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The Maximum Number of Zeros of Functions with
Parameters and Application to Differential
Equations®
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Abstract In this paper, we first study the problem of finding the maximum
number of zeros of functions with parameters and then apply the results ob-
tained to smooth or piecewise smooth planar autonomous systems and scalar
periodic equations to study the number of limit cycles or periodic solutions,
improving some fundamental results both on the maximum number of limit
cycles bifurcating from an elementary focus of order k or a limit cycle of mul-
tiplicity k, or from a period annulus, and on the maximum number of periodic
solutions for scalar periodic smooth or piecewise smooth equations as well.
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1. Introduction

As we know, in the study of differential equations a very important aspect is the
number of limit cycles for planar systems or the number of periodic solutions for
scalar periodic equations. There have been certain classical and fundamental the-
orems on this aspect. For example, in a family of C'* systems with parameters a
limit cycle of multiplicity k& generates at most & limit cycles, and an elementary fo-
cus of order k generates at most k limit cycles. In a family of C*° near-Hamiltonian
systems with parameters, the total number of the first order Melnikov function can
control the number of limit cycles bifurcating from a period annulus. These im-
portant results have many applications to polynomial systems. The proofs of the
results are all very similar with two main steps. The first step is to establish a
suitable bifurcation function. The second step is to analyze the number of zeros of
the bifurcation function by using the method of contradiction. See Theorems 1.3.2,
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2.3.2 and 3.1.4 in Han [5], Theorem 2.4 in Part II of Christopher and Li [2] and The-
orem 1.1 in Han [6]. However, from the proofs of these theorems, the multiplicity
of the limit cycles bifurcated is not considered.

The aim of this paper is to further study the problem of finding the maximum
number of zeros of functions with parameters and then improve some fundamental
results on the maximum number of limit cycles bifurcating from an elementary focus
of order k£ or a limit cycle of multiplicity k, or from a period annulus. We study
the same problem for piecewise smooth systems on the plane and scalar periodic
smooth or piecewise smooth equations as well. As a preliminary, we first study the
maximum number of zeros of functions with parameters in Section 2. Then, based
on the main results of Section 2, we study the maximum number of limit cycles in
planar autonomous systems (smooth or piecewise smooth) or of periodic solutions
in scalar periodic equations (smooth or piecewise smooth) in the rest sections.

2. The number of zeros of functions with parame-
ters

Let F : I x D — R be a C* function, where I C R is an open interval, D =
{AlI\| < e} € R" e >0,k >1,n > 1. As we know, for a fixed A € D and an
integer 1 <[ < k we say that zo € I is a zero of F' in x with multiplicity [ if

OF ?F _

ﬁ(x07)\) #O, %(.TO,)\) :O7 ] = 071,"' ,l — 1.

In this section, we study the number of zeros of the function F'(x,\) in « based
on the number of zeros of the unperturbed function F'(z,0) = f(z). For the purpose,
we need to present or establish some preparation lemmas.

First, from Section 1.3 of [7], we have the following lemma.

Lemma 2.1. Let 2o € I, 1 < 1 < k. Then, there exists a C*~! function R :
I x D — R such that for (x,\) € I x D

-1

— 10/F : _
F(z,\) = Z ﬁ?(.ﬁo, Az —x0) + (z— xo)lR(a:, A)
j=0""
with l
_ 10'F
R(l‘o,)\) = ﬁ@(ﬁ(}o,)\)

If F € C®(I x D), then R € C>®(I x D) for any given | > 1.

The conclusion of the above lemma is a simple improvement of the well-known
Taylor formula. The key point is the smoothness of R.
The following lemma looks obvious and its proof needs to use Lemma 2.1.

Lemma 2.2. Let xg € I, 1 <1 < k. Then, x = x¢ is a zero of the unperturbed
function f with multiplicity | if and only if there exists a C*~! function g : I — R
satisfying g(xo) # 0 such that

f(z) = (z —x0)lg(x), €1
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Proof. Suppose f has x = x¢ as a zero of multiplicity I. Then, we have

FO(x0) #£0, fO (o) =0, j=0,--,1—1.
By Lemma 2.1 it follows that

f(z) = (z —w0)'g(x), z €1,

where g € C*~(I) with g(zg) = %f(l)(xo) = 0. Hence, the necessity part is proved.

To prove the sufficiency part let us suppose that f(z) = (z —x)'g(x) for a C*~!
function g : I — R with g(x¢) # 0. Noting & — { > 0 the function g is continuous
at xg, and hence we have

f(z) = (& = 20)'g(wo) + 0|z — xol') (2.1)

for |z — x| small. On the other hand, noting f € C*(I), by Talor formula it holds
for |z — xg| small

l
@) = 32 25 @) — 20} + ol — ). (2.2

j=0
Then, comparing (2.1) and (2.2) yields that
FOD(20) =0, j=0,---,1—1, and fO () = Ulg(ag) # 0.

This means that x = zq is a zero of f with multiplicity [. This finishes the proof.
O

Lemma 2.3. Let 1 <1 <k and h € C*(I). If the derivative h' has at most [ — 1
zeros in I, multiplicity taken into account, then the function h has at most | zeros
in I, multiplicity taken into account.

Proof. We provide a proof by contradiction. If the conclusion is not true, then
h has [ 4+ 1 zeros in I, multiplicity taken into account. Then, among them there
are exactly r different ones, denoted by x1,---,x, for some integer r satisfying
1 <r <Il+1. We can assume that ;1 < --- < z, and that they have multiplicity
ni,- -+ ,n, respectively. Then

n1++nr21+17 nlzlv'”7n7“21'

It is easy to see that zq,--- ,z, are zeros of A’ with multiplicity nqy —1,--- ,n, — 1
respectively. Here, if n; — 1 = 0 for some j then h/(z;) # 0 and we say that z; is a
zero of b/ with multiplicity zero. By Rolle theorem, the derivative function b’ has
r — 1 zeros, which are in (x1,x2), -, (,—1,x,) respectively.
Hence, the total number of zeros of h’, multiplicity taken into account, is at
least
m-D+-+n-D+0r—-1=n+--+n—1>1.

