimodule of the associated L-dendriform algebra
(A7 D5, <]5);

(6) (L~y,, —Lx,, L »,, =L ,, A) is a bimodule of the associated L-dendriform algebra
(A, 6, <16).

Proof. 1t follows from Definition 3.1.

Corollary 4.2 Let (A, \a1, N2, 1, 2, N1, N2, 1, "2) be an L-octo-algebra. Then
(1) (L~,, R, A) is a bimodule of the associated pre-Lie algebra (A, o1);

(2) (L~,, —L~,,, A) is a bimodule of the associated pre-Lie algebra (A, os);
(3) (L~ny, —L »,, A) is a bimodule of the associated pre-Lie algebra (A, og);
(4) (L~,, —L_,, A) is a bimodule of the associated pre-Lie algebra (A, o4);
(5) (L~ A) is a representation of the associated Lie algebra (A, [ -, - ]).

Proof. 1t follows from Definition 3.1.

5 Construction of L-octo-algebras

Definition 5.1  Let (A, N\, /, N\, V) be an L-quadri-algebra, (Ix, v, U, 7 », Ix_, =,
ly,r,, V) be a bimodule of (A, \,, '\, ). A linear map T : V — A is called an

O-operator of (A, \,, /, N\, ) associated to (I, r~, L, v Ik, <, 1l 1, V) if T
satisfies

T(u) N T(v) = TUN(T(w)v + 7, (T(0))u),
T(u) /1 T(0) = TUAT () +7 (T (0))u),
T(u) N T(v) = T (T(w))v +r< (T (v))u),
T(u)  T(v) = T AT +r, (T®)u),  uveV.

In particular, an O-operator of an L-quadri-algebra (A, N\, /, '\, ) associated to (L~_,
R\, L, R~ Lx,Rx,L,, R, A) is called a Rota-Bazter operator of weight zero on (A,
No SN )
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Proposition 5.1  Let (I, r~,, L, 7, Ix, =, o, 7, V) be a bimodule of an L-quadri-

algebra (A, N\, /', N\, ). If T is an O-operator of (A, \,, /', "\, ) associated to (I~,,
s L, o, Ik e Ly, Ty, V), then there exists an L-octo-algebra structure on V' defined

by

uNav=—r (T(w)v,  uNov=I(T()v, u /M v=—r (T(u))o,
u v =1(T(u))v, w1 v=—r(T(u))v, u N2 v = (T(u))v,
u 1 v=—1x(T(u)v, uyov=1(T(u))v, u,v € V. (5.1)

Therefore, there exists an L-quadri-algebra structure on V' defined by (3.1) as the associated
L-quadri-algebra of (V, \u1, \e2s /1, 2, N1, N2, v 1, v 2) and T is the homomorphism
of L-quadri-algebras. Furthermore, T(V) = {T'(v) | v € V} C A is an L-quadri subalgebra
of (A, N\, N, ) and there is an induced L-octo-algebra structure on A given by

)
T(u) NaT) =T(uNav), T(u)NeT(v)=T(u\ev),
T(u) M1 Tw)=T(u M v), T(u)  2T)=T(u2v),
T(uw)\1Tw)=TuN1v), T(u)N2T(v)=T(uN2v),
Tu) /1 Tw)=T(uy1v), Ty 2T(w) =T(u,2v), u,v € V. (5.2)

Moreover, the corresponding associated L-quadri-algebra structure on T'(V') is just the L-
quadri-algebra structure of (A, N\, /, N\, ") and T is an homomorphism of L-quadri-
algebras.

Proof.  For any u,v,w € V, we have

uNe (0 N2 w) = v N\ (uN\e w) = I (T(w) I\ (T(0)w = I (T ()N (T (u))w.
On the other hand,

(u*120) N2 w — (V12 u) \2 W

= I (TIIN(T (w)o + (T () w)] + T[(LA(T (w)v + 7 4(T(v))u)]

T (T (u))v + r (T(0))u)] + T[T (w))v + 1 (T (v))u)]
= T[N (T (@)u + (T (w)v)] = TILAT (0)u + 7 4(T(w)v)]
= T{(x (T (0))u + r< (T (u))v)] = T[(LAT(0))u+ 7 (T(w)v))w

= (T (u) * T (v) = T(v) * T(uw))w.

Similarly we can prove the other identities in the definition of L-octo-algebra. The rest of
this proposition follows immediately.