This contradicts to our assumption. Then, the proof is ended. O
Now, we are in a position to prove our first main result in this section as follows.

Theorem 2.1. Consider the C* function F : I x D — R.. Let the function f(z) =
F(z,0) have a zero xg € I with multiplicityl, 1 <1 < k. Then, there exist &g € (0,¢)
and a neighborhood U of xo in I such that for all |\ < &g the function F has at
most [ zeros in U in x, multiplicity taken into account.
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Proof. Observe that if the theorem is true for [ = k, then it is also true for any
! < k. Thus, we need only to prove the conclusion for I = k. Then, we assume [ = k
and proceed our proof by induction on .

For the case of [ = 1, we have F € C'(I x D) and

f(xo) =0, f'(z0) #0,

that is,
F(l‘o,O) = 0, Fw(xo,()) 75 0.

Applying the implicit function theorem, the equation F'(z,A) = 0 in x has a unique
zero © = p(A) = xg + O(|A]) for |A| sufficiently small. Thus, the conclusion is true
forl =k =1.

Suppose that the conclusion is true for [ = kK = m. That is, for any C"™ function
G:IxD— R, if g(x) = G(x,0) has a zero Ty € I with multiplicity m, then there
exist &g € (0,¢e) and a neighborhood V' of Zy in I such that for all |A| < &o, the
function G has at most m zeros in V' in x, multiplicity taken into account.

Then, we want to use the above conclusion to prove that the conclusion of
the theorem is true for [ = kK = m + 1. For the purpose, let us suppose that
F € C™*Y(I x D) and F(x,0) = f(x) has z9 € I as a zero of multiplicity m + 1.
It implies that xo is a zero of the derivate f’(x) with multiplicity m. Note that
F, € C™ with f'(z) = F,(z,0). Hence, by the inductive assumption, the function
F,(z,A) has at most m zeros in x in a neighborhood U of z for || sufficiently small,
multiplicity taken into account. Then, by Lemma 2.3 for fixed small |A|, F(x, )
has at most m + 1 zeros in & € U, multiplicity taken into account. Therefore, the
conclusion is true for [ = k = m 4+ 1. This ends the proof. O

Remark 2.1. Let )
0'F )
bj()\) = Oz (xo,)\), 0 < J < l.

If

bi(0) #0, b;(0)=0,0<j <11,
8(()0,"' 7bl—1)| :l
a()\h"' a)‘n) A=0 ’

then for any given p > 0 there exists a A with |A| < p such that F' has [ simple
zeros in x € (0, ).

rank

To state our second main result of this section, we consider a family of C*
functions F(z,a, ) defined for (z,a,\) € I x V x D, where as before I C R is an
open interval and D = {A € R™||\| < ¢}, and V is a compact set in R™. Also,
denote F(z,a,0) by f(z,a), that is, f(x,a) = F(z,a,0). Then, the second main
result can be stated as follows.

Theorem 2.2. Consider the C* function F(x,a,)). If for each a € V the function
f(x,a) has at most 1 zeros in x € I, multiplicity taken into account, where 1 <1 <k,
then for any closed interval I* C I there exists an €* > 0 depending on I* such
that for all a € V and || < &* F(z,a,\) has at most I zeros in x € I*, multiplicity
taken into account.

Proof. We prove the conclusion by the method of contradiction. Let us suppose
that the conclusion is not true. Then, there exists a closed interval I* C I such that
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for any € > 0 F(z,a,\) has [ + 1 zeros, multiplicity taken into account, in z € I*
for some (a,A) with a € V and |\| < €. Take € = = With n > 1, and denote the
corresponding (a, \) by (an, A,) with a, € V and |\, | < . Then, F(x,an, A\,) has

Zeros x§"), e ,x&ﬁ) € I'* with

T <y, 1<r, <l+1,
1 n (2.3)
k1n+...—|—krnn2l+1, kjnz]-, j=1,- 1y,

where kj,, denotes the multiplicity of x = x(”).

We can suppose r,, — r as n — oo With 1 <r <Il+1. Note that r,, and r are
integers. Thus r, = r for large n. Since both V and I* are compact, we can further
suppose as n — oo

anp —>a€v, x(”)%EjGI*, kjng)];jzla J=1-,r

By (2.3) it is easy to see

ki+- 4+ k. >1+1. (2.4)
Since k;,, and /%j are all integers, we have k;,, = Ej for large n. Thus, forj=1,--- 7,
we have
O'F _
oo (@ an M) = 0, i =0,k — 1, (2.5)

which give by letting n — oo that

((?“)x (z;,a,0) =0, i=0,--- ,k;j — 1.

This means that each Z; € I* is a zero of the function f(x,a) of multiplicity at least
kj. If #1,--- ,Z, are all different, then the total multiplicity of zeros of f(z,a) in
x € I* is at least ky + -+ +k, > [+ 1 by (2.4). This contradicts to our assumption
on f.

Next, we suppose that T1,---,Z, are not different. In this case, we write the
function F' into the form

F(z,a,)) = f(z,a) + fi(z, p) = F(z, p),

where 1 = (a — a,\) € R"™ and fi(x,0) = 0. Without loss of generality, we
consider a simple case for the sake of convenience:

T =29 < -+ < Zp. (26)

The other cases can be discussed in the same way. Let p, = (a, — @, \,). Then, by
(2.6) and (2.5), the function F(z,u,) has ki + ko zeros near Z;, multiplicity taken
into account. Then, by Theorem 2.1 the function f(z,a) = F(z,0) has Z; as a zero
of muitiphcity at least ki + ko. Hence, the total multiplicity of f(z,a) is at least
(k1 + ko) +---+k, > 1+1, a contradiction, too. Then, the proof is completed. [

Remark 2.2. Applying the implicit function theorem we see that if f(x,a) has
simple zeros in x € I for some a € V, then for all small |\| the function F has [
simple zeros in = € I.
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Remark 2.3. One can easily see that if F' € C*°(I x D), then Theorems 2.1 and
2.2 hold for all 1 <[ < oco. In fact, in this case Theorem 2.1 has another proof:
directly by using the well known Weierstrass-Malgrange preparation theorem, see
Theorem 5.15 of the book [1]. However, our proof here is very elementary and easy
to understand.