Theorem 5.1  Let (A, N\, /N, ) be an L-quadri-algebra. Then there exists an L-
octo-algebra structure on A such that (A, N\, /7, "\, ) is the associated L-octo-algebra if
and only if there exists an invertible O-operator of (A, Ny, '\, )-

Proof.  Let T be an invertible O-operator of (A, N\, N, ) associated to the bimodule
(I ™o Loy on, Ikl V). By Proposition 5.1, there exists an L-octo-algebra
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structure on V given by (5.1). Therefore, we define an L-octo-algebra structure on A defined
by (5.2) such that T is an isomorphism of L-octo-algebras, that is

e Nay=-Tr ()T7'(y), 2 \ey=T0(@)T ),
e y=-Tr, ()T y), = 2y=T>U()T"(y)),
eNay=-Tr@)T (), zNey=TI ()T (y)),
v/ 1y=-Tr )T (y), z2y=T0 ()T (y))

Moreover, the associated L-quadri-algebra defined by (3.1) is (4, N\, 7, N\, /) since

e Ny =TT (@) T(T7H(y) = TUN ()T () + )T (@) =2 Ney —y 12,
v Sy =TT () A TT ) =TUA@)T ) +r T (@) =2 /2y —y /12,
Ny =TT () NT(T(y) = T ()T (y) +r YT (@) =2 N2y —y \a
v/ y =TT () T(T' () =T ()T () +r, YT (@) =22y -y S1o

COI’IVGI'SQIy, let (Aa \(17 \2; /‘17 /2; \1; ]\27 \/17 1/2) be an L_OCtO_algebra and (Av \(a
N ) be the associated L-quadri-algebra (A, b2, <2, <3, >1). Then the identity map

id : A — A is an invertible O-operator of (4, \,, /, "\, ) associated to the bimodule
(L\rza 7L’\17 L/z? 7L,/17 L\27 7L’\17 L/zv 7L)/1’ A)
Proposition 5.2  Let (A, N\, N, ¥) be an L-quadri-algebra andr € AR A be symmet-
ric. Thenr is an O-operator of (A, \,, N, ) associate to (L*\—FL"/‘—!—L,*\—!—L*/—R"\‘—
R —RX —R,, —R{, R{ +R, —L"-—Lx , R{ +R%, Lx —R{, —-R{ —R,—Rx —R,
R +R-—Lx —-L,, R_+R, A*) if and only if v satisfies the following equations:
713> 123 = —(r12 * T23) + 112 N\ 713, (5.3)
713 ITro3 = (7"12 A 7"23) —Tr12 < T13. (54)
Moreover, if r is invertible, then r satisfies (5.3)~(5.4) if and only if the nondegenerate
bilinear form B induced by r satisfies

B(x /vy, z) =By, zex) — B(z, 2V y), (5.5)
B(x Ny, z) =By, zNz—zVz)— Bz, z>y). (5.6)

Proof. Let F,.: A* — A be the O-operator defined by r. Then
713 \(T23 = 713 N\ T12 — (112 V 723 + 112 A73) + (23 V 712 + 123 AT12).
Similarly, by the definition of O-operator, we can get

T13 /' T23 = —T13 > T12 + T12 ATag — T23 V 712,
T13 N\ 723 = T13 * T'12 — 12 '\ 723 + 23 \( I'12,

T13 " T23 = —T13 V r12 +r1a < T2z — 23 = T2
Let o be any element in the permutation group Y3 acting on {1,2,3}. Then o induces a
linear map from AQ A® Ato AR A® A by
(21 ® T2 ® X3) = T(1) ® To(2) @ To(3)-

By the action of X~ and combining these equations we can get the conclusion.
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Definition 5.2  Let (A, N\, N, ) be an L-quadri-algebra and r € A® A be symmet-
ric. (5.3)=(5.4) is called LQ-equation in (A, \,, /N, ). On the other hand, a symmetric
bilinear form B on A satisfying (5.5)-(5.6) is called a 2-cocycle of (A, N\, N, «)-

Proposition 5.3  Let (A, \,, /N, ) be an L-quadri-algebra with a nondegenerate 2-
cocycle B. Then there exists an L-octo-algebra structure (A, \a, N2, 1, 2, N1, N2,

1, 2) on A defined by

Bz \a vy, z) = —B(y, zxx), B(x N2y, z) =By, z%x —x*z),

B(x My, z) =By, zVa), B(x /2y, z) =By, x ANz — 2z Vx),

B(z N1y, 2) = =By, 2\ x), B(z N2y, 2) =By, z vz —x '\ 2),

B(x 1y, z) =By, z = x), B(x /2y, 2) =By, x <z — 2z > x). (5.7)

Proof. By Proposition 5.2, the invertible linear map T : A* — A is an invertible O-
operator associated to the bimodule (L*\ + L*/ + L3 + L*/ — R*\‘ -R. - R*\ — R‘*/, —R*\,
R +R, —L%— L3, R +R» L —R{, -R{ —R»— R —R, R +R-»—Lx —L,
R + R, A*). As a result, there is an L-octo-algebra structure on A defined by
B(z \ay, 2) = BT((R + R+ RX_+ R )(2)T ™ (y)), 2)

= (R + R+ R +R)(@)T ' (y), )

= (I (y), z*xx)

= —B(y, z xx).