3. On the number of limit cycles

In this section, we use Theorems 2.1 and 2.2 to study the maximum number of limit
cycles bifurcating from a multiple limit cycle, a weak focus or a period annulus.
First, consider a C* planar system of the form

i = fo(@) + fi(z,p), @ € R, (3.1)

where ;1 € R" is a vector of parameters, n > 1, fy and f; are C* functions with
k >1and fi(z,0) = 0. Let (3.1)|,=0 have a limit cycle L. Then, as in Chapter 1
of [5] one can define a C* Poincare map of (3.1) near L, denoted by P(a, 1) such
that for |u| small (3.1) has a limit cycle near L if and only if P(a,u) = a for |a]
small.

Set d(a, ) = P(a, ) — a, which is called a bifurcation function of (3.1) near L.
Recall that for 1 <[ < k the limit cycle L is called to have multiplicity ! if a = 0
is a zero of d(a,0) of multiplicity {. Then, applying Theorem 2.1 to the function
d(a, i) we obtain the following bifurcation theorem immediately.

Theorem 3.1. Consider the C* system (3.1). If the limit cycle L of (3.1)|,=0 has
multiplicity I with 1 <1 <k, then there exist a neighborhood U of L and a constant
g0 > 0 such that for all |u| < eo (3.1) has at most | limit cycles in U, multiplicity
taken into account.

Remark 3.1. The theorem above is a slight improvement of Theorem 1.3.2 in
Han [5] on the maximum number of limit cycles. Also, if system (3.1) is of class
C*°, then the theorem is true for all [ > 1.

Further, we study Hopf bifurcation for (3.1). Suppose g = 0 (3.1) has an
elementary focus. Then, the focus keeps for |p| small, denoted by O,,. By removing
O, to the origin and then normalizing the linear part, we can get the following Cc*
system

o) =B (Pl
Blu)  alu) Qz,p)
where P,@Q € C* near the origin, and

P(x, 1), Qx, ) = o(|z]).

From [10], we know that (3.2) yields a C* periodic equation below by letting = =
(rcosf,rsinf)

» B(0) #0, (3.2)

dr

e

Let (6,79, 1) be the solution of (3.3) with the initial condition 7(0,7q, 1) = ro,
which is C" for |ry| small. Hence, (3.2) has a bifurcation function defined by

W(,r, p). (33)

d(’l"(), :u) = T(QTF’T(%M) —To-
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As we know, if
d(r0,0) = Vo175 + 0o(rg™ ), Vo1 #0

for some m satisfying 1 < 2m + 1 < k, then (3.2)],=0 has the origin as a focus of
order m.

If (3.2)|u=0 has a center at the origin, i.e., d(ro,0) = 0 for all |ry| small, then by
Lemma 2.1 for p € R

d(’l"o,/.l/) = /J’dl(TOa:u)v dl S Ok_l-
Hence, by Lemma 2.2 and Theorem 2.1, we obtain the following theorem.

Theorem 3.2. Consider C* system (3.2). If (3.2)|,=0 has a weak focus of order
m at the origin with 2m + 1 < k, then for all small |u| (3.2) has at most m limit
cycles near the origin, multiplicity taken into account. If (3.2)|,—0 has a center at
the origin with u € R, and

dl(TQ,O) = szTgm—H + O(?“gm-’_l), Jm 7’5 0

for some m with 1 < 2m+1 < k—1, then for all small || system (3.2) has at most
m limit cycles in a neighborhood of the origin, multiplicity taken into account.

The above theorem is an improvement of Theorem 4 obtained in [10]. Also, it
is true for all m > 0 if system (3.2) is of class C'°.
Next, we consider a planar near-Hamiltonian system of the form

T = Hy(mvy) + €f(l'7y,57 5)’ (34)

y = 7Hx(x7y) + 6g(m,y,s,5),

where (z,y) € R?,H € C**1 f,g € C* with k > 1, ¢ is a small parameter, and
0 € V C R™ with V a compact set. For (3.4), we have a fundamental assumption on
the unperturbed system (3.4)|.—o that it has a family of periodic orbits Ly, defined

by H(z,y) = h,h € J with J an open interval. The set Q = |J Ly is called a
heJ
period annulus. From [10], (3.4) has a bifurcation function of the form

F(h,e,8) = M(h,3) + O(e)

where

M(h,6) = 7{ gdz — fdyle—o, he J
Lp,

which is called the first order Melnikov function.

By [10], we have that M € C*in h € J for § € V and that for any closed interval
ICJ,FeCFinhelforesmall and § € V. Thus, by Lemma 2.1 we have the
following expansion in &

F(h,e,6) =Y M;j(h,6)e " +o(" ™) (3.5)

j=1
for h € J and ¢ small, where

1 iR B
G gt 0.0 € O

By applying Theorem 2.2 to (3.5), we have the following theorem immediately.

M;(h, 6) =
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Theorem 3.3. Consider C* system (3.4). Suppose that there exist integers r > 1,
1 >1 withr+1<k+1 such that My = --- = M,._1 = 0, M, # 0. If M,. has at
most | zeros in h € J for all § € V, multiplicity taken into account, then for any

compact set D C Q(= |J Ly,) there is eg = eo(D) > 0 such that (3.4) has at most
heJ
1 limit cycles in D for § € V and |e| < eg, multiplicity taken into account. In this

case, we say that the period annulus Q generates at most [ limit cycles.

In fact, by Lemma 2.1 under the condition of the above theorem, we have
F(ha g, 6) = ErilFl(hv g, 5)7

where F| € Ck="+1 gatisfying F(h,0,8) = M,(h,d). Then, the conclusion is direct
from Theorem 2.2.

We can introduce another small parameter in (3.4). More precisely, consider the
following C*° system

i' = Hy(x7y7)‘) +€f($7y7)‘76)a
(3.6)
y = 7Hr(xay7>‘) + Eg(iﬂ,y,A,(S),

where 0 < |e] < [N < 1,4 € V C R". In this case, (3.6) has the following first
order Melnikov function

M(h, A, 0) :% gdz — fdy, h € J.

H(z,y,\)=h

For |A| small, we have for any k& > 1
k .
M(h,X,6) =Y M;(h,6)X + O(N1). (3.7)
7=0

Han and Xiong [11] gave formulas of the functions M; and M.
In the same way by Theorem 2.2, we have the following theorem.

Theorem 3.4. Let (3.7) satisfy the following
M]:(),j:(),,k—l, Mk#o

for some k > 1. If My, has at most | zeros in h € J for all § € V, multiplicity taken

into account, then for any compact set D C Q(= |J Ly,) there iseg = eo(D,V) >0
heJ
such that (3.6) has at most 1 limit cycles in D as § € V,0 < |e] < [N < e,

multiplicity taken into account.

We have studied the number of limit cycles for C* or C* systems on the plane.
Next, we consider piecewise smooth systems on the plane.
4. Piecewise smooth systems

In this section, we study the problem of the number of limit cycles for piecewise
smooth systems on the plane. For simplicity, we suppose the plane R?2 is divided
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into two parts Q1 and Q= by a C* smooth curve ¥ : x = ¢(y),y € R, where k > 1.
Then,
R’=QtUuQ Uz,
where Q1 = {(z,y)|z > o(y),y € R} and Q™ = {(z,y)|r < ¢(y),v € R}.
Let f*(z,y) and g™ (x,y) be four C* functions defined on QF U ¥ respectively.
Then, we have a piecewise C* smooth system of the form

i = f(z,y), y=g(z,y) (4.1)
where

(

[+
f(x7y):i

@), (z,y) € QF, )9t (@y), (z,y) €QF,
(@), (@) € g@,y)_i
x’y7 x7y )

9 (z,y), (z,y) € Q.

Let (4.1) have a clockwise oriented closed orbit L = L™ U L™, which crosses the
curve X twice. More precisely, the intersection LN is a set of two different points:
LNY={A,B} with LT = ABC (QtUX) and L~ = BAC (2~ UYX), and

o1

o £0. (4.2)

A,B

See Figure 1.

Figure 1. The crossing closed orbit L
Obviously, LT and L~ are the orbits of the right subsystem

g'c:f+(x7y), y=g+($c,y) (43)

and the left subsystem
i=f"(z,y), §=9 (z,y) (4.4)

respectively.
Let ag, by € R be such that

A = (p(ao),a0), B = (¢(bo),bo).
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Then, for a near ag (4.3) has an orbit L] (a) starting from A;(¢(a),a) and arriving
at B1(y(b),b). Similarly, (4.4) has an orbit Ly (b) starting from B; and arriving at

As(p(c),c). Note that both L = A,B; and L] = B, A, are C* smooth and that
¢ is a C* smooth function. By (4.2) and the implicit function theorem, we can see
that b = Pi(a) € C* and ¢ = Py(b) € C*. Then, we define the Poincaré map of
(4.1) near L as

Cc = Pg(Pl(a,)) = PL(a) (45)

for a near ag, where P, = Py o P, € C*. Since L is closed, we have
Py (ag) = by, P2(bo) = ao, Pr(ag) = ao.

As in the smooth case, we can use Pp, to define the stability and the multiplicity
of L. For example, for the multiplicity of L we give the following definition.

Definition 4.1. Let d(a) = Pr(a) — a. If there exists an integer [ with 1 <1 <k
such that 4
dD(ag) #0, d9(ag) =0 for 0<j<Il—1,

then we say that L is a crossing limit cycle of (4.1) with multiplicity { or a limit
cycle of multiplicity [ for short. When [ = 1, we say that L is simple or hyperbolic.

The following lemma is fundamental for system (4.1).

Lemma 4.1. For the Poincaré map Pp, of (4.1) near L, we have

P} (ao) = % exp(I(L), (4.6)

where
K1 = (f*(A) — ¢'(a0)g™ (A))(f~(B

) = #'(bo)g™ (B)),
= (/T(B) = ¢'(bo)g™ (B)(f~ (A) = ¢'(a0)g™ (4)),
GO

(a
o(f*.9") / 97)
I(L) = tr—————=dt + ————=dt.
0= [ o oy
Thus, L is a limit cycle of multiplicity 1 if and only if K—; exp(I(L)) # 1, and it is
stable (resp., unstable) if Kl exp(I(L)) <1 (resp., % exp(I(L)) >1).

Proof. Let
u=x—¢o(y)

so that system (4.1) becomes

W= flu+ o), y) — ¢ @)glu+oy),y) = flu,y),
y=gu+e(y)y) =3g(uy).

We need only to find the derivative of the Poincaré map at a = ag for the new
system. For simplicity, we still use Pj, to denote the Poincaré map, and use Py, P>
to denote the Poincaré map of the right subsystem

i=ft(uy), §=9"(uy)
for (u,y) € O, and the left subsystem

v=f"(wy), y=6 (wy)
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for (u,y) € Q*, respectively, where
T ={(wy)lu>0,y eR}, Q" ={(u,y)lu <0,y € R}.

By a well known result (see [18] or Lemma 2.3 in [14]), we have

Pl(ap) = *GXP /tr ’ (4.7)
where
(A (D . A
A, = f (A) 0 LAy = f (?) 0 , A=1(0,a0), B=(0,bp).
gt(A) 1 gt(B) -1

It is obvious that
FHA) = fH(A) = ¢ (a0)g™(A), fH(B)=fT(B)—¢(bo)g"(B),
and

fF+al = - Weh) +(gf ') +95) = £ + g
Thus, it follows from (4.7)

P - et () o)
Pi(oo) =~ 3y a5 2 | [ oy | 49
Similarly, we have
oy 1(B) -~ g (B) )
B0 =~ 01— a4 P | [ "o | 49
A

Note that by (4.5)
Py (ag) = P3(bo) P;(ao).