Similarly, by a direct computation we can get the other identities in (5.7).

Corollary 5.1  Let (A, N\, N, ) be an L-quadri-algebra with a nondegenerate 2-
cocycle B. Then the corresponding L-quadri-algebra (A, Va, A2, A1, V1), (A, =2, =1, <1, <2),

(A7 \1127 /127 ’\123 \/12) Of the L—octo-algebm (A7 \lla \(23 /‘15 /23 \1) ’\23 \/1) \/2) 18
given by

B(xVay, z) =By, z <z —x > 2), B(x Ny, z2) =By, x S z—2z ./ x),

Blx My, z) =By, z / x), B(xViy, z) = —B(y, z < x),

B(x 2y, z) =By, z Az —zV z), B(x =1y, 2) = —B(y, z A\ x),

B(z <1y, 2) =By, 2 /" ©), B(x <2y, 2) =By, 2 z2—2 /),

B(z N\az y, 2) = =B(y, z x 2), B(z /2y, 2) = Bly, z A z),

Blx Ni2y, 2) = —B(y, * \_2), B(x 12y, 2) = By, x < 2). (5.8)

Proposition 5.4  Let (4, N\, /N, ) be an L-quadri-algebra and (I~,, r~,, L, 7_x, Ix_,
e, 1,1, V) be a bimodule. Let (l*\—i—l*/—i—l*\—i—l*/—r*\—r*/—r?‘\—r*/, =+l U=
I 7"*\—1—7“‘/, l*\—r*\‘, —r*\—r*/—r*\—r*/, 7"*\ —1—7"*/—1,*\—1:“/, 7"*\—1—7"*/, V*) be the bimodule
of A. LetT : V — A be a linear map which can be identified as an element in the vector space
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(ApV)®(A®V). Thenr =T—0o(T) is a symmetric solution of LQ-equation in the L-quadri-
alg(fbra' A[X(l* + X +l*/7r\7r/,fr\77‘/, T AL U R G A R Tl o
re_ 4, R V* if and only if T is an O-operator of (A, N\, N, «) associate
to (l*\—|—l/+l\—|—l* AT ek S N A AN AN S Gl Rl O AT S AT AR AN
A A Rl SN A A o S Rl S A AN K A g B

- -

Proof. 1t follows straightly by a direct computation.

Corollary 5.2 Let (4, \u1, N\, 1, T2, N1, N2, 1, «2) be an L-octo-algebra and
(A, Va, Az, A1, V1), (A, =2, =1, <1, <2), (4, N\a2, 12, Na2, v 12) be the associated
L-quadri-algebra. Let {e1,ea, -+ ,en} be a basis of A and {e}, €5, .-+, eX} be a basis of A*.
Then

n

T:Z(q@effef@ei)

i=1

is a skew symmetric solution of LD-equation in the L-quadri-algebras

A [X(L* —R* -R* ,R* _—L* R*_,L*, —R* ,—R* R% —LY ,R* ) A*7
=12 <12° 27 12 A2’ =2 27 <12’ 1’712
A X (L X “ “ “ « N X “ « .y A"
(L3, —RA,,» R/Q’R/\2 R/lz L 17R/‘2’ 7R/\12’R/12 L/m R7,) ’

A*
*10 Nt Ve =17 Ny’ R*I,R <27 1) ’

respectively. Moreover, there is a natural 2-cocycle B of this L- quadri-algebms induced by r

AD((L* —R* —R* R¥ _L)/k\zﬂR* L* —R*

which is given by
B(ZL’+ a*7 y+ b*) = *((1*, y) + <.’£, b*>, z,y € Av (l*,b* S A*

Proof.  This is because id is an O-operator of (A, Va, Aa, A1, V1), (4, »2, >1, <1, <2),

(A7 \(127 /‘127 \127 \/12)~

6 Bilinear Forms on L-octo-algebras and LO-equation

Theorem 6.1  Let (4, \a1, N2, M, T2, N1, \2, 1, v 2) be an L-octo-algebra and r €

A® A be skew-symmetric. Let (A, Va, A2, A1, V1), (A, =2, =1, <1, <2), (4, N\a2, T2,

N1z, 12) be the associated L-quadri-algebra. Then the following statements are equivalent:
(1) r is the O-operator of (A, Va, Aa, A1, V1) associated to the bimodule

( 12 R:m’ RT/2’ Rl*/12 - L*/‘m’ Riz’ */‘1 - Rx*/z’ R:u’ Riz >1’ R;/lz’ A*)
(2) r is the O-operator of (A, =2, =1, <1, <2) associated to the bimodule

( Viz RT\I?’ R*/‘z’ Rt\z \/1’ R/‘lz’ */1 _R>2’ _Rj\127 R*/‘lz - 1/12’ Rt\z’ A*)
(3) r is the O-operator of (A Nz, 12, N2, 12) associated to the bimodule

* * * * * * * * * *
( R*l’ R\(l’ R\/1 R>1’ N2 _R\l’ R*1’ R>1 -<2’ R\/l’ A )
(4) r satisfies
713 V2 T3 = —T12 =12 T23 + 723 <12 T12 — 13 "2 T12, (6.1)
T13 A2 723 = T12 12 T23 — T23 12 T12 + T13 <2 T12, (6.2)

r13 A1 T23 = —T12 /1 ro3 + T23 /2 12 —T13 <12 T12, (6~3)
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713 V1 T23 = T12 =1 T23 — 23 <2 12 + 713 12 T12- (6.4)
Proof.  'We just prove the equivalence between (1) and (4). Let {e1,ea, - ,e,} be a basis
of A and {ej, €5, -+, e} be the dual basis. Suppose that

n
ef) = aie;,
=1
and

n n
€ N\ €j = kE afier, e\ ej = kZ bijers e /e = Z cijer;
=1 =1

n n
e Jae; =3 dier,  eiNiej =) mier, e;Nae; = Z nfex,
k=1 k=1 k=1
n n
e; /1 ej — Z Sfjeka €; /2 ej = Z tfjek
k=1 k=1

Since r is an O-operator, we have
r(e;) Var(e;)
_T[( *\«2+L*/‘2+L*\‘1+L*/‘1_R’*\z_R*,/z_R?c\l R,/l)( ( )) R,/g( ( *))6:]
So we can get

n
Z aikagi (bl + thy Z aikan (b + dj; + ajy + )
k,l=1 =1

n n
J J J J i
+ E , aigar (M), + 1 + s + ) + E Aj ety
k=1 k=1
This is the coefficient of e; ® e; ® e; in
r13 V2 93 = —T12 =12 T23 + 723 <12 T12 — 713 /"2 T12.

Similarly, we can compute the other identities in (4). Hence this conclusion holds.

Theorem 6.2  Let (4, N\, N\e, M, T2, N1, N2, 1, v 2) be an L-octo-algebra and r €
A® A be skew-symmetric. Suppose that r is invertible. Then r satisfies (6.1)—(6.4) if and

only if the nondegenerate bilinear form B induced by r satisfies

B(zVox,y)=B(z =12y, z) — By <12 2, ¢) — B(y /2 z, 2), (6.5)
B(zNoz,y) =—B(z 12y, x) + By 12 2, ) + By <2 z, 2), (6.6)
B(zNiz,y) =Bz My, x)—Bly 2 2 ) — Bly <12 2, 2), (6.7)
B(zViz,y)=-B(z =1y, 2) + By <2 z, ) + Bly v/ 12 2, 2). (6.8)

Proof.  Suppose that r = Zaz ® b;. Then r(v*) = ZU*(al)b Since r is nondegenerate,

for any z,y, z € A, there eletb u*, v*, w* € A* such that x=ru), y=r*), z=r(w"),

SO

(ri3 2 riz, w* @u* @v*)

— <w*®u*®v*, (Zai®]—®bi) 2 (Zai@bﬁ@l»
; j
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D (wreut @, (ai 2 a;) @b @ b;)

4,3

= > wla 2 ap)v ()t ()

(r(v") 2 r(u®), w)
= - B(y 2 %, Z)

Similarly, we can compute (ri3Varaz, w* @u* @v*), (r12 >12 reg, w* @u* @v*Y, (rez <12 r12,
w* @ u* @ v*). As a result, we have

B(zVax, y) =B(z =12y, ) = By <12 2, ) = B(y "2 «, 2).
Similarly, we can get the other identities in (6.5)—(6.8).

Definition 6.1  Let (A, \1, \2, 1, T2, N1, N2, 1, «’2) be an L-octo-algebra and
re A® A be skew-symmetric. (6.1)—(6.4) are called LO-equations (a set of equations) in

(4, N\, N\, 1, 2, N, Ne, 1, «2). On the other hand, a skew symmetric bilinear
form B on A is called a 2-cocycle if B satisfies (6.5)—(6.8).
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