Then, (4.6) follows from (4.8) and (4.9). This finishes the proof. O
Now, we consider a perturbed system of the form

JU:F(%Z/MU): y:G(xayvﬂ)a (410)
where

(

+£C, 9 ,G+ xz,Y, , T ,
(F(fﬂvya/ﬁ)ﬂ(cﬂ,y,u)):iw( Y1), G (2,9, 1), = > @(y)

(F~(z,y, 1), G (2,9, 1)), = < ¢(y),
with u € R",n > 1, F* G* € O in (z,vy, n), satisfying

Fi($7y70) = fi(x’y)a Gi(x,y,O) :gi(‘r’y)-
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As before, we can define the Poincaré map ]5((1, u) of the above system to be
the composition of Pj(a, ) and Ps(a, 1) of the right subsystem

&= F*(z,y,p), =G (2,y, 1)
and the left subsystem

x.:Fi(xvyhu)? ’y:Gi(ﬂf,yhU,),

respectively. That is, P(a,u) = Py(Py(a, pt), j1). Obviously, P(a,0) = Pp(a). Then,
using Theorem 2.1 to the function P(a,pu) — a, we obtain the following theorem
immediately.

Theorem 4.1. Suppose that the unperturbed system (4.1) has a crossing limit cycle
L of multiplicity | with 1 <1 < k. Then, there exist a neighborhood U of L and a
constant €9 > 0 such that for all |pu| < eo (4.10) has at most 1 limit cycles in U,
multiplicity taken into account.

Now, we study Hopf bifurcation for (4.10). A basic assumption is that the unper-
turbed system (4.1) of (4.10) has a “singular point” like a focus. For convenience we
suppose that it is at the origin with ¢(0) = 0. More precisely, we give the following
definition.

Definition 4.2. Consider the piecewise C* smooth system (4.1) with (0) = 0.
Suppose that there exist constants e5 > &1 > 0 such that

(i) for any a € (0, 1), the positive orbit of (4.3) starting from (p(a), a) intersects
the curve ¥ at a point (¢(b),b) with b = Pj(a) € (—&2,0) and P;(0+) = 0;

(ii) for any b € (—e1,0), the positive orbit of (4.4) starting from (¢(b), b) inter-
sects the curve X at a point (¢(c),¢) with ¢ = Py (b) € (0,&2) and P>(0—) = 0.

Let Py(a) = Py(Pi(a)). If Py(a) # a for all @ € (0,£1), we call the origin as a
focus of (4.1). If Py(a) = a for all a € (0,e1), we call the origin as a center of (4.1).

Further, we say the focus at the origin to be stable (resp., unstable) if Py(a) < a
(resp., Py(a) > a) for all a € (0,e1).

For the sake of convenience, we suppose ¢ = 0 and F*, G* € C® in (z,y, ).
In this case, for (4.1) Liu and Han [15] gave a definition of the succession function
or the displacement function d(a) for 0 < |a| < 1 as follows:

:{Pg(Pl(a))—a, O<ak 1,
d(a) = { 0, a=0,
tPl(PQ(a)) —a, 0<—-axk 1.
and proved that the function d(a) has a positive zero near a = 0 if and only if it
has a negative zero near a = 0.
As we know, there are four types of foci: PP, F'F, PF and F P, where ” P”

means parabolic and ” F” means ”focus” (See [4], [3]). Then, Han and Zhang [12]
gave a definition for elementary focus as follows.

Definition 4.3. Suppose that the origin is a focus of system (4.1) with the orbits
near the origin being oriented clockwise.
(i) The origin is called an elementary focus of PP type of system (4.1), if

HE : f£(0,0) =0, ££(0,0) >0, £¢*(0,0) < 0. (4.11)
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(ii) The origin is called an elementary focus of F'F' type of system (4.1), if

. { F£(0.0) =0, g*(0,0) = 0, ££(0,0) >0,
L«

(4.12)
12(0,0) = g;7(0,0))* +4£5(0,0)9°(0,0) < 0.
(iii) The origin is called an elementary focus of F'P or PF type of system (4.1),
if Hy in (4.11) and Hj in (4.12) hold or H in (4.11) and H in (4.12) hold.

Han and Zhang [12] proved that the function d is C* for 0 < a < 1, if the
origin is an elementary focus. Hence, in this case we can write

d(a) = Zmi, 0<a<xl1. (4.13)

i>1

Similarly, if the origin is an elementary focus of (4.10) for all small |u|, then we can
define a displacement function d(a, ;1) = O(a) for 0 < |a| < 1 for the system which
is 0> for 0 < a < 1. Hence, we can write d(a, 1) = ad, (a, ) with dy(a, ) € C®
for 0 < |a] < 1. Note that PF type can be changed to F'P type by exchanging x
and y. We need only to consider the focus of F'F';, PP and FP types.

First, for the focus of FF type, Liu and Han [15] proved that if (i) d(a) =
Viak + O(aF*t1) with Vi # 0 and k > 2 and (ii) the origin is an elementary focus of
(4.10) for all small ||, then there are at most k — 1 limit cycles of (4.10) bifurcated
from the origin for all small |g|. Then, Liang and Han [13] obtained a very similar
result for the case of F'P type.

In fact, by using Theorem 2.1 to the function d; (a, 1), we can obtain immediately
the following theorem which improve slightly the related results obtained in Liu and
Han [15] and Liang and Han [13].

Theorem 4.2. Let the following two conditions be satisfied: (i) d(a) = Vi.a* +
O(a**1) with Vi, # 0 and k > 2; (ii) the origin is an elementary focus of FF or FP
type of (4.10) for all small ||, then there are at most k — 1 limit cycles of (4.10)
bifurcated from the origin for all small |u|, multiplicity taken into account.

Suppose that the origin is a focus of PP type of system (4.1). Liang and Han [13]
introduced the following function

[ Pia) - Py (a), a >0,
Fo(a) = { 0, a=0,
tPfl(a) — Py(a), a <0,

and proved that Fy(a) = O(a?) € C* for all |a| small and that the coefficients in
the expansion
Fy(a) =Y Vid', |a| < 1 (4.14)
i>2
satisfy
V2>';€+1 =O(|V5, Vi Vo), B> 1

Further, the coefficients V; in (4.13) and those in (4.14) have the relationship

V; = (_1)i+1‘/i* + O(|‘/2*7‘/3*7 e aV*

i—

1|)a ZZ 37
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which give
Vore1 = O(|Va, Vi, - -+, Vail), B> 1.

If the origin is an elementary focus of PP type of (4.10) for all small ||, then
we can define a C* function F'(a, ) with F'(a,0) = Fy(a) and

Fla,p) =) _ Vi(wa', la| <1,

i>2

where
Vajr1(p) = O(|Va(p), Valp), -+, Vaj()), 5 > 1.

Then, note that the function F'(a, 1) has a positive (or negative ) zero near a = 0
if and only if system (4.10) has a limit cycle near the origin. By using Theorem 2.1
to the function F', we have the following theorem.

Theorem 4.3. Suppose that the origin is an elementary focus of PP type of (4.10)
for |p| small. If for some k > 1

Vo=Vi=--=Vo, =0, Vopga #0,

then for small |u| system (4.10) has at most k limit cycles near the origin, multi-
plicity taken into account.

The above theorem is an improvement to the first part of Theorem 2.2 given
in [13].
Next, we consider a piecewise smooth near-Hamiltonian system of the following

form: (
H+ +
! S (x,y) +ep(z,y,¢,0) >0,
AN { —H (z,y) +eq" (2,y,¢,0)
g | ( H;fx7y)+€p’fx,y,6,5) ) ¢ <0,
k _Hm (xay) + &q (1'7y,€,5)

where H*, p* and ¢* are O functions, ¢ is a sufficiently small real parameter, and
0 is a vector of bounded parameters. Suppose system (4.15) satisfies the following
assumptions:

(I) There exist an interval J = («,3) and two points A(h) = (0,a(h)) and
B(h) = (0,b(h)) such that for h € J,

(4.15)

H*(A(h)) = H"(B(h)) = h,
H~(A(h)) = H(B(h)), a(h) > b(h).

(II) The equation H* (z,y) = h, x > 0, defines an orbital arc L; starting from
A(h) and ending at B(h); the equation H™ (z,y) = H (A(h)), v < 0, defines an
orbital arc L, starting from B(h) and ending at A(h), such that system (4.15)|.=¢
has a family of clockwise oriented periodic orbits Ly = L; UL, .

(IIT) The curves L, h € J are not tangent to the switch plane x = 0 at points
A(h) and B(h). In other words, Hf(A) # 0 and H}(B) # 0 for each h € J.

Under the conditions (I)—(III), the closed orbits {L;} yield a crossing period
annulus. The author [15] established a bifurcation function F'(h, ) defined by

H"(B.) — H"(A) = eF(h,¢,6),
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where B denotes the first intersection point of the positive orbit of (4.15) starting
from A with x = 0 satisfying lir% B, = B. Let M(h,d) = F(h,0,0), which is called
e—

the first order Melnikov function of system (4.15). Then, from [9, 15]

Hy(A)
Hy (4)
The authors [9,15] gave some results on the number of limit cycles by using the zeros
of the first order Melnikov function M (h, §) bifurcating from the period annulus or

a center of FF type. From (4.16), one can see that M € C*°(J). In general, we
have for h € J and |¢| sufficiently small

F(h,e,6) = ZM (h,8)e
7>0

where M; € C°°(J). Then, applying Theorem 2.2 to the function F', we obtain the
following bifurcation theorem.

M(h,6) = /A gtdz — ptdyl.—o + //\ ¢ dz — p~dyle—o, h € J. (4.16)
AB BA

Theorem 4.4. Consider the near-Hamiltonian system (4.15) with the conditions
(I)-(II1). Suppose that My, # 0 for some k > 0 such that

F(h,e,6) =Y M;(h,0)e
ji>k

If My, has at mostl zeros in h € J for all bounded §, multiplicity taken into account,
then for small |e| > 0 and bounded § system (4.15) has at most 1 limit cycles
bifurcating from the period annulus defined by Ly, multiplicity taken into account.

If the system we consider has the following form

( <ff“(w7y) +€f§(a?7y76)> 0
& :{ g (@,y) +egy (2,y.€) ) ’

g | <f1 (z,y) +6f27(96,y,6) > <0,

(\ g1 (z,9,) +eg5 (z,y,€)

where the functions fli, fQi, gli and gzjE are C'° functions such that the above un-

perturbed system has integrating factors p1 and ps and first integrals H* and H~
respectively for z > 0 and x < 0, satisfying

,ulfl H+a ngi‘r - 7H;7
,u2f1 - y ) Mle_ = _H;;7

then it is equivalent to a near-Hamiltonian system of the form (4.15), and the
corresponding first order Melnikov function has the form

Hy(A)
Hy (A)

Finally, in this section we consider a piecewise smooth near-Hamiltonian system
with multiple parameters of the form:

' =f Hf (z,y,\) +ept(x,y,0,\) £ 0,
x _ { —H;'(x,y,)\)—i—fsq"'(x,y,é, )‘)
y

| ([ Hy(2,y,0) +ep™(2,9,0,)
W\ —H; (z.y.)) +eq (z,y,6,7) )

M(h) = / ja(gF de — fdy)lemo + /EZm(g;dx—f;dynE:o.

(4.17)
<0,
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where H*, p* and ¢* are C™ functions, A and e are both sufficiently small real
parameters with 0 < ¢ < A < 1, and ¢ is a vector of bounded parameters. Suppose
system (4.17) satisfies the following assumptions as to (4.15):

(I*) There exist an interval J = (a, 8) and two points Ay (h) = (0, a(h, \)) and
By (h) = (0,b(h, \)) such that for h € J,

H+<A>\(h)7)‘) = H+(B)\(h)a )‘) = h,
H=(Ax(h),\) = H (Bx(h),N), a(h,A) > b(h,\).

(IT*) The equation H*(z,y,\) = h, > 0, defines an orbital arc L starting
from A, (h) and ending at Bj(h); the equation H™ (z,y,\) = H™ (Ax(h), ), <0,
defines an orbital arc L, starting from By (h) and ending at A (h), such that system
(4.15)|.—o has a family of clockwise oriented periodic orbits L, = L} UL; .

(IIT*) The curves Lf, h € J are not tangent to the switch plane x = 0 at points
Ax(h) and By(h). In other words, H;t(A)\,)\) # 0 and H;[(BM)\) # 0 for each
helJ.

Under the conditions (I*)—(I11), we have the first order Melnikov function of
system (4.17)

Hf(Ax,\)
M(h,d,\) = //\ ¢ dr —pTdy + —L—"— //\ q dx —p~dy. 4.18)
) AxBax Hy (Ax,A) JByas (
Since A is small, we have the expansion below
M(h,6,0) =" M;(h,6)N.
Jj=0

The function M (h,d, A) can be used to study the number of limit cycles bifurcating

from a period annulus, a center or a homoclinic and heteroclinic loop. Recently,

Han and Liu [8] obtained formulas of M (h,d) and Ma(h,d) by using (4.18).
Similar to Theorem 3.4, we have

Theorem 4.5. Let
]’%207j207"'5k_1a Mk#o

for some k > 1. If Mk has at most | zeros in h € J for all 6 in a bounded set V,

multiplicity taken into account, then for any compact set D C Q(= |J L) there
heJ
is €9 = €o(D,V) > 0 such that (4.17) has at most I limit cycles in D as 6 € V,

0 < |e| < |A| < &0, multiplicity taken into account.

5. One dimensional periodic differential equations

In this section, we consider the problem of finding the number of periodic solutions
for one dimensional periodic differential equations.
Let J be an open interval of R and f be a C* function on R x J satisfying

fE+T,z)=f(t,z), T>0, (t,2) e R x J.
Then, the function f defines a periodic differential equation as follows

i = f(t,x). (5.1)
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Suppose that (5.1) has a T periodic solution = = ¢(t),t € R. Then, for all z
near ¢(0) (5.1) has a unique solution (¢, xo) satisfying z(0,z¢) = ¢ and defined
for t € [0,T]. Define P(xy) = (T, x0) which is called the Poincaré map of (5.1)
near the solution ¢(t). Let d(xg) = P(x¢) — xo, which is called the displacement
function of (5.1) near ¢(t). Obviously, we have P,d € C* and

where Zo = ¢(0).

Definition 5.1. If dV (%) # 0,d")(Z¢) =0 for j = 0,--- ,1—1 for some 1 <[ < k,
then we say that the periodic solution ¢ has multiplicity [.

Now, consider a perturbed system of the form
i = f(t,x) + F(t,z,p) (5.2)

where p € R™, Fis C*¥ in (t,x, 1) € RxJxR™, F(t,2,0) = 0 and F is T—periodic
in ¢t. For |u| small (5.1) has the Poincaré map P(zg, 1) and the displacement function
d(xo, p) = P(x0, ) — xo near . If the periodic solution ¢ has multiplicity I, then

otd d
—(Z9, 0 0, —(Z9,0)=0, j=0,---,1—1.
N (Z0,0) # 63:6(% ) J

Thus, by Theorem 2.1 we have the following theorem immediately.

Theorem 5.1. Consider C* periodic equation (5.2). If for =0 it has a periodic
solution x = p(t) of multiplicity I with 1 <1 <k, then for all |u| small (5.2) has at
most | periodic solutions near ¢, multiplicity taken into account.

Next, consider a periodic differential equation of the form
&= Fo(t,z) +eF(t,z,¢), (5.3)

where € R, Fy € C**!, F € C*, F, and F are T—periodic in ¢, £ > 1. Suppose
that there exists an open interval J C R such that for € = 0 (5.3) has a family of
T —periodic solutions z = p(t, xg) satisfying p(0, o) = xg with z¢ € J. Then, p is
a C* function in (t,79) € R x J. Let x(t,z¢,¢) denote the solution of (5.3) with
2(0,x0,€) = z9 € J. We can write

x(tv Zo, E) = p(tv .’,Eo) + 5i‘(t7 Zo, 6)7

where Z(0,z9,e) = 0. One can see easily that the function Z satisfies a periodic
differential equation of the form

I=F(t,Z,e), FeC*

with

_ OF
F(t,{f,O) - T;(tap)xl +F(tap70)7
where z; = #(t,20,0). This shows that Z is C* for (¢,29) € R x J and |¢| small.

From the equation #; = F(¢,21,0), we can solve that

t
ra(tzo) = o020 [ e R P (s s, 0), 0)ds,
0
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where
tOF,

K(t,aﬁo) = o ax

(s, p(s, z0), 0)ds.
Note that p(t,z¢) satisfies
p= FO(tap)v p(OwTO) = Zo-

It follows that

dp K(two) OP
t — sZ0o — 1

6370 ( ,Io) € ) 8,@0 (Oa Io)

Hence,
op Ip
K(T\0) T,x0) = 0,20) = 1.
€ axo( axO) 8%0( 7370)

Therefore,

(T, 0, 0) = 21(T, o) :A {;ﬁ) (t, xg)}_ F(t, p(t, o), 0)dt.

Then, we have ~

d($0,€) ZP(.Z’Q,&) — X9 :Ed(on,E), (54)
where P and d denote the Poincaré map and displacement function of (5.3) respec-
tively with d € C* and

T
d(w0,0) = A [ ;po(t 20)] "L (¢, p(t, o), 0)dt = do(x0). (5.5)

In general, we have for 0 <1 <k
l
d(zo, e Zd] z0)ed + o(eh), xo € J,
7=0

with o
107d .
di(x =7 (%o, e ki,
i (o) = 71907 (20,0)

o
Now, applying Theorem 2.2 to the function d we have the following theorem.

Theorem 5.2. Consider (5.3). Suppose that there exists 0 <1 < k such that
dl(IO) ?é 05 d](:EO) EO) .]: Oa al_ L

If d; has at most n zeros in xg € J for some integer n with 0 < n < k—I1, multiplicity
taken into account, then for any closed interval I C J there exists a constant €9 > 0
such that for all 0 < |e| < g9 Equation (5.3) has at most n periodic solutions whose
ranges are in the set  |J  p(¢t,xg), multiplicity taken into account.
teR,xoel
Now, we consider a periodic differential equation with double small parameters
of the form
& =Fy(t,z,\) +eF(t,x,N), (5.6)

where Fy and F' are C*° functions, T'—periodic in t and 0 < ¢ < A < 1 with
Fy(t,z,0) = 0. Suppose € = 0 (5.6) has a family of periodic solutions & = p(¢, zg, \),
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xo € Jy with p(0,29,A) = x9. Then, by (5.4) and (5.5), Equation (5.6) has a
displacement function of the form

d(zg,e,\) = SJ(:L‘O,E A),

d(z0,0,\) fo = (t L 20, N T (L, p(t, w0, \), A)dt.

Noting d € C™, we can write

.IQ,O)\ Zd ZEO

7>0

Applying Theorem 2.2 to the function d, we have the following theorem.
Theorem 5.3. Consider (5.6). If there exist integers k >0, 1 > 1 such that

d(z0) £ 0, dj(20) =0, 0<j<k—1

and that Jk has at most | zeros in xg € R, multiplicity taken into account, then for
any compact interval I C R there exists a constant § > 0 such that for 0 < ¢ K
A < d (5.6) has at most | periodic solutions whose range is in I, multiplicity taken
into account.

The formulas of @(wo) have been given in [17].
In the following, we consider a T-periodic differential equation of the form

dr

i =cF(t,z,¢,0), (5.7)

with 7" > 0 constant, F' being given for 0 <t < T by

'{Fl(t’m’g’é)7 (t,x) € Dy,

IF D
F(t,z,e,0) :{ b(t,7,¢,8), (t,x) € Do,
Ile(t,sc,e,é), (t,x) € Dy,

where x € J C R with J an open interval, |g| < g9, 6 € V C R™ with V' a compact
set, and k C" functions Fj(t,z,¢,d) are defined for all (t,x) € U(D;) with U(D;)
being an open set containing D;, D; denoting the closure of the set D; which has
the following form

Dj:{(tax”hjfl(x)§t<hj(x)vm€‘]}a j:]-v"’,kv
where hj;(x) are C" functions defined on J satistying
ho(z) =0 < hy(z) < - < hp_1(z) < T =hg(zx), x€J, k>2, r>1.

Define
L ={(t2)t=hijx),zeJ}, j=0,---,k.

Then, equation (5.7) has the switch lines ly,--- ,lx—1. We call it a k-piecewise C"
smooth periodic equation, as called in Han [6].
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Let
hj(x)

f(:c,5):A (t,2,0,6)dt = Z/ F(t,z,0,6)dt

hj—1(z)

For z¢ € J, denoted by z(t, g, €,d) the solution of equation (5.7) satisfying x(0) =
xo for ¢ € [0,T]. As we did for smooth equations, the author [6] defined the Poincaré
map of (5.7) as

P(x9,e,0) = (T, xg,e,0) = xo + £gi(x0,&,9), (5.8)

and obtained that gi(x,0,d) = f(x,d). Also, the author [6] proved that for any
given closed interval I C J, there exists ¢* > 0 such that the function gi(zo,¢,d)
is well defined and of C” in (z,¢,d) for all zg € I, |¢| < ¢* and § € V. Thus, by
Lemma 2.1, we have the following expansion in ¢

gr(x,e,0) = ij:c(;ej Y yo(e™™h (5.9)

for v € I, |e] < €* and § € V, where

1 0 1g
(=1 o

fi(@,0) = " (2,0,8) € CTIHL,

By applying Theorem 2.2 to (5.9), we have the following theorem immediately.

Theorem 5.4. Consider the periodic equation (5.7). If there exist integers | >
1,m > 1 satisfying | +m < r + 1 such that

fl(xv(s) 5—'507 fj(xﬂé) EO? ISJSZ—L

and that the function f; has at most m zeros in x € J for all 6 € V, multiplicity
taken into account, then for any closed interval I C J, there exists 1 = e1(I) > 0,
such that for 0 < |e| < 1,0 € V the periodic equation (5.7) has at most m T-
periodic solutions, multiplicity taken into account with the property that the range
of each of them is a subset of I.

Remark 5.1. If F(¢,0,¢,0) = 0,J = (0,+00), and the first non-zero function f;
has at most m zeros in x € J for all 6 € V, multiplicity taken into account, then
for any N > 0, there exists 1 = £1(N) > 0 such that for 0 < || < &1, § € V, (5.7)
has at most m positive periodic solutions, multiplicity taken into account, whose
ranges are subsets of (0, N].

Clearly, fi(z,d) = f(x,0). By Lemma 9 (the fundamental lemma) of [16], we
have

T 3 t _
fg("E?(S):A <DmF1(t,x75)A Fl(s,x,5)dS+F2(t,ac75)>dt

where

F‘l(txa 6) :F<t,$, 076)a
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with

f%'fzo’ (t,z) € Dx,

N P OR(taed)| o (pa) e D OF(t,z,0,8
L

(2lbeed)) (4 0) € Dy,
k
D, Fi(t,2,8) =Y xp, DaFj(t, 2,0,0),

j=1
